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On the Infinitely Long Cylindrical Antenna * 
CHARLES H. PAPAS 

Cruft Laboratory, Harvard University Cambridge, Massachusetts 
(Received October 13, 1948) 

Using the method of steepest descents the far field an~ the a~ym~totic form of th.e current dist~bu
tion is obtained for an infinitely long, perfectly conductIng cylindncal antenn<l; excited ~y a loca!lzed 
electromotive force. The low frequency value of the radiation conductance IS determIned by Inte
grating the radiated energy flux over a large sphere. 

I. INTRODUCTION 

T HE problem of determining the longitudinal 
distribution of current and the input im

pedance of an infinitely long, perfectly conducting 
circular cylinder antenna has interested several 
investigators. Among them are Stratton and Chu,l 
Schelkunoff',2 and Hallen. 3 And recently a new 
method of analyzing the problem was brought to 
the author's attention through an unpublished note 
by H. Levine in which he elegantly formulates the 
input impedance by means of the free-space dyadic 
Green's function and a variational principle in
volving the current. Using a simple plane wave
trial function, he obtains an expression for the 
input impedance which is valid for a broader fre
quency range than the expressions of the afore
mentioned investigators. 

Unless one uses the variational approach, the 
core of the problem lies in the evaluation of a 
certain contour integral. Once this integral has been 
evaluated the current at any point along the an
tenna and hence its input impedance is readily 
determined. In this paper, by means of the method 
of steepest descents we evaluate this integral for 
distances far from the localized electromotive force 
exciting the antenna. This gives the explicit form 
of the far-zone field from which the asymptotic 
value of the antenna current is easily calculated. 
Moreover, the input conductance of the antenna is 
obtained by integrating the radiated energy flux 
over a large sphere. . 

To formulate the problem we assume that an in
finitely long, perfectly conducting circular cylinder 
of radius a is driven at some cross section by a 
localized electromotive force, V, circumscribing the 
cylinder in a narrow peripheral band. Since only 
longitudinal currents can be generated by such a 
source, the axial and radial components of the mag_ 
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through support extended Cruft Laboratory, Harvard ,uni
versity, jointly by the Navy Department (ONR), the Signal 
Corps of the U. S. Army, and the U. S. Air Force, under ONR 
Contract NSori-76, T.O.I. 
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netic vector H and the circumferential component 
of the electric vector E are identically zero. That is, 

E = (Ep, 0, E.) 

H=(O, H~J 0) 

(1) 

(2) 

where E p , H~, E. are the non-vanishing components 
of the field in cylindrical coordinates (Fig. 1). The 
exact expression for E.(p, cp, z) is given by 

V Joo Ho{!)[(k2-.\2)tp] . 
E ( A. z) -- e,r'd.\ (3) 

, p, ,/" - 211' -00 HO(I)[(k2-.\2)ta] . 

where Ho(I)(x) is the Hankel function of the first 
kind and zero order, k=211'/X, X being the free
space wave-length, and .I is a complex variable. 
The path of integration is along the real axis of 
the complex .I-plane with an upward indentatioa at 
r=-k and a downward one at r=+k (Fig. 2). 
This equation can be obtained from previous in
vestigations,1.2· 3 or from a report by Papas4 in 
which he derives integral expressions for the field 
components and the antenna current by means of a 
Green's function used by Levine and Schwinger. 5 

Our first task is to find the explicit form of Eq. (3) 
for large values of r. 

n. FAR FIELD 

To find the far field, i.e., find E. when r is large, 
the method of steepest descents8 is used. That is, 
the integral 

V Joo Ho(Il[(k2-r2)!pJ 
E.(p, cp, z) =- H (1)[(k2":' 2)t Jeif.dr (3) 

211' -00 0 .I a 

is evaluated for large r. Let u = (k2-r2)!; then for p 
large and u~OJ 

Ho{!) (up)eif''''L:J I exp[i( up-~+rz) 1 (4) 

4 C. H. Papas, "On the Infinitely Long Cylindrical Antenna,:' 
Cruft Laboratory Technical Report No. 58, Harvard Um
versity, September 10, 1948. 

6 H. Levine and J. Schwinger, Phys. Rev. 73, 383 (1948). 
• P. Debye, Math. Ann. LXVll! 535-:558 (1909); "Semi

konvergente Entwickelungen fur die Zyhnderfunktiontm und 
ihre Ausdehung ins Komplexe," Munchener Sitzungsberichte,' 
XL (1910). 
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FIG. 1. Coordinate systems used in the formulation of the 
problem. Cylindrical coordinates: p, </>, z. Spherical coordinates: 
T, 8, </>. 

The value of S- which makes the exponential 
e,cu .• +i.) an extremum, is a saddlepoint and is de
noted by S-o. Hence S-o is the solution of 

Carrying out the differentiation, it is easily found 
that 

(5) 

where (J is measured from the plane z=O. At S-=to 

and in the neighborhood of S-o it is approximately 
equal to 

e~p[ik(pcos(J+zsin(J)- ip (S--tO)2]. 
2k cos3(J 

(6) 

The path of integration through the saddlepoint i~ 
determined by the constancy of the imaginary part 
of the exponent of Eq. (6); that is, the path is so 
chosen that the imaginary part of the exponent 
remains constant as the path of integration traverses 
the saddlepoint. Since the exponent is a monogenic 
function and its imaginary part remains constant, 
its real part rises from negligibly small values to a 
peak value at the saddlepoint and then down 
again. The requirement for the constancy of the 
imaginary part of the exponent is expressed by 

I.P.[ik(p cosO+z sinO)] 

= I.P'[ik(P cosO+z sinO) 
i p(S--S-O)2]. 

2k cos3(J 
(7) 

Let S--S-o=se ia. In this, a is the angle which the 
path makes with the real axis of the s--plane. Sub
stituting this into Eq. (7), it is found that if (7) is to 
be satisfied, it is necessary that the RP. (s2e2ia) = 0; 
i.e., cos2a=0 or a=±11'/4. The value a=1I'/4is 
excluded because the path through S-o must extend 
from the second to the fourth quadrant of the com
plex r-plane; this leaves a= -11'/4 as the angle 
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which the path of steepest descent makes with the 
real axis of the complex s--plane. 

We now transform 7 from the r-plane to the 
complex T-plane by the following transformation 

S-=k sinT 
T= 0+#. (8) 

The path of integration in the r-plane (Fig. 2) 
transforms into path C in the T-plane of Fig. 3. 
The saddlepoints lie on the real axis of the T-plane, 
i.e., T=O is a saddlepoint. We de-form C into Co, 
which starts at - (1I'/2)+i oo , goes through 0=0, 
and then ends at 1I'/2+i oo • A path such as Ce 
passing through a saddlepoint 0 would have to 
start at 0- (11'/2) +i 00 and terminate at (J+(1I'/2) 
+i 00. In the T-plane, Eq. (4) transforms into 

( 
2 )1 e-iC"/4)eik(~ 008T+. sinT) 

1I'pk COST 

= ( 2 ) ie-iC1I"/4)e ikr 008(T-8). (9) 
1I'pk COST 

Let F(k COST) represent the factor 

IHoCl)[(k2- s-2)laJ}-1 

in the T-plane. Substituting this and Eq. (9) into 
(3), we get 

V . f. 8+(,,/2)-iOO { 2 } 1 
E.(p, z) =_e- i (,,/4) 

11' . 8-C,,/2)+ioo 1I'pk COST 

Xe ikr C08(T-8) F(k cosT)k cosTdT. (10) 

This integration is carried out along the path Ce• 
It is only necessary to carry out the integration on 
a short segment of the path in the neighborhood of 
T=O. We set T-(J=T/r·(,,/4) where T/ is the distance 
along the path measured from the saddlepoint. 
When \T-O\ is small, 

COS(T.-O) == 1 
(T- 0)2 T/ 2 

--- = 1--e-i (,,/2). 

2 2 

Moreover, dT=d'Y]e-i(7r/4). With these, Eq. (10) 
takes the form 

Vi 
E.(p, z) = __ eikr F(k cosO) 

11' 

{
2k cos(J} 1 i' X r(kT1/2/2)dT/. 

1I'P -e 

(11) 

Since r is large we can replace the liinits, - E to E, 

7 F. Noether, "Elektromagnetische Wellen an einem Draht, 
bei konzentrierter Energiequelle;" Physik Zeits. USSR, Band 
8, Heft 1, 1-24 (1935). 
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by infinite ones. That is, 

(12) 

Recalling that r cosO = p, Eq. (11) takes the form 

Vi eikr 1 
E.(r, 0) = -- - . (13) 

7(' r Ho(l)(kacosO) 

This is the far field of an infinitely long antenna 
driven by a localized e.m.f. V. The O-component of 
the E-field and the <I>-component of the H-field are 
given respectively by 

E.(r, 0) Vi eikr 1 
E,(r,O)= =---------

cosO 7(' r cosO Ho(l)(ka cosO) 
(14) 

and 

E9(r, 0) Vi eikr 

H",(r,O)= -----
1207(' 1207('2 r cosO 

1 
X (15) 

Ho(l)(ka cosO) 

m. THE RADIATION CONDUCTANCE 

To find the radiation conductance of the antenna, 
the radial component of Poynting's vector S must 
be integrated over the surface of a large sphere. 
This integration yields the radiated power P, and 
division by V2/2 gives the radiation conductance. 

Poynting's vector is given by 

1 V2 1 
S=-E9H"'*=-----

2 2407('3 r2 cos20 

1 
X (16) 

[Ho(l)(ka cosO) J[HO(l) (ka cosO)J* 

where the asterisk indicates conjugate complex 
values. Thus 

i
~ V2 ~ 1 

P= 27('r2ScosOdO=-- i --
-,.-/2 1207('2 -0'/2 cosO 

dO 
X (17) 

[Ho(l)(ka cosO)J[Ho(l)(ka cosO)J* 

when ka is small, 

2i 2 
Ho(l)(ka cosO)~I--log , 

7(' 'Yka cosO 

and the integral in Eq. (17) is approximately 
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---+.--~~~----.. --~~~Jr--~.----k '-' 

FIG. 2. Paths of integration in the t-plane. 

equal to 

2 i'lf'2 dO = 2 i .. '2 
cosoll- 2i log 2 12 0 

7(' 'Yka cosO 

dO 
(18) 

X I 2' 2 12 
cosO 1- : (log~ -logka -log COSO) 

where log2/'Y=0.1159. This integral appears to be 
rather difficult to handle rigorously, and we there
fore resort to an approximation. 

Let us examine the integrand 

1 
(19) 

\ 

2' 2 1
2

' 
cosO 1 - : ( log~ -logka -log COSO) 

Since ka is small, the term in square brackets can 
be replaced by (4/r) (logka+log COSO)2. This quan
tity varies from (4/r) (logka)2 to (16/7('2) (logka)2 as 
o varies from 0=0 to 0=81 =arc coska. For this 
range we replace (4/7('2) (logka+log COS8)2 by the 
geometric mean of its end values, i.e. (8/7('2)(logka)2. 
Hence for the range O~8~OI, the contribution to 
Eq. (18) is 

f9 1 7('2 1 dO 7('2 1 

2 J 0 "8 [logka J2 cosO ="4 [logka J2 

7('2 log ctn(ka) 

Xlog tan (-47(' + 2
01

) == 2 (20) 
4[logkaJ2 

FIG. 3. Paths of integra
tion in the or-plane. 
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since 01 = arc coska = r 12 - ka. Moreover log ctnkal2 
=log2/ka=log2+logl/ka. Neglecting the term 
10g2, (20) is approximately equal to 

t J r2 1 dO '11'"2 1 

2 Jo S[Iogka]2cosB =4--1 . (21) 
log-

ka 

To complete the range of integration we again 
approximate the integrand Eq. (19) 

2 1,,'2 de . '11'"2 1"12 
B1 cos!: log 2 ]2 2 81 

l'll'" 'Yka cosB 

This integral can be immediately evaluated and has 
the value (~/4)[1/log(1/ka)]. By adding this re
sult to Eq. (21) the approximate value of (17) is 
obtained. Hence, 

V
2 

['11'"2 1 '11'"2 1 ] p--- ---+---
- 120'11'"2 4 . 1 4 l' 

log- log-
ka ka 

The radiation conductance G is given by 

2P 
G=

V2 

1 

12010g(:a) 
(23) 

On physical grounds G must be positive. Conse
quently it is necessary that l/ka> 1 or X>2'11'"a. 
(k = 2'11'" I'A where 'A is the wave-length of the exciting 
source). This means that Eq. (23) is a low fre
quency, i.e., long wave-length, approximation to 
the radiation conductance. When ka = 1, G becomes 
infinite. 

IV. ASYMPTOTIC FORM OF THE CUlUtBNT 

For great distances from the localized e.m.!. the 
current distribution can be computed from the far
field expression (15). For large values of r we found 
that 

Vi eikr 1 
H.(r, 6) = ----- . (24) 

120'11'"' r cosO Ho(1)(ka cosO) 

To obtain the value of H. on the surface of the 
cylinder for large s, it is necessary to restrict rand 8 
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so that rcos8=a; moreover, rsinB=z. But since 
8=r/2. we have r=z. The argument of the Hankel 
function is given by the approximation: ka cos8 
=ka2/z. Substituting these into Eq. (24) we obtain 
H" for p=a and z large: 

The current for large z is then given by 

(26) 

Since 

ka
2 

(ka
2

) 2i 2: -«1, Ho(l) - = --log--. 
: z 11' 'Yka2 

Using this approximation the asymptotic form of 
the current takes the form 

V eilcz 

I(z)=---. 
120 z 

log
ka 2 

V. CONCLUSIONS 

(27) 

The far field (Eqs. (14), (15» and the asymptotic 
form of the current at large distances from the 
source of excitation (Eq. (27» were determined by 
the method of steepest descent. By integrating the 
radiated energy flux an approximate value of the 
radiation conductance was calculated (Eq. (23». 
This integration. however, yields no information 
about the radiation susceptance since the sphere 
over which the integration is performed lies in the 
far zone where the time average energy flux is 
purely real. There is close agreement for long wave
lengths. i.e., for low frequencies, among the values 
of conductance obtained by Schelkunoff',2 Hallen,3 
and Eq. (23). For shorter wave-lengths, Eq. (23) 
becomes invalid since the radiation conductance 
becomes infinite when A = 2'11'"a and negative when' 
'A <2'11'"a. . 
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Note added in proof; Professor S. Silver has also 
derived (3). See Report No. 149, Antenna Lab .• 
University of California, Jan. 3,1949. liThe Field of 
a Slot of Arbitrary Shape In an Infinite Cylinder." 

JOURNAL OF APPLIED PHYSICS 


