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ABSTRACT

A two-step maximum likelihood procedure is proposed for
estimating simultaneous probit models and is compared to alternative
limited information estimators. Conditions under which these
estimators attain the Cramer-Rao lower bound are stated. Simple tests
of exogeneity are proposed and are shown to be asymptotically
equivalent to one another and to have the same local asymptotic power
as classical tests based on the limitedd information maximum

likelihood estimator.
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1. INTRODUCTION

In this paper we investigate the properties of various
estimators for probit models where some or all of the explanatory
variables may be endogenous. A special case of this problem, which
has received considerable attention, occurs when one endogenous
variable in a simultaneous equation model with normally distributed
errors is observed only with respect to sign. Heckman (1978) observed
that maximum likelihood estimation of the structural parameters is
quite difficult computationally and proposed a two-stage least squares
analog which can be computed using standard probit and regression
programs. Amemiya (1978) suggested alternative estimators based on a
general method of obtaining structural parameter estimates from
reduced form parameter estimates. Amemiya also showed that Heckman'’s
estimator could be interpreted as a member of this class, but that
another member of the class (G2SP) improves on the efficiency of the

Heckman estimator though it involves an increase in the computational

burden. Lee (1981) suggested a more straightforward version of the
Heckman estimator (IVP), but showed that it is less efficient than
G2SP, though somewhat easier to compute. These estimators are also
applicable to the general problem considered here.

At the risk of confusing matters further, we propose another
estimator, two-stage conditional maximum likelihood (2SCML), which was
introduced in Vuong (1984), and which has several advantages over the
Heckman and Amemiya estimators. 2SCML is easier to compute than G2SP
and in some cases more efficient, too, though contrary to the linear
case (Rivers and Vuong (1984)) a general efficiency ordering between
the estimators is no longer possible. Another advantage is that the
2SCML procedure incorporates a simple test for the exogeneity of the
explanatory variables.

A unifying perspective on the various estimators is provided
by placing the estimation problem, which has previously been viewed in
an ad hoc fashion, in a likelihood framework. We restrict our
attention to limited information estimators which do not impose any
restrictions on the reduced form equations for the explanatory
variables. The Cramer-Rao bound for limited information estimators is
derived and conditions under which the estimators attain this bound
are discussed. The question of efficient estimation is closely
related to the construction of optimal tests for exogeneity in probit
models. Specifically, the efficiency properties of the 2SCML
estimator enable us to construct analogs of the Wald, likelihood

ratio, and score tests based on the conditional likelihood function



which have the same asymptotic properties as the classical LIML tests
under the null hypothesis of exogeneity and local alternatives.

The notation and assumptions used in the paper are stated in
Section 2. Section 3 describes limited information estimation methods
for the model, including the new two-stage conditional maximum
likelihood estimator, and the relative efficiency of the estimators is
compared in Section 4. Tests for exogeneity of the explanatory
variables are proposed and compared in Section 5. Section 6 concludes

the paper. Proofs are relegated to the appendix.

2. MODEL
The model is composed of a structural equation that is of
primary interest and a set of reduced form equations for the

endogenous explanatory variables:

* ’ .

(1 =1,...,n)

Yo= 10X + vy (2.2)

where Yi, xli' and Xi arem X 1, k X1, and p X 1 vectors,

respectively, with X; and X,; related by the identity:

X, =J'X (2.3)

11 i

where J is the appropriate selection matrix. Only the sign of y; is

observed:

*
1 if vy >0
yi = . (2.4)
0 if A 0

The following assumptions are made:

Assumption 1: (xi'ui‘vi) is i.i.d. with Xi having finite positive
definite covariance matrix E:xx and u; and V; having, conditional on
xi' a Joint normal distribution with mean zero and finite positive

definite covariance matrix:
[ %uu [uv
Yw  Lw

Assumption 2: (Identification) Rank (TT.J) = m + k.

The model presented here contains, as a special case,
Heckman’s (1978) hybrid model without structural shift. Heckman
treats the case m = 1 and writes equation (2.2) in structural form
rather than reduced form. For the purpose of limited information
estimation we ignore any a priori restrictions on the structural form

parameters which might imply some restrictions on T or 2: v’
u

3. LIMITED INFORMATION ESTIMATION
Four methods of estimation for equations (2.1-2) will be
considered. The first three methods (LIML, IVP, and G2SP) are known

and are reviewed only briefly. The other method (2SCML) is new and is



described in greater detail.

The parameters in (2.1) are not identified without a further
normalization. Any normalization will be arbitrary, so the choice of
normalization is made on the grounds of convenience for the proposed

estimation technique. For likelihood methods, the most convenient

normalization is V(yzlxi,ri) = 1. Rewrite (2.1) in the form:
* ’ ’
vy = Yiy + xlia + Vik + oy (3.1)

I s - _v
where A = E:VV 2:vu and ny o= uy Vil. Conditional on Xi and Yi'

ny o~ N(O.cruu - L'E:vvk) so the appropriate normalization is

%o - )"Zvvl =1 (3.2)

The normalization (3.2) is different from that imposed by Heckman
(1978), Amemiya (1978), and Lee (1981) and leads to a slightly

different parameterization than theirs.

Limited Information Maximum Likelihood (LIML})

The joint density for ¥; and Y, conditional on X; is given by:

h(yi.yilxi:y.ﬂ.x.l_l.[w)

- -(m+1) /2 , 1/2 -1/2
= (2m) (O = M) oM A T (3.3)

@ y'
2 , ! -1 , i
[jc exp(-1/2[u’ - 24"V u + Vi(Zvv + ALV, 1}du)
i

6
c
i l—y
_ 2 _ 45 ‘v -1 , i
X [I_Qexp( 1/206® - 22V, + V(T 1+ a0V 1)
. ’
where ey = —(Yiy + Xiiﬂ + Vil). The limited information maximum
likelihood estimates are obtained by maximizing the sample log
likelihood,
L ° m
n(r 8.0 T0LY ) = 2;1108 By Y 1%, 8.0TLY L), (3.4)
with respect to (v.ﬁ,l.TT.z:vv). (This approach to limited
information is adapted from Godfrey and Wickens (1982).) We denote
A A A AI‘
the LIML estimator as (YL,ﬂL.QL.TTL,z: ). Since iterative
maximization of (3.4) requires a fairly messy numerical integration
(involving all the parameters) at each step, the LIML estimator has
generally been avoided in favor of less efficient but computationally
more tractable estimation methods.
Instrumental Varjables Probit (IVP)
Lee (1981) suggested writing (2.1) in reduced form:
- (T ' : (3.5)
y; = ( Xi)y + xliB tu o+ VY .

Then the marginal log likelihood for y given X is:

* —_— '
Lae.Be 1D = ) y; log @(11"X )7, + X, ,B,]

ZM:!

+ (1 -y, loglt - ®T"X v, + X;;B)1  (3.6)



where @(°) denotes a standardized normal cdf and:

' ' 1/2
1/(auu * Zvu Y Zwy)

Ye =
=v/e (3.7
- ' ) 1/2
By = B/l + 2v [uv fy) (3.8)
= B/u
where
W= 1+ (y t ) Yoot + 0

A
Given consistent estimates TT(obtained by applying ordinary least
A

squares to (2.2)), one then maximizes L;(y‘,ﬁ‘,TT) with respect to v*

and B*. The resulting estimators (?fvp,ﬁfvp) are consistent and

straightforward to compute, requiring m linear regressions followed by

a standard probit estimation.l

Generalized Two-Stage Simultaneous Probit (G2SP)

Instead of maximizing (3.6) with respect to v, and B,
A
conditional on T = 1T, Amemiya proposed estimating the reduced form

(3.5) without imposing any constraints by maximizing:

n " '
Li(z,) = Lyi log ®(X;%,) + (1 - y;) logll - ®(X,7,)] (3.9)

with respect to t, where:

Te = v, + JBs (3.10)
~ A
Let T, denote the corresponding estimator of t, and, as before, TT‘
the least squares estimator of TT, Replacing t, and m by their
sample estimates in (3.10) yields:
A Te A
A — ad —
t, = (Il,.9 5, + (ty - ty) - (I, - 1Dy,
ol
= + e (3.11)
Be

A A
A —
where ﬁ = (TT,J) and e = (7, - Ty) - (- TT)Y.. The estimation

problem has been recast in the form of a linear regression. Ordinary
least squares applied to (3.11) gives consistent estimates of y, and
Bys» but more efficient estimates can be obtained via generalized least
squares. Let ? denote a consistent estimator of the asymptotic

covariance matrix of e.2 The Amemiya G2SP estimator is defined by:

A
Ts
= ('?{'V_lﬁ) ‘11?'9”1%‘. (3.12)
AA
By ]
A

Since the covariance matrix of e depends on v,, to compute V
one needs a preliminary estimate of y,. G2SP requires one more
computational step ((3.12) in addition to the m reduced form

regressions and one probit calculation) than two step estimators such



as IVP and 2SCML (described below). The GLS regression in (3.12) is
also a bit awkward to perform with standard statistical software.
While none of these computational difficulties are prohibitive, they
do appear to have made G2SP less attractive to empirical workers than

IVP despite its advantage in efficiency.

Two-Stage Conditional Maximum Likelihood (2SCML)

When the joint density for a set of endogenous variables

factors into a conditional distribution for one and a marginal
distribution for the remaining variables, each of which takes a
convenient form, then frequently estimation can be simplified by using
the method of conditional maximum likelihood (Vuong (1984)). The
present problem is a case in point. The Jjoint density (3.3) for yi

and Y, factors into a probit likelihood and a normal density:

hy Y Xy T ) L)

= £yl xgsy.8,0The( Ix LY 0 (3.13)
where:

f(yilYi,Xi;y,B.l,||) =

' ' ] Yi ' ' ' I-Yi
P(Yyy + X5, + Via) T[1 - DY,y + X8+ V0]

(3.14)

gV Ix;TLY ) =

10

- - T 71 4
Q02T 1V 2expia/2cr, - TIxp L hery - TIxp)
(3.15)

A
The 2SCML estimator is computed in two steps. First, estimators m

A
and Z:vv are obtained by maximizing the marginal log likelihood for

Yy,

n
g - 10
LEdry ) = gllog g, Ix;TLY ) (3.16)

with respect to TT and X:vv' Second, the conditional log likelihood
A
for Yi, setting I = TT. is maximized with respect to the remaining

parameters:

A A
Lﬁ(v,B.A.TT) = 1’:1103 r(yilzi.xi;y,a.x,lh (3.17)

Both of these steps can be easily carried out with standard regression

and probit programs:

A A
(1) Regress Y, on X; to obtain . Z:VV is estimated in the
n A
1 way by n_lz 7 ’\;' where ¥, = Y, - TTX, denotes the
usua 11 14 1

i=1

least squares residuals.
A
(2) Probit analysis of y; with Y;, Xy, and V; as explanatory

variables provides estimates (?.ﬁ.g).

4. ASYMPTOTIC PROPERTIES OF LIMITED INFORMATION ESTIMATORS
Each of the estimators described in the previous sections is

strongly consistent and asymptotically normally distributed (Amemiya
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(1978), Lee (1981), Vuong (1984)). In general, however, only the LIML
estimator will attain the Cramer—-Rao bound, which is given in

Proposition 1 below. Let 6’ = (y',B’,A’') and &' = (y',B') with the

A A
corresponding LIML estimators denoted OL and 6L, respectively.

Proposition 1. (Cramer-Rao Bound for Limited Information Estimators)

Under Assumptions 1 and 2,

D A
nl/2(8L - 6) > N(o,v(8%) (4.1)
where:
_ -1
e Lol .
v(e") = (§° Z + ;.'wa o 0 H} (4.2)

- I g o
H I, 0 I, (4.3)
~ [ ax L d(z.8 + V. a2 X3 (1*1 ]
- 1 1
Y =|. . |-k - - - - A (4.4)
o Do @28 + V001 - dzgs + Vool V)| l

For comparisons with other estimators., we need the asymptotic

A
covariance matrix of $¢ which is the upper lefthand block of V(OL):

It is shown in the appendix that:

gl‘ B , ~-1 ~-1- = - Z-1z 1w ~-1
V(T = (H [[xx * ):xexv(va - va[xx[xv) va[xx (4.5)

12

+ (X'Zwl)[;i]_lﬂl—l

where H = [TT;J] is a submatrix of H.

Next, we derive the asymptotic covariance matrix of the 2SCML

estimator of 6.

Proposition 2. (Asymptotic Properties of the 2SCML Estimator) Under
a.s.
Assumptions 1 and 2, 8 - @ and

D
n/28 - 0) 5 N0 v(®) (4.6)

where:

1

4 ) - - = ' . rym 1 . =
VB = ] - ) @ (1,0 M (@ (I;;00)) 8) (4.7

M=Tle) +0® (Ip;o)]iﬁ(ﬁ'iﬁ)_lﬁ'i[k' ® (10 (4.8

As before, the asymptotic covariance matrix for the 2SCML
estimator of &, denoted ﬁ, is obtained from the upper left hand block

of V(B :

v(3)

m'[i"x + (@ Ip)[z;}, ® Zxx (4.9)

] = -1 vyl “1,,-1
(A @ (1,;0)8] SA@ (1,:0)17 A @I)NITH

where:

s = i - iﬁ(ﬁ'iﬁ)'lﬁ'[ (4.10)
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5:xx if_l ii_lif ii ii if—lif _lii ii_l discussed in the next section. The other condition for efficiency of
= + ( — ) (4.11)
L v
xx xxex v VX XXXV VXXX 2SCML in the simultaneous probit model is that the number of excluded
exogenous variables be equal to the number of endogenous variables
With these results, it is a simple matter to determine under

appearing on the righthand side of (2.1), i.e. that equation (2.1) be
which conditions the 2SCML estimator will be asymptotically efficient.

just identified.
If A = 0, then it is evident from equation (4.7) that the variance of

The IVP and G2SP estimators will also generally involve some

the 2SCML estimator & is given by:

inefficiency, though conditions under which one or both of these

A ~ ~ -
vo(O) - (H,z:ﬂ) 1 (4.12) estimators fail to attain the Cramer-Rao bound and the amount of the
efficiency loss have not been investigated previously. The asymptotic
A
which, by inspection of equation (4.2), is equal to V(OL) evaluated distributions of G2SP and IVP have been derived by Amemiya (1978) and
for A = 0. In this case 2SCML is efficient for the entire vector 6 Lee (1981):
(including A) which will turn out to be important in constructing
nl/2(gh % w0, v(dh
optimal tests of exogeneity. e~ 8y) 2 N0, V(B,)) (4.13)
A AL
Another condition which is sufficient for V(8) = V(&) is that >
1/2 AIVP _ AIVP
k = p-m. In this case, H is square and, by Assumption 2, n (5. 8y) 2 N(O’V(st ) (4.14)
nonsingular. It follows that when k = p - m, we have S = 0 so (4.9)
where:
reduces to (4.5) and V(g) = V(@L). Thus we have:
--1
A ' ' -1.- -
vBh) - wmrr -y + PR et i (4.15)
Corollary 1. (Efficiency of 2SCML Estimators) Under Assumption (1) * Z:xx sLyv7s ZY'Z:VV ')z:xx
A AL
and (2), V(d) ) v(5") with equality if one of the following conditions 1
ATIVP, _ = 1,7 v ’ ! ~1y7 . -1
holds: AL m(H'ZxxH) H Zxx[Zxx - (Y'XVVY‘ * ZY‘ZVV;")Zxx]ZxxH(H'ZxXH)
(1) A =0 (4.16)
' 2
(i1) kx =p-m = d(X;a,) '
Yix = E XX, (4.17)

’ ’
®(X;a,)[1 - (X a,)]
When A = 0, then Y and u are independent conditional on X, so

that Y may be treated as exogenous in (2.1). Tests for A = 0 are
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Lee (1981) showed that IVP is never more efficient than G2SP,
though there are cases in which the estimators are asymptotically
equivalent, or, even, when Equation (2.1) is just identified,
numerically identical.3 Since, however, the G2SP estimator of 8* is
not optimal within the limited information class, this comparison is
less interesting than one between G2SP (or IVP) and LIML.

Unfortunately, the normalization used by Amemiya and Lee does not

A
allow a direct comparison of V(ef) and v(5fvp) with the Cramer Rao

bound for & derived following Proposition 1. The bound for 6.,

denoted V(gE), is given in Proposition 3.

A
A
Proposition 3. Let g& = gL/[l + (L ?L)'E:tv(?L + f;'l‘)]l/2 denote

D A
the LIML estimator of &,, Then nl/Z(QE -8 - N(O.V(&E)) where:
AL _ AL 2 ' ' AL AL 2
V(B9 = V(B /o + [lyy + AD) V(Y + AI] | (74 + 2e)/u

A
+ e + 20 @ vy + A0IV(vee TEO(lry + 20 @ (1a + Ae)) 18,54

' ' A AL, A
T Balye t kt)Z:vvCov(yL + an5L)/m2

Al A A '
CoviBh T + AT (ry + 2,084 0. (4.18)

When y + A = 0, it follows that the Cramer-Rao bound for 5*

reduces to V(ﬁL)/mz, i.e., the bound for & divided by mz. It turns

16

out that under this condition, Amemiya’s G2SP estimator is

asymptotically efficient as the following corollary states.

Corollary 2. If y +A =0, then V(8%) = v(8l),

If, however, A = 0 but y # 0 evidently gf does not attain the
Cramer-Rao bound for 8., while under the same conditions, as shown in
Corollary 1, the 2SCML estimator 9 will be efficient for 8. On the
other hand, if y + A = 0 but A # 0, then 2SCML will fail to attain the
Cramer—Rao bound while G2SP will be efficient. Hence, no general
efficiency ordering between the estimators is possible. In contrast,
in the case of linear simultaneous equations (i.e., if y* were
observed), Rivers and Vuong (1984) have shown that G2SP, IVP, and
2SCML are all numerically equivalent. Since each estimator may be
viewed as an extension of the two-stage least squares estimation
principle to the simultaneous probit model, it is somewhat surprising
to find that they do not even maintain their asymptotic equivalence in

this case.

5. TESTS OF EXOGENEITY
When Yi and u; are correlated, the usual probit estimator of
(2.1) is inconsistent for y and B so it is necessary to resort to one
of the estimato discussed above. If =
ators discussed abov Z:vu 0 or, equivalently,
A = 0, then Y, can be treated as exogenous in (2.1). In this section

we propose three tests for exogeneity of Yi based on classical
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principles as well as one of the Hausman (1978) variety. All tests
are based on the 2SCML estimator rather than the LIML estimator so,
strictly speaking, these are not classical tests. However, as the
remarks preceding Corollary 1 indicated, under the null hypothesis
HO‘ A = 0, 2SCML is asymptotically equivalent to LIML. This enables
us to show that, under HO' the 2SCML-based tests are asymptotically
equivalent to the classical tests. The 2SCML-based test statistics
might be preferred over test statistics based on LIML or other
estimators on the grounds of computational convenience. In fact, the
tests statistics discussed below are readily calculated from
information routinely produced by most probit programs.

Analogous to the usual Wald, likelihood ratio, and gradient
tests based on the joint likelihood (3.4) for (yi, Y,), we construct

similar tests based on the conditional likelihood (3.17) for yi given

Yi' The modified Wald statistic4 is given by:
A (5.1)

where Vo(i) is a consistent estimator of the lower righthand block of

A ~ e~ A
VO(O) = (H'E:H) 1 corresponding to A. The conditional likelihood

ratio statistic is given by:

A A
cr = 208382, - LL7.5,0.TT) (5.2)

where (;,E) is the usual maximum likelihood probit estimator of (2.1).

The conditional score statistic is given by:

18

A A
oLl (7.5.0.TH o o aLf(7.8.0,TD
a Vot ar

=1
= (5.3)

Under Ho. 5 is efficiently estimated by the usual probit estimator

8 = (¥',B")’ while under the alternative the 2SCML estimator § will be
consistent though possibly inefficient. This enables us to form the

Hausman statistic:

A ~ A A A~ _ A ~
H=n(s - s)'[vo(a) - V(&)1 (8 - d) (5.4)

where [*]” denotes a generalized inverse and ?(S) is obtained from the

estimated information matrix for LIML under the null:

,.-1

'~ '~2 Y, ][y

- n d.(Y.y + X,B) i i
3 i1 i . l ]5.5)
i
J

=n ;
o~ "~ '~ | x'
oy +x B - ey +x bt

Under the null hypothesis each of the test statistics (5.1)-(5.4) has
an asymptotic central chi-square distribution with m degrees of
freedom, where m is the number of endogenous variables included in the
probit equation (2.1). In fact, under the null hypothesis, the four
tests are asymptotically equivalent, as shown by the following

proposition.

Proposition 4. Under Assumptions (1) and (2) and Ho;

(1) plim MW - CLR = 0
n e
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(i1) plim MW - CS = 0
n-oe

(1ii) plim MW - H =0
n e

Next we consider the behavior of these tests under a sequence
of local alternatives of the form Hn: A= n-1/2b. where b is an
arbitrary mX1 vector. It is known that the classical LIML-based tests
have the same Pitman efficiency (Wald (1943), Chandra and Joshi
(1983)). The next proposition shows that the same result holds for

the 2SCML-based tests.

Proposition 5. Under Assumptions (1) and (2) and the sequence of
local alternatives H : i = n-l/zb. each of the tests statistics MW,
CLR, CS, and H has a limiting noncentral chi-square distribution with

m degrees of freedom and noncentrality parameters b'Vo(x)_lb.

In fact, the limiting distribution of the 2SCML-based
statistices is the same as the classical LIML-based statistics under
local alternatives. This result follows from the fact that under the
null hypothesis, VO(Q) is also the asymptotic covariance matrix of the
LIML estimator. Estimators without this property, such as IVP or
G2SP, will have smaller local asymptotic power than either the LIML or
2SCML-based tests.

Note that the estimate 9;(2) used to calculate the modified
Wald statistic can be obtained from the information matrix associated
with the conditional likelihood (3.17). This matrix would ordinarily

be computed by any probit program used to perform the second stage of

20

the 2SCML estimation procedure (i.e., the uncorrected information ma-
trix associated with the conditional likelihood function). 1In view of
the above result, the modified Wald test might be recommended since it

reduces the computational burden.

6. CONCLUSION

In this paper we have compared alternative limited information
estimators for simultaneous probit models. Three considerations
guiding the choice between estimators are: (1) efficiency, (2)
computational convenience, and (3) usefulness for testing. On grounds
other than computational convenience, the limited information maximum
likelihood estimator would be preferred. Of the computationally
simpler estimators, however, the proposed two-stage conditional
maximum likelihood estimator was shown to have attractive properties.
Although no general efficiency ordering between these estimators is
possible, conditions were stated under which these estimators attain
the Cramer-Rao bound. In particular, the efficiency of the 2SCLM
estimator under the null hypothesis of exogeneity allowed us to
construct several simple exogeneity tests for probit models. These
tests were shown to be asymptotically equivalent to one another and
have the same local asymptotic power as the classical LIML-based

tests.
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APPENDIX

From Equation (3.14) the first partial derivatives of the

log-density, log f(.l.;.), of y; given (Y,,X,) are:

dlog £/d6

m(y; - @275,

dlog f/or = my(y, - ®)V,,

dlog f/avecll = - mi(y; - PPA@DXy),

dlog £/d vech ) =0,

where vec and vec h are the operators that stack the columns of a
matrix and a symmetric matrix (see, e.g., Henderson and Searle

(1979)), and m, = di/[Qi(l - cl>:|_)] with di and Qi being defined in the

text.
It follows that the second partial derivatives of log £l
are:
’
9%10g £/2808" = - 4,2,2; + (v, - ®,)Z,(am,/a8"),
a%10g £/asar’ = - dy2,V, + (y; - ®)Z;(3m /ar"),

3210g £/3s3vec TT' = d; (v ® Zix;) + (yy - Qi)zi(ami/avec 11E3)

9“log f/asavech va =0

2 _ ’

9°log f/ordr’ = dv,v, + (y; - @)V, (3m, /ar")

2 _ ! - ’
3“log f/aravec I1' = d; (A" @ Vyx,) + (y; - ®)V,(3m,/avec 1))

- oy, - Qi)(ImG)xi)

a%1og f/aravech ) =0

azlog f/avec TI avee TT' = - d; (W' @ Xixi) - (yi - Qi)“‘®x1)(am1/a"e° 11D

azlog f/avee TI avech Z:’v =0

22

2 ]
F) -
log f/avech Zv dvech ):w 0
2
where d, = di/(Qi(l -®))
Since E(yilYi.Xi) =@, then E(y; - ®,) = 0. Using the fact

that
Yy M L [Xs
fae LTI A N\

and the definitions of H and X given in the text, it follows that the

matrix of expectations of second partial derivatives of log .10

with respect to a = (@,vec |l,vech Zw) is given by:

e vec W vech [w
ﬁ'[ﬁ * 0
R e i
At (a) = e® (Ipo)]ZH A ®[xx 0 (A.1)
0 0 0

From Richard (1975), the matrix of expectations of second

partial derivatives of log g( .50 with respect to a is:

e vec T|_ vech [w
0 0 0

A8(a) = -| 0 Fu®) . 0 (2.2)
: : W e e

where R is a matrix such that vech Zvv = R vec va
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The Cramer-Rao lower bound for a is therefore — [AT + 28171,

PROOF OF PROPOSITION 1: To obtain the Cramer-Rao lower bound for 0,
it suffices to compute to upper-left block of -[Af + Agl-l. Using the

formula for a partitioned inverse, we have:

AL - ~I = -— - ’ . ’ ’ -
Var 8% = [H'() -} @ (I0 0N @) L)
sYhel ntae) ntaea -o))i}lﬁl'l
v XX XX p’
Taking the inverse of the matrix in braces, we obtain after some

matrix algebra:

1

AL _ (v . ) -1 o -13-1
Var 8% = [H'(]  + '@ (100 (), @) )@ (10)) H]

which gives the desired result.

Q.E.D.

To establish Equation 4.5, we use the following identity which

is straightforward to prove:

o iy, ]
o N1 = NpaNaotan
N = NCOSI ) [(0;I)N(0;I ) ) (0T )N = l 0 Ol (A.3)

where N is any partitioned matrix [N1j]' i,y =1,2, and sz isamXm

non-singular matrix,

Let N be chosen so that V(8L) = (H'NH}™! (see Equation (4.2)).

In what follows the subscript 1 indicates partitioning with respect to
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0, (or X) while the subscript 2 indicates partitioning with respect to
(vec TT, vech z:vv) (or V) depending on the context. Then using the

formula for a partitioned inverse, the definition of ﬁ, and the above

identity, we obtain for the lower bound of €L;

Nt )

, _ -1 -1
(H'(N 3 = Npo(Ny) 77N, ) H)

[mi"" + u'[wuz;;l‘larl

where H = [TT;J] and z:xx is the top-left block of z:_l. Equation

(4.5) now follows from the formula for a partitioned inverse.

PROOF OF PROPOSITION 2: From Vuong (1984) the asymptotic covariance

matrix of the 2SCML estimator 8 is:

V) = - (af, - af ¥

1
f -1
A11 12 A21}

~ g £ f \-1,f
where M = A22 + A21(A11) Alz‘

From the formulas (A.1) and (A.2) for af and A8 derived

earlier, we have:

r .-..’ ~~

Al1 =~ H E H

f o T, .0) ¢

A, = [H E @ (Ip.O) };01]

Since A%z is block diagonal, it is easy to see that M is also block

diagonal with first block equal to M as given by Equation (4.8).

Equation (4.7) follows.
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Q.E.D.

To establish (4.9), we use the partitioned inverse formula.
Let G be chosen so that V(®) = (H'G 1H} (see Equation (4.7)). We

obtain using the definition of H and the identity (A.3) where N is

taken to be G 1:

v(®) - mrret?! - 6126?2121y

]

' -151-1
{H (Gu) H}

where G_1 = [GiJ]. It now suffices to compute Gll‘ We have:

[i - i(x' ® (Ip;omu‘l(x&) (Ip;on[l'1

Q
]

Flraoaponuf t@F o

vv - Lxx

. ~_1 ' . ’ -1 .
(A @ (1;0)S) SO @ (1,:00)]1 (A @ (1:0))

where the second equality follows from the formula for the inverse of
P - R'QR, and the definition (4.11) of S. Equation (4.9) follows.

To derive the lower bound for S,, we need the Jacobian of the
transformation from (8,vec TI, vech Z:vv) to 8,. We have

1/2

w=[1+(y+ ;.)'Zw(, + )] so that:

du/dy

dw/dX

(1/w)}) &+ 7).
(1)) Lo + 1),

du/d vech[W = (1/20)Q'[(A + V)@ (A + 7],

HMNVWZW=vahZW.TMm
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3. /oy' = (1) - (1fd)y (R’ + Y

v fors = - (1fuddy + DY

dy,/dvech va = - (1/2w3)1[(z. +7)'@(n + 7)']Q,
B, /op’ = (l/m)Ik.

By /oy’ = - (1fIB’ + YD)

3By for' = - (1Bt + yY

3B, fovech § = - (1/22DBI(L + 1)’ @ (A + M) '1Q,

all the remaining partial derivatives being zero. The Jacobian of the

transformation,
’
J = [98,/00°; 35,/0 vec TI'; a8, /avecn) _ 1.
is readily obtained.

PROOF OF PROPOSITION 3: The lower bound for 8, is readily derived

from the lower bound for & since:

vl =g - vh - g,

Using the fact that aﬁ./avechTT = 0 and that V(SL) is block diagonal

in vech E:vv (see Equations (A.1)-(A.2)), we have:

v(8ly - (25,/001)v(EL) (35, /00)

+ (38, favech ) . )V(vech } L ) (a5, /avech Yo

From the above partial derivatives, it follows that

2500 4+ 7' .0;
0 " 38,/80" = [I,,:0] - (1/uT)BOA" +y 1) i 0Tyl
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In addition, we have:
*L L
Q(V(vech )} -)Q' = V(vec } ).
Equation (4.18) then follows using the fact that 8, = 5/w.
Q.E.D.

To prove Corollary 2, we note that the following properties

hold when vy + A = O:

(1) w? =1 ' Yo =75 Ay = A,

(11) 2,8 + VA = Xa,,

(111) Zxx = [xx’[xv = 0.

Part (i) follows from the definition of w (see Equation (3.7) and
(3.8)). Part (ii) follows from Equation (3.10). The first equation
of (iii) follows from Equations (4.4) and (4.16), while the second
equation follows from Equation (4.4) by taking expectations

conditional on Xi and by invoking Assumption 1.

PROOF OF COROLLARY 2: From Equation (4.18) it follows that, when

vy + A = 0, we have:
vl - vigh /a2,

~-1
weey o op nf s 1-1yy-1,

where the second equality follows from Parts (i) and (iii) above, and

Equation (4.5).

28

On the other hand, from Equation (4.15) we have:

--1

vth) - @ ) o — (" + 207y + ) - ) ).)Z;i]'lﬂ}‘l

v

where we have used wz = 1. The desired property follows from Part

(iii).

Q.E.D.

PROOF OF PROPOSITION 4: First we derive some useful identities and

establish some additional notation. Expanding the partial derivatives

of the conditional log likelihood function around (5,0) gives:

o - 1/231. (5 A)
20
ORI A CH TN
=n a6 ' " a0’ " Al op(1)
aLL (8,0
- pl/2n 1/2
= - (H' ZH)n [ ~ ]+ op(1)
A
since aLE(8,0) /o5 =
oL, (8,0)
[ n ] = (W [m‘l j1/2ln o (1) (A4)
A
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—(El'zﬁl)_lﬁll va
Lw

f‘ ~
aL (8,0)
- A -1/2 %0 707
. Vo(l) n an + op(l)
I
m
where:
N [T
H. =
1 I, 0
Therefore:
~ Xv
128 - %) - - (&' Y5715 1/2
/28 - %) = (fy J )M RYE o, (1) (A5)
vv
1/23L§‘g'°) 11/
n/f—— v (1) A+ o0 (1) (A6)
A
To prove (i) and (ii), observe that:
A ~
-8
- 1/2_Enff_fl /28
CLR = 2n~
90’ y

+
> |
o Q

]
azL .03
—es0 + oy (1)

aL (5 0) aL (8.0)

SV 0 o)

=CS + o0 v M 0 (1) = + o (1)
p(1) = ni Vo A) P = °p

where the second and fourth equalities follow from (A4) and (A6),

respectively.
The proof of (iii) follows an argument similar to Holly

(1983). By Hausman's (1978) lemma and (AS):

~

A OF(I)

va o
H = ‘" ‘H1Z:H1)-1V‘5 - B @) )7,

vv

~

v

e lExv

. ~
X (HIZHI) 1H1 N+ op(l)

v
p

A A _ A
= nA'P[P'V_(A)P] P'A + o (1)
o p
in an obvious notation. Since
K[P'V_ ) P] = rank[V_(})]
ran o(* P] = rank[V (%

and Vo(f) is nonsingular, lemma 2.2.5(c) in Rao and Mitra (1971)

implies that, for any choice of generalized inverse,

va = =~ va va
N B I [T A v, m HI(len) 1

30

(A7)
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prevher e = v (D7
Therefore:
H=orv (MR + 0 (1) (1) 28) .
= V(A P = MW + °p . (
Q.E.D.

PROOF OF PROPOSITION 5: Let e = (@,vec |l,vech E:vv) denote again the
complete set of parameters. Then it can be verified that, under
assumptions 1 and 2, the regularity conditions of Parzen (1954) or

Sweeting (1980) are satisfied so that:

D
n"1/2 oL _(a)/3a > N(0,-af(a)-AB(a))

uniformly in a. It follows that Theorem 2 of Vuong (1984) holds

uniformly in a, i.e.:

D
1/2,.4 £ Cuf o vme oy =1,f -1
21’280 S NCo, [ (@) - &L, (a)fi(a) 1AL, (a1 ™H

uniformly in a. (Here the subscript 1 indicates partitioning with
respect to 6 and the subscript 2 indicates partitioning with respect
to the remaining parameters.) Under the sequence of local

alternatives Hn: A= n_llzb, it follows that: 5

D
/2% NG,y (3)

The expansions (AS) and (A6) are still valid under local alternatives
so that (A7) and (A8) also hold. The desired result follows

immediately.
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FOOTNOTES

Heckman originally proposed solving (2.1) for one of the observed
endogenous variables, replacing y; by an estimate of E(y;|x1)

1A%
(e.g.., xisn from equation (3.9) below), and applying least

squares.

1/2

Let V denote the asymptotic covariance matrix of e, i.e., n e

D

A a.S.
- N(0,V) and V

—> V element by element.

A
If (2.1) is just identified, H is almost surely nonsingular, so

M 14 A
8, = Te. Also the columns of Xn and X, span the column space

A
of X, so 5IVP is a nonsingular transformation of €;_ Hence,
A A
§A _ gIVP

* *

The modified Wald Statistic differs from the usual Wald Statistic
in two respects. First, A is estimated by 2SCMLE instead of LIML.
Second, the covariance matrix of ﬁ is estimated under the null

rather than the alternative.

If ul,...,um are independent normal random variables with

m
E(uj) = p, and V(u,) = 1, then Z:uz has a noncentral chi-square
J J =1 J

m
distribution with noncentrality parameter }: "3'
=1
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