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Plastic Yield!.n.gnaS a 
Phase Trans   o 
A statistical mechanical theory of forest hardening is developed in which yielding arises 
as a phase transition. For simplicity, we consider the case of a single dislocation loop 
moving on a slip plane through randomly distributed forest dislocations, which we treat 
as point obstacles. The occurrence of slip at the sites occupied by these obstacles is 
assumed to require the expenditure of a certain amount of work commensurate with the 
strength of the obstacle. The case of obstacles of infinite strength is treated in detail. We 
show that the behavior of the dislocation loop as it sweeps the slip plane under the action 
of a resolved shear stress is identical to that of a lattice gas, or, equivalently, to that of 
the two-dimensional spin-~ Ising model. In particular, there exists a critical temperature 
Tc below which the system exhibits a yield point, i.e., the slip strain increases sharply 
when the applied resolved shear stress attains a critical value. Above the critical 
temperature the yield point disappears and the slip strain depends continuously on the 
applied stress. The critical exponents, which describe the behavior of the system near the 
critical temperature, coincide with those of the two-dimensional spin-~ Ising model. 

1 Introduct ion 

The aim of this paper is to show that yielding in crystals may be 
understood as a phase transition, and to establish conceptual links 
between theories of crystalline slip and the theory of critical 
phenomena. 

A phase transition occurs in a system when there is a singularity 
in its free energy or one of its derivatives. Phase transitions 
manifest themselves as sharp changes in the properties of the 
system. Examples of phase transitions are the evaporation of a 
liquid into gas, the transition from a normal conductor to a super- 
conductor, or from paramagnet to ferromagnet. The theory of 
critical phenomena is a well-developed discipline which delves on 
the commonalities in the behavior of seemingly disparate physical 
systems near their critical points. The theory has been successfully 
applied to a wide variety of systems and has led to the identifica- 
tion of universality classes obeying well-defined scaling laws (see, 
e.g., Stanley (1971), Binney et al. (1992), and Chaikin and Luben- 
sky (1995)). 

By contrast, the full potential of the theory of critical phenom- 
ena as regards the formulation of macroscopic constitutive theories 
for solids, and particularly to the understanding of crystal plastic- 
ity, is far from realized at present. The classical KTHNY theory on 
the statistical mechanics of ensembles of linear elastic dislocations 
in crystals (Kosterlitz and Thouless, 1972, 1973; Nelson and 
Halperin, 1979; Young, 1979; Chaikin and Lubensky, 1995) was 
mainly intended as a theory of defect-mediated melting and did not 
address issues related to the macroscopic plasticity of crystals. In 
particular; the KTHNY model of a dislocated crystal, which may 
be understood as a vectorial extension of the Coulomb gas model 
(Kosterlitz and Thouless, 1972, 1973), is not appropriate for the 
study of yielding, plastic flow, and hardening of crystals, as these 
phenomena are macroscopic manifestations of the motion of dis- 
locations and their interaction with obstacles. More recently, Chr- 
zan and Mills (1993, 1994) have argued for a connection between 
rates of hardening and critical exponents in L12 intermetallic 
compounds, and for the kind of scale invariance which accompa- 
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nies criticality in the dislocation pinning-depinning transition in 
those materials. Chrzan and Mills pioneering work provides com- 
pelling evidence for a link between plastic yielding and criticality. 

The work presented in this paper endeavors to demonstrate this 
link for the classical forest-hardening mechanism (e.g., Kov~ics, 
1967; Kov~cs and Zsoldos, 1973; Cuitifio and Ortiz, 1992). In the 
forest-dislocation theory of hardening, the motion of dislocations, 
which are the agents of plastic deformation in crystals, is impeded 
by secondary--or "forest"--dislocations piercing through the slip 
plane. As the moving and forest dislocations intersect, they form 
junctions of varying strengths which may be idealized as point 
obstacles. The strength of some of these obstacles has recently 
been computed by Baskes et al. (1997) and Phillips and Shenoy 
(1998) using atomistic models. Moving dislocations are pinned 
down by the forest dislocations and require a certain elevation of 
the applied resolved shear stress in order to bow out and bypass the 
pinning obstacles. The net effect of this mechanism is a steady 
increase in the critical resolved shear stress required for macro- 
scopic slip to operate, a phenomenon known as "hardening." 

The simplest analytical treatments of the forest-hardening mech- 
anism are based on a line-tension approximation. Thus, in these 
approaches long-range interactions between dislocation are en- 
tirely neglected. Despite its apparent coarseness, this approxima- 
tion may be closer to reality than other formulations which pain- 
stakingly account for the interaction energy between dislocations, 
but fail to account for the formation of low-energy microstructures. 
Begin by recalling that the net Burgers vector--or net 
"charge"--of a dislocation ensemble must be zero. For instance, in 
multipolar arrangements this condition implies that there is an 
equal number of positive and negative dislocations in the ensem- 
ble. In addition, dislocations often tend to attain low-energy con- 
figurations (Hansen and Kuhlmann-Wilsdorff, 1986; Kuhlmann- 
Wilsdorf, 1989). These are arrangements in which the long-range 
stress field of the dislocations vanishes. Roughly speaking, this is 
accomplished by surrounding each dislocation segment with seg- 
ments of the opposite sign, i.e., by screening the segment; or by 
arranging dislocations as low-angle grain boundaries, dipolar 
walls, and other configurations for which the attendant plastic 
strains are compatible (Ortiz and Repetto, 1998). Under these 
circumstances, the remaining energy of the dislocations, or "self- 
energy," is proportional to the dislocation length, as presumed in 
the line-tension approximation. 

One of the most successful analytical treatments of the forest- 
hardening mechanism was advanced by Kocks (1964) (see also 
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Ortiz and Popov (1982) and Cuitifio and Ortiz (1992)), and is 
sometimes referred to as Kock's percolation model. In this ap- 
proach, the applied resolved shear stress is equilibrated by the line 
tension of the dislocations. The critical stress Tc required for a 
dislocation segment to bypass a pair of pinning point obstacles is 
proportional to the line tension and inversely proportional to the 
distance between the obstacles. If the point obstacles are assumed 
to be randomly distributed over the slip plane, it follows that ~'c 
itself is a random variable with a well-characterized probability 
density function f(l-c) (Grosskreutz and Mughrabi, 1975; Mugh- 
rabi, 1975). As the resolved shear stress is raised from ~-to ~- + Ar, 
all dislocation segments with % in the interval [~-, ~- + Az] become 
unstable and effect random flights. The length of these flights, and 
the attendant slip-strain increment, was estimated by Kocks (1964) 
by imagining that the dislocation segments move over a one- 
dimensional "obstacle course" consisting of obstacles of random 
heights distributed asf(l-c). In particular, the segments arrest when 
they reach obstacles of strength greater than r + At". 

It is clear that the one-dimensional character of this analysis 
represents a sweeping simplification as regards the geometry and 
topology of moving dislocation loops. For instance, an expanding 
dislocation loop may become pinched, with the result that the 
number of connected components of the loop is increased by one. 
Conversely, loops can shrink to a point or be left behind as debris 
surrounding point obstacles, or Orowan loops. Evidently, these 
intricacies are not accounted for in one-dimensional renditions of 
the forest-hardening mechanism. More detailed analyses of forest- 
hardening have invariably been based on numerical methods 
(Foreman and Makin, 1966, 1967). Despite these limitations, 
Kock' s percolation model, or subsequent extensions thereof (Ortiz 
and Popov, 1982; Cuitifio and Ortiz, 1992; Kocks et al., 1991) has 
provided an effective basis for describing the hardening of mate- 
rials such as fcc metals (Cuitifio and Ortiz, 1993; Cuitifio, 1996), 
Llz intermetallic compounds (Cuitifio and Ortiz, 1993), and oth- 
ers. 

The theory developed in this paper overcomes the topological 
restrictions inherent to one-dimensional treatments of the forest- 
hardening mechanism, and establishes a clear link between yield- 
ing and criticality. In order to establish this link in the simplest 
possible terms, we restrict our attention to the motion of a single 
dislocation loop through a slip plane containing a random array of 
point obstacles. As discussed above, we assume that the disloca- 
tions are well screened and hence their energy is ostensibly pro- 
portional to their length. In the spirit of level-set methods, the 
dislocation 10o p is described by a scalar field ~ which takes the 
value of 1 inside the loop and 0 outside the loop. The transition 
between these two extreme values occurs over the dislocation line. 
In this manner, no restrictions are placed on the evolving geometry 
and topology of the loop. In order to simplify the analysis, how- 
ever, we discretize the field ~ on a square lattice spanning the slip 
plane. The motion of the loop is impeded by forest dislocations 
piercing the slip plane, which we treat as point obstacles. The 
occurrence of slip at the sites occupied by these obstacles is 
assumed to require the expenditure of a certain .amount of work 
commensurate with the strength of the obstacle. 

The equilibrium properties of the dislocation loop/obstacle sys- 
tem may be described within the framework of Gibbsian statistical 
mechanics. We show that, once the effect of the point obstacles is 
taken into account, the effective Hamiltonian of the system is 
identical to that of a lattice gas, or, by a simple change of variables, 
to the two-dimensional spin-½ Ising model (see, e.g., Yeomans 
(1992)). In the parlance of the theory of critical phenomena, 
crystals whose plasticity is well described by the forest-hardening 
mechanism belong to the universality class of the two-dimensional 
spin-½ Ising model. In particular, the behavior and scaling proper- 
ties of all such crystals should be identical near the critical point, 
and be described by a few material-independent critical exponents. 
For zero applied field, the spin-½ Ising model was solved by 
Onsager (Baxter, 1982), and to date furnishes one of the rare few 
examples of nontrivial model systems which can be solved exactly. 

In particular, the critical exponents are known exactly for the 
two-dimensional spin-½ Ising model and, by extension, for the 
forest-hardening model developed in this paper. 

Systems which can be described by the two-dimensional spin-½ 
Ising model exhibit a phase transition at a critical temperature To. 
In the particular case of the dislocation loop/obstacle system, 
below the critical temperature this transition is signalled by a 
sudden increase in the slip strain. For sufficiently low tempera- 
tures, the system jumps from a state characterized by a slip strain 
close to zero to a state characterized by generalized slip over most 
of the slip plane. The critical resolved shear stress at which 
yielding occurs follows from the theory as a function of temper- 
ature, the obstacle density and material constants. The size of the 
slip-strain jump at yielding decreases to zero as the critical tem- 
perature is approached from below, and disappears altogether 
above the critical temperature. In this latter regime, therefore, the 
slip strain depends continuously on the applied resolved shear 
stress and no yield point is in evidence. However, examination of 
model materials, such as copper, suggests that Tc is close to the 
melting temperature. Therefore, yielding in these materials is 
predicted to persist up to very high temperatures, in keeping with 
observation. 

Unfortunately, no exact solution is presently known for the 
two,dimensional spin- ½ Ising model in the presence of an applied 
field. A simple approximate solution may be obtained by recourse 
to mean-field theory. Mean-field theory reveals compelling geo- 
metrical insights into the equilibrium properties of the system. In 
addition, it suggests the rudiments of a kinetic theory which 
accounts for hysteresis. This rudimentary kinetics is in analogy to 
that which is envisioned in theories of hysteresis proposed for 
wires or bars which undergo martensitic transformations (Abe- 
yaratne and Knowles, 1988). It should be emphasized, however, 
that the resulting kinetic model represents an extension of equi- 
librium statistical mechanics, in as much as it requires additional 
assumptions regarding the accessibility of states in phase space. 
These restrictions on accessibility clearly violate ergodicity and 
place the model outside the realm of equilibrium statistical me- 
chanics. 

The paper is organized as follows, In Section 2 the Hamiltonian 
of the dislocation loop/obstacle system is formulated. This Ham- 
iltonian includes terms which account for the self-energy of the 
dislocations, computed from the line-tension approximation, the 
applied resolved shear stress, and the point obstacles introduced in 
the slip plane by forest dislocations. In particular, a chemical 
potential is introduced as a device for controlling the density of 
point obstacles. In Section 3 the equilibrium properties of the 
system are established within the framework of Gibbsian statistical 
mechanics. These developments lead to he computation of the 
internal and free energies of the system, and the attendant relations 
between slip strain, applied resolved shear stress, temperature, and 
obstacle density. In Section 4, the nature of the phase transition 
and its relation to yielding is uncovered with the aid of mean-field 
theory. In Section 5, a simple kinetic theory is developed which 
accounts for hysteresis and plastic dissipation. Possible extensions 
of the theory and suggestions for further work are discussed in 
Section 6. 

2 Forest Hardening 
The aim next is to formulate a simple model of forest-hardening 

mechanism which captures the essential physics of the mechanism 
while lending itself to a full analytical treatment within the frame- 
work of equilibrium statistical mechanics. In the interest of sim- 
plicity, we focus on the motion of a single dislocation loop through 
a random array of point obstacles corresponding to the intersec- 
tions between the slip plane and forest dislocations. 

We begin by discretizing the slip plane into a square lattice of 
parameter a (Fig. 1). In order to avoid infinite sums, we consider 
a square subdomain containing N sites, e.g., with periodic bound- 
ary conditions enforced on its boundary. The thermodynamic limit 
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Schematic of the dislocation/obstacle system 

of interest may then be attained by letting N ~ oo and is inde- 
pendent of the precise nature of the boundary conditions. Each 
point i = 1 . . . . .  N in the lattice is assigned a variable ~ of value 
1 if the point is within the dislocation loop and 0 if it is without 
(Fig. 1). Thus ~ is the characteristic lattice function of the area 
covered by the dislocation loop. The lattice function ~ may also be 
regarded as a two-state field describing the configuration of the 
loop. The dislocation line may be identified with the collection of 
segments which join lattice sites in different states, i.e., unslipped 
lattice sites, ~ = 0, with slipped lattice sites, ~ = 1. 

We shall assume that the dislocation loop is well screened, so 
that the main contribution to its energy arises from its self-energy. 
For simplicity, we shall assume that the self-energy F per unit 
dislocation length, or line tension, is isotropic, i.e., does not 
depend on the local orientation of the dislocation segments. An 
estimate for the line tension is (e.g., Hirth and Lothe (1968)) 

F = CGb 2 (1) 

where G is the elastic shear modulus, b is the Burgers vector 
length, and C is a constant of order unity. It should be noted that 
G is strongly temperature-dependent in general and may be ex- 
pected to reduce to zero at the melting temperature. 

With these assumptions, the self-energy of the dislocation loop 
represented by the field ~ is 

E = ~ r a ( ~ , -  @2 (2) 
(i j )  

where the sum is restricted to nearest-neighbor pairs, and Fa may 
be regarded as an "exchange" energy. Indeed, for a straight dislo- 
cation aligned with the lattice, it is readily verified that Eq. (2) 
gives an energy per unit length equal to F. If, in addition, the slip 
plane is under the action of a resolved shear stress z, then the total 
energy becomes 

N 

E = ~ ra(~,- @2_ , r b a  2 E ~, (3) 
<i j )  i -  1 

where b is the Burgers vector length and ,rba 2 plays the role of an 
applied field. The energy (2) is direct analogy to that of a lattice 
gas (Stanley, 1971; Yeomans, 1992). 

Next we wish to model the effect of forest dislocations piercing 
the slip plane and hindering the motion of the loop. We shall 
restrict the intersection points to coincide with the lattice sites. A 
pinned mobile dislocation is assumed to drag the point obstacle 
when the force exerted by the dislocation on the obstacle attains a 
critical value f, which may be regarded as the strength of the 
obstacle. As the dislocation drags the obstacle one lattice distance, 
it does work in the amount fa.  Heidenreich and Shockley (Na- 
barro, 1967) were the first to make a quantitative estimate of the 
work required to cause two dislocations to cross. They showed 
that, when two dislocations cut, each acquires a jog with an energy 
which they estimated as Gb 3, Nabarro (1967) later refined this 

estimate to Gb3/4~ - for each jog or Gb3/27r in all. Using Nabar- 
ro's formula with a = b the strength of a forest obstacle is 
computed to be 

f = Gb2/2w. (4) 

Since the strength of the obstacles is proportional to the shear 
modulus, it may be expected to reduce to zero at the melting 
temperature, which accounts for the observed thermal softening of 
crystals. For simplicity, we restrict our attention to the case of one 
species of point obstacles of uniform strength. Under these as- 
sumptions, the total energy of the system becomes 

N N 

E = ~ ra(~, -  fj)2_ ¢ba 2 ~ ~, + f a  ~ ~,~, (5) 
(i j )  i= 1 i =  ! 

where "0i is 1 if site i contains a point obstacle, and 0 otherwise, 
Fig. 1. The four possible states at a site i are, therefore, 

l ~ = 0, "0~ = 0: the site has not slipped and is not occupied 
by a point obstacle; the work done against obstacles is zero. 

2 ~ = 1, "0~ = 0: the site has slipped and is not occupied by 
a point obstacle; the work done against obstacles is zero. 

3 ~i = 0, '0~ = 1 : the site has not slipped and is occupied by 
a point obstacle; the work done against obstacles is zero. 

4 ~ = 1,'0~ = 1: the site has slipped and is occupied by a 
point obstacle; the work done against the obstacle is fa. 

Evidently, the effect of the last term in (5) is to introduce an 
energetic barrier to slip across obstacles. This barrier effectively 
pins the dislocations and forces the dislocation loops to bow out 
between obstacles, which is the desired effect. 

Finally, we wish to have control on the number of point obsta- 
cles 

N 

n = ~ 'Oi (6) 
i= I  

populating the slip plane. A conventional means of accomplishing 
this control is to introduce a chemical potential/x, whereupon the 
total energy becomes 

N 

E = ~ r a ( ~ , -  @2_ ~.ba 2 ~ ~, 

<id) i =  1 

N N 

+ f a  ~ ~ , ~ , -  /.t ~ ,~. (7) 
i=1  i=1  

This energy constitutes the basis for all subsequent developments, 
and is the centerpiece of the present theory. 

3 Equilibrium Thermodynamic Behavior 
We proceed to explore the equilibrium properties of the dislo- 

cation loop/obstacle model introduced in the foregoing. According 
to the fundamental principle of equilibrium statistical mechanics 
(Feynman, 1972), the probability that a system in equilibrium be in 
a state ~ = {~1 . . . . .  ~N} and r I = {r/~ . . . . .  ~N} is 

1 
p(~, xl) = ~ e -t~e(~.~) (8) 

where 

l 
/3 = ~-T. (9) 

k is Boltzmann's constant, T is the absolute temperature, and 
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Z =  E ' ' '  E E ' ' "  Z e-t3e(¢n) (10) 
~:t El0,1} ~,E{0,1 } hiE{0,1} nN~{0,l} 

is the partition function. The thermodynamic properties of interest 
follow directly from Z. For instance, the internal energy per unit 
volume is 

1 1 { 0logZ} (11) 
U = ~-~ lim ~ 0/3 u ~  

whereas the free energy per unit volume is 

= ~ lim 1 (12) 
F a / N~= N { - ~ - ~ }  ' 

Here l is the distance between slip planes. The expected number of 
point obstacles per unit area follows as 

1 1 u __OF (13) 
c = - ~ l i m ~ ( ~  ~ i ) = - I o p ~  

a N--->~ i = 1 

and the slip strain is 

1 N OF (14) b lim : ( ~  ~ , ) -  &r' 
"Y = 7 N-->~ /V i= 1 

In addition, the mobile dislocation length p on the slip plane per 
unit volume of the crystal is given by 

1 t OF 
p = ~-~ lim ~ ( ~  (~ - ~j)2) = -0T. (15) 

N--->°° (id) 

As may be seen, this dislocation density is closely related to the 
two-point correlation function of the slip distribution. 

The partition function corresponding to energy (7) may be 
evaluated as follows. The sum over the obstacle occupancy field 'r I 
is trivial and gives 

N 

Z = 2 ' ' '  ~ e-Oe(~) I-I [1 + e -13(fat'-w)] (16) 
/jtE{0,1} ~,vE{0,1} i=1 

where E(g") is given by (3). Alternatively, (16) may be recast in the 
form 

/3 log (1 + e -o(f"~'-~)) . 
i=1 

But, since ~ takes the values 0 and 1 only, we can write 

log (1 + e -t3~"e'-~)) = log (1 + e-~(f"-~))~ 

+ l o g ( 1  + e O ~ ) ( 1 -  ~i), ~ ,~{0,  1}. 

Inserting this identity into (17) gives 

Z =  (1 -t- e ~ )  N E " ' '  
~(0,1} 

where 

(17) 

(18) 

N 

exp{-13[~ I'a(~,- £j)2_ E ~ ~,]} (19) 
~uE{0,1 } ( id) i= 1 

1 {1 + e -~ -~ )~  
E = "rba 2 _[_ ~ log \ 1 + e t3, ] • (20) 

It is possible to reduce (19) to a familiar form by the following 
change of variables: 

sl = 2 ~ i -  1 (21) 

r a  
J = - -  (22) 

2 

E 
H = ~. (23) 

The new state variables s~ take the values { -  1, 1 } and may be 
regarded as local "spins'." Within this "spin gas" analogy, J may 
be regarded as an exchange energy, (~) as the magnetization, and 
H as an applied field. Inserting these definitions into (19) gives 

Z = (1 + e~)Ue-t3U-t4)u Z ising (K, h) (24) 

where 

and 

K =/3J  (25) 

h = /3H (26) 

zi~i"g= ~ . . .  ~ e -oE""'(~) (27) 
Si=Z1 SN=ZI 

N 

Ei~ing(s) = - K  E sisj - h E si (28) 
(id) i= 1 

are the partition function and energy of the two-dimensional spin-½ 
Ising model. Substitution of (24) into (12) gives the free-energy 
density of the loop/obstacle system as 

1 { 1 e~)  } Fising(K ' F = ~  - F l o g ( 1  + + J - H  + h). (29) 

Thus, the equilibrium properties of the loop/obstacle system are 
closely related to those of the two-dimensional spin-½ Ising model, 
which are well understood at present (e.g., Baxter (1982)). 

Subsequent calculations may be simplified by the introduction 
of the following dimensionless variables: 

t = / 3 r b a  2 (30) 

m = /3/z (31) 

q~ = / 3 F a  21 (32) 

We also note the identities 

N 1 
(~) = lim ~ ( 

N ~  i = I 

~i) = ~ (33) 

1 2) P 
r~- l i m ~ ( ~  (~ i -  ~j) =~T~ 

N---,~ " "  ( id) 

(34) 

N 1 
( 7 ) =  l i m ~ ( ~  

N--~  " '  i= 1 

C 
7,) = ~ (35) 

which follow from (13), (14), and (15) with 

b 
T s"t = - (36) 

l 

1 
19 sat = _ (37) 

al  
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1 
c ~"'= ~ .  (38) 

Evidently, these are: the saturation slip strain which is attained 
when the loop sweeps the entire slip plane; the saturation disloca- 
tion density which is obtained, e.g., when the dislocation popula- 
tion consists of parallel straight dislocations at a distance a; and 
the saturation obstacle density, which is obtained when the forest 
dislocations intersect the slip plane through every lattice site. We 
also note that (~) plays the role of a normalized slip strain, r the 
role of a normalized dislocation density, and ('0) the role of a 
normalized obstacle density, all ranging from 0 to 1. In terms of 
these variables (29) becomes 

q~ = - log (1 + e m) + K -  h + q~"g (K, h) (39) 

with 

t 1 
h = ~ - ~ l o g ( 1  + e " )  

whereas (13), (14), and (t5) simplify to 

0~ 

{~) - O t  

(40) 

(41) 

F - -  

1 0 p  

4 0 K  

(~1)  - O m  ' 

This last relation may be inverted to determine the chemical 
potential m as a function of the obstacle density (~). 

4 Cr i t i ca l i ty  and  Y i e l d i n g  

Criticality underlies and unifies a number of important physical 
phenomena such as the transitions from liquid to gas, from a 
normal conductor to a superconductor, and from paramagnetic to 
ferromagnetic behavior (e.g., Stanley (1971), Feynman (1972), 
Yeomans (1992), Binney et al. (1992), and Chaikin and Lubensky 
(1995)). As is well known, the phase diagram of the two- 
dimensional spin-½ Ising model exhibits a phase transition (e.g., 
Yeomans (1992)). In the present theory, this phase transition 
provides a model for the yield phenomenon in crystals. 

Unfortunately, the two-dimensional spin-½ Ising model with 
nonzero field has not been solved analytically. The numerical 
calculation of F ~"g offers no particularly difficulties and is exten- 
sively discussed in the literature (e.g., Binder, ed. (1986, 1987) and 
Koonin and Meredith (1990)). Here, however, in order to obtain 
explicit results we shall resort to a mean-field approximation 
(Yeomans, 1992; Chaikin and Lubensky, 1992). We begin by 
introducing an effective or mean-field energy of the form 

N 

E0 = -Ho  ~ si (44) 
i = l  

and we seek to optimize the value of the effective field H0. To this 
end, we recall Bogoliubov's inequality 

1 1 
f--< No + lim ~ ~ (E - No)0 (45) 

N ~  

where F is the free energy per unit volume, Eq. (12), correspond- 
ing to the original energy E, the averag e ( . )a  is taken with respect 
to the mean-field probability, 

1 
po(s) = Zo e-°E°(~ (46) 

5 

1 

T > T  
C 

T = T  

T < T  

ho 

Fig. 2 Bogoliubov'a function f(ho) shown in the zero applied field case, 
h = O  

Zo = ~ ' ' '  ~ e -t3e°Cs~ (47) 
SI=+_I SN=~[ 

(42) and F0 is the free energy per unit volume corresponding to the 
mean-field energy E0. Inequality (45) holds for any choice of 
energy E0 (e.g., Feynman (1972)), with the equality sign attained 

(43) for E0 = E. Inserting (28) and (44) and using normalization (32) 
and (26), the bound in (45) becomes 

f (ho)  = ½h~ - K log (cosh ho) - hho. (48) 

The optimum value of the effective field h0 is identified with the 
absolute minimizer off(h0). The resulting mean-field free energy 
for the two-dimensional spin-½ Ising model with nonzero applied 
field is (cf. Yeomans (1992)): 

q~ising .~  minf(h0) = - l o g  (2 cosh h0) + ½Kz tanh z ho (49) 
ho 

where z is the coordination number of the lattice, e.g., z = 4 for 
the square lattice. A trite but straightforward calculation of (41), 
(42), and (43) using (49) gives 

(~) = ½ (1 + tanh ho) (50) 

Z 
r = ~ (1 - tanh 2 h0) (51) 

e ,,1 

('O) = ½ (1 - tanh h0) 1 + e m" (52) 

Equations (50) and (51) yield the normalized shear strain and 
dislocation density, respectively, whereas (52) can be used to 
eliminate the chemical potential m in favor of the obstacle density 
in). 

The function f (ho) ,  Eq. (48), is shown in Fig. 2 for the zero 
applied field case, h = 0. It is seen from this figure thatf(h0) is 
convex in the supercri t ical  regime K < K,., where 

1 
K c  = - ( 5 3 )  

Z 

defines a critical value of K. By contrast, in the subcri t ical  regime, 
K > Kc, f (ho)  is nonconvex and exhibits two minima, or wells, 
separated by a maximum. It is therefore expected that the behavior 
of the system will differ sharply in the two regimes, and that the 
condition K = Kc signals the onset of a phase transition. The 
corresponding critical temperature is 
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J Fa CGb 2a 
Tc = K [  1 ~ = K [  ~ ~ - =  K [  l 2k (54) 

and, thus, the subcritical and supercritical regimes correspond to 
the temperature ranges T < T, and T > T~, respectively. 

As a check on the accuracy of the mean field approximation it 
may be noted that the exact critical point of the Ising model on a 
square lattice (z = 4) at zero applied field is Kc = ½ log (1 + 
N/2) ~ 0.44069, whereas the mean-field critical point is Kc = ¼, 
which is somewhat lower than the exact value. The mean-field 
critical exponents also differ from those obtained from an exact 
treatment of the Ising model. Despite these discrepancies, the 
mean-field theory does furnish a simple and analytically tractable 
model which exhibits a phase transition, and thus suffices to 
demonstrate the connection between criticality and yielding pur- 
sued here. 

The extrema of the functionf(h0), Eq. (48), are the solutions of 
the secular equation 

h = h0 - K tanh h0. (55) 

Here and subsequently we write 

K 
K = Kz = ~ .  (56) 

The solutions of Eq. (55) in turn correspond to the intersections 
of the function h0 - K tanh h0 with the horizontal line of height 
h (Figs. 3(a) and 3(b)). It is clear from these figures thatjffh0) has 
a single minimum h0 in the supercritical case T > T~ (Fig. 3(a), 
point A), and that h0 depends continuously on h. In view of (50), 
(5 l), (52), and (40) it follows that the slip strain and the dislocation 
density are continuous functions of the applied resolved shear 
stress and no yielding occurs in the supercritical regime. 

The subcritical or low-temperature equilibrium behavior of the 
loop/obstacle system is more eventful and may be characterized as 
follows. The function ho - K tanh h0 attains the maximum 

h~ = acosh , j ~ -  ~ ( K -  1) (57) 

at h0 = acosh N/K. In the range h < -h~ ,  which by virtue of Eq. 
(40) corresponds to a low applied shear stress t, Eq. (55) has a 
unique solution h0 (Fig. 3(b), point A). An increase in h, e.g., due 
to an elevation in the applied resolved shear stress t, results in a 
corresponding increase in h0 and (~). In the range - h ~  < h < hc, 
the horizontal line at h intersects the function h0 - K tanh ho at 
three points, Fig. 3(b), corresponding to three extrema off(h0). Of 
these extrema, the central point is a maximum and the remaining 
points are minima. Of these two minima, the left point h0 < 0 is 
the absolute minimizer in the range h < 0 (Fig. 3(b), point B), and 
the right point h0 > 0 is the absolute minimizer in the range h > 
0 (Fig. 3(b), point 6). The point of exchange of stability is, 
therefore, h = 0, at which point the effective field h0 jumps 
discontinuously to a larger value. This jump is accompanied by a 
sudden increase in slip activity and may, therefore, be identified 
with the yield point of the system. In the range h > h~, corre- 
sponding to a high applied shear stress t, Eq. (55) has again a 
unique solution h0 (Fig. 3(b), point D). 

It may be noted that, at zero temperature, the yield transition just 
described is in analogy to solid-solid phase transitions in bars and 
wires, and the applied field h = 0 plays a role analogous to the 
Maxwell stress (Ericksen, 1975; James, 1979). This analogy will 
be exploited further in Section 5 with a view to formulating a 
simple kinetic theory which accounts for hysteresis and plastic 
dissipation. 

The critical resolved shear stress corresponding to the yield 
point h = 0 follows from Eq. (40) as 

tc = log (1 + e m). (58) 

Equivalently, t~ may be rewritten in terms of the obstacle density 
using (52), with the result 

ho 

(~ 

/ D  

h o - K t a n %  - ~  

" ' l t ~ h 

I 
t ho 

% s  

a -1. 

(b) 

Fig. 3 Mean-field construction for the determination of the effective 
field h0 from the app!led field h. (a) Supercrltlcal case ~ = ½; (b) subcritical 
case K = 2. 

2(~) ) (59) 
tc = - l o g  1 1 + tanh h0c 

where h0c is the positive root of the equation 

ho - K tanh ho = 0. (60) 

It follows from this relation that the critical resolved shear stress 
vanishes in the absence of point obstacles, (~) = 0, and diverges 
to infinity at the "percolation limit" 

1 + tanh h0c 
(n)  - 2 (61) 

As the critical temperature is approached from below, one has 
that h0c --+ 0 and the percolation limit is attained when one-half of 
the lattice sites are occupied by obstacles. In the opposite extreme 
of zero temperature, the root h0c diverges to infinity and the 
percolation limit is attained when all lattice sites arc occupied by 
obstacles. 

Figure 4 displays the equilibrium properties of the system in the 
subcritical regime T < To. The evolution of the slip strain (~) with 
applied resolved shear stress t is shown in Fig. 4(a) for three values 
of the obstacle density ('0}. As expected, the critical resolved shear 
stress hardening rate increase with obstacle density. Figure 4(b) 
shows the dependence of the chemical potential m on the slip 
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dislocation density r = p a  2 versus the normalized slip strain ~ )  = y/(INI) for three values of the normalized obstacle 
density (,q) = ca 2 I n  the subcritlcal regime, K = 2 

strain and obstacle density. It is seen from the figure that the 
chemical pontential is an increasing function of the obstacle den- 
sity. It is also interesting to note how, as the slip strain and, 
consequently, the energy of interaction between the dislocation 
loop and the obstacles increases, it becomes necessary to compen- 
sate by raising the chemical potential in order to maintain the 
number of obstacles constant. The variation of the dislocation 
density with slip is also noteworthy (Fig. 4(c)). During the early 
stages of loading, the dislocation density r is close to zero. In this 
stage, the mobile dislocation population consists of small loops 
covering a small area fraction of the slip plane. Physically, these 
loops emanate from dislocation sources, which we assume to be 
plentiful and easy to operate. In the neighborhood of the yield 
point, the mobile dislocation density explodes to accommodate the 
rapidly increasing slip strain, attains the maximum z/8, and sub- 
sequently decreases monotonically to zero as dislocation dipoles 
annihilate. As the slip strain nears its saturation value, the dislo- 
cation population consists of small debris, or Orowan, loops sur- 
rounding the forest obstacles, slip having occurred everywhere 
outside the loops. 

If follows from the preceding discussion that the critical point 
T = T~. is marked by divergences in the zero-field specific heat 

c . =  ~ H  (62) 

and the plastic compliance 

= (63) 
Xr ~ z 

The precise understanding of these divergences, and more gen- 
erally of the behavior of the system near the critical point, has been 
one of the principal objectives of the theory of critical phenomena. 
Near the critical point, it is convenient to introduce the variable 

T -  T c 
0 - (64) 

Tc 

which measures the deviation in temperature from Tc. Then one 
has (Yeomans, 1992) 

CH--101~, ( H = 0 )  (65) 

3 ' - - ( -  0) i, ( H = 0 )  (66) 
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Table I Exact critical exponents for the two-dimensional 
spin-½ Ising model and mean-field approximation 

Exponent ~ ~ ~ 

Ising 0 (log) 1/8 7/4 15 
Mean field 0 1/2 1 3 

Xr ~ I01~ (H = 0) (67) 

H - I'),lisgn (30, (T = Tc) (68) 

for some critical exponents &, [3, ~,, and ~. As noted earlier, the rate 
of growth of the dislocation density p also diverges at yield. It may 
be shown (Yeomans, 1992) that the sum of the correlation function 
over site pairs involved in Eq. (15) is proportional to the plastic 
compliance Xr. It therefore follows that the characteristic exponent 
for p coincides with the characteristic exponent for Xr, namely ~. 
The characteristic exponents obtained by an exact treatment of the 
Ising model and from the mean-field approximation are collected 
in Table 1. It should be noted that the mean-field exponents 
generally differ from the exact values. 

Critical exponents are important because they afford a classifi- 
cation of critical phenomena into universality classes. They also 
define scaling relations between various thermodynamic quantities 
near the critical point. Striking evidence of universality was pro- 
vided by Guggenheim (1945), who showed that the coexistence 
curves for eight different fluids near the critical point, when plotted 
in terms of reduced variables, collapse into a universal curve w h i c h  
can be described by a characteristic exponent. In a similar manner, 
whereas T< and other aspects of the hardening of single crystals 
may vary widely between materials, the characteristic exponents 
should be universal and therefore define material-independent 
scaling relations between quantities of interest, such as the critical 
resolved shear stress and the obstacle density. 

5 A Simple Kinetic Theory 
The equilibrium properties of the dislocation loop/obstacle sys- 

tem described in the foregoing rest critically on an assumption of 
ergodicity, i.e., the assumption that the system is free to explore 
the entire phase space and that all states are accessible from all 
other states regardless of any intervening energy barriers. Under 
these assumptions, the behavior of the system is reversible. 
Whereas instances of reversible dislocation motion exist, e.g., the 
"flip-flop" of Taylor lattices in fatigue crystals (Kuhlmann- 
Wilsdorf, 1979), the plasticity of single crystals is most commonly 
observed to be irreversible and to be accompanied by hysteresis 
and dissipation. 

The mean-field approximation developed above, in conjunction 
with its analogy to solid-solid phase transitions (e.g., Ericksen 
(1975)), affords the following simple model of hysteresis. Con- 
sider a loop/obstacle system below the critical temperature. As in 
the equilibrium case, the effective field h0 is assumed to minimize 
the Bogoliubov functionf(ho), Eq. (48). In the range h < - h c  the 
minimizer is unique (Fig. 5, point A). Imagine now increasing the 
applied field h monotonically above the point h = - h ,  (Fig. 5, 
point B). In the range - h e  < h < hc, the function f(h0) has two 
minima. Of these, the leftmost point, ho < 0, is the absolute 
minimizer in the range h < 0. As noted earlier, the absolute 
minimum shifts to the positive axis, h0 > 0, for h > 0. However, 
we may argue that this exchange of stability is impeded by the 
intervening maximum of the functionf(ho), which plays the role 
of an energy barrier, and that, in consequence, the leftmost mini- 
mizer h0 < 0 is the only state accessible to the system (Fig. 5, 
point B). In the range h > hc the function f(ho) has a unique 
minimizer h0 > 0 (Fig. 5, point E). Therefore, it follows that h0 
must jump discontinuously at the critical point h = h c (Fig. 5, 
points C and D), which therefore sets the yield point in the kinetic 

. /  o 

a/l  .,1 
Fig. 5 Mean-field construction Including hysteresis and plastic dissipa- 
tion. Subcritical case K = 2. 

theory. The corresponding critical resolved shear stress, or yield 
stress, then follows from (40) as 

t , . = 2  acosh . f K -  2 ~ -  1) + l o g ( 1  +era).  (69) 

This critical resolved shear stress may be rewritten directly in 
terms of the obstacle density {'0) by the elimination of the chemical 
potential m with the aid of Eq. (52), with the result 

tc = 2 acosh ~ / ~ -  2 , f ~ :  - 1) 

+ log 1 + 1 - \/1 - - - i - /K-  2('0) ' (70) 

Imagine that the process of loading just described, in which the 
applied field h is increased monotonically from A to E in Fig. 5, is 
followed by unloading, i.e., the applied field is subsequently de- 
creased monotonically from E. The fundamental assumption is 
that, upon unloading the loading path ABCDE is not traversed in 
reverse. Indeed, during unloading the point D defines the absolute 
minimum off(h0) and, therefore, the jump from D to E is not 
energetically favorable. Instead, the unloading path is postulated to 
be EDGHA, Fig. 5, and involves reverse yielding at h = -hc .  
Indeed, at the yield point the effective field h0 jumps discontinu- 
ously. The net result is a hysteresis loop A B C D E D G H A  and the 
dissipation of energy as plastic work. 

It should be carefully noted that both the hysteresis model and 
the accessibility criteria invoked to select minimizers constitute 
physical postulates that are formulated in addition to the strict 
principles of equilibrium statistical mechanics. In particular, pos- 
tulates are introduced regarding what subset of the phase space is 
accessible from a given state, with the result that the system is no 
longer ergodic. These additional postulates form the rudiments of 
a kinetic theory, as attested to by the irreversible and dissipative 
character of the predicted behavior. 

6 Summary and Concluding Remarks 
We have developed a statistical mechanical theory of forest 

hardening in which yielding arises naturally as a phase transition. 
Our focus in this paper has been to identify the simplest possible 
model of slip which clearly demonstrates the connection between 
yielding and criticality. With this objective in mind, we have 
focused on the motion of a single dislocation loop on a slip plane. 
We have assumed that the dislocations are well screened so that 
their energy is proportional to their length. The motion of the loop 
is impeded by forest dislocations piercing the slip plane, which we 
treat as point obstacles. The occurrence of slip at the sites occupied 
by these obstacles requires the expenditure of a certain amount of 
work commensurate with the strength of the obstacle. The case of 
obstacles of infinite strength has been treated in detail. 

We have shown that the behavior of the dislocation loop as it 
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sweeps the slip plane under the action of a resolved shear stress is 
identical to that of a lattice gas and, equivalently, to the two- 
dimensional spin-½ Ising model. In particular, there exists a critical 
temperature T~ below which the system exhibits a yield point: The 
slip strain increases abruptly when the applied resolved shear 
stress attains a critical value. Above the critical temperature the 
yield point disappears and the slip strain depends continuously on 
the applied stress. The critical exponents, which describe the 
behavior of the system near the critical temperature, coincide with 
those of the two-dimensional spin-½ Ising model. 

It is revealing to compute the transition temperature T,. for 
specific materials. For the sake of argument let us simply assume 
that the shear modulus decreases linearly with temperature and 
vanishes at the melting temperature T,,,, i.e., 

G = Go 1 - (71) 

where Go is the shear modulus at zero temperature. Inserting this 
relation into the expression (54) for the critical temperature yields 

T,. = + (72) 

where 

CGob 2a 
To = K~71 2k (73) 

Taking copper by way of example, one has Go ~ 40 GPa, b = 
2.556/~, a ~ b, k = 1.380 × 10 23 j K 1 C .~ 0.3, and T,,, 
1,343 K. With these constants, (73) gives To = 16,474 K and 
(72) T~ = 1,241 K, or 92 percent of the melting temperature. This 
example suggests that metals remain within the subcritical regime 
and, consequently, exhibit a yield point, up to temperatures very 
close to the melting temperature, although the sharpness of yield- 
ing should be blunted with increasing temperature. These general 
conclusions are indeed in keeping with observation. 

Unfortunately, the full effect of temperature on the behavior of 
the system cannot be ascertained without knowing the dependence 
of the elastic moduli on temperature. Thus, linear elastic estimates 
predict the line tension, Eq. (1), and the obstacle strength, Eq. (4), 
to be proportional to the shear modulus G, which is itself a strong 
function of temperature. Under these conditions, as the crystal 
approaches melting G tends to zero and, correspondingly, both the 
line tension and the obstacle strength should decrease to zero. This 
in turn accounts for the thermal softening observed to occur in 
manY ductile crystals with increasing temperature. 

As stated above, the system defined by a single dislocation loop 
moving through forest dislocations has the virtue of exhibiting the 
connection between criticality and yielding in the simplest possible 
terms. However, in this model the slip displacement is restricted to 
be either 0 or b and the maximum slip strain which can be born by 
a slip system is (36). By way of contrast, the unconstrained plastic 
flow characteristic of the macroscopic behavior of single crystals 
requires the simultaneous operation of many dislocation loops on 
each slip plane. An extension of the Hamiltonian (7) which ac- 
counts for this effect may be obtained by allowing the slip ~ at site 
i to take any nonnegative integer value. The resulting Hamiltonian, 
however, cannot be solved analytically but should yield to approx- 
imation techniques such are mean-field theory based, e.g., on a 
mean-field energy of the form (44). 

Also in the interest of simplicity, we have given special attention 
to obstacles of infinite strength. The treatment of obstacles of finite 
strength does not offer any particular difficulties. A more chal- 
lenging extension concerns the combined hardening effect of ob- 
stacles of different strengths, e.g., such as are introduced by the 
activation of more than one secondary system. Foreman and Makin 
(Foreman, 1955; Foreman and Makin, 1966) have investigated this 
problem numerically, and have characterized the effective strength 

of the obstacles. Here again, an extension of the Hamiltonian (7) 
which accounts for more than one obstacle species is 

F a  N 

E= E T (~ ' -  ~j)2_ Tba 2 ~ l~, 
(i d) i=  1 

s N N 

+ Z {f(')a Z ~,~I ' / -  , u,/') ~ ~I ' / }  . (74) 
s=l i=1 i=1 

Here the sum over s extends to the S species of forest dislocations 
contributed by different secondary systems; the variable ~I '~ is 1 if 
site i is occupied by an obstacle of type s and is 0 otherwise; ~¢~ 
is the strength of the obstacles of type s; and ix ( '  is a chemical 
potential to be determined on the condition that the density of 
obstacles of type s match a prescribed value. It should be noted 
that, in this model, a site i may be occupied by several obstacles of 
different species. As in the case S = 1 considered in this paper, 
Eq. (16), the sums over the obstacle occupancy fields ~I ') are 
trivial. The resulting model should provide a precise characteriza- 
tion of how obstacles of different strengths cooperate to determine 
the hardening characteristics of a crystal. 

Other worthwhile extensions of the basic Hamiltonian (7) might 
account for the energy required to activate dislocation sources, 
e.g., of the Frank-Read type; the Peierls stress required to over- 
come the resistance of the atomic lattice to dislocation slip, spe- 
cially in materials other than elemental metals where such barrier 
is not negligible; the inertia attendant to the motion of dislocations; 
the anisotropy of the elastic moduli and of the line tension; and 
other effects. Evidently, while these extensions enhance the pre- 
dictive character of the theory, they are also introduced at a certain 
expense as regards the complexity of the theory. In any case, the 
statistical mechanical framework sketched out in this paper may 
open the way for a physics-based description of crystalline slip 
which benefits from the tools and principles of the theory of 
critical phenomena. 
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