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Recoupling coefficients and quantum entropies
Matthias Christandl, M. Burak Şahinoğlu and Michael Walter
Abstract. We prove that the asymptotic behavior of the recoupling coefficients of the symmetric group is characterized by a quantum marginal
problem – namely, by the existence of quantum states of three particles with given eigenvalues for their reduced density operators. This
generalizes Wigner’s observation that the semiclassical behavior of the
6j-symbols for SU(2) – fundamental to the quantum theory of angular
momentum – is governed by the existence of Euclidean tetrahedra. As
a corollary, we deduce solely from symmetry considerations the strong
subadditivity property of the von Neumann entropy. Lastly, we show
that the problem of characterizing the eigenvalues of partial sums of
Hermitian matrices arises as a special case of the quantum marginal
problem. We establish a corresponding relation between the recoupling
coefficients of the unitary and symmetric groups, generalizing a classical
result of Littlewood and Murnaghan.

1. Introduction
When does there exist a multi-particle quantum state compatible with a given
set of reduced states? Long recognized for its importance in many-body quantum physics and quantum chemistry [1, 2], this quantum marginal problem has
seen significant progress in recent years in the context of quantum information
theory through the discovery of an underlying group theoretic structure [3, 4, 5].
In particular, a complete solution of its most fundamental version, where the
given reduced states are those of the individual particles, has been obtained
[4, 5], and a firm connection to the classification of multiparticle entanglement
has been established [6, 7, 8]. Meanwhile, it has been understood that the
general problem is computationally hard, even for a quantum computer [9, 10],
and only sufficient conditions are known. The strong subadditivity of the
von Neumann entropy is perhaps the most important such condition, and an
indispensible tool in quantum statistical physics and quantum information
theory [11, 12]. The discovery of any further entropy inequality would be
considered a major breakthrough [13] (cf. [14, 15, 16, 17, 18, 19] for recent
progress).
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In this work we unveil a novel link between the existence of multi-particle
quantum states with given marginal eigenvalues and the representation theory
of the symmetric group Sk . For this, we consider the recoupling coefficients
of Sk , where now k plays the role of the semiclassical parameter. We then
find that the coefficients’ norm decreases at most polynomially for a sequence
of Young diagrams of k → ∞ boxes converging to the eigenvalues of a given
tripartite quantum state ρABC and its reduced states ρA , ρB , ρC , ρAB , ρBC ;
conversely, if there exists no such quantum state then the sequence decreases
exponentially in norm.
Our result directly relates to the recent efforts on the quantum marginal
problem and the understanding of quantum entropy. In particular, it extends
the characterisation of the triples ρA , ρC , ρAC by the Kronecker coefficient of
the symmetric group [3, 4, 5, 20, 21]. The power of this extension is illustrated
by the fact that the symmetries of the recoupling coefficients alone imply the
strong subadditivity and weak monotonicity of von Neumann entropy (note
that entropy is only a function of the eigenvalues). Our result generalizes
directly to an arbitrary number of particles and linearly many reduced states,
and may thus be regarded as a partial quantum-mechanical version of Chan
and Yeung’s description of the set of compatible Shannon entropies in terms of
group theory [22]. In fact, our work suggests a new route towards establishing
further entropy inequalities by exploiting the symmetries of higher-order
representation-theoretic objects.
Our work is inspired by Wigner’s seminal work on the semiclassical
behavior of quantum spins, which are described by the representation theory
of the group SU(2) [23]. The recoupling coefficients of SU(2), known as the
Wigner 6j-symbols in their rescaled, more symmetric form [23], describe the
relation between individual spins j1 , j2 , j3 , their total spin j123 and the
intermediate spins j12 and j23 (the Racah W-coefficients [24] are also closely
related). As first noted by Wigner, there is a dichotomy similar to our result in
the semiclassical limit where all spins are simultaneously large: the 6j-symbol
decays polynomially if there exists a tetrahedron with side lengths j1 , j2 ,
j3 , j12 , j23 , j123 , and exponentially otherwise [23]. That the asymptotics are
in both cases guided by the existence of a geometric object—for Wigner, a
tetrahedron with certain side lengths, for us, a quantum state with certain
spectral properties—is not accidental. Via Schur-Weyl duality, our limit
k → ∞ can similarly be understood as a semiclassical limit. We furthermore
describe how to construct for every tetrahedron a tripartite quantum state in
a faithful, i.e. sidelength-encoding way, and for every Wigner 6j-symbol we
construct a corresponding recoupling coefficient of the symmetric group . In
this way, Wigner’s problem and its generalization to SU(d) can be understood
as special case of the quantum marginal problem.
We speculate that this surprising connection between tetrahedra and
quantum states as well as between Wigner 6j-symbols and symmetric group
recoupling coefficients may help to understand and connect the study of spin
foams and spin networks in the context of quantum gravity [25, 26, 27, 28,
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29, 30] and condensed matter physics [31] as well as topological quantum
computing [32, 33, 34]. Preliminary versions of this work have appeared in
[35, 36].

2. Recoupling coefficients
The finite-dimensional irreducible representations of the symmetric group
Sk are labelled
P by Young diagrams, that is, ordered partitions λ1 ≥ . . . ≥
λl > 0 of i λi = k. We may think of k as the number of boxes of the
Young diagram and of l as the number of rows. We write λ ` k for such a
partition, [λ] for the associated irreducible unitary representation of Sk , and
denote the dimension of the latter by dλ := dim[λ]. Any finite-dimensional
representation V of Sk can be decomposed into a direct sum of irreducible
representations, and if V is a unitary representation then this decompositoni
can also be made unitary. Concretely, consider the space of Sk -linear maps
HVλ := HomSk ([λ], V ) and equip HVλ with the re-scaled Hilbert-Schmidt inner
product hψ, φiλ := tr ψ † φ/dλ . Then the canonical maps ΦVλ : [λ] ⊗ HVλ →
V, v ⊗ φ 7→ φ(v) are Sk -linear isometries that can be assembled to a unitary
L
isomorphism λ`k [λ] ⊗ HVλ ∼
=V.
In particular, we may decompose a tensor product [α] ⊗ [β] of two
irreducible representations. This results in the so-called Clebsch-Gordan isomorphism of the symmetric group Sk ,
M
[λ] ⊗ Hαβ
(1)
λ → [α] ⊗ [β].
λ`k

Its components are Sk -linear isometries and will be denoted by
αβ
Φαβ
λ : [λ] ⊗ Hλ → [α] ⊗ [β].

(2)

The dimension of Hαβ
λ is known as the Kronecker coefficient gαβγ ; it is fully
symmetric in its three indices since the representations of Sk are self-dual.
We now consider a triple tensor product. Since the tensor product is
associative, we have


[α] ⊗ [β] ⊗ [γ] ∼
= [α] ⊗ [β] ⊗ [γ] .
Decomposing accordingly using eq. (1), we obtain an isomorphism
M
M µγ
M
M
βγ
∼
Hαν
[λ] ⊗
Hλ ⊗ Hαβ
[λ] ⊗
µ =
λ ⊗ Hν .
λ`k

µ`k

λ`k

(3)

ν`k

By Schur’s lemma, this allows us to identify the multiplicity spaces for each
fixed λ,
M
M µγ
βγ
∼
Hλ ⊗ Hαβ
Hαν
(4)
µ =
λ ⊗ Hν .
µ

ν
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Definition 1 (Recoupling coefficients). The recoupling coefficients of the symmetric group are defined to be the components of the isomorphism (4) for
fixed µ and ν, denoted by


α β µ
αβ
αν
βγ
: Hµγ
(5)
λ ⊗ Hµ → Hλ ⊗ Hν .
γ λ ν
In other words, they are defined by the relation


 αν † αβ

α β µ
1λ ⊗ γ λ ν = 1α ⊗ Φβγ
Φλ
Φµ ⊗ 1γ Φµγ
ν
λ ,

(6)

in terms of the Clebsch-Gordan maps defined in eq. (2); 1λ denotes the
identity map on the representation [λ].
In contrast to the case of SU(2), these recoupling coefficients are linear
maps rather than scalars, since the “Clebsch-Gordan series” for Sk is not
multiplicity-free in general. Their size is thus best measured by an operator
norm, and it will be convenient to employ the Hilbert-Schmidt norm, kXk2HS :=
tr X † X as well as the operator norm kXk∞ := supkψk=1 kXψk.
Since the dimension of the multiplicity spaces Hαβ
λ , i.e., the Kronecker
coefficients gαβγ , are at most poly(k),1 both norms are in fact polynomially
equivalent:






α β µ
α β µ
α β µ
k
k ≤k
k ≤ poly(k)k
k .
(7)
γ λ ν ∞
γ λ ν HS
γ λ ν ∞
Schur-Weyl duality
As a first step towards connecting to the properties of quantum states, we
⊗k
now consider the vector space V = Cd
. The symmetric group Sk acts
on V by permuting the tensor factors and the special unitary group SU(d)
acts diagonally; both actions commute. The corresponding decomposition
into irreducible Sk × SU(d)-representations is known as Schur-Weyl duality
(e.g. [37]),
M
⊗k
∼
Cd
[λ] ⊗ Vλd
(8)
=
λ`d k

Vλd

Here,
denotes the irreducible SU(d)-representation with highest weight λ,
and the direct sum runs over all Young diagrams λ with k boxes and no more
than d rows. In the following we denote by Pλd the orthogonal projector onto
a direct summand [λ] ⊗ Vλd in (8).
We now consider Cabc ∼
= Ca ⊗ Cb ⊗ Cc . Applying Schur-Weyl duality
separately to the k-th tensor powers of Ca , Cb and Cc , respectively, and
1 Here

and throughout this text, poly(k) denotes polynomials in k that depend only on the
maximal number of rows of the Young diagrams. Equivalently, they depend only on a, b
and c—the dimensions of the local Hilbert spaces Ca , Cb and Cc in eq. (9).
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applying eq. (3), we find that
M
⊗k
∼
Cabc
[α] ⊗ [β] ⊗ [γ] ⊗ Vαa ⊗ Vβb ⊗ Vγc
=
α`a k,β`b k,γ`c k

∼
=

M

αβ
a
b
c
[λ] ⊗ Hµγ
λ ⊗ Hµ ⊗Vα ⊗ Vβ ⊗ Vγ

(9)

α`a k,...,λ`abc k

∼
=

M

βγ
a
b
c
[λ] ⊗ Hαν
λ ⊗ Hν ⊗Vα ⊗ Vβ ⊗ Vγ .

α`a k,...,λ`abc k

We denote by
αβγ
P := Pλ,µ
:= (Pαa ⊗ Pβb ⊗ Pγc )(Pµab ⊗ Pγc )Pλabc
a
b
c
a
bc
abc
Q := Qαβγ
λ,ν := (Pα ⊗ Pβ ⊗ Pγ )(Pα ⊗ Pν )Pλ

(10)

the orthogonal projectors onto the corresponding direct summands in the
second and third line of eq. (9), respectively. Observe that each is defined as a
product of commuting projectors. The following lemma connects the operator
norm of their product to the operator norm of the corresponding recoupling
coefficient.
Lemma 2. Then

α
kP Qk∞ = kQP k∞ = k
γ

β
λ


µ
k .
ν ∞

(11)

Proof. By eq. (6), the recoupling coefficients satisfy the identity


α β µ
1λ ⊗ γ λ ν = F † E,
 µγ
βγ
αν
where E := Φαβ
µ ⊗ 1γ Φλ and F := (1α ⊗ Φν )Φλ are compositions of
Clebsch-Gordan isometries as defined in eq. (2). In particular,


α β µ
k
k = kF † Ek∞ = kF F † EE † k∞ .
γ λ ν ∞
The last equality holds because both E and F are isometries.
Now note that EE † is precisely equal to the orthogonal projector onto
αβ
[λ] ⊗ Hµγ
λ ⊗ Hµ ⊆ [α] ⊗ [β] ⊗ [γ].

On the other hand, P as defined in eq. (10) is the projector onto
αβ
a
b
c
[λ] ⊗ Hµγ
λ ⊗ Hµ ⊗Vα ⊗ Vβ ⊗ Vγ

⊆[α] ⊗ [β] ⊗ [γ] ⊗ Vαa ⊗ Vβb ⊗ Vγc ⊆ Cabc

⊗k

.

It follows that P = P = EE † ⊗ 1Vαa ⊗Vβb ⊗Vγc , where we slightly abuse notation
by considering the right-hand side as an opreator on (Cabc )⊗k . Likewise, we
find that Q = F F † ⊗ 1Vαa ⊗Vβb ⊗Vγc . Together we conclude that
kF F † EE † k∞ = kQP k∞ .



Schur-Weyl duality also leads to an alternative definition of the recoupling
coefficients in terms of unitary groups (see discussion at the end of section 3).
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3. Recoupling coefficients and tripartite quantum marginals
Let ρABC be a density operator, i.e., a positive semidefinite operator of
trace one, on Ca ⊗ Cb ⊗ Cc . We consider the reduced density operators
ρAB = trC (ρABC ), ρA = trBC (ρABC ) etc.,2 and denote by rABC , rAB , rA ,
etc., the corresponding vectors of eigenvalues (each ordered non-increasingly,
e.g. rABC,1 ≥ rABC,2 ≥ . . .). Let us also define the normalisation of a Young
diagram λ ` k by λ̄ := λ/k. Then we have the following theorem:
Theorem 3. If there exists a quantum state ρABC with eigenvalues rA , rB ,
rC , rAB , rBC , rABC then there exist Young diagrams α, β, γ, µ, ν, λ ` k with
k → ∞ boxes and at most a, b, etc. rows such that
lim (ᾱ, β̄, γ̄, µ̄, ν̄, λ̄) = (rA , rB , rC , rAB , rBC , rABC )

k→∞

(12)

and



1
α β µ
k
k ≥
.
(13)
γ λ ν HS
poly(k)
Conversely, if (rA , rB , rC , rAB , rBC , rABC ) is not associated to any tripartite
density operator then for every sequence of Young diagrams satisfying eq. (12)
we have



α β µ
k
k ≤ exp −Ω(k) .
(14)
γ λ ν HS
Proof. For both directions of the proof we use the spectrum estimation
theorem [38] (cf. [39, 40, 3]), which says that k copies of a density operator
ρ on some Cd are mostly supported on the subspaces [λ] ⊗ Vλd satisfying
λ̄ = λ/k ≈ spec ρ = r. More precisely,

tr(Pλd ρ⊗k ) ≤ poly(k) exp −kkλ̄ − rk21 /2
(15)
P
where kxk1 = i |xi | is the `1 -norm.
We start with the proof of the “if” statement. Define P̃ as the sum of the
λ,µ
projectors Pαβγ
– definend as in (10) – for which kᾱ−rA k1 ≤ δ, kβ̄ −rB k1 ≤ δ,
etc.; Q̃ is defined accordingly. By (15) and the fact that there are only poly(k)
many Young diagrams
tr(P̃ ρ⊗k
ABC ) ≥ 1 − ε,

tr(Q̃ρ⊗k
ABC ) ≥ 1 − ε,

where ε = poly(k) exp(−kδ 2 /2). Now we use
q
|tr(P̃ Q̃σ)| ≥ tr(P̃ σ) − 1 − tr(Q̃σ),
which holds for arbitrary projectors P̃ , Q̃ and quantum states σ 3 and obtain
√
kP̃ Q̃k∞ ≥ |tr(P̃ Q̃ρ⊗k
ABC )| ≥ 1 − 2 ε.
2 Given

a density operator ρ12 on a tensor product Hilbert space H1 ⊗H2 , the reduced density
operator ρ1 = tr2 (ρ12 ) is uniquely defined by the property that tr ρ1 X1 = tr ρ12 (X1 ⊗ 1H2 )
for all operators X1 on H1 .
3 For pure states σ = |φihφ|, tr(P Qσ) = hφ|P Q|φi ≥ hφ|P |φi−|hφ|P (1 − Q)|φi| ≥ hφ|P |φi−
p
k(1 − Q) |φik = tr(P σ) − 1 − tr(Qσ) by the Cauchy-Schwarz inequality; the general
statement follows by considering a purification of σ.
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Using lemma 2, eq. (7) and the triangle inequality, we find that


X
√
α β µ
k
kHS ≥ 1 − 2 ε,
γ λ ν
α,β,γ,µ,ν,λ

where the sum extends over Young diagrams with k boxes and at most a, b, etc.
rows, whose normalisation is close to the eigenvalues associated to ρABC as
specified above. Since the number of terms in the sum is again upper-bounded
by poly(k), we can find sequences of Young diagrams satisfying eq. (12) and
eq. (13).
We now prove the converse statement. For this, we consider a sequence
of Young diagrams eq. (12) whose limit (rA , rB , . . .) is not associated to any
tripartite density operator on Cabc . For each k, we choose quantum states
σ(ABC)k such that
kP Qk2∞ = k(QP )(P Q)k∞ = tr(P Qσ(ABC)k QP ).
Both projectors P and Q commute with the action of Sk on (Cabc )⊗k , so we
may assume that the same is true for σ(ABC)k . Then we can use the bound
Z
σ(ABC)k ≤ poly(k) dρABC ρ⊗k
(16)
ABC ,
where dρABC is the Hilbert-Schmidt probability measure on the set of density
operators on Cabc (see, e.g., [41, Lemma 1]). The right-hand side of (16)
commutes with the action of Sk as well as with unitaries of the form U ⊗k ,
U ∈ SU(abc). In view of Schur-Weyl duality (8), Schur’s lemma implies that
it is a lienar combination of the isotypical projectors Pλabc and therefore
commutes with both P and Q. It follows that
Z
kP Qk2∞ ≤ poly(k) tr(P Q dρABC ρ⊗k
ABC QP )
Z
= poly(k) tr(P dρABC ρ⊗k
ABC Q)
Z
= poly(k) dρABC tr(P ρ⊗k
ABC Q)
by linearity and cyclicity of the trace. Since dρABC is a probability measure,
it follows, together with eqs. (7) and (11), that for each k there exists at least
one quantum state ρABC,k on Cabc such that


α β µ 2
k
k ≤ poly(k) tr(P ρ⊗k
ABC,k Q).
γ λ ν HS
Using the Hölder inequality, the right-hand side can be upper-bounded by
b ⊗k
the square roots of each of the six traces tr(Pαa ρ⊗k
A ), tr(Pβ ρB ), etc., which
in turn can be upper-bounded via eq. (15). Thus we find


α β µ 2
k
k ≤ poly(k) exp(−kD2 /4),
γ λ ν HS
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where D := min(sA ,sB ,... ) max{kᾱ − sA k1 , kβ̄ − sB k1 , . . . } quantifies the distance of (rA , rB , . . .) to the closed set of spectra (sA , sB , . . .) that correspond
to tripartite quantum states on Cabc . By assumption, D > 0, so we get the
exponential decay asserted in the theorem.

Theorem 3 can be generalized to more than three parties by considering
the following quantity: as in eq. (3), successively decompose a tensor product
of irreducible representations in two inequivalent ways; the corresponding
“generalized recoupling coefficients” then are the components of the resulting
isomorphism for fixed intermediate labels µj and νk , and an analogous result
can be established for these coefficients, which are symmetric group counterparts of Wigner’s 3nj-symbols for SU(2). Just as theorem 3 does not cover
the eigenvalues of ρAC , in general only of a linear number of the exponentially
many reduced density operators can be controlled in this fashion (e.g., the
nearest-neighbor reduced states in a linear chain of particles). What the
representation-theoretic quantities involved in controlling all marginal spectra
should be is an intriguing question, with possible ramifications to the search
for new entropy inequalities of the von Neumann entropy, as we detail in the
following sections.
For pure quantum states ρABC , the Schmidt decomposition implies
that necessarily rAB = rC and rA = rBC . Therefore, we can discard of the
two-body spectra, and the problem reduces to a one-body quantum marginal
problem. On the level of representation theory, it suffices to consider single-row
Young diagrams λ = (k), corresponding to the trivial representation of Sk ;
hence, µ = γ and α = ν, and it can be shown easily that


α β µ 2
k
k = dim Hαβ
γ = gαβγ
γ λ ν HS
likewise reduces to a Kronecker coefficient of the symmetric group.
In this way, theorem 3 specializes to the well-known relationship between
the pure-state one-body quantum marginal problem and the asymptotics of
the decomposition of tensor products of irreducible representations of the
symmetric group [3, 4, 20] (it also shows that recoupling coefficients can grow
with k). Theorem 3 generalizes this relationship: It shows that the overlap
between two such decompositions – as captured by the recoupling coefficients
– similarly characterizes the quantum marginal problem with two overlapping
marginals. It would be of great interest to find a geometric explanation of this
result in the framework of geometric invariant theory, which might also lead
to a more refined understanding of the asymptotics along the lines of [42] for
Wigner’s 6j-symbols. Mathematically, this is related to the “intersection” of
moment maps, or to simultaneous Hamiltonian reduction for non-commuting
group actions.
We conclude with some remarks on the interpretation of theorem 3 as a
semiclassical limit. In [23], Wigner studied the asymptotics of the recoupling
coefficients of SU(2) which can be defined in complete analogy to definition 1.
Given three particles of spin jA , jB , jC such that the total spin of the first two
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particles is jAB and of all three particles jABC , the absolute value squared
of the SU(2) recoupling coefficient can be interpreted as the probability of
observing that particles two and three have total spin jBC . In the semiclassical
limit of simultaneously large spins, Wigner showed that this probability
oscillates around the inverse volume of the tetrahedron whose edges have
length equal to the six spins—if such a tetrahedron exists. In particular,
it then decays polynomially with j. If no such tetrahedron exists then the
recoupling coefficient decays exponentially. This result is understood to mean
that “classical” configurations are exponentially more likely than all others in
the limit of large quantum numbers. A more precise formula has been given
by Ponzano and Regge [43] and only fully proved in [42].
The recoupling coefficients for the symmetric groups Sk that we consider
in this chapter can also be defined in terms of unitary groups. This follows from
Schur–Weyl duality (8), which implies that the projectors Pαa , Pβb , etc. in (10)
can be equivalently defined as the isotypical projectors for the unitary groups
SU(a), SU(b), etc. From this perspective, the decompositions in (9) arise by
restricting the SU(abc)-representation (Cabc )⊗k to SU(a) × SU(b) × SU(c) via
either of the “intermediate subgroups” SU(ab) × SU(c) or SU(a) × SU(bc).
Thus, it is suggestive to consider the number of boxes k in the Young diagrams
as the semiclassical parameter in our setup. In this sense, tripartite quantum
states ρABC are the formal analogues of Wigner’s tetrahedra—they are the
geometric objects that describe the “classical” configurations, corresponding
to polynomial decay in the limit k → ∞.

4. Symmetries of the recoupling coefficients
In this section we rewrite the Hilbert-Schmidt norm of the recoupling coefficients in a way that makes manifest its symmetries. Both the strong
subadditivity property of the von Neumann entropy as well as its weak monotonicity property can then be understood in terms of these symmetries and
theorem 3 (see section 5). We first give a diagrammatic argument using
the graphical calculus for symmetric monoidal categories [44, 45, 46]. An
alternative, purely algebraic proof, is postponed to the end of this section.
Recall from section 2 that the multiplicity spaces Hαβ
λ are given by the
space of Sk -linear maps from [λ] to [α] ⊗ [β]. In each multiplicity space, let us
choose maps Φαβ
λ,i that form an orthonormal basis with respect to the inner
product hψ, φiλ = tr ψ † φ/dλ introduced in section 2. We will represent these
maps graphically by
β

α
Φαβ
λ,i =

i
λ

β

α
†
and (Φαβ
λ,i ) =

i
λ
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in the graphical calculus. The maps Φαβ
λ,i are nothing but components of the
Clebsch–Gordan isometries Φαβ
λ defined in eq. (2). We thus obtain the following
graphical expression for the matrix elements of the recoupling coefficients
with respect to the bases fixed above from (6) by taking a trace over [λ]:


α
γ

β
λ

µ
ν

kl
ij

ν
k
1 l
α j β
=
dλ
µ
γ
λ
i

(17)

Our goal is to transform the right-hand side expression in (17) into a form
that renders its symmetries apparent. For this, we recall that the irreducible
representations of the symmetric group are self-dual, i.e., [λ] ∼
= [λ]∗ , because
they can be defined over the reals. It follows that there exists a single copy
of the trivial representation 1 in each tensor product [λ] ⊗ [λ], i.e., Hλ=λ
is
1
one-dimensional. We shall denote the corresponding basis vector by
λ

λ

λ :=

λ

,

(18)

1
omitting the leg corresponding to the identity object 1 as is usual in the
graphical
calculus.√It can be concretely written as a maximally entangled state
P
|λ,
ii
⊗
|λ, ii / dλ in any real orthonormal basis |λ, ii of [λ] (i.e., in a basis
i
such that Sk acts by real orthogonal matrices). We denote the adjoint of (18)
by reversing arrows. It is then easy to see that we have the “teleportation
identity”
1
(19)
λ
λ =
λ
λ.
dλ
We can use (18) and its adjoint to raise and lower indices, i.e., to reverse
the direction of arrows. We thus obtain the following important property of
the Clebsch–Gordan isometries (cf. [47, (7-205a)]):
Lemma 4. Both sets






α









β



i










λ










and








r












β




α
dα dβ
dλ

i
λ









form orthonormal bases of the space ([α] ⊗ [β] ⊗ [λ])Sk of Sk -invariant vectors
in the triple tensor product.
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Proof. Since the dimensions of ([α] ⊗ [β] ⊗ [λ])Sk and of Hαβ
λ agree by selfduality of [λ], it suffices to show that both sets of vectors are orthonormal.
For the first set, observe that it follows from the teleportation identity (19)
that
β α

*α

β+

|

i

λ

i
= α

i0

=

β

1
dλ α

i0
λ

i

λ
β

.

i0

λ

This is in turn equal to
† αβ
tr(Φαβ
λ,i ) Φλ,i0

dλ

αβ
0
= hΦαβ
λ,i , Φλ,i0 iλ = δi,i ,

since the Φαβ
λ,i form an orthonormal basis.
For the second set, we find similarly that
β α

*α
i

β+

|

i
= α

i0

λ
β

=

1
dα dβ α

i0
λ

i

λ
β

=

dλ
δi,i0 .
dα dβ

i0

λ


We finally introduce the symmetric notation:
β

α
i
λ

β

α
:=

i

(20)

λ

We note that the vectors (20) depend on the choice of arrow that was reversed.
However, by lemma 4 any such choice gives rise to unitarily equivalent bases
of the space of Sk -invariants! We thus obtain the following result:
Proposition 5. We have
ν

l
k
µ 2
(21)
kHS = dα dβ dγ dλ dµ dν k α j β k22 ,
ν
µ
γ
λ
i
qP
2
where k(xi,j,k,l )k2 :=
i,j,k,l |xi,j,k,l | denotes the `2 -norm of a tensor with
indices i, j, k, l. The right-hand side does not depend on the choice of arrow
that was reversed in the definition (20).

1
α
k
dµ dν γ

β
λ
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Proof. Recall from (17) that

α
k
γ

β
λ

ν

l
k
1
µ 2
kHS = 2 k α j β k22 .
ν
dλ
µ
γ
λ
i

By inserting the teleportation identity (19) once for each of the six arrows,
we obtain
ν
l
1 2 2 2 2 2 2
d d d d d d k
d2λ α β γ µ ν λ

k
α

λ

k22 .

β

j
µ

γ

i
By first applying the unitary transformation that relates the second orthonormal basis in lemma 4 to the first (at the vertices k and l ) and then using
definition (20) (at all four vertices), this is in turn equal to
ν
l
k
1 2 2 2 2 2 2 dλ dν
d
d
d
d
d
d
k22 ,
k
β
α j
d2λ α β γ µ ν λ dα dν dβ dγ
µ
γ
λ
i
as the `2 -norm is unitarily invariant. From this we obtain the desired expression
by deforming the diagram and simplifying the prefactor. The unitary invariance
of the `2 -norm also shows that the expression is insensitive to the choice of
which arrow is reversed in (20).

The right-hand side of (21) is the symmetric group analogue of a Wigner
6j-symbols, which can be similarly from the recoupling coefficients of SU(2).4
It is immediately apparent from the graphical expression that it has the
symmetries of a tetrahedron. We record the following consequence of this
symmetry, which has a well-known counterpart for SU(2); cf. [31, (B4)]:
Corollary 6 (Tetrahedral symmetries). The quantities


1
α β µ 2
k
k
dµ dν γ λ ν HS

(22)

are invariant under exchanging the columns (β, λ) ↔ (µ, ν) and also under
exchanging the columns (α, γ) ↔ (µ, ν).
4 However,

for our purposes it was important to use the recoupling coefficients in theorem 3,
since the dimensions of irreducible Sk -representations grow exponentially with k and thus
affect the asymptotics.
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Proof. This is an immediate consequence of proposition 5, since the right-hand
side norm in (21) is invariant under reflection of the diagram by the axes
through the edges labeled by α and β, respectively.

Algebraic proof
We now give an alternative, algebraic proof of proposition 5 and corollary 6 that
follows along the same lines as the graphical proof. In quantum information
theory, maximally entangled states on a Hilbert space H ⊗ H are defined by
the formula
X
1
|Ψ+
|ii ⊗ |ii
(23)
H i := √
dim H i
with respect to an orthonormal basis |ii. They satisfy the fundamental identity
+
T
(X ⊗ 1) |Ψ+
H i = (1 ⊗ X ) |ΨH i

(24)

T

for any operator X on H, where X denotes the transpose in the basis |ii.
Thus they are invariant under operations of the form U ⊗ U , where U ∈ U(H)
is a unitary and where U denotes its complex conjugate with respect to the
basis |ii [48]. In particular, this implies that for any basis |λ, ii of [λ] in which
Sk acts by orthogonal transformations,
X
1
p
|λ, ji ⊗ |λ, ji
|Ψ+
i
:=
λ
dim[λ] j
is the (unique up to phase) invariant vector in [λ] ⊗ [λ]—as we had asserted
before above eq. (18). By using (24) it is straightforward to verify that the
following two well-known properties hold:
• We have the “teleportation identity”


hΨ+
1H ⊗ |Ψ+
H | ⊗ 1H
Hi =

1
1H .
(25)
dim H
This is the algebraic version of eq. (19). It follows that for any two
operators X : K → K0 ⊗ H and Y : H ⊗ L → L0 we have the relation


+
1K0 ⊗ hΨ+
H | ⊗ 1L0 (X ⊗ 1H ⊗ Y ) 1K ⊗ |ΨH i ⊗ 1L
(26)
1
(1K0 ⊗ Y )(X ⊗ 1L )
=
dim H
(which is best understood graphically).
• The normalized trace of any operator X can be written as
1
+
tr X.
(27)
hΨ+
H |X ⊗ 1H |ΨH i =
dim H
For any α, β and λ, we shall consider the following sets of vectors in ([α] ⊗
[β] ⊗ [λ])Sk ,
+
|αβλ, ii := (Φαβ
λ,i ⊗ 1λ ) |Ψλ i ,
r
+
^ii := dα dβ (Φαβ ⊗ 1α ⊗ 1β )† (|Ψ+
|αβλ,
α i ⊗ |Ψβ i),
λ,i
dλ

(28)
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constructed as in lemma 4. We now prove algebraically that each set forms
an orthonormal basis. For the first,
1
αβ † αβ
+
† αβ
hαβλ, i|αβλ, i0 i = hΨ+
tr(Φαβ
λ |(Φλ,i ) Φλ,i0 ⊗ 1λ |Ψλ i =
λ,i ) Φλ,i0
dλ
αβ
0
= hΦαβ
λ,i , Φλ,i0 iλ = δi,i

by (27) and the definition of the inner product. For the second set of vectors,
αβ
αβ †
+
+
+
^i|αβλ,
^i0 i = dα dβ hΨ+
hαβλ,
α ⊗ Ψβ |Φλ,i (Φλ,i0 ) ⊗ 1α ⊗ 1β |Ψα ⊗ Ψβ i
dλ
1
αβ †
αβ
αβ
0
= tr Φαβ
λ,i (Φλ,i0 ) = hΦλ,i0 , Φλ,i iλ = δi ,i .
dλ

We now consider the recoupling coefficients. First, (6) and (27) give
kl

† 

1
β µ
βγ
αβ
†
tr(Φαν
)
1
⊗
Φ
Φ
=
⊗
1
Φµγ
α
γ
λ,k
µ,j
ν,l
λ,i
λ ν ij
dλ






†

βγ
αβ
µγ
+
αν †
= hΨ+
|
(Φ
)
⊗
1
1
⊗
Φ
⊗
1
Φ
⊗
1
⊗
1
Φ
⊗
1
λ
α
λ
γ
λ
λ |Ψλ i .
λ,k
µ,j
λ
ν,l
λ,i
{z
}
|

α
γ

=|µγλ,ii

We may now apply (26) to X = |µγλ, ii and Y = Φαβ
µ,j in order to rewrite


Φαβ
µ,j ⊗ 1γ ⊗ 1λ |µγλ, ii


+
=dµ 1γ ⊗ 1λ ⊗ hΨ+
|µγλ, ii ⊗ 1µ ⊗ Φαβ
µ | ⊗ 1α ⊗ 1β
µ,j |Ψµ i

=dµ 1γ ⊗ 1λ ⊗ hΨ+
µ | ⊗ 1α ⊗ 1β (|µγλ, ii ⊗ |αβµ, ji) .
Continuing in this way and using definition (28), we obtain the following
expression for the matrix elements of the recoupling coefficient:
s
r

kl
dλ
dν
α β µ
=dµ dα dβ dγ dν
γ λ ν ij
dα dν dβ dγ


+
+
+
+
+
× hΨ+
|
⊗
hΨ
|
⊗
hΨ
|
⊗
hΨ
|
⊗
hΨ
|
⊗
hΨ
|
α
γ
µ
ν
β
λ


^ki ⊗ |βγν,
^li
|µγλ, ii ⊗ |αβµ, ji ⊗ |ανλ,
The sum of their absolute values squared over all indices i, j, k and l is equal
to


1
α β µ 2
k
k = dα dβ dγ dλ dµ dν
dµ dν γ λ ν HS
 (29)
× tr P αα ⊗ P ββ ⊗ P γγ ⊗ P µµ ⊗ P νν ⊗ P λλ

P µγλ ⊗ P αβµ ⊗ P ανλ ⊗ P βγν ,
where P αβµ denotes the orthogonal projection onto ([α] ⊗ [β] ⊗ [µ])Sk , P αα =
+
|Ψ+
α ihΨα |, etc. Equation (29) is the algebraic analogue of proposition 5. As
before, corollary 6 is a direct consequence of its symmetries.
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5. Entropy inequalities from symmetries: strong subadditivity
We now prove the strong subadditivity and weak monotonicity of the von
Neumann entropy as a direct consequence of theorem 3 and the symmetry
properties in corollary 6.
To start, we note that it follows from the first invariance asserted in
corollary 6 and the polynomial upper bound (7) that




dµ dν α µ β 2
dµ dν
α β µ 2
k
.
(30)
k
k =
kHS ≤ poly(k)
γ λ ν HS
γ
ν
λ
dβ dλ
dβ dλ
Hence if ρABC is a density operator on Cabc then theorem 3 implies that
1
dµ dν
≥
dβ dλ
poly(k)

(31)

for sequences of normalized Young diagrams that converge to the respective
spectra of the reduced density operators. Since for large k, k1 log2 dim[λ] →
P
H(λ̄) = i −λ̄i log2 λ̄i [3], we conclude that the von Neumann entropy is
strongly subadditive:
Theorem 7 (Strong subadditivity of von Neumann entropy [11]). For any
density operator ρABC on Cabc ,
S(ρAB ) + S(ρBC ) ≥ S(ρB ) + S(ρABC ),

(32)

where S(ρ) := − tr ρ log ρ denotes the von Neumann entropy of a density
operator ρ.
For [β] the trivial representation, this proof of strong subadditivity
reduces to the proof of subadditivity given in [3] (cf. the discussion at the end
of section 3). The weak monotonicity,
S(ρAB ) + S(ρBC ) ≥ S(ρA ) + S(ρC ),
follows similarly from the second invariance in corollary 6.
As we have mentioned in the introduction, it is an important open
question to decide whether the von Neumann entropy satisfies any other linear
entropy inequalities beyond strong subadditivity and weak monotonicity.
Our proofs of the latter are markedly different from previous proofs in the
literature, which are built on operator convexity [11, 49, 50, 51] or asymptotic
equipartition [52, 53] (cf. the review [54]). In our approach, we interpret an
entropy inequality as the asymptotic shadow of a dimensional relation such
as (31). We establish the latter by exploiting the symmetries of a corresponding
representation-theoretic object – the recoupling coefficients – together with
a lower bound from spectrum estimation. This hints towards an intriguing
route towards establishing new entropy inequalities—namely, by constructing
novel representation-theoretic objects (e.g., by composing Clebsch–Gordan
maps) and uncovering their symmetries (as can conveniently be done using
the graphical calculus).
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6. Sums of matrices and quantum marginals
We have earlier discussed Wigner’s characterization of the asymptotics of
recoupling coefficients for SU(2) in terms of the existence of Euclidean tetrahedra. In this section, we will see that his result can in fact be related to
theorem 3 on a precise mathematical level. Before we describe the construction, we note that the existence of a tetrahedron with side lengths jA , jB ,
jC , jAB , jBC , jABC is equivalent to the existence of vectors ~jA , ~jB , ~jC such
that |~jA | = jA , |~jB | = jB , |~jC | = jC , |~jA + ~jB | = jAB , |~jB + ~jC | = jBC ,
and |~jA + ~jB + ~jC | = jABC . By the usual identification of R3 with the Lie
algebra su2 , we may assign to each vector ~j ∈ R3 the Hermitian 2 × 2-matrix
~j · ~σ , where ~σ = (σx , σy , σz ) is the vector of Pauli matrices. Then the above
becomes an instance of the following general problem [55]:
Problem 8 (Partial sums of matrices). Do there exist Hermitian d×d-matrices
A, B and C with given prescribed eigenvalues for A, B, C, A + B, B + C and
A + B + C?
This is a natural generalization of the problem of determining the relation
between the eigenvalues of A, B and A + B, posed by Weyl, whose solution
conjectured by Horn [56] was proved in the celebrated works [57, 58].
In [4], it was shown how the one-body quantum marginal problem
degenerates to Weyl’s problem in an appropriate limit. We will now show that
problem 8 can likewise be considered as a special case of the quantum marginals
problem for overlapping subsystems characterized by theorem 3—both on the
level of geometry and on the level of representation theory.
Let A, B, C be Hermitian d × d-matrices. Without loss of generality, we
may assume that A, B, C ≥ 0 and that 1 − tr(A + B + C) ≥ kA + B + Ck∞
(else, we may add suitable multiples of the identity and rescale). Generalizing
a construction from [59], we define a tripartite density operator ρABC as the
reduced density operator of the four-party pure state
|ψiABCD =

d
X
√

A |iiA ⊗ |00iiBCD +

i=1

+

d
X
√

C |kiC ⊗ |00kiABD +

d
X
√

B |jiB ⊗ |00jiACD

j=1

p

(33)

1 − tr(A + B + C) |0000iABCD

k=1

in (Cd+1 )⊗4 , where we consider A, B and C as acting on Cd , and Cd+1 =
C |0i ⊕ Cd . We record the following properties:
Lemma 9. Let ρABC be the quantum state with purification (33). Then the
non-zero eigenvalues of ρABC and all its reduced density operators are given
by
spec ρABC = (1 − tr(A + B + C), spec(A + B + C)),
spec ρAB = (1 − tr(A + B), spec(A + B)),
spec ρA = (1 − tr A, spec A),
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etc.
Proof. Observe that |ψABCD i is built from a sum of (unnormalized) maximally
entangled states (23) on AD, BD and CD, respectively. By using (24) and
the orthogonality properties of the construction (33), we thus find that

ρD = (1 − tr(A + B + C)) |0ih0| + A + B + C .
Thus the density operator ρD is block-diagonal with respect to C|0ih0| ⊕ Cd .
These blocks can be jointly diagonalized, and our assumption 1−tr(A+B+C) ≥
kA + B + Ck∞ implies that 1 − tr(A + B + C) is the largest eigenvalue. Since
moreover the spectrum of a Hermitian matrix is invariant under conjugation,
this shows the first claim, as ρABC and ρD have the same non-zero eigenvalues.
If we only trace out the first two systems, then we instead get a block
decomposition of the form

ρCD = |0ih0|C ⊗ A + B + |φihφ|CD ,
p
Pd √
where |φiCD = k=1 C |kiC ⊗ |kiD + 1 − tr(A + B + C) |00iCD . Using
(27), we find that hφCD |φCD i = 1 − tr(A + B), so that the second claim
follows as above.
The last claim follows from

X√
√

A|iihi|A A + tr B + tr C + 1 − tr(A + B + C) |0ih0|A
ρA =
i

=A + (1 − tr A) |0ih0|A ,
which is established similarly. All other marginal spectra can be computed in
the same way.

We have thus obtained an embedding of triples of matrices into the space
of tripartite density operators that preserves the eigenvalue information. We
remark that lemma 9 can in particular be used to obtain entropy inequalities
for convex combinations of Hermitian matrices from entropy inequalities for
multipartite quantum states. E.g., strong subadditivity (32) yields after some
manipulations the following inequality
A + B
B + C 
+ h(b + c) + (b + c)S
h(a + b) + (a + b)S
a+b
b+c
B
A + B + C 
≥ h(b) + bS
+ h(a + b + c) + (a + b + c)S
,
b
a+b+c
where we have abbreviated a = tr A, b = tr B, and c = tr C, and where
h(x) := −x log x − (1 − x) log(1 − x) denotes the binary entropy function.
Corollary 10. The state ρABC has rank at most d + 1 and it satisfies the
equality
rA,1 + rB,1 + rC,1 = 2 + rABC,1 ,
(34)
where rI,1 denotes the maximal eigenvalue of the reduced density operator ρI .
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In other words, the states ρABC constructed above saturate the “polygonal inequality” [60]
rA,1 + rB,1 + rC,1 ≤ 2 + rABC,1 ,

(35)

which holds for arbitrary quantum states, with equality. We now show the
following converse to corollary 10.
Proposition 11. Let ρABC be a tripartite quantum state on (Cd+1 )⊗3 of rank
at most d + 1 that satisfies the equality (34). Then ρABC can up to local
unitaries be purified in the form (33).
Proof. For this, we recall the following proof of the inequality (35). Let |0iA ,
|0iB , and |0iC denote maximal eigenvectors of ρA , ρB and ρC , respectively.
Let PA , PB and PC denote the corresponding orthogonal projectors, and set
PA⊥ := 1 − PA , etc. Then,
rA,1 + rB,1 + rC,1
= tr ρABC (PA ⊗ 1BC + PB ⊗ 1AC + PC ⊗ 1AB )

= 2 tr ρABC 1ABC + tr ρABC (PA ⊗ PB ⊗ PC )

− 2 tr ρABC (PA⊥ ⊗ PB⊥ ⊗ PC⊥ ) − tr ρABC (PA ⊗ PB⊥ ⊗ PC⊥ )
− tr ρABC (PA⊥ ⊗ PB ⊗ PC⊥ ) − tr ρABC (PA⊥ ⊗ PB⊥ ⊗ PC )
≤ 2 + h000|ρABC |000i ≤ 2 + rABC,1 .
The first inequality is obtained by omitting the terms with negative signs,
and the second by using the variational principle for the maximal eigenvalue
of ρABC . It is thus immediate that we have equality if and only if |000iABC
is a maximal eigenvector of ρABC and
tr ρABC (PA⊥ ⊗ PB⊥ ⊗ PC⊥ ) = tr ρABC (PA⊥ ⊗ PB⊥ ⊗ PC )
= tr ρABC (PA⊥ ⊗ PB ⊗ PC⊥ ) = tr ρABC (PA ⊗ PB⊥ ⊗ PC⊥ ) = 0.

(36)

Let us now assume that this is the case. Since the rank of ρABC was assumed
to be at most d + 1, we can find a purification on (Cd+1 )⊗4 . Since |000iABC
is a maximal eigenvector, we can arrange for the first term of the Schmidt
√
decomposition to be rABC,1 |000iA ⊗ |0iD . In other words, the purification
can be chosen of the form
X
√
|ψABCD i = rABC,1 |0000iABCD +
ψijkl |ijkliABCD .
i,j,k,l

A priori, the right-hand side can run over all indices (i, j, k) 6= (0, 0, 0) and
l 6= 0 by orthogonality of the bases in the Schmidt decomposition. But (36)
implies that in fact precisely two out of the three indices (i, j, k) have to be
zero, so that we obtain
|ψABCD i =

√

rABC,1 |0000iABCD +

d
X
i,l=1

ψi00l |i00liABCD
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d
X

ψ0j0l |0j0liABCD +

j,l=1

d
X
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ψ00kl |00kliABCD .

k,l=1

Thus we may define d × d-matrices XA , XB and XC such that
X
√
XA |iiA ⊗ |00iiBCD
|ψABCD i = rABC,1 |0000iABCD +
i

+

X
j

XB |jiB ⊗ |00jiACD +

X

XC |kiC ⊗ |00kiABD .

k

Finally,
we use the polar decomposition to write XA = UA |XA |, etc., and set
√
A := |XA |, etc. Then (33) is indeed a purification of the quantum state
(UA† ⊗ UB† ⊗ UC† )ρABC (UA ⊗ UB ⊗ UC ), which is locally unitarily equivalent
to ρABC .

The following theorem shows that problem 8 – and, in particular, the
existence of Wigner’s tetrahedra – is in a precise mathematical sense a special
case of the quantum marginal problem with overlapping marginals covered by
theorem 3. This generalizes the corresponding result for the one-body quantum
marginal problem mentioned above and in particular gives a geometric proof
of the latter.
Theorem 12. Let sA , sB , sC , sA+B , sB+C , sA+B+C be vectors in Rd≥0 with
weakly decreasing entries. Assume that ksA k1 + ksB k1 = ksA+B k1 , etc., and
that 1 − ksA+B+C k1 ≥ sA+B+C,1 .5 Then the following are equivalent:
(1) There exist Hermitian d × d-matrices A, B and C with spec(A + B + C) =
sA+B+C , spec(A + B) = sA+B , spec A = sA , etc. as their partial sums.
(2) There exists a quantum state ρABC on (Cd+1 )⊗3 with non-zero eigenvalues spec ρABC = (1 − ksA+B+C k1 , sA+B+C ), spec ρAB = (1 − ksA+B k1 ,
sA+B ), spec ρA = (1−ksA k1 , sA ), etc. for their reduced density operators.
Proof. (1) ⇒ (2) is the content of lemma 9. For (2) ⇒ (1), we use proposition 11 to obtain Hermitian d × d-matrices A, B, C such that ρABC is locally
unitarily equivalent to the state ρ0ABC with purification (33). Since the spectra
of ρABC and its reduced density operators are left invariant by local unitaries,
lemma 9 implies that the partial sums of these matrices A, B and C have the
desired spectra.

Similar statements can be proved for all marginal spectra (i.e., including
sA+C , since lemma 9 holds for all reduced density operators) as well as for
an arbitrary number of summands. Thus the quantum marginal problem
with overlaps is a precise generalization of the problem of characterizing the
eigenvalues of partial sums of Hermitian matrices.
5 The

former requirements correspond to the equalities tr A + tr B = tr(A + B), etc., and
therefore are clearly necessary. The latter can always be achieved by rescaling.
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Recoupling Coefficients of the Unitary and Symmetric Groups
We now show an analogous statement to theorem 12 on the level of representation theory—namely, that the recoupling coefficients of the unitary group
can be obtained as special recoupling coefficients of the symmetric group.
To see this, let λ be a Young diagram. In [61], the restriction of an
irreducible U(k)-representation Vλk to the subgroup of permutation matrices
Sk ⊆ U (k) has been computed:
M

Vλk S ⊆U(k) =
IndSSkα ×Sk−|α| [λ]Sµ ⊗ 1
(37)
k

µ`k |λ|

In the right-hand side of (37), Ind denotes an induced representation and α
is the unique Young diagram with number of boxes |α| equal to the number
of rows of µ such that
NS|µ| (Sµ )/Sµ ∼
= Sα ,
where Sµ := Sµ1 × Sµ2 × · · · ⊆ S|µ| is the Young subgroup corresponding to
µ, NS|µ| (Sµ ) its normalizer in S|µ| , and Sα ⊆ S|α| the Young subgroup of α.
Note that Sα indeed acts on the subspace [λ]Sµ .
Lemma 13. If k − |λ| ≥ λ1 , then λ0 := (k − |λ|, λ) is again a Young diagram,
and
Vλk S ⊆U(k) ∼
(38)
= [λ0 ] ⊕ . . . .
k

Here and in the following, we write “. . . ” for a sum of irreducible Sk -representations
whose Young diagrams have longer first rows than all the preceding ones.
Otherwise, if k − |λ| < λ1 then the first row of any Young diagram that
appears in the restriction of Vλk is longer than k − |λ|.
Proof. Since induction is transitive, we can rewrite (37) as


M

S
Sµ
Vλk S ⊆U(k) =
IndSSk|α| ×Sk−|α| IndS|α|
[λ]
⊗
1
.
α
k

(39)

µ`k |λ|

The Pieri formula asserts that the Sk -representation induced from a tensor product of an irreducible S|α| -representation [ν] with the trivial Sk−|α| representation 1 is given by the sum over all irreducible Sk -representations
with a Young diagram that can be obtained by adding k − |α| boxes to ν,
with no two in the same column (see, e.g., [62, §2.2, (4)]). The first row of
any such Young diagram is of length at least k − |α|. As |α| is equal to the
number of rows of µ, we obtain the lower bound
k − |α| ≥ k − |µ| = k − |λ|

(40)

on the length of the first row of any irreducible Sk -representation that occurs
in the restriction of Vλk .
Equality in (40) can occur only if each row of µ contains a single box, i.e.,
for µ = (1, . . . , 1, 0, . . . , 0), such that |α| = |µ| = |λ|. Then Sµ is the trivial
group, Sα = S|α| = S|λ| , and the corresponding summand in (39) is equal to
IndSSk|λ| ×Sk−|λ| ([λ] ⊗ 1) .

(41)
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By the Pieri formula, (41) contains an irreducible Sk -representation with first
row of length k − |λ| if and only if λ1 ≤ k − |λ| (since we only add boxes to
λ). Moreover, if this condition is satisfied then there is only a single option,
namely to place one box in each of the k − |λ| leftmost columns, resulting in
the Young diagram λ0 = (k − |λ|, λ).

We now consider the decomposition of a tensor product of irreducible
U(k)-representations,
M α,β
Vαk ⊗ Vβk =
cλ Vλk ,
λ

where we assume that k − |α| ≥ α1 and k − |β| ≥ β1 . The multiplicities cα,β
λ
are known as the Littlewood–Richardson coefficients, and they are independent
of the choice of k (if k is at least as large as the number of rows in the Young
diagrams involved) [63]. Moreover, cα,β
is non-zero only if |α| + |β| = |λ|. It
λ
follows from the points above that


Vαk ⊗ Vβk

=

Sk ⊆U(k)

M

k
cα,β
λ Vλ

|α|+|β|=|λ|

Sk ⊆U(k)


=


M


0 
cα,β
λ [λ ] ⊕ . . .

|α|+|β|=|λ|,
k−|λ|≥λ1

On the other hand, by applying (38) to the individual tensor factors we find
that


Vαk ⊗ Vβk

Sk ⊆U(k)


= ([α0 ] ⊕ . . . ) ⊗ ([β 0 ] ⊕ . . . ) = 


M


gα0 ,β 0 ,λ0 [λ0 ]
 ⊕ ...,

|λ|=|α|+|β|
k−|λ|≥λ1

where gα0 ,β 0 ,λ0 are the Kronecker coefficients. In the last inequality, we have
used that gα0 ,β 0 ,λ0 > 0 only if |λ| ≤ |α|+|β| [63, Theorem 2.9.22]. By comparing
coefficients we find that cα,β
= gα0 ,β 0 ,λ0 for all triples of Young diagrams with
λ
|α| + |β| = |γ| and k large enough. We thus recover a well-known result due
to Littlewood and Murnaghan that states that the Littlewood–Richardson
coefficients are a special case of the Kronecker coefficients [64, 65].
What is more, the argument shows that the Clebsch–Gordan embeddings
α0 β 0
Φλ0 for Sk can be obtained by restricting the ones of U(k). In view of (6), this
implies directly that the recoupling coefficients are the same, since they are
built solely from the action on the multiplicity spaces. Again, the recoupling
coefficients for U(k) do not depend on the choice of k (if k is at least as large
as the number of rows in the Young diagrams involved).
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