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Abstract

Plastic deformation of metallic alloys usually takes place through slip, but occasionally involves twin-
ning. In particular, twinning is important in hexagonal close packed (HCP) materials where the easy slip
systems are insufficient to accommodate arbitrary deformations. While deformation by slip mechanisms
is reasonably well understood, comparatively less is known about deformation by twinning. Indeed,
the identification of relevant twinning modes remains an art. In this paper, we develop a framework
combining a fundamental kinematic definition of twins with large-scale atomistic calculations to predict
twinning modes of crystalline materials. We apply this framework to magnesium where there are two ac-
cepted twin modes, tension and compression, but a number of anomalous observations. Remarkably, our
framework shows that there is a very large number of twinning modes that are important in magnesium.
Thus, in contrast to the traditional view that plastic deformation is kinematically partitioned between a
few modes, our results suggest that deformation in HCP materials isthe result of an energetic and kinetic
competition between numerous possibilities. Consequently, our findings suggest that the commonly used
models of deformation need to be extended in order to take into account a broader and richer variety of
twin modes, which, in turn, opens up new avenues for improving the mechanical properties.

1 Introduction
Magnesium alloys have amongst the highest strength to weight ratio (with a density of 1.8 g/cm3 and yield
strength exceeding 100MPa) of known metals, and have been explored for automotive, biomedical and other
engineering applications. However, these alloys often have limited ductility and suffer sudden, almost brittle,
failure. We refer the reader to recent reviews [1–4].

The high strength, as well as the limited ductility, has its origins in the hexagonal closed packed (HCP)
crystal structure. It is well known that magnesium like most HCP materials has an easy slip along the
so-called basal planes (see Figure 1). However, slip is significantly more difficult along any plane that is not
the basal plane, including the so-called prismatic and pyramidal planes, where the stress required to slip the
material is approximately one and two orders of magnitude larger than the basal plane, for the prismatic and
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Figure 1: Known slip systems and the classical twins in HCP materials. Shaded planes represent the slip/twin
planes, while arrow represent the Burgers vector/twinning shear direction.

pyramidal slip systems. Thus, deformation of these materials also involves twinning where a portion of the
crystal undergoes a shear that restores the lattice. The twinned and untwinned regions are separated by a
twin plane and the two sides possess either an identical crystallographic plane or an identical crystallographic
direction. We refer the reader to Christian and Mahajan [5] for a comprehensive introduction to deformation
twinning.

It has long been known [5, 6] that the {101̄2}〈101̄1〉 tension twin plays an important role in the defor-
mation of magnesium and other HCP materials. The twin plane as well as the twinning direction of this
twinning mode are shown in Figure 1. It is now also accepted that the {101̄1}〈101̄2〉 compression twin is also
an important deformation mechanism [7]. These two twinning modes as well as the four slip modes shown
in Figure 1 are the basis of a number of models of deformation in magnesium alloys [8–11].

An understanding of the deformation modes are critical for the improvement for the mechanical properties
of magnesium alloys for many reasons. The key to improving the properties is to reduce the high anisotropy
created by the contrast in strength between the basal mode and the other modes. In other words, one needs
not only to strengthen the basal mode through precipitate and solute hardening, but also soften the other
modes by chemical means. Further, texture is also critical for improved ductility in commercial materials,
and this is obtained by deformation processes [9, 12–14].

For this reason, twinning in magnesium alloys has been the focus of much recent activity. Much of this
work has focused on the tension twins. El Kadiri et al. [15] as well as Li and Ma [16] have studied the
detailed atomistic shuffle mechanism related to these twins. Beyerlein and coworkers [17–20] have studied
the nucleation and growth process including the role of particular twinning dislocations and the role of grain
boundaries. Others [21, 22] have used first principles to study of twin boundary and stacking fault energies,
and how they are affected by the addition of rare earth elements.

Still, all this work in the literature is premised on the fact that twinning is limited to the tension and
compression systems shown in Figure 1. However, there has long been reports of observations of other
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twinning modes in magnesium and its alloys. The works of Reed-Hill, Robertson, and many others in
the middle part of the 20th century postulated additional modes of twinning; we refer the reader to three
examples of such works [23–25].

The seminal work by Yoo [26] was one of the motivating factors behind the current drive to uncover novel
twin modes in materials. These modes — and some others — have been observed in post-deformation analysis
of samples, particularly those that have undergone large deformations. For instance, various authors have
recently reported of the presence of a {101̄3}〈303̄2〉 twin system in both pure magnesium and in magnesium-
based alloys. Brown et al. [9] reported of the existence of this mode through neutron power diffraction
of a hot-rolled, magnesium-based AZ31B plate. Jiang et al. [27] saw a similar mode via double twinning
after pulling heated specimens of magnesium based AM30 tubes at various strain rates. Kitahara et al.
[28] compressed annealed, single-crystal magnesium samples along the c-axis direction and were also able to
observe this mode. Several additional works also made use of kinematic arguments and then demonstrated
the stability of this mode through atomistic simulations [19, 20].

Intriguingly, several works have reported the observation of modes that cannot quite be identified due
to their deviation from orientations of classical twin modes by a rather appreciable margin. In addition to
their observation of the previous mode, Brown et al. [9] also reported anomalous peaks in their neutron
powder diffraction readings. Li and Zhang [29] noted that their transmission electron microscope analysis of
samples of both magnesium and its alloys resulted in observation of twins whose orientations varied between
84◦ and 97◦ from the basal plane, a drastic departure from the known orientations of classical twin modes.
Liu et al. [30] performed [11̄00] compression on a single-crystal magnesium pillar to 3.6% plastic strain,
expecting to activate the standard tension twin; upon assessment of their post-deformation sample using
HRTEM, they instead saw non-crystallographic, faceted "twin" planes. Molodov et al. [31] took single
crystal samples of magnesium and performed compression oriented 45◦ off from the c-axis, reporting in their
post-deformation analysis of the discovery of some twin modes whose orientations did not match classical
modes. Indeed, Christian and Mahajan [5] have an extensive discussion of many "anomalous" twinning
modes in magnesium and other HCP metals (e.g. the {112̄1}〈112̄6〉 and {112̄2}〈112̄3〉 modes which have
been observed in other materials, but is also purported to exist in magnesium), some of which may be seen
additionally in [24, 32, 33].

In this work, we exploit the availability of computational power and atomistic methods to conduct a
systematic and extensive search of all possible twinning modes. We start from the fundamental kinematic
definition of a twin following Cahn, Bilby and Crocker and others [34, 35] and the mathematical formulation
of Ericksen, Pitteri, Zanzotto, and others [36–38] in Section 2. Unlike the traditional approach of using
this definition to look for particular modes guided by experimental observation, we use the formulation to
generate an extensive list of kinematically admissible twin modes.

We examine the energy landscape of the kinematically admissible twin modes using atomistic methods
in Section 3. We use the modified MEAM potential of Wu et al. [39] in this work, to compute the twin
boundary energy as well as the energy barrier for twinning. We compute the kinetic rates for the various
twinning modes following the ideas of Weiner [40] in Section 4. Finally, we compute the yield surface in
Section 5.

Remarkably, we find that there are a very large number of twinning modes that are important in the
deformation process of magnesium. Indeed, there are a very large number of modes with kinematic, energetic
and rate attributes comparable to those of the accepted tension and compression twin modes; many as twelve
twin modes are relevant to the yield behavior, and there are still other modes which are very close. While
some of our modes are consistent with observation, our major finding is that a full treatment of yielding in
magnesium should consider a much larger space of twin modes than has been conventionally acknowledged.
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2 Kinematics of twins

2.1 Crystal
A crystal is a periodic arrangement of atoms or discrete points. The simplest crystal is a Bravais lattice
where we have only one atom per unit cell:

Lb =

{
x : x =

3∑

i=1

νiei, ν
i integers

}
(1)

where the lattice vectors {ei}3i=1 are linearly independent and describe the periodicity or the unit cell of the
lattice. Note that the choice of lattice vectors is not unique. Indeed, two sets of linearly independent vectors
{ei}3i=1 and {fi}3i=1 generate the same lattice if and only if

fi = µ j
i ej (2)

for some {µ j
i }3i,j=1 a 3× 3 matrix of integers with determinant ±1. We denoteM to be the set of all 3× 3

matrix of integers with unit determinant.
Not all crystals are Bravais lattices. Indeed, a hexagonal closed packed crystal is not a Bravais lattice.

However, any crystal can be expressed as a multi-lattice or a finite collection of identical Bravais lattices
which are translated related to each other:

Lnb =

{
x : x =

3∑

i=1

νiei +

K−1∑

k=1

ηkpk, ν
i and ηk integers

}
(3)

where the lattice vectors {ei}3i=1 are linearly independent and describe the periodicity of the lattice as before,
and the shifts {pk}Kk=1 are vectors that describe the translation of the constituent Bravais lattices relative
to each other. The choice of lattice vectors and shifts is not unique for a given crystal. The exact necessary
and sufficient conditions are somewhat involved; however, the lattice vectors still satisfy (2) [38].

We note a further degeneracy in our description of crystals. For any crystal there is a minimal unit cell
involving the smallest number of atoms required to describe the periodicity. However, we can take a supercell
consisting of as many multiples of the unit cell as we choose, and use this as the unit cell. In other words
we can take K to be as large as possible. By this act, we allow for shuffling to take effect and act on the
motion of the atoms in the configuration. Consequently, we are adding twin modes with shuffles. We refer
the reader to [38] for additional details and discussion.

2.2 Twin
A twin is a planar discontinuity in a crystal where the lattice on one side may be described both

• as a rotation and

• as a simple shear

of the lattice on the other [5, 34, 35, 38]1. This is shown schematically in Figure 2. The twin plane is
typically denoted by K1, the direction of shear as η1 and the magnitude of shear as s. One can show that
there is another undistorted plane denoted as K2 and an undistorted direction η2.

We now seek to study the implications of this definition. Let {ei}, denote the lattice vector on one side
of the material. Since the lattice on the other side can be obtained by a rotation, we must have a set of
lattice vectors {fi} that describe the lattice on the other side such that

fi = Qei, (4)
1The traditional definition requires that the two sides either have a common crystallographic plane or crystallographic

direction, but can be shown to be equivalent to the second requirement.
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Figure 2: A schematic example of a twin. ei, fi, and gi represent the lattice vectors of the material. Shaded
lines correspond to the atomic planes of the parent crystal region and twinned region. The twinning plane
normal is denoted n̂, represented as K1 in classical literature. The twinning shear is represented by s,
represented as η1 in classical literature. K2 is a plane that remains undistorted throughout the crystal, and
η2 is a respective, undistorted direction; both are measures from classical literature.

for a rotation Q, i.e. QTQ = QQT = I (with I denoting the identity ) and |detQ| = 1. Further, since the
lattice on the other side can be obtained by a simple shear, we must have a set of lattice vectors {gi} that
describe the lattice on the other side such that

gi = (I + s⊗ n̂)ei. (5)

for some non-zero vector s where n̂ denotes the normal to the twin plane. Since {fi} and {gi} generate the
same lattice, they must be related by

gi = µ j
i fj , (6)

for some {µ j
i } ∈ M. Equivalently,

(I + s⊗ n̂)ei = µ j
i Qej . (7)

Note that K1 is the plane with normal n̂, η1 is the direction of vector s and the magnitude of shear s is the
magnitude of the vector s. A solution with K1 rational (i.e, the vector n̂ has components whose ratios are
rational numbers in some reciprocal lattice basis {ei}) is known as a type I twin while the solution with η1

rational (i.e, the vector s has components whose ratios are rational numbers in some lattice basis {ei}) is
known as a type II twin. A solution where both K1 and η1 are rational is known as a compound twin.

Note that in our description above, we only require the basis vectors to satisfy the condition (7). Thus the
shift vectors on one side may not related to a shift vectors on the other side by a simple shear. This is often
described as a shuffle, i.e., the atoms within the unit cell are not convected to a rotation-related position by
the simple shear, but then shuffle to the rotation-related position. Such shuffles only displacement within
the unit cell and do not cause any macroscopic change to the lattice. This equation has been widely used to
describe various twinning modes by showing that there are rotations and matrices µ j

i consistent with this
equation [41].

2.3 Kinematically allowed twinning modes
In this work, we turn the practice around and seek to use the twinning equation (7) to generate an extensive
list of kinematically allowable twinning modes. In other words, we scan over descriptions of the lattice, i.e.,
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lattice vectors {ei} and matrices µ j
i ∈ M and examine whether the twinning equation (7) has a solution

Q, s, n̂. Each such solution describes a possible twinning mode.
It is convenient to rewrite (7). For any set of linearly independent vectors {ei}, we introduce the reciprocal

vectors {ei} such that ei · ej = δji . For any µ
j
i ∈M, we introduce the tensor

H = µ j
i ej ⊗ ei. (8)

The twinning equation (7) can now be rewritten as

QH = I + s⊗ n̂. (9)

This gives rise to the following problem: given H, can we find Q, s, n̂ to satisfy (9). Ball and James
[42] provides an answer to this question. The result states that (9) has a solution if and only if the tensor
C = HTH 6= I has eigenvalues {λi}3i=1 that satisfy

0 < λ1 ≤ λ2 = 1 ≤ λ3. (10)

Further, if this condition is satisfied, there are exactly two solutions and they are given by

s = ρ



√
λ3(1− λ1)

λ3 − λ1
v̂1 + κ

√
λ1(λ3 − 1)

λ3 − λ1
v̂3


 , (11a)

n̂ =
1

ρ

(√
λ3 −

√
λ1√

λ3 − λ1

(−
√

1− λ1v̂1 + κ
√
λ3 − 1v̂3)

)
, (11b)

Q = (I + s⊗ n̂)H−1 (11c)

where κ = ±1, ρ 6= 0 is a normalization constant to ensure that the twin normal n̂ maintains a unit
magnitude, {v̂i}3i=1 are the (orthonormal) eigenvectors of C corresponding to the {λi}.

We can rule out the case HTH = I. This condition means that H is a rotation and thus we have no
discontinuity. Thus, given H, we either have no twinning mode, or exactly two conjugate twinning modes
that share the same magnitude of shear but interchange (K1, η1) and (K2, η2).

It is customary in the study of deformation twinning to confine Q to two-fold rotations, or rotations
through 180◦. We do not impose any such restriction a priori. We define the angle of rotation to be θ and
can easily compute it as

tr Q = 1 + 2 cos θ. (12)

Finally, note that there are a countably infinite choices of the matrix µ j
i ∈ M and a countably infinite

choices of super cells for any given crystal. So, it is not feasible to scan over all possible matrices and super
cells. However, we can use (9) and (8) to show that

µ j
i µ

j
i = tr HTH = 3 + |s|2. (13)

Thus, as the elements of µ j
i become larger, the shear magnitude becomes larger. As we shall see later, the

amount of shear is generally an estimate of the energy barrier, and thus one only sees twinning modes with
the smallest shear. Therefore, it suffices to confine search scan to reasonable values of µ j

i . Similarly, the
number and magnitude of shuffles increases as one increases the size of the super cell. This again increases
the energetic barrier required for twinning. Therefore, it is sufficient to confine the search to a reasonable
number of supercells.

We close with a final comment regarding the twinning shear. It is a common misconception in the
literature that the atomic positions completely determine all the twinning elements, though experts have
pointed out that this is not the case as the magnitude of shear is not determined (see [38]). In other
words, one can have two twinning modes which share the same twin plane and shear direction, but different
amounts of shear. This can be intuitively clear by examination of Figure 2: notice that it is possible to
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restore all the atomic positions by shearing the top half of the crystal in the direction η1 by a specific
amount. Mathematically, consider a type I twin where Q is a two fold rotation about a rational twin plane
n̂ (i.e., Q = −I + 2n̂ ⊗ n̂). Because the twin plane is rational, we can choose our lattice vectors such that
e1, e2 lie on the twin plane (i.e., n̂ · e1 = n̂ · e2 = 0). It is easy to verify that the following solve the twinning
equation (7):

µ j
i =



−1 0 0
0 −1 0
α β 0


 , s =

1

n̂ · e3
(−αe1 − βe2) (14)

for any integers α, β. Consider the family of twinning modes with β = 0. Note that they all share the same
twin plane n̂ and twinning direction e1/|e1|, but differ by the magnitude of shear α|e1|/(n̂ · e3).

This observation has the important consequence that diffraction techniques (x-ray diffraction or electron
back-scatter diffraction) alone can not determine the twinning shear and one needs to measure the twinning
shear by measuring macroscopic strain.

2.4 Application to magnesium

Skeletal Multilattice

e
1 e

2

e
3

e
1

e
2

e
3

Figure 3: The unit and the super cell used in the calculation of the potential twinning modes of magnesium
along with the choice of lattice vectors.

We now apply the procedure described above to magnesium which has a hexagonal close packed structure
with lattice parameters a = 3.196, c = 1.623. This is not a Bravais lattice, and the smallest unit cell has two
atoms. We consider the basic unit cell and one super cell with four atoms in the unit cell shown in Figure
3. We also confine our search to matrices whose elements |µ j

i | ≤ 4. This leads to almost 4× 108 cases. For
each case, we check if (9) can be solved, and the two solutions if possible. We find thousands of solutions
even after collapsing those related by symmetry.

Figure 4 shows a histogram (after symmetry reduction) of the magnitude of shears and the angles of
rotation θ of Q. A vast majority of modes have an un-physically large magnitude of shear. The smallest
magnitude of shear is 0.129 and this occurs for the well-known {101̄2}〈101̄1〉 tension twin. This is a com-
pound twin and so its conjugate is itself. However, notice that there are a large number of twinning modes
whose magnitude of shear is smaller than or comparable to that (1.4919) of the well-known {101̄1}〈101̄2〉
compression twin. This is our first indication that other twin modes may be active in hexagonal close-packed
materials like magnesium.

This proliferation of kinematically allowed twinning modes with comparable shears is very different to
what we find in body centered cubic and face centered cubic systems [43] where the mode with the smallest
shear is vastly separated from all other modes.
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Figure 4: Details of the many kinematically allowed twin modes of magnesium. Top row: the histograms of
shear magnitude. Bottom row: Histogram of the angles of rotation. The ‘+’ and ‘−’ refer to the conjugate
twins. Since both solution branches of κ = ±1 do not affect the shear magnitude, we do not make the
distinction when plotting the shear magnitudes.

As noted earlier, the framework above does not restrict the twin rotations to be two-fold. We see a range
of rotations, but there is a very large number of modes that happen to be two-fold (θ = 180◦). We also see
additional peaks in the histogram at the crystallographic four fold (θ = 90◦), three fold (θ = 120◦) and six
fold (θ = 60◦) rotations. We also note that conjugate modes may have different rotation angles. Similarly,
our framework does not restrict the search to have rational twin planes, and indeed a number of solutions
do have irrational twin planes.

We have also noted earlier that twin modes can share the same twin plane and shear direction, but
different shear magnitudes. We observe this in our solutions. For example, we find multiple modes with
{101̄2}〈101̄1〉. The smallest one has a shear magnitude of 0.129 as noted, but there is another one with shear
magnitude 2.0042. We shall label twin modes that share the twin plane and shear direction as variants of
the same mode.

Additionally, note that the framework above is valid for all crystals, and in particular for all hexagonal
close packed crystals. However, the details depend on the c/a ratio (since we can uniformly scale all calcu-
lations with a). We demonstrate this in Figure 5, where we show how the twinning angle changes with c/a
ratio for the computed modes.

We conclude with a crucial observation; the choice of lattice vectors for describing the material affects the
predicted shear magnitude associated with any particular twin mode. As the shear magnitudes in Figure 4
show, the predicted shear magnitudes under this twin framework are considerably larger than what would be
considered in classical literature (e.g. Yoo [26] reports that four modes, including the classical compression
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Figure 5: Smoothed histogram of the angles of rotation for the twins found under the kinematic framework,
using both the skeletal and multilattice constructions, for three different c/a ratios.

twin, have shear magnitudes of s < 1). We reconcile that discrepancy by noting the particular choices of
lattice vectors (Figure 3). The skeletal lattice results in computations of an anomalous twin having the
minimum shear magnitude of the set, but the multilattice yields the result of the tension twin, with its shear
of 0.129, having the lowest computed shear magnitude. The same tension twin, described using the skeletal
lattice, has a significantly higher shear magnitude. We thus conclude that using shear magnitude as the
only metric for twin visualization is incomplete, which, in turn, motivates the remainder of the simulations
performed in this work.

3 Twin energetics
The kinematic admissibility is a necessary condition for a twinning mode. However, whether a material
displays a twinning mode ultimately depends on the energy of the twinned configuration as well as the
barrier to twinning. Motivated by the results of the kinematics, we evaluate these in this section. We first
evaluate the twin boundary energy of the kinematically admissible modes identified in the previous section.
We then select a subset of these modes with (relatively small) shear and twin boundary energy and evaluate
the energetic barrier for the formation of these twins.

In order to evaluate the energy of the predicted twin modes, we use atomistic simulations based on
molecular statics (MS). We primarily use the second nearest-neighbor Embedded Atom Method (2NN-
MEAM) interatomic potential developed in Wu et al. [39]. As the twin energy depends on the choice of the
interatomic potential, we have also used other potentials, including the EAM potential of Sun et al. [44],
MEAM potential of Kim et al.[45] as well as an ab inito electronic structure method MacroDFT [46, 47].
We find that, even though the fine results do depend on the choice of potential, the overall picture of a
diverse energetic landscape remains approximately the same. We discuss this further in the final section,
and refer the reader to Sun [43] for details. For now we note that the parametrization we use yields material
parameters shown in Table 1.

We conduct all our calculations using the software package LAMMPS [53] and then visualize the twin
configurations in OVITO [54].

3.1 Twin boundary energy
We consider the computational cell shown schematically in Figure 6 where one face is parallel to the twin
plane and two faces are perpendicular to it. We assume periodicity in the twin plane. Note that this is
exact when the twin plane is rational as there is a net of atoms while it is approximate when the twin plane
is irrational with the approximation becoming more accurate with larger computational cells. We start our
simulations with the positions of the atoms to be those given by the idealized kinematic calculations, and
relax the positions of the atoms or minimize the energy using the Polak-Ribière conjugate gradient algorithm
while constraining the top and the bottom atoms to translate only perpendicular to the twin wall. Our typical
computational cell contains about 6000 atoms, though we have verified that these results are accurate to

9



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

Modified MEAM [39] Experiments
a [Å] 3.196 3.209 [48]
c/a 1.623 1.624 [48]

Epc
0 [eV/atom] -1.508 -1.510 [49–51]

γ{101̄2} [mJ/m2] 137 118 [22]
C11 [GPa] 67.7 63.5 [52]
C12 [GPa] 24.7 25.9 [52]
C13 [GPa] 18.7 21.7 [52]
C33 [GPa] 68.9 66.5 [52]
C44 [GPa] 17.9 18.4 [52]

Table 1: Relevant material properties computed with the modified MEAM potential [39]. Comparisons
are drawn to experimental values, except for γ{101̄2}, whose comparative value is obtained from ab-initio
simulations.

Simulation cell

Figure 6: Schematic illustration of the computational cell used to calculate the twin boundary energy.
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Figure 7: Atomic configuration of a slice through the irrational twin system h (please see Table 3) with the
twin boundary and basal planes labeled. Note that the twin boundary with irrational indices breaks into
facets or steps (highlighted by solid black line segments).

cells containing as many as a million atoms. We find that the atoms relax near the twin boundary and the
displacements decay rapidly away from it. Irrational twin boundaries or those with high index often break
into facets2. An example is shown in Figure 7. We compute the twin boundary energy as

γtw =
Etw(N)− Epc

0 N

Ainterface
, (15)

where Etw(N) is the energy of the relaxed twin configuration with N atoms, Epc
0 is the binding energy per

atom (i.e., the energy per atom of the untwinned specimen), and Ainterface is twice the area of the twin plane
within the computational cell, as per convention set forth in Wang et al. [22].

The computed results are shown in Figure 8 which shows the twin boundary energy γtw and the shear
magnitude for the various modes. The tension and the compression twins are highlighted, as well as the
other modes mentioned in the literature (please refer to the introduction of this work, Section 1). Twin
modes corresponding to a two-fold rotation are also called out.

An important observation from this figure is that, while the well-accepted tension twin stands out for
having both low twin boundary energy and twinning shear, there is nothing remarkable about the other
modes including the well-accepted compression twin. In other words, a very large number of previously
unstudied twinning modes have twin boundary energy and twinning shear that are comparable to the classical
compression twins as well as the other twin modes mentioned in the literature. We also notice that these
relatively low energy and low shear modes predominantly involve two-fold rotations; however, non-two-fold
rotations occur as well.

3.2 Energy barriers to twin formation
A low twin interface energy and shear do not guarantee formation if the barriers to formation in the interme-
diate steps prove to be excessive. Therefore we need to understand the energetic barriers to formation. We
focus on those twin modes which have twin boundary energy and shear comparable to the modes mentioned
in the literature; we use γtw ≤ 325 mJ/m2 and s ≤ 4 identified by the dashed box in Figure 9.

2From our calculations, the facets do not appear to form at any notable crystallographic orientations. Though some are
within a few degrees of rational twin planes, changing the twin modes to different, irrational planes changes the nature of the
facets.
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Figure 8: Plot of all twin configurations with γtw under 500 mJ/m2 and calculated shear magnitude s ≤ 8
using the modified MEAM potential by Wu et al. [39]. Twin solutions which satisfy two-fold rotations are
marked by a teal outline. The two classical compression and tension twins are also highlighted. Previously-
observed modes are also highlighted here.

For each of the 229 modes in this region, we use the nudged elastic band method to compute the energetic
barrier between the perfect crystal and the twinned crystal. The the nudged elastic band method is described
in detail in Henkelman and Jonsson [55], Henkelmen et al. [56], and Nakano [57], and seeks to find the low
energy path from one state to another. The key idea is to find intermediate points such that the pathway
satisfies necessary geometric conditions on the energy landscape.

For each intermediate configuration, we compute the change in energy per atom from the perfect crystal
reference state,

∆E =
Etw(N)

N
− Epc

0 , (16)

as well as the virial stress

σv,ij =
1

Ω

∑

k∈Ω

[
−mk(vki − v̄i)(vkj − v̄j) +

1

2

∑

l∈Ω

(xli − xki )fklj

]
, (17)

where k and l index atoms in the domain of interest, Ω is the volume of the domain of interest, mk is the
mass of the kth atom, vki is the ith component of the velocity of the kth atom, ūj is the jth component of
the average velocity of atoms in the volume of interest, xki is the ith component of the position of atom
k, and fkli is the ith component of force applied on atom k by atom l3. We find that many of the modes
identified in Figure 9 have energy barrier comparable to the tension and compression twins. Consequently,
we investigate them further in the subsequent sections by studying the kinetic rate constants and the yield
surface. Relevant information of these twins modes is shown in Table 3.
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Figure 9: Plot of all twin configurations with twin boundary energy γ under 500 mJ/m2 and calculated
shear magnitude s ≤ 8 using the odified MEAM potential by Wu et al. [39]. Red dashed line denotes the
boundary of points which were subjected to further analysis with the nudged elastic band method and stress
calculation. Orange points denote twin systems which were detected to play a role in the yield surface of
magnesium. The tension (T) and compression (C) twins are also highlighted.

4 Kinetic rates
In the previous sections, we have found a large number of kinematically admissible states with comparable
energies. This suggests that the deformation process is dominated by a number of competing modes, and
therefore it is important to know the kinetics of these modes. To gain an insight into the potential kinetics,
we assume that this is a thermally activated process and therefore the reaction rate is given by the Arrhenius
relation:

K = ν0e−∆E/(kBT ), (18)

where kB is the Boltzmann constant, T the absolute temperature and ν0. We can compute the latter following
[40] to be

ν0 =
1

2π

∏n
i=1 ωi,S∏n
i′=2 ωi′,U

, (19)

where ωi,S is the ith natural frequency (eigenvalue) in the stable (perfect crystal) state, and ωi,U representing
the ith eigenvalue in the metastable state4. In our setting, this is given by the configuration with the highest
energy barrier in our nudged elastic band calculation.

The reaction rates of twenty representative modes are plotted as a function of (inverse) temperature in
Figure 10. These twenty modes had s ≤ 2 and γ ≤ 300 mJ/m2, encompassing the classical tension and

3As the calculations are based on molecular statics, the kinetic energy term is not a factor in the virial stress for these
calculations.

4In the denominator, the sum excludes the unstable eigenvalue, hence the different lower bound of summation.
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Figure 10: Arrhenius plot of the various twin solutions with s ≤ 2 and γ ≤ 300 mJ/m2 for temperatures
between 200-1200 K.

compression twins for good comparison. Interestingly, notice that the classical tension mode has the highest
rate. However, a mode with an irrational twin plane is a close second. The classical compression twin has
the smallest rate amongst all the twenty twin modes considered.

An interesting question in the study of magnesium and other HCP materials is whether the deformation
modes change by the the application of pressure. Therefore, we compute the energy barrier not only for the
relaxed lattice parameters but also for specimens subjected to triaxial compression and tension up to 5%.

Figure 11 shows how the reaction rates change on the application of 3% triaxial compression and tension.
We see that the relative rates change with strain. We also see that some of the curves cross each other.
In the absence of pressure on the sample, such crossing of curves does not occur until temperatures above
melting point for magnesium. Together, these results show that twin activity and rates can depend on both
pressure and temperature.

5 Yield surface
We now use the results of the previous section to compute the elastic domain or the yield surface. As we
apply stress to a crystal, we expect the material to remain elastic for some loads, and for certain deformation
modes to activate as the stress reaches a critical value.

When a stress is applied to a crystal, the driving force on the ith twin system depends on the resolved
shear stress

σi = ŝi · σn̂i, (20)

where si and n̂i are the twinning shear and twin plane associated with the ith twin system and σ is the
Cauchy stress. Since the Cauchy stress cannot be defined in atomic systems, we instead use the virial stress5.
We expect the ith twinning system to be activated when this resolved shear stress σi reaches a critical value
σi
c. We can obtain this critical resolved shear stress from our calculation in Section 3.2 of the virial stress

5We have computed and ensured that the cell sizes are sufficiently large enough that the computed stress for the system has
converged.
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Figure 11: Arrhenius plot for same twins as Figure 10 with sample under load, (a) displaying 3% hydrostatic
compression and (b) displaying 3% hydrostatic tension.
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System Magnitude [MPa]
Basal 0.52[58]-0.55[8]

Prismatic 39.2[23]
Pyramidal 105[8]

Table 2: Slip systems and critical resolved shear stress along these systems in magnesium.

along the transition path as the maximum value of the resolved virial stress

σi
c = max ŝi · σvn̂i, (21)

where the maximum is taken along the transition path and σv is the computed virial stress at any point
on this path. We calculate the critical resolved shear stress for all 229 potential twinning modes identified
earlier. For example, we compute a value of 20.8 MPa for the classical tension twin and this agrees well with
the value of 18 MPa based on experiments [8]. This agreement builds confidence in our calculations.

We are now in a position to define the elastic domain as the set of stress for which the material remains
elastic since no system is activated:

Y = {σ : σ = σT , trσ = 0, ŝi · σn̂i < σi
c for i = 1, . . . , N}. (22)

The yield surface is the boundary ∂Y of the elastic domain and is the stress at which at least one system
becomes active. We make a few observations before we compute this set. First, slip modes also contribute
to the deformation of magnesium, and therefore, we have to append slip modes to the twinning modes under
consideration. Therefore, we add the three modes listed in Table 5. Second, recall that each system can
have multiple symmetry related manifestations. We have to consider all manifestations in this calculation.

It should be noted that it is possible that one system completely obscures another. In other words, it is
possible that not all systems participate in the definition of the elastic domain Y. Indeed, define

Gi =
si ⊗ n̂i

σi
c

(23)

for the ith system. Suppose Gi can be written as a convex combination of the corresponding tensors of a
number of other systems: i.e.,

Gi =
∑

j∈I
λjGj (24)

for some set of systems I that does not include i. Then notice that σ ·Gj < 1 for all j ∈ I implies that
σ ·Gi < 1. It follows that if for some σ, sj · σn̂j < σj

c for all j ∈ I, then si · σn̂i < σj
c . In other words, we

do have to consider the ith system in our calculation of the yield surface. We conclude that we only need
to consider those systems that form the extreme points of the convex hull of the set of Gi for all i. Further,
the extreme points correspond to the active systems.

We use this procedure to identify the active systems and the elastic domain (and, equivalently, the yield
surface). We find that as many as twelve twinning systems are active and these are listed in Table 3. We
see the classical tension twin (mode a) and the classical compression twin (mode b). However we see ten
other systems; although many are novel, some are fairly close to modes that have been observed in previous
literature. For instance, mode f is close to the {101̄3}〈303̄2〉 twin observed in [9, 23, 24, 27, 28, 32, 33]
and others. Mode j is somewhat near the {112̄1}〈112̄6〉 twin, especially regarding the twin plane normals,
although the shears are different.

Figure 12 shows various two-dimensional slices through the yield surface, with σij denoting various
components of the symmetric stress tensor σ and σa . . . σl denoting stresses resolved via Equation (20) in
the directions of the modes predicted in Table 3. We note that more general representations have been
considered in Tomé and Kocks [59], but those fall beyond the scope of this work. Since the basal slip system
is extremely easy, we see that it is dominant whenever there is any component of stress along it. Figure 12
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Figure 12: Various slices of the elastic domain of a magnesium single crystal, with stresses in MPa. Here, we
use the notation σi = si · σni for the resolved shear stress along the twin system i = a, . . . , l systems shown
in Table 3.
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i Twin {K1}〈η1〉 s θ [◦] γtw [mJ/m2] ∆E [eV/atom] ν0 σi
c [MPa]

a {101̄2}〈101̄1〉 0.1299 180 137.0 0.0896 0.2086 20.8
b {101̄1}〈101̄2〉 1.4919 180 222.0 0.8084 0.1619 185.8
c {213̄0}〈101̄0〉 1.7321 180 297.4 0.4461 0.1689 125.9
d {112̄0}〈0001〉 1.8743 180 242.2 0.3221 0.2058 188.9
e {213̄2}〈101̄0〉 2.0343 180 68.8 0.3001 0.2024 143.9
f {101̄3}I〈505̄4〉I 2.1568 180 275.4 0.6517 0.2372 63.6
g {213̄0}〈101̄1〉 2.3738 180 271.8 0.3507 0.2103 186.5
h {15, 8, 23, 1}I〈101̄1〉 2.3773 159.3 290.1 0.6900 0.1226 41.8
i {31, 1, 32, 29}I〈101̄1〉 3.0245 159.3 309.6 0.8424 0.1823 355.2
j {112̄1}I〈101̄1〉 3.1921 159.3 250.6 0.4361 0.1573 211.6
k {303̄4}I〈101̄3〉I 3.4703 180 271.4 0.2401 0.2717 11.9
l {101̄2}I〈404̄5〉I 3.7584 180 266.2 0.6210 0.1412 11.8

Table 3: Details of the twin systems which were found to affect the yield surface of magnesium. The first
column is an arbitrary label. Mode a is the classical tension twin while mode b is the classical compression
twin. The subscript I denotes an irrational index which has been rounded to a nearby integer.

(a) shows the section σ13 − σa where we see the basal and the tension twin. Notice that the yield surface
is not symmetric about the origin reflecting the non-symmetry of twinning. Also notice that scales on the
two axes are different due to the ease of basal slip. Figure 12(b) shows that various modes can be closely
competing in some loading directions. Figure 12(c-f) show that certain slices can be quite complex, with
multiple twin modes participating to form the yield surface. These slices portray a new picture of twinning
in magnesium considerably more complex than what has previously been considered.

6 Summary and conclusions
In this work, we have proposed a systematic approach to identifying the twin modes that are relevant to the
deformation process of materials. We combine the fundamental kinematic definition of a twin with atomistic
methods of exploring the energy landscape to identify relevant twin modes with no empirical guidance. Our
approach is summarized in Algorithm 1.

We have applied this approach to magnesium. We have used a kinematic framework to sweep a large
space for twins, computing admissible twin modes in magnesium. From this analysis, we have found that
shear magnitude alone does not suffice for identifying which twins are likely to form. We have then used the
modified MEAM potential of Wu et al. [39] for all subsequent calculations. Our framework shows that there
is a very large number of twinning modes that are important in magnesium. These results are consistent
with observations of anomalous twins reported in the literature [29–31].

Based on these findings, we conclude that the non-classical twin modes that have been widely reported
in experimental literature are in fact not anomalous readings, but, instead, relevant twin modes observed as
part of the natural course of yielding in magnesium. Additional observation of these modes can be promoted
by mechanical testing on single-crystal samples with loading directions more favorable to particular twins.
However, as our calculations have also shown, environmental factors such as loading and temperature can
mask twin mode activation. A further difficulty is that some of the modes that we have computed in our
work are within the margin of error of present-day visualization techniques.

We conclude with some compromises we have had to make for our simulations. Like all atomistic po-
tentials, the interatomic potential we have chosen reproduces the energetics of configurations to which these
were fitted but gives errors away from these configurations. We have repeated some aspects of this work
with potentials (the EAM potential of Sun et al. [44], MEAM potential of Kim et al.[45] as well as an ab
inito electronic structure method (MacroDFT [46, 47]). We find differences, particularly in the exact modes
which are predicted to affect yield. Similarly, we have had to make choices in the various windows we have
used for expediency. These include the range of µ j

i , the number of super cells, as well as the range of shear
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Algorithm 1 Procedure for identifying possible and relevant twin modes in a given material of interest.
1: function Calibrate Potential(ei) . Identify stable parameters for interatomic potentials.
2: for Each interatomic potential do
3: Identify a reasonable test range of a and c.
4: for Each test a and test c do
5: Compute energy of the crystal Etest.
6: end for
7: Epc

0 ← mina,cEtest(a, c, ei).
8: Output: Epc

0 and a, c which yield that value.
9: end for

10: end function
11: function Identify Possible Twins(a, c, ei) . Identify all possible twin configurations.
12: Identify an admissible range of µ j

i .
13: Compute the twinned lattice vectors gi.
14: Compute deformation gradient F and right Cauchy-Green tensor C.
15: for all µ j

i forming C satisfying Equation (10) do
16: Compute the twinning shear s using Equation (11a).
17: Compute the twinning normal n̂ using Equation (11b).
18: Compute the associated rotation matrix Q using Equation (11c).
19: end for
20: Store: s, n̂,gi.
21: end function
22: function Compute Twin Energies(ei,gi) . Use atomistic simulations to calculate the energies.
23: Construct a simulation cell consistent with Figure 6.
24: for all Interatomic potentials do
25: Compute the energy of the sample, Etw.
26: Compute the twin interface energy γtw using Equation (15).
27: end for
28: Store: γtw,∆Emax,σmax

29: end function
30: function Identify Relevant Twins(s, n̂,σmax) . Find twin modes which can be exploited.
31: for all Twin modes with γtw and shear magnitude s comparable to classical modes do
32: Perform a nudged elastic band simulation calculate the energetic barrier to formation ∆Emax.
33: Calculate the attempt frequency ν0 using Equation (19).
34: Compute the Arrhenius barrier K using Equation (18).
35: Export the virial stresses at the maximum barrier σmax.
36: Compute the resolved shear stress σi

c using Equation (21).
37: Form the elastic domain Y using Equation (22).
38: end for
39: Store: All information about twin modes which lie on the yield surface.
40: end function
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and twin boundary energy. We have checked that our choices are relatively robust. Still, it is possible that
enlarging these choices significantly may lead to different modes. Again, however, the central observation –
that a large number of modes are important – remains true independent of these choices.

In closing, we note that our framework can be applied broadly to large classes of materials; extension
to materials beyond magnesium or even HCP materials requires minimal modification. An additional area
of ongoing research is the improvement of magnesium properties by alloying; the framework developed here
provides a suitable basis for studying alloying and its effects on twins.
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