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Chapter 2

PIPE FLOW
2.1

Generalities

On both historical and pedagogical grounds, fully developed flow in
a smooth pipe of circular cross section is an ideal point of entry for
technical fluid mechanics. The reason is that a crucial quantity, the
friction at the wall, is proportional to the axial pressure gradient,
which is usually easily measured. More than a century ago, experiments by Hagen, Poiseuille, Couette and others used this property
to confirm the hypothesis of Newton that the viscosity of ordinary
fluids, particularly water and air, is a real physical quantity that
depends on the state of the fluid but not on the particular motion.
These early experimenters encountered turbulence in larger facilities
at higher speeds, and the issue quickly became the need for a better
qualitative and quantitative appreciation of turbulence. In fact, it
was an investigation of transition in pipe flow by Reynolds that led
to the discovery of the fundamental dimensionless number that bears
his name.
Study of turbulent flow in smooth round pipes led about 1930
to development of the mixing-length model, which in some situations still represents the best available approach to the problem of
turbulent flow near a wall. An important mechanism, just beginning
to be understood, involves the effect of the no-slip condition at the
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wall on turbulent fluctuations. Pipe flow is the vehicle of choice for
exploring the effect of wall roughness and the effect of drag-reducing
polymers on turbulent flow. Pipe flow is also a useful vehicle for investigating heat transfer, with numerous practical applications. Secondary flow in non-circular pipes exposes the non-Newtonian nature
of the Reynolds stresses, unfortunately without exposing any plausible constitutive relations. Other variations on pipe flow, such as
flow with curvature or flow with an abrupt change in cross section,
reveal strong effects on mixing processes. Similarity laws originally
developed for pipe flow provide a point of contact with the boundary
layer and the wall jet.
The main experimental disadvantage of pipe flow is difficulty of
access for instrumentation, particularly optical instrumentation. A
major source of experimental scatter in fundamental work is failure
to provide sufficient length for the flow to become fully developed.

2.1.1

Equations of motion

The Reynolds equations of mean motion were derived in SECTION
1.3.4 for the cylindrical polar coordinates sketched in FIGURE 2.1.
These equations are easily specialized for the case of steady flow in
a round pipe of radius R. To make the notation consistent with
that for plane flow, take the axial, radial, and azimuthal coordinates
as (x, r, θ) and the corresponding velocity components as (u, v, w).
Take the mean flow to be fully developed, which is to say rectilinear.
Thus v = w = 0, and u 6= 0. All derivatives of mean quantities
with respect to θ are zero, as are all derivatives with respect to x
except ∂p/∂x, this term being the engine that drives the flow. The
continuity equation is moot. For simplicity, the overbar indicating
a mean value will be suppressed hereafter except in the Reynolds
stresses. The three momentum equations are reduced to


∂p 1 d
du
0
0
0=−
+
r µ
− ρu v
;
(2.1)
∂x r dr
dr


∂p 1
d
0
0
0
0
0=−
+
ρw w −
r ρv v
;
(2.2)
∂r r
dr

61

2.1. GENERALITIES

Figure 2.1:
Cylindrical polar coordinate system and
notation for pipe flow.

0=−

1 d 2 0 0
r ρv w .
r2 dr

(2.3)

The fluctuations u0 , v 0 , w0 vanish at the wall. The three equations
(2.1)–(2.3) are rigorously correct, and must be satisfied by the mean
flow under the specified conditions. The equations are obviously not
complete, since there are three equations for six unknown quantities. Two of the Reynolds stresses, −ρu0 u0 and −ρu0 w0 , fail to appear. Of these, the absence of the mean product u0 w0 is expected
if the turbulent motion is random. Given a sampled value for the
axial fluctuation u0 , it is reasonable to suppose, in view of the axial
symmetry of the problem, that positive and negative values for the
azimuthal fluctuation w0 are equally probable. That this argument
can be dangerous will be demonstrated in SECTION 2.5.5, where it
leads to a wrong conclusion for the viscous sublayer near a wall. In
the case of −ρu0 u0 , the failure of the Reynolds equations even to contain this streamwise normal stress is embarrassing. It appears that
nothing can be learned about this stress from the laws of mechanics
in Reynolds-averaged form. At the same time, it is this Reynolds
stress −ρu0 u0 that is most easily and most commonly measured.
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Consider the three equations of motion (2.1)–(2.3). The third
equation (2.3) has the integral r2 ρv 0 w0 = constant, and the constant
is zero whether evaluated on the axis or at the wall. The second
equation (2.2) is more instructive. Formal integration from r to R,
with the boundary condition p = pw at the wall, gives
p+

ρv 0 v 0

ZR
= pw − ρ

w0 w0 − v 0 v 0
r


dr .

(2.4)

r

When the lower limit is taken at the pipe axis, r = 0, the integral
diverges unless v 0 v 0 = w0 w0 on the axis. The equality is intuitively
obvious. If two traverses are made along a diameter of the pipe
to measure in one case the radial velocity fluctuation v 0 along the
traverse direction and in the other case the azimuthal velocity fluctuation w0 normal to it, the two measurements must be statistically
equivalent on the axis.
As the lower limit r in equation (2.4) approaches the upper
limit R, the definite integral is eventually small compared with the
term ρv 0 v 0 on the left. In some vicinity of the wall, therefore, a useful
approximation suggests itself;
p + ρv 0 v 0 = pw = constant .

(2.5)

This approximation will be examined more closely in SECTION X1 .
Finally, the quantity in parentheses in the first momentum
equation (2.1) is evidently the total shearing stress τ , here defined
with a change in sign in the derivative and in v 0 because y = R − r
is a more natural independent variable for an observer viewing the
flow from the wall;


du
τ =− µ
− ρu0 v 0 .
(2.6)
dr
At the wall of the pipe, where all velocity fluctuations vanish, the
corresponding value is
 
du
τw = −µ
.
(2.7)
dr w
1

Unclear reference, possibly 5.2.1
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By assumption, the terms in parentheses in equations (2.1) and
(2.2) do not depend on x, so that
∂2p
∂2p
=
=0 .
2
∂x
∂r∂x

(2.8)

It follows that ∂p/∂x is a constant, independent of x and r, although
p itself depends on x and also on r if the flow is turbulent, according
to equation (2.4). Equation (2.1) in the form
0=−

∂p 1 drτ
−
∂x r dr

(2.9)

can therefore be integrated from r to R, with the boundary condition
τ = τw when r = R, to obtain

R2 − r2 ∂p
Rτw − rτ = −
.
(2.10)
2
∂x
On putting r = 0, this becomes
τw = −

D ∂p
,
4 ∂x

(2.11)

where D = 2R is the diameter. The last expression is also easily
obtained from a global momentum balance on a length of the pipe,
given that ∂p/∂x is constant. Elimination of ∂p/∂x between equations (2.10) and (2.11) yields finally the linear stress profile shown in
FIGURE 2.2,
τ
r
=
.
(2.12)
τw
R
So far, the flow has usually not been specified to be either
laminar or turbulent. In either case, equation (2.11) provides an
accurate and unambiguous method for determining τw for fully developed flow, and this property is the main reason that pipe flow is
discussed here before all other flows involving walls. In a real pipe,
there will be problems with entrance flow and development length,
to be discussed in SECTION 2.2.1. The fact that the stress τ defined by equation (2.6) is linear in r also provides an opportunity for
proof and calibration of instruments, such as hot-wire anemometers,
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Figure 2.2:
The parabolic mean-velocity profile and
the linear shearing-stress profile for steady laminar
flow in a circular pipe.
commonly used for measurement of the Reynolds shearing stress.
See, for example, NEWMAN and LEARY (1950), KJELLSTRÖM
and HEDBERG (1970), and PATEL (1974). A more cogent use of
equation (2.12), as one criterion for equilibrium at second order of a
developing turbulent flow, will be taken up in SECTION 2.5.1.

2.1.2

Laminar flow

If the flow is laminar, p is independent of r, according to equation
(2.2), so that ∂p/∂x becomes dp/dx. The velocity profile is the
integral of equation (2.12), given τ = −µdu/dr, that takes the value
u = uc (c for centerline) at r = 0 and satisfies the boundary condition
u = 0 at r = R. In dimensionless form, this profile is the parabola
shown in FIGURE 2.2,
u
r2
=1− 2 ,
uc
R

(2.13)
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where the centerline velocity uc is related to the other parameters of
the problem by
uc
τw = 2µ
.
(2.14)
R
This solution (2.13) of the Navier-Stokes equations for laminar pipe
flow, like solutions of the Stokes approximation for low Reynolds
numbers, represents a balance between pressure forces and viscous
forces. However, the transport terms vanish here because of the
special geometry, not because the Reynolds number is necessarily
small.
Finally, the volume flow Q in the pipe can be calculated, and
a mean velocity u
e defined, from
ZR
Q=

2πrudr = πR2 u
e

(2.15)

0

(the tilde, here and elsewhere, is intended as a mnemonic for an
integral mean value). Given equation (2.13) for u, it follows on integration that
uc
u
e=
.
(2.16)
2
Several of the earliest experiments with pipe flow and with
flow between concentric rotating cylinders in the 19th century were
undertaken primarily for a reason that may now seem almost unnatural. The equations of NAVIER (1823) and STOKES (1849) independently incorporate a hypothesis first proposed by NEWTON in
his Principia Mathematica, published in 1687. According to STANTON and PANNELL (1914), the proper attribution to Newton was
first pointed out by Sir George Greenhill, who would presumably
have been at home in both the subject and the Latin language. The
relevant passage introduces Section IX, “The circular motion of fluids,” in Book II, “The motion of bodies.” In the elegant prose of the
revised translation by Cajori (1934):
Hypothesis: The resistance arising from the want of lubricity in the parts of a fluid is, other things being equal,
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proportional to the velocity with which the parts of the
fluid are separated from one another.
This hypothesis is explicit in the tensor relation τ = µ def ~u
in the introduction. The scalar constant of proportionality, the viscosity, is assumed to be an intrinsic or state property of the fluid (it
may, for example, vary significantly with temperature), independent
of the motion. In the case of pipe flow, the technique was and is
used to show the existence of such a fluid property by showing that
the quantity µ, expressed theoretically for the case of fully developed
laminar pipe flow by a combination of equations (2.11), (2.14), and
(2.16),
D2 dp
µ=−
,
(2.17)
32e
u dx
is experimentally independent of particular choices for D and u
e, since
these must be precisely compensated for by variations in dp/dx. As
a practical matter, it is usually not the mean velocity u
e that is measured, but the volume flux Q defined by equation (2.15). Equation
(2.17) is therefore better expressed as
µ=−

πD4 dp
128Q dx

(2.18)

to emphasize that in capillary-tube viscometry the diameter D needs
to be very accurately known. Many common fluids, including air and
water, possess the property of viscosity in the sense just defined and
are therefore referred to as Newtonian fluids. A second important issue, the validity of the no-slip boundary condition at the wall, has for
practical purposes been resolved experimentally in favor of no slip.
Residual doubts about this condition for the case of non-wetting
combinations, such as mercury on glass, or water on tetrafluoroethylene (teflon), have been mostly quieted by BINGHAM and THOMPSON (1928) and by BROCKMAN (1956), respectively. Exceptions
to Newtonian behavior are known, and these present formidable difficulties in formulating a constitutive relationship between the stress
and rate-of-strain tensors. The relatively unstructured literature of
rheology and of turbulence modeling testifies, in a familiar idiom,
that Newton is a hard act to follow.
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The Reynolds number for both laminar and turbulent pipe flow
is commonly defined in terms of the mean velocity u
e and the pipe
diameter D;
u
eD
Re =
.
(2.19)
ν
Usage varies in defining a dimensionless friction coefficient (see
SECTION X).2 In mechanical and aeronautical engineering, where
the boundary layer and its global momentum balance are in the foreground, the usual form for the dimensionless friction, and the one
that I will adopt here, is
Cf =

τw
.
ρe
u 2 /2

(2.20)

This quantity is also denoted by f and called the Fanning factor
by mechanical engineers. For laminar flow, equations (2.14), (2.16),
(2.19), and (2.20) imply
Cf =

16
.
Re

(2.21)

To the extent that pipe flow can be viewed as a boundary layer
on the inside of a cylindrical body, it might be more consistent to
use uc and R instead of u
e and D in the definition (2.19) for the
Reynolds number, and u2c instead of u
e 2 in the definition (2.20) for
the friction coefficient. Probably the usage described here has survived because no value for uc is available for most of the existing
pipe data. In practice, the definition of dimensionless coefficients to
characterize pipe flow over a large range of Reynolds numbers has
been preempted by the turbulent case, for which the wall friction is
only weakly dependent on the viscosity, and the dynamic pressure is
the important reference quantity.
In principle, both τw and u
e are easily measured for fully developed pipe flow, the former in terms of ∂p/∂x and the latter by a
variety of methods. These include direct evaluation from the integral
definition (2.15), if a velocity profile is available; or measurement of
volume flow rate, by weighing or by use of a calibrated volume if
2

Possibly section 2.4.1
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the fluid is a liquid; or by blowdown techniques if the fluid is a gas.
Other methods include use of a calibrated venturi, orifice plate, or
other type of flow meter; or, for best regulation, use of a constantdisplacement pump or even a piston-cylinder displacement mechanism.

2.1.3

An extremum principle

It was pointed out by LIN (1952), in a short paper whose roots
lie in work by HELMHOLTZ (1868) and KORTEWEG (1883) on
arbitrarily slow steady viscous motions, that the parabolic laminar
profile in a round pipe can be obtained from an extremum principle.
Consider all possible axisymmetric rectilinear motions u(r) satisfying
the no-slip condition at the wall, and minimize the total rate of
energy dissipation,
ZR
e =µ
Φ


2πr

du
dr

2
dr ,

(2.22)

0

subject to the constraint of a constant volume flux,
ZR
Q=

2πrudr = πR2 u
e = constant .

(2.23)

0

e means a volume integral of the local rate of dissiThe notation Φ
pation over the pipe cross section and over unit length in the flow
direction.
The problem just formulated is an example of what COURANT
and HILBERT (1953, Vol. 1, Chapter IV) call the simplest problem
in the variational calculus. This is to find the function u(r) that
minimizes the integral
ZR
e=
Φ
0

F (r, u, u0 )dr ,

(2.24)
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subject to the constraint
ZR
Q=

G(r, u, u0 )dr = constant .

(2.25)

0

The prime here indicates differentiation with respect to r. The Euler
equation for the problem is

u00

∂2
∂2
∂2
∂
0
+
u
+
−
0
0
0
0
∂u ∂u
∂u∂u
∂r∂u
∂u


(F + λG) = 0 ,

(2.26)

where λ is a Lagrange multiplier. In the present case, with
2

F = 2πµr(u0 ) ,

G = 2πru ,

(2.27)

equation (2.26) becomes


d
du
2µ
r
− λr = 0 .
dr
dr

(2.28)

The indefinite integral of this equation is
u=

1
2µ



λr2
+ A ln r + B
4


,

(2.29)

where A and B are constants of integration. A logarithmic term
appears in equation (2.29), but not in equation (2.13), because the
earlier derivation already required τ (i.e., du/dr) to be linear in r.
The logarithmic term is needed if the no-slip boundary condition is
to be satisfied for the more general case of axial flow in an annulus.
For flow in a pipe, the boundary conditions u = uc at r = 0 and
u = 0 at r = R require A = 0 and B = 2µuc = −λR2 /4. Equation
(2.14) is recovered,
u
r2
=1− 2 ,
(2.30)
uc
R
with now
λ=−

8µuc
.
R2

(2.31)
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Use of the three equations (2.31), (2.14), and (2.11) implies
dp
,
(2.32)
dx
as does a direct comparison of equation (2.28) with the laminar version of the momentum equation (2.1).
λ=2

For the parabolic profile in a pipe, therefore, the rate of dissipation is an extremum. That the extremum is a minimum is easily
shown by adding to the parabolic profile an arbitrary axisymmetric
perturbation that vanishes at the wall and does not contribute to
the volume flux. The result (2.32), derived here for a very special
motion of an incompressible viscous fluid, should be read in the same
sitting as SOMMERFELD’s argument (1950, pp. 89–92) that for an
incompressible inviscid fluid the pressure p can be interpreted as a
Lagrange multiplier representing the constraint of incompressibility.
Finally, the pressure gradient and the rate of dissipation can
be related directly for fully developed pipe flow, whether laminar or
turbulent. The general form for energy loss from the mean flow per
unit time and per unit volume is (cite introduction) τ · grad ~u, so
that equation (2.22) can be written
ZR
e=
Φ

2πrτ

du
dr .
dr

(2.33)

0

Integration by parts, with τ = 0 at r = 0 and u = 0 at r = R, gives
ZR
u

e = −2π
Φ

drτ
dr .
dr

(2.34)

0

Use of equation (2.12) for τ , (2.15) for the volume flow Q, and (2.11)
for τw then gives
e = −Q ∂p .
Φ
(2.35)
∂x
The point of this exercise in the calculus of variations for laminar pipe flow is that a similar principle may hold for turbulent flow.
If so, it would not be surprising if the resulting mean velocity profile
turned out to be logarithmic.
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Figure 2.3:
A schematic diagram of flow in the
laminar development region of a circular pipe with
uniform entrance flow.

2.2

Development length

In any attempt to define the properties of a hypothetical fully developed or equilibrium flow experimentally, a useful first step is to
observe the rate of approach to equilibrium from a disturbed initial condition. In the case of pipe flow, the process most commonly
observed is the evolution of the flow downstream from the pipe entrance. The response to other disturbances, such as a step change in
diameter, can also provide estimates of a characteristic time scale or
spatial scale for approach to equilibrium.

2.2.1

Laminar flow

The parabolic profile requires some distance to develop in the entrance region of a real pipe, especially at large Reynolds numbers,
and the need for adequate development length is not always recognized by experimenters. Let this development length be estimated
approximately in terms of the inward growth of internal laminar
boundary layers that start at the pipe entrance at x = 0, as shown
in FIGURE 2.3. Note that the artist was apparently not told of the
doubling of the velocity on the pipe axis during laminar develop-
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ment. Global parameters available for making the estimate dimensionless are the kinematic viscosity ν, the pipe diameter D, and the
mean velocity u
e. That the latter quantity is independent of x in the
development region can be shown by reinstating the axisymmetric
continuity equation in the form
∂u 1 ∂rv
+
=0
(2.36)
∂x r ∂r
and calculating the derivative of u
e from the definition (2.15); thus
πR

u
2 de
dx

ZR
=

∂u
2πr
dr = −
∂x

0

ZR
2π

∂rv
dr = 0 ,
∂r

(2.37)

0

since v vanishes at both limits.
A qualitative estimate of development length in terms of diffusion time and transport time can be obtained by using the device
of a moving observer applied to a growing internal boundary layer.
Assume that the entrance is cut square with the axis so that the
origin for x is well defined. Take the flow to be uniform at the pipe
entrance; i.e., u = u
e at x = 0. Vorticity generated at the wall by
the axial pressure gradient diffuses inward through a distance δ in a
time t ∼ δ 2 /ν (see the Rayleigh problem in the introduction).
An observer following the mean flow travels a distance x in a time
t = x/e
u. At equal times, x/δ ∼ u
eδ/ν. If the development length X
is defined as the value of x when δ = D/2, then X is proportional to
DRe and x/X is proportional to x/DRe.
Since the first papers by BOUSSINESQ (1890a,b,c; 1891a,b),
work on the problem of laminar flow development in a round pipe
has become almost a cottage industry. Of more than forty experimental, analytical, or numerical papers on this topic, about half
aim at estimates of a particular constant m belonging to the art
of capillary-tube viscometry (see the next SECTION 2.2.2). The
remainder view the problem as an exercise in classical fluid mechanics. The first analysis using boundary-layer theory was carried out
by SCHILLER (1922). This paper was a natural application of the
integral method of Karman and Pohlhausen, published a year earlier. The model combined parabolic profiles near the wall with a
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X/(R&)D

FIGURE 3.25. SOme analytical results for laminar flow development in a

Figuresmooth
2.4:pipe. The
Some
analytical
results
for laminar
dependent
variable uc/u
has an asymptotic
limit of 2 flow
development in a smooth pipe. The dependent variable
uc /e
u has an asymptotic limit of 2.
flat profile near the centerline. The predicted evolution of the axial
velocity on the pipe axis is one of the curves shown in FIGURE 2.4.
The analysis ignores the fact that a boundary-layer approach is complicated by effects of lateral curvature and by interaction between
the axial pressure gradient in the inviscid core flow and the growing displacement thickness of the boundary layer, each affecting the
other. Moreover, the boundary-layer approximation fails before the
flow development is complete, and an asymptotic analysis is eventually required. The growing power of computers now allows the
laminar problem to be treated by numerical integration of the full
Navier-Stokes equations for quite large Reynolds numbers.
The other data in FIGURE 2.4 are chosen from the work of
DORSEY (1926)
MÜLLER (1936) figure 4
.
ATKINSON
and GOLDSTEIN (1938)
LANGHAAR (1942) figure 1
ASTHANA (1951)
TATSUMI (1952)
SIEGEL (1953)

-
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RIVAS and SHAPIRO (1956)
BOGUE (1959)
TOMITA (1961)
CAMPBELL and SLATTERY (1963)
COLLINS and SCHOWALTER (1963)
LUNDGREN et al. (1964)
SPARROW et al. (1964) figure 3
CHRISTIANSEN and LEMMON (1965) figures 2, 3
HORNBECK (1965) figures 3, 6
McCOMAS and ECKERT (1965)
VRENTAS et al. (1966) figures 3–8
McCOMAS (1967)
FRIEDMANN et al. (1968) figures 1–4
LEW and FUNG (1968) tables
SCHMIDT and ZELDIN (1969)
FARGIE and MARTIN (1971) figure 4
CHEN (1973) figure 1
KESTIN et al. (1973) figure 8
KANDA and OSHIMA (1986) figures 5–8
The main imperfection of these contributions lies in the frequent assumption of a flat velocity profile at the station x = 0, with
an unphysical upstream flow that is often left undefined. However,
there is general agreement that the independent variable x/DRe is
a natural and appropriate one in the laminar development region,
whether a boundary-layer model is used or not.
A few experiments include the work of
BOND (1921)
RIEMAN (1928)
ZUCROW (1929)
KLINE and SHAPIRO (1953)
SHAPIRO et al. (1954)
KREITH and EISENSTADT (1957)
WELTMANN and KELLER (1957)
RESHOTKO (1958) figure 9
PFENNINGER (1961) figure 12

2.2. DEVELOPMENT LENGTH
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McCOMAS and ECKERT (1965) figure 3
ATKINSON et al. (1967) figure 4
DAVIS and FOX (1967) figure 11
EMORY and CHEN (1968)
BERMAN and SANTOS (1969) figures 3–7
BURKE and BERMAN (1969) figures 3–6, 8
FARGIE and MARTIN (1971) figure 4
WYGNANSKI and CHAMPAGNE (1973)
MESETH (1974)
MOHANTY and ASTHANA (1979)
(Why does nobody plot τew ? Mention honeycombs. No calculations for square-cut entrance with bubble.)
From all of this work, the evidence is persuasive that development is complete for practical purposes when
1 x
1
≈ 0.07 ≈
,
Re D
14

(2.38)

provided that the Reynolds number Re is not less than about 100.
For a pipe of given diameter and length, the largest Reynolds number
for which a parabolic profile can be established is about 14 L/D. For
a given Reynolds number, the smallest L/D is about Re/14. Consequently, to identify the record holder for highest Reynolds number
with fully developed laminar flow, it is necessary only to look for
large values of L/D and to test the state of the exit flow. By this
criterion, the record is about u
eD/ν = 13,000 and is held by LEITE
(1958).
With sufficient care, it is possible to maintain laminar flow
in relatively short pipes up to very large Reynolds numbers, 50,000
or more. However, the parabolic profile is never fully developed in
such cases, and the decisive element for transition becomes the disturbance level outside the boundary layer in the early development
region. In any contest to establish the highest achievable laminar
Reynolds number in short pipes, the results are a measure of the degree of care taken to avoid such disturbances, rather than of any directly useful physical quantity. For example, blowdown methods can
reduce disturbance levels far below the best obtainable in flows driven

76

CHAPTER 2.

PIPE FLOW

by an upstream pump or compressor, and a gas flow can be quieted
by use of a sonic orifice to isolate the test section from a downstream
pump. As far as I know, the record here is held by PFENNINGER
and MEYER (1953), who used a long conical contraction fitted with
13 screens, as well as elaborate vibration isolation, to obtain a flow
free of turbulence at a Reynolds number u
eD/ν = 88,000. The corresponding number u
ex/ν was about 50 × 106 , an order of magnitude
higher than the number that can be obtained on flat plates in conventional wind tunnels. The boundary layer in Pfenninger’s pipe
occupied about 60 percent of the area at the pipe exit. To obtain a
fully developed parabolic profile in air under these conditions would
need a length of about 140 meters, together with heroic measures
to minimize disturbances in the flow and to account for changes in
density. Even if this could be done, I see no particular profit from
an attempt.
Finally, several experimenters have found that it is not safe to
assume that a laminar pipe flow in the laboratory will automatically
be axisymmetric. LEITE (1958), RESHOTKO (1958), HOULIHAN
(1969), WYGNANSKI and CHAMPAGNE (1973), and BREUER
(1985), all working on difficult questions of stability and transition,
and all working with air in pipes having a diameter of a few centimeters, describe problems in obtaining axisymmetric fully-developed
flow. Some of their results are illustrated in FIGURE 2.5. They
comment in particular on the need for close control of thermal inhomogeneities, pipe alignment, and axial symmetry of conditions far
upstream. Most other experimenters have had a better experience
or have not tested their flows for symmetry.

2.2.2

Capillary-tube viscometry

Numerous devices are commercially available for measuring the viscosity of fluids used in laboratory experiments or manufacturing processes. They include cone-plate, rotating-cylinder, falling-ball, and
capillary-tube viscometers. The choice is usually governed by the
range of viscosity involved, by the volume of the sample committed
to the measurement, and occasionally by special conditions such as
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Figure 2.5:
Several examples from the experimental
literature showing non-axisymmetric laminar flow in
circular pipes. The most likely cause is secondary flow
due to thermal inhomogeneity in a gravitational field or
asymmetry of the upstream channel.
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a need in process work to immerse the device in the bulk fluid. Typically, such viscometers are calibrated by the manufacturer or the
user, using fluids of known viscosity, to take into account various
effects of finite geometry.
The question of how a known viscosity comes to be known is
far from trivial. This question is the business of standards laboratories. For example, SWINDELLS, COE, and GODFREY (1952)
describe a painstaking program in capillary-tube viscometry, carried
on from 1931 to 1941 and from 1947 to 1952 at the U.S. National
Bureau of Standards (now the U.S. National Institute of Standards
and Technology), whose singular result was to establish the value
µ = 0.010019 ± 0.000003 poise for pure water at 20 ◦ C. This value is
still the cornerstone of viscosity tables for water that are constructed
from more extensive but less accurate measurements. The geometry
in capillary viscometry at the standards level is apparently standardized, requiring a square-cut entrance and exit, although other
geometric details, such as the tube outer diameter, are usually left
open. The need for close control of several variables is self-evident. In
order to obtain four significant figures in the viscosity, according to
equation (2.18), the absolute temperature, the volume flow rate, the
tube length, the pressure difference, and especially the tube diameter
must all be known to better accuracy, with a further allowance for
errors introduced by differentiation of experimental data. It may be
necessary, for example, to represent the cross section of a real tube
by an ellipse rather than by a circle, with a corresponding adjustment in the theory. A long tube of small diameter provides an easily
measurable pressure difference, although this pressure difference is
necessarily global rather than local if pressure taps cannot be provided along the length of the tube. At the same time, the diameter
must not be so small that it cannot be measured with the necessary
accuracy. The length is also limited in practice by the need to maintain the flow system at constant temperature in a bath of practical
size without having to coil the tube and accept a much more complex
theory.
The expected pressure distribution in a finite tube is shown
schematically in FIGURE 2.6. Certain general relationships that
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Figure 2.6:
A schematic representation of the
pressure distribution along a tube of length L with
uniform entrance flow at x = 0. The flow may be laminar
or turbulent and the cross section need not be circular.

emerge from the figure do not depend on the shape of the tube cross
section or the shape of the tube entrance, as long as these are fixed.
Suppose for convenience that entrance and exit are cut square, so
that L is well defined. The quantities p0 and p2 are the static pressures in the entrance and exit reservoirs. The quantity p01 is the
static entrance pressure associated with a fictitious fully developed
flow over the full length of the tube. Anomalous pressure effects at
both entrance and exit are included in principle, although exit effects
are not treated explicitly. It is not necessary to distinguish between
laminar and turbulent flow, or even mixed flow at Reynolds numbers
in the transition regime.
The strategy associated with FIGURE 2.6 is one of experimental differentiation. Suppose that the Reynolds number is held
constant as the length of the tube is varied, and suppose that the
shortest tube is long enough to achieve fully developed flow. Then
a unit increment in the length of the tube will give rise to a unit
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increment in total pressure drop. Begin with the identity
p0 − p2 = (p0 − p01 ) + (p01 − p2 ) .

(2.39)

For the general case, define an ideal friction coefficient for fully developed flow,
D (p01 − p2 )
Cf =
,
(2.40)
2Lρe
u2
where u
e = Q/A is again a mean velocity over the cross section A.
For the special case of a circular tube, the definition (2.40) reduces
through equation (2.11) to equation (2.20). Define also a global
friction coefficient,
bf = D (p0 − p2 ) ,
(2.41)
C
2Lρe
u2
where the circumflex over Cf denotes a mean value over the entire
length of the tube, reservoir to reservoir. Equation (2.39) then takes
the form
0
bf L = (p0 − p1 ) + Cf L .
C
(2.42)
D
2ρe
u2
D
For fully developed flow at the exit, the first term on the right is a
constant that is characteristic of the complete development process
for particular entrance conditions and Reynolds number. Without
the factor of 2 in the denominator, this constant is usually denoted
by m in the literature of capillary-tube viscometry;
m=

(p0 − p01 )
,
ρe
u2

(2.43)

so that

bf L = m + Cf L .
C
(2.44)
D
2
D
Except possibly for a square-cut entrance, the development parameter m, defined graphically in figure 2.6, will depend on the entrance
bf L/D
geometry and flow conditions for a particular tube. A plot of C
against L/D is a straight line whose slope Cf and intercept m/2 are
characteristic for the Reynolds number in question. In particular,
Cf =

bf L/D)
∂ (C
.
∂ (L/D)

(2.45)
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A simple implementation of this differentiation scheme was
proposed and used by COUETTE (1890), but has since been used
only rarely, and then mostly by professionals such as Swindells et al .
The technique is to construct two capillary viscometers by connecting two tubes in series with a third reservoir inserted between them.
The two tubes are assumed to be identical in diameter and all other
geometrical details except length. When in equilibrium, they have
the same flow rate. The two parameters Cf and m are then readily
evaluated from a single experiment.
Discuss m from p(x). Cite bibliography.
Equation (2.44) is usually cast in a more direct and more literal
form for use in viscometry with a round tube. From equation (2.39),
uL/R2 , and with u
e =
with p01 − p2 = −Ldp/dx = 4L τw /D = 8µe
2
Q/πR , this form is
π 2 R4 (p0 − p2 )
8πµL
=m+
.
2
ρQ
ρQ

(2.46)

For constant Q and R and variable L, a dimensional plot of (p0 − p2 )
against L yields a straight line whose slope is proportional to µ and
whose intercept is proportional to m. Such a plot is a practical
realization of FIGURE 2.6.
A different form, appropriate for a single tube with changing
flow rate, is obtained on multiplying by Q and making the important
assumption that m is independent of Reynolds number;
π 2 R4 (p0 − p2 )
8πµL
= mQ +
.
ρQ
ρ

(2.47)

Now, for constant L and R and variable Q, a plot of (p0 − p2 )/Q
against Q yields a straight line whose slope is proportional to m and
whose intercept is proportional to µ. This formulation is the one used
by Swindells et al. Such a plot is sometimes called a Knibbs plot,
after KNIBBS (1895). The assumption that the entrance parameter
m defined by equation (2.44) is independent of Reynolds number in
some range of Re needs verification for both smooth and square-cut
entrances, since the parameters u
e, D, and ν define two lengths, D
and ν/e
u, together with their ratio Re.
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Finally, still for a single tube, multiplication of equation (2.47)
by ρQ yields
π 2 R4 (p0 − p2 ) = ρmQ2 + 8πµLQ .

(2.48)

The conclusion that the overall pressure drop should be the sum of
a term in Q (or u
e) and a term in Q2 (or u
e2 ) was noted by HAGEN
(but not by Poiseuille) and is probably the reason that the term
containing m is often referred to, not quite correctly, as a kineticenergy correction.
For the case of a circular tube, it is also possible to calculate
p0 − p01 in FIGURE 2.6 from first principles, given a suitable model
of the flow in the development region. By definition,
m=

(p0 − p01 )
(p0 − p1 ) + (p1 − p2 ) − (p01 − p2 )
=
.
ρe
u2
ρe
u2

(2.49)

Visualize an ideal entrance, for which the velocity profile at an initial
station x = 0 is uniform, with velocity u
e and pressure p1 that do not
depend on r. Assume frictionless acceleration from rest upstream of
this station. The Bernoulli equation then determines the first term
on the right in equation (2.49);
p0 − p1 =

1
ρe
u2 .
2

(2.50)

The middle term can be partially evaluated for laminar flow.
For steady axisymmetric laminar flow in the development region,
the equations of motion (see introduction) can be written, with
no boundary-layer approximation, as
∂ru ∂rv
+
=0 ;
∂x
∂r


 2

∂ruu ∂ruv
∂p
∂ u 1 ∂ ∂u
ρ
+
= −r
+ µr
+
r
.
∂x
∂r
∂x
∂x2 r ∂r ∂r

(2.51)
(2.52)

When both equations are integrated over a cross section of a tube of
constant diameter, the result can be reduced to a simple momentum
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integral,
d
dx

ZR
(ρuu + p)rdr + Rτd = 0 ,

(2.53)

0

where τd , the local viscous stress at the wall, is a function of x in the
development region (d for development).
Now integrate equation (2.53) from x = 0 to x = L. At x = 0
the flow is uniform, with velocity u
e and pressure p1 . At x = L, the
flow is fully developed. The static pressure p2 is then independent of
r, according to the laminar version of equation (2.2). The velocity
profile u(r) at x = L is the parabolic distribution (2.13), with uc
replaced by 2e
u. Integration of equation (2.53) gives
1
2
p1 − p2 = ρe
u2 +
3
R

ZL
τd dx .

(2.54)

0

Finally, consider a fictitious fully developed flow over the length L,
for which
p01

L
2
dp
= 2 τw =
− p2 = −L
dx
R
R

ZL
τw dx .

(2.55)

0

Substitution of equations (2.50), (2.54), and (2.55) in (2.49) yields
1 1
2
m= + +
2 3 R

ZL

(τd − τw )
dx .
ρe
u2

(2.56)

0

This formula is not commonly quoted. I have encountered it only in
the textbook by WHITE (1974, p. 336).
The numerous calculations mentioned in the previous SECTION 2.2.1 almost invariably assume that the flow is uniform at the
entrance station x = 0, so that equation (2.56) qualifies as a proper
definition for m. All that is then required from the calculation is the
quantity τd in the development region, although most authors have
chosen to report instead the pressure at the wall or the velocity on
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the axis. In equation (2.56), flow adjustment near the tube exit has
been ignored. There is evidence (where; cite refs) that this approximation is valid for Reynolds numbers greater than about 100,
on the empirical ground that a jet from a sharp-edged orifice into
a large reservoir of the same fluid comes to rest without significant
pressure recovery (ref ). Some commercial capillary-tube viscometers have a flared or rounded exit, and the exit pressure recovery
may be finite and sensitive to Reynolds number.
An experimenter might not concede that direct calculation of
m from equation (2.56) or some equivalent equation is either necessary or desirable. For a given entrance geometry, fluid, and flow rate,
m is a well-defined number. However, it is not necessarily the same
number for a tube with a square-cut entrance, common in viscometry at the standards level, as for a tube with a rounded entrance,
common in some commercial capillary-tube viscometers. The model
leading to equation (2.56) makes no distinction. It assumes that the
wall friction τd begins abruptly at x = 0 with an integrable singularity. For a smooth entrance it is likely, and for a sharp entrance it
is certain, that the boundary layer is not being described correctly.
In effect, the pressure p1 and the length L are legislated rather than
defined unambiguously by the geometry. Mention Hagenbach,
Wilberforce, Boussinesq, Swindells, Schiller on m.
Mickelson. There remains the empirical differentiation scheme
of equation (2.45), which does not involve p1 . Some nice measurements reported in the thesis by MICKELSON (1964) were designed
to exploit the simple empirical approach represented by this equation. Mickelson worked at a more than ordinary level of accuracy,
although not at the level of a standards laboratory. He measured
the total pressure drop between reservoirs for water flowing in ten
glass tubes having the same nominal diameter of 0.1 cm but different
values of L/D ranging from 15 to 510. The tubes had a square-cut
entrance and exit, so that L is well defined. The volume flow was
regulated by a positive-displacement gear pump whose noise level
and speed regulation are not described in detail. Most of the measurements described here were made at 30 ◦ C, and I have taken
the viscosity of water at this temperature to be 0.007975 poise (ref)
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Figure 2.7:
The raw friction data of MICKELSON (1964)
for ten capillary tubes of fixed diameter and various
lengths ranging from L/D = 15 to L/D = 510. The
fluid is water at 30 ◦C. The curve for turbulent flow
at the right is faired through Nikuradse’s data. Note
that transition is slightly delayed for the two longest
tubes.
rather than the value 0.008007 used by Mickelson. The calculations
that follow mostly reproduce Mickelson’s work, and my results are
in very good agreement with his.
bf L/D, which
Mickelson tabulated the global pressure difference C
bf as a function of Re, with L/D
he called fm . His raw data for C
as parameter, are shown in FIGURE 2.7. Because Mickelson was
interested in turbulent flow as a prototype problem for viscometric
studies of complex rheological fluids, he included measurements for
turbulent flow of water. These measurements will be discussed in the
next SECTION 2.2.3.
The differentiation of experimental data according to equation
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(2.45) is straightforward. The governing relationship is a combination of equation (2.44) with the ideal friction law (2.21);


bf − 16 L .
m=2 C
(2.57)
Re D
bf at a specified Re can be deFor each value of L/D, a value of C
termined by interpolation in FIGURE 2.7. For this purpose, I have
fitted parabolas to quartets of adjacent data points, two on each side
bf and Re represented by their logof the specified Re, with both C
arithms. The range of Re for which this operation can be carried
out for nine of the ten tubes is from 330 to 2020. A straight line is
bf L/D against L/D at constant Re, omitting
then fitted to a plot of C
any points for which L/DRe is less than 1/14. The resulting values
of the slope Cf and the intercept m inferred from equation (2.44)
are plotted for uniform increments in Re in FIGURES 2.8 and 2.9,
respectively. The range of L/D at any Re is required to be at least
2 to 1. This condition is met for Re from 400 to 1400. The laminar
friction coefficients differ from 16/Re by less than 0.3 percent, and
the values of m are sensibly independent of Reynolds number, with
a mean value of about
m = 1.22 .
(2.58)
The presumption that m is experimentally constant makes it possible
to take a global view of Mickelson’s laminar data. Suppose that the
parameter m in equation (2.44) is in fact independent of both L/D
and Re. Natural coordinates for determining m are then defined by
equation (2.57). The data are shown in FIGURE 2.10, where the
region of interest is the laminar plateau at the lower right. Note that
the independent variable L/DRe in equation (2.57) is the same one
appearing in equation (2.38), so that laminar flows that are not fully
developed (say flows with 14L/DRe less than unity) can readily be
excised from the plot at the left. Note also that, for long tubes at low
Reynolds numbers, m is a small difference between two large quantities. The expanding envelope on the right represents the effect on m
bf L/D. On the ground that it
of an uncertainty of 2 parts in 103 in C
is better to look for something where it is large rather than where it
is small, I have also excised values of 14L/DRe greater than 10. The
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Figure 2.8:
The ideal friction coefficient as
inferred by differentiation of Mickelson’s data. The
circles represent the slope of a fitted straight line
bf L/D against L/D for constant Re. The
in a plot of C
curve for turbulent flow at the right is faired through
Nikuradse’s data.
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Figure 2.9:
The laminar flow-development parameter m
as a function of Re for a square-cut entrance according
to Mickelson’s data. The open circles show twice the
bf L/D
intercept of a fitted straight line in a plot of C
against L/D for constant Re. In the laminar range, the
small filled circles are from equation (2.57).
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Figure 2.10:
Mickelson’s data from the previous
FIGURE 2.7, replotted according to equation (2.57).
The Reynolds number Re increases
from right to left.
•
The quantity m is defined by the flat laminar region at
the lower right.
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surviving data are plotted as small solid circles in FIGURE 2.9. In
principle, a single observation would suffice to determine m by this
method. In practice, the mean of 110 values is
m = 1.19 ,

(2.59)

with a dispersion of a few percent. There is no clear indication of
any dependence of m on Reynolds number.
One anomaly in these experiments was pointed out by Mickelson and is visible in FIGURE 2.7. The tubes of intermediate length
show essentially normal behavior in the transition regime, which lies
as expected in the range 2000 < Re < 2800 (see SECTION 2.3.1).
The two longest tubes do not. The reason is unknown.
The data in FIGURE 2.10 are consistent with the previous
estimate for the minimum length required to achieve a fully developed laminar flow in a pipe with a square-cut entrance; namely,
L/D = Re/14. At this condition the penalty paid for entry losses
amounts to about a third of the overall pressure drop. This topic is
developed further in SECTION X3 , where the subject is the use of
honeycombs for flow control and for measurement of flow rate.
This discussion of Mickelson’s work is out of chronological order, but is presented first because I consider this work to be the best
available evidence for the value of the laminar (or turbulent) parameter m. Theory must yield to experiment, at least for the case of a
square-cut entrance. In this context, two important papers from the
19th century are more typical in showing the early evolution of the
concept of viscosity and capillary viscometry.
Poiseuille. A paper on pipe flow of water by POISEUILLE
(1846) belongs on any short list of fundamental contributions to the
art of experimental fluid mechanics. This work was first reported
in three short notes in Comptes Rendus (1840a, 1840b, 1841). The
novelty and importance of the research caused the French academy
to appoint a committee to verify the methods and results and judge
their suitability for publication in full. The favorable report of this
committee was published twice in French and once in German (see
3

Reference unclear, possibly a section that was not completed.
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ARAGO et al. 1842, 1843a, 1843b), and Poiseuille’s full paper followed in due course in Mémoires Présentés par Divers Savants. After
a lapse of almost a century, the latter paper was translated into English at the instance of a distinguished rheologist, E.C. Bingham,
who added some critical notes. The tabulated data had earlier been
reprinted by BINGHAM as Appendix D of his monograph Fluidity
and Plasticity (1922), and some typographical errors in this appendix
were later corrected by BINGHAM (1930).
A short account of Poiseuille’s life and work, with emphasis on
the paper of 1846, can be found in a recent appreciation by SUTERA
and SKALAK (1993). Poiseuille was a physician interested in the
flow of blood, especially in vessels of capillary dimension. He attempted some measurements in vivo, but concluded that controlled
experiments would be required to formulate the laws governing blood
flow, and turned to experiments with water in glass tubing of very
small inside diameter, as small as 14 µm.
Poiseuille attacked the problem with an admirable combination of skill and luck. Knowing nothing of the concept of streamline
flow, he was comfortable with a square-cut entrance. Consequently,
the length of his tubes, except for the shortest ones, was well defined. Moreover, the method of construction of his glass apparatus
required him to decrease the length of his tubes by removing successive downstream portions, leaving the entrance geometry unchanged.
An experimenter today might well adopt the same strategy by design.
Poiseuille determined systematically that the flow rate in many
of his tubes was directly proportional to the pressure drop and to
the fourth power of the diameter, and inversely proportional to the
length; thus
Q = K 00

h D4
.
L

(2.60)

The units of Q in equation (2.60) are mm3 / sec. The overall pressure
drop h (called P by Poiseuille) is in mm Hg, and L and D are in mm.
The units of K 00 are then (sec · mm Hg)−1 . For a fixed temperature
of 10 ◦C, Poiseuille reported the average value of the dimensional
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constant K 00 for a variety of experiments as
K 00 = 2495.224 ,

(2.61)

in which the first four digits may be significant. When the lengths
in Q, h, L, and D are all expressed in cm, and the pressure drop
is written as 4p = ρm gh, where ρm is the density of the manometer fluid and g is the acceleration of gravity, Poiseuille’s empirical
equation (2.60) becomes (clear up signs)
Q = 10K 00

D4 4p
.
ρm g L

(2.62)

Comparison with the theoretical equation (2.18) derived in SECTION 2.1.2,
π D4 dp
Q=
,
(2.63)
128µ dx
shows that Poiseuille was dealing with the combination
K 00 =

πρm g
,
1280µ

(2.64)

under the implicit assumption that entrance effects were negligible;
i.e., that ∆p/L could be identified with dp/dx. The values quoted by
Poiseuille for g and ρm are g = 980.8 cm/sec2 at the latitude of Paris
and ρm = 13.57 gm/cm3 for mercury at a manometer temperature
of 11.5 ◦C. Consequently, his numerical result (2.61) is equivalent to
µ = 0.01309

gm
.
cm sec

(2.65)

The unit used for this quantity in the CGS system has come to
be called the poise, following a suggestion by DEELEY and PARR
(1913). The accepted value today for water at 10 ◦C is 0.01307 poise.
Poiseuille also obtained data for viscosity at other temperatures between 0 ◦C and 45 ◦C, with errors never larger than one percent.
Poiseuille was intuitively aware of the entrance effect, although
he had no way to define it quantitatively. The main sequence of his
experiments consists of 34 tables for six tubes of different diameters,
each of which was progressively shortened as the work proceeded. He
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separated these results into a first series, for which the pressure drop
was found to be very nearly inversely proportional to flow time for
a fixed flow volume, as in equation (2.60), and a second series that
showed a more complex behavior. The two series are plotted separately in the two upper curves in FIGURE 2.11. Poiseuille did not
attempt to explain the difference in behavior, although he did note
that most of the data of the second series were associated with short
tubes at high flow rates. A brief inspection of the tables confirms
that development of the parabolic profile in these tubes probably did
in fact occupy a large fraction, up to and exceeding the whole, of the
tube length.
Recall the entrance parameter m defined by equation (2.57)
above, for which a numerical value m = 1.19 (assumed to be independent of Reynolds number) was extracted from Mickelson’s data
in FIGURE 2.9 of SECTION 2.2.2. For a square-cut entrance,


16 L
b
m = 2 Cf −
,
(2.66)
Re D
bf is an empirical friction coefficient that distributes the total
where C
pressure drop uniformly over the length of the pipe. The ideal friction
coefficient Cf has been replaced by 16/Re. Rearrangement of this
equation gives


Re D
b
Cf Re = 16 + 8m
.
(2.67)
16 L
This form applies as long as the quantity in parenthesis is less than
unity; i.e., as long as the parabolic profile is established somewhere
within the pipe.4 One is use of the precise theoretical laminar friction law, Cf Re = 16. The other is use of the approximate empirical
condition L/Re D ≥ 0.06, which I take as L/Re D ≥ 1/14, for the
parabolic profile to be fully developed. With this proviso, the cor4
A sentence at this point in the 1997 draft read, ”Note that the number 16 appears in these formulas, by deliberate coincidence, in two different ways.” Author
evidently removed the sentence after recalculating equation 2.38 in Section 2.2.1
and revising the approximate value from 1/16 (0.06) to 1/14 (0.07). He revised
the result where he employed it in the discussion after equation (2.57), but not
here. We leave it to the reader to revise what follows.
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Figure 2.11:
A modern representation of POISEUILLE’s
data (1846) for flow in capillary tubes. Note the
displaced scales. The first series is suitable for
determining the viscosity. The second series in
uncorrected form is not. The lowest display shows the
second series after a correction for flow development.
The residual scatter here may be caused by inaccurate
measurement of tube length.
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rection (2.44) for entrance effect is accurate as long as
bf Re ≤ 16 + 8m .
C

(2.68)

bf Re ≤ 25.5 .
C

(2.69)

For m = 1.19, this is
The equality in this equation defines the dotted line near the middle
curve in FIGURE 2.11. Below this line, the original data of the
second series are shown by open circles; above the line, by filled
circles. The ideal or corrected value of the friction coefficient for
bf ;
fixed L/D is obtained by subtracting a constant from C
bf − m D .
Cf = C
2 L

(2.70)

When this correction with m = 1.19 is applied to all of the data
of the middle curve in FIGURE 2.11, the result is as shown in the
bottom curve. The symbols are the same.
Poiseuille’s data show no obvious effect of transition, and leave
open the question of the possible dependence of m on Re. Each of his
tables for the first series and the (corrected) second series generates a
line with the proper slope of −1 in logarithmic coordinates, but with
a constant that varies more or less randomly from the ideal value of
16 for the product Cf Re, sometimes by several percent or more. This
observation implies that one of the two fixed parameters for such a
line (L, D) must have been incorrectly measured. My candidate is L,
mostly because the problem worsens in the second series, where L is
small. The extreme case is a run with very small and uncertain length
and moderate Reynolds numbers, a run that another author might
have discarded. My comments are consistent with the conclusion
by several authors that Poiseuille’s data are not sharp enough to
determine m accurately, although they are sharp enough to benefit
from a correction. At the other extreme of accuracy, the evidence
shows that Poiseuille succeeded in measuring the diameter of his
tubes to an accuracy comparable to the wave length of visible light.
He refers to the instrument he used as a camera lucida. After finding
a description of this device in an old encyclopedia, I understand why
the French committee was impressed.
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I have a mild reservation about the lack of scatter in the table
in Poiseuille’s section 130. The seven numbers listed for K 00 are each
traceable to a single measurement, whose flow volume was recalculated to correspond to standard values for pressure drop (775 mm Hg),
tube length (25 mm), and flow duration (500 sec). The adjustment
was carried out in terms of proportionalities, which Poiseuille referred to as laws. Constants of proportionality did not appear, and
no statistical measures were used except in the final average for K 00 .
A different choice for the selected single measurements out of the
dozens available would almost certainly increase the scatter in K 00 .
This criticism aside, I think that the skill and insight demonstrated by Poiseuille transcend his exaggerations as to accuracy. The
execution and interpretation of the measurements are remarkable,
considering the state of the fluid-mechanical art at the time. In 1840
there was no precedent for expecting or requiring integer exponents
in what amounts to a dimensional statement. In fact, there was no
precedent for dimensional statements. Even a name for the hypothetical fluid property at issue, the viscosity, was lacking. Moreover,
Poiseuille worked completely outside the small establishment dedicated to the activity that we now call basic research.
Finally, one remark is needed about priority for the empirical
equation (2.62) and the theoretical equation (2.63). In the literature, the theoretical equation is sometimes erroneously attributed
to Poiseuille. In fact, this integral of the equations of motion was
published some years later by at least six authors, (check Hagen),
WIEDEMANN (1856)
HAGENBACH (1860)
HELMHOLTZ (1860)

JACOBSON (1860)
STEFAN (1862)
MATHIEU (1863)

among whom Jacobson attributes the result to unpublished notes
by Neumann. Together, these writers probably hold the record for
number of authors arriving independently and almost simultaneously
at a single theoretical result.
Both NAVIER (1823) and STOKES (1849) in their original
papers considered pipe flow as a problem suitable for application
of the new equations of motion for a viscous fluid. Navier’s result
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contained a wrong exponent, with Q varying like D3 rather than like
D4 . This discrepancy was noted by Poiseuille, who did not attempt
to revise Navier’s analysis. Stokes derived the parabolic profile, but
did not calculate the flow rate because at the time he had reservations
about the no-slip condition. If he had known of Poiseuille’s work,
published in final form three years earlier, these reservations surely
would never have arisen.
(DISCUSS HAGEN 1839, 1854)
Need paragraphs on pipe flow of air with something about
Millikan oil-drop experiment, Maxwell’s result.
As L/D → 0, a tube with square-cut entrance and exit becomes an orifice, and it can be expected that the flow will become
independent of L/D provided that the reservoirs are very large, with
flat walls and thin boundary layers near the orifice (not pipe flow).
Data in the transition region for L/D were published by Kreith and
Eisenstadt. These data are very ragged, and I think that the orifice
diameters were not under good control. The data for their test rigs
1, 2, 3, nominally identical, differ by 30 percent. The quantity called
ef L/D becomes a pressure coefficient Cp .
C
For other data see
BOND (1921)
ZUCROW (1929)
LINDEN and OTHMER (1949)
KLINE and SHAPIRO (1953)
SHAPIRO et al. (1954)
IVERSON (1956)
CAMPBELL and SLATTERY (1963)
MICKELSON (1964)
EMORY and CHEN (1968)
LEW and FUNG (1968)
BENDER (1969)
FARGIE and MARTIN (1971)
MOHANTY and ASTHANA (1979)
As the tube becomes shorter, the first observable effect is that
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the parabolic profile is not achieved, and the pressure gradient is everywhere larger than the fully developed value. For short enough
tubes, the reattachment region becomes involved with the exit flow.
(This is not a practical problem, except that it prevents getting the
bubble length from the pressure drop.) Finally, reattachment does
not occur at all, and the flow shows a vena contracta, unless Re is
of order unity or less. (Include drag of perforated plate?)

2.2.3

Turbulent flow

Mickelson also observed turbulent flow in his tubes, as already shown
in FIGURE 2.7. The empirical differentiation scheme leading to
equation (2.45) is equally useful for the case of developed turbulent
flow, although the ideal friction law is not known a priori . Mickelson’s data for turbulent flow are included in FIGURE 2.9 and FIGURE 2.8 for 4000 < Re < 10000. The value of m appears to be
close to 0.80 for a square-cut entrance. (Check other sources;
see Bingham p 18.) The accuracy imputed to Mickelson’s data
for laminar flow is a fraction of one percent. If the same accuracy
can be imputed to the data for turbulent flow, and I believe that
it can, in spite of the small diameters involved, these measurements
can be taken as definitive for fully developed turbulent pipe flow in
the specified Reynolds-number range.
Estimates of required development length for turbulent pipe
flow play an important part in the design of test facilities in which
the flow is intended to achieve classical turbulent equilibrium. If intermittent turbulence is to be avoided (see SECTION 2.3.1), the
Reynolds numbers of interest are larger than about 3000. FIGURES 2.12 and 2.13 show, in terms of evolution of centerline velocity,
two modes of development. On the one hand, in FIGURE 2.12 the
entrance flow is moderately quiet, and laminar boundary layers develop in the normal way. However, disturbances, although small,
are large enough to cause transition in the boundary layer, which
then grows rapidly because of enhanced mixing. The centerline velocity can decrease locally near transition because the displacement
thickness decreases while the momentum thickness continues to in-
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Figure 2.12:
Typical experimental results for
turbulent flow development in a smooth pipe when
transition occurs in the boundary layer well downstream,
near the peak in the curve of uc against x. The
turbulent asymptotic limit for uc /e
u depends on Reynolds
number and is here approached from above.
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Figure 2.13:
Typical experimental results for
turbulent flow development in a smooth pipe when
transition occurs in the boundary layer very close to
the entry. The turbulent asymptotic limit for uc /e
u
depends on Reynolds number and is approached from below.
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crease. On the other hand, in FIGURE 2.13 the entrance flow is
deliberately made noisy, by one means or another. The boundary
layer becomes turbulent quickly, and the centerline velocity then approaches an equilibrium value from below, as in laminar flow. At
Re = 100, 000, for example, the boundary layer can be turbulent one
diameter from the entrance. In either figure, the equilibrium value of
uc /e
u depends on Reynolds number, according to experience reviewed
in SECTION X.5
Studies of turbulent flow development include
BROOKS et al. (1943)
DEISSLER (1950)
BARNES (1952)
BRENKERT (1954)
BARBIN and JONES (1963)
WILLIAMS (1969)
RICHMAN and AZAD (1973)
SHARAN (1974)
WANG and TULLIS (1974)
WEIR et al. (1974)
REICHERT and AZAD (1976)
UEMURA and IMAICHI (1977, 3G)
LAWS et al. (1979)
KLEIN (1981)
Variables on the axis include uc and u0 u0 . Variables at the
wall include Cf and p.
Finally, there is the obvious advantage of a square-cut entrance
as a standard tripping device. The flow near a square-cut entrance
will be marked by a separation bubble and by Kelvin-Helmholz instability of the associated inflected profile. (Cite Schiller.) Radial pressure gradients near the reattachment point may mean for very short
pipes that flow adjustment near the exit should not be neglected.
For data, see
5

Unclear reference, possibly a section not completed.
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SCHILLER (1922)
KIRSTEN (1927)
DEISSLER (1950)
BARBIN and JONES (1963)
BRIGHTON (1965)
SHARAN (1972)
WANG and TULLIS (1974)
POZZORINI (1976)
REICHERT and AZAD (1976)
HANKS et al. (1979)
LAWS et al. (1979)
KLEIN (1981)
Protocol for estimating required development length for turbulent pipe flow. Produce two log-log plots of x/D against Re, one each
for quiet and noisy entrance flow. Use different symbols for flows that
pass or fail.
(1) If τ is linear in r, flow passes. See Kjellstrom and Hedberg,
Brighton, Bourke et al, Barbin and Jones, Patel, Sharan, Wygnanski
and Champagne, Wichner, Gessner, Bremhorst and Walker, Chen
and Robertson, Brookshire, Powe and Townes, Schildknecht et al.
(2) If uc /e
u is normal, flow passes. See Weir et al, Reichert and
Azad, Deissler, Wang and Tullis, Laws et al, Brenkert. For normal
values, see Rotta, Senecal and Rothfus, Patel and Head, Morrow,
Clark, Nikuradse, and all profile data.
(3) If u0 /e
u on centerline is normal, flow passes. See Pennell
et al and all data on Reynolds stresses.
(4) If uc /uτ is normal, flow passes. Similar to (2), but requires
Cf to be normal also. See discussion in section on friction coefficient
and value of Karman’s κ.

2.3. TRANSITION

2.3
2.3.1

103

Transition
Intermittency

All classical flows pass through a transition from laminar to turbulent flow as the Reynolds number increases. However, transition
processes, like similarity rules, are very different from one classical
flow to another. In most cases, nature does not provide a continuum
of flow states that evolve gradually from a recognizably laminar flow
at one transition boundary to a recognizably turbulent flow at the
other. It is more common to find autonomous regions of laminar
and turbulent flow that are separated by irregular but well defined
interfaces. The local state of such flows at any point in space and
time is usually described by a binary number γ(t), called the intermittency, that takes the values γ = 0 if the flow is laminar and γ = 1
if the flow is turbulent. Methods for classifying the state as laminar
or turbulent will be taken up in the next section. The mean value γ,
usually averaged over time or ensemble, will be called the intermittency factor. For the purposes of this monograph, the intermittency
factor can be interpreted as the fraction of time that the flow at a
fixed point spends in the turbulent state.
There is ample experimental, analytical, and numerical evidence that fully developed laminar pipe flow is unconditionally stable for Reynolds numbers Re = u
eD/ν below about 2000. No matter
how disturbed the initial state of the flow may be, the state far
downstream relaxes to the laminar parabolic profile. For Reynolds
numbers above about 2800, an initial disturbed state leads eventually
to continuous turbulence that is usually assumed to be homogeneous
in the flow direction, although this assumption may not have been
sufficiently tested. In an intermediate range of Reynolds numbers,
2000 < Re < 2800, transition far downstream from a noisy entrance
takes the form of alternating regions of laminar and turbulent fluid
moving down the pipe.
Experimental observations of intermittency in pipe flow began
very early. REYNOLDS (1883), using a dye filament for flow visualization, described intermittent dispersion of the dye filament by rapid
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local mixing. HAGEN (1854) and COUETTE (1890) independently
noted large fluctuations in the trajectory of a water jet emerging
horizontally from a square-cut pipe exit into air. These fluctuations
occurred only for a small range of flow rates and were accompanied
by changes in the appearance of the jet surface (“glassy,” “frosty”).
The explanation is easier today than it was a century ago. Under
the action of gravity, the trajectory of the exit jet in free fall from
a horizontal pipe is very nearly a parabola. For a fixed volume flux,
the momentum flux is greater by a factor 4/3 when the exit velocity
profile is parabolic than when the exit velocity profile is uniform (as
an approximation to a turbulent exit profile). The experiment is best
carried out with a long pipe of small enough diameter so that surface
tension forces are relatively large, although not large enough to cause
early breakup of the jet. Otherwise, slow fluid near the outside of the
initial free jet may fall away before it can be accelerated by internal
viscous forces. This latter phenomenon is visible in some scenes in
the educational motion picture by STEWART (1969).
After an interval during which the range of Reynolds numbers
for transition was well established by measurements of mean flow
rate and mean pressure drop, the behavior of the exit jet in transition was revisited by SACKMANN (1947–1954) in a series of short
papers in Comptes Rendus. These papers have little structure or content beyond the content of FIGURE 2.14, which is taken from the
paper of 1954. I believe that the images are analytical versions of jet
trajectories derived from motion-picture frames for the transitions
laminar → turbulent and turbulent → laminar. There is a dramatic
difference between the slow transition at the leading or downstream
edge of a turbulent region and the rapid transition at the trailing or
upstream edge.
Two major contributions to the subject of transition in pipe
flow were published almost simultaneously by ROTTA (1956) and
LINDGREN (1957). Lindgren worked in water; Rotta worked in
both water and air. Both investigators used a highly disturbed entry.
Both analyzed recorded analog signals manually to observe the relaxation of the flow to an intermittent state. Two quantities that are
relatively easily measured by ignoring details of shape are the global
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Figure 2.14:
Two photographic sequences of
instantaneous exit-jet trajectories according to
SACKMANN (1954) for pipe flow in the transition range.
The upper and lower pictures correspond to passage of
the leading and trailing edges of a puff.
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intermittency factor γ (now averaged over pipe cross section as well
as time) and the dimensionless intermittency frequency f D/e
u, where
f is the rate of alternation between laminar and turbulent flow.
Lindgren used a transparent pipe and an optical probe based
on the phenomenon of streaming birefringence, which rotates the
plane of polarization of an incident polarized light beam according
to the local rate of strain in the fluid. His chemical solutions were
corrosive and were not Newtonian except at small concentrations.
Lindgren’s paper shows that relaxation can involve the emergence
of laminar regions from an initially fully turbulent flow. It is this
laminar flow, rather than the turbulent flow, that demands to be
explained in terms of pressure drop or flow rate. FIGURE X6 shows
passage of a turbulent region, now called a puff, in Lindgren’s tube.
Rotta measured the global intermittency for flow of water by
the exit-jet technique. He collected the water in the jet in two calibrated containers, using a double funnel. One container captured the
fluid having a long or laminar trajectory, and the other captured the
fluid having a short or turbulent trajectory. The two together captured the total volume flow rate Q. The intermittency frequency was
determined visually. One possible source of scatter in such measurements is apparent on considering the exit-jet traces in FIGURE 2.14.
As these traces cross the line L-T , which can be visualized as the top
of a double-funnel receiver, it is sensible to have the septum always
close to the laminar position. That is, the best discriminant in intermittency measurements by this method is not the transition laminar/turbulent, which is not always well defined, but the transition
laminar/non-laminar.
The intermittency data of Rotta and Lindgren are shown in
FIGURES 2.15 and 2.16, together with other measurements of γ
and/or f D/e
u by
MORROW (1905)
BINNIE and FOWLER (1947)
MATTIOLI and ZITO (1960)
6

Apparently this was to be a figure number from Lindgren’s paper.
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Figure 2.15:
The mean intermittency γ for pipe
flow with highly disturbed entry. The data are from
various sources, using the exit-jet method, streaming
birefringence, hot-wire anemometry, or laser-Doppler
velocimetry (figure 1 of COLES 1962)

Figure 2.16:
The intermittency frequency f D/e
u
for pipe flow with highly disturbed entry. The data
are from various sources, using the exit-jet method,
streaming birefringence, hot-wire anemometry, or
laser-Doppler velocimetry (figure 3 of COLES 1962)
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COLES (1962)
VALLERANI (1964)
GILBRECH and HALE (1965)
YELLIN (1966)
CASTRO and SQUIRE (1967)
OHARA (1968)
PATEL and HEAD (1969)
STERN (1970)
WYGNANSKI and CHAMPAGNE (1973)
CLAMEN and MINTON (1977)
RAMAPRIAN and TU (1979)
STETTLER and HUSSAIN (1986)
The transition range 2000 < Re < 2800 can be picked out clearly.
Some of the scatter in these figures may be traceable to insufficient
pipe length or to poor control of temperature. With better control,
it is conceivable that such measurements could provide an acceptable
means for measuring viscosity.
The terms “noisy entrance flow” and “far downstream” may
need clarification. The work of several investigators (refer to Schiller, Prandtl) suggests that flow separation at a square-cut entrance
is a sufficient but not excessive disturbance, capable of causing transition in the range of Re just defined. If stronger initial turbulence is
desired, various axisymmetric geometries can be used as variations
on the square-cut entry. These include an orifice plate, a step increase in diameter, and a bluff central body. All of these geometries
involve separated flow and free shear layers that rapidly undergo
transition, filling the pipe with turbulence near the entrance if it is
not already full. The first measurements of the distance required
for such a noisy flow to relax to an equilibrium intermittent state
were made by Rotta. This distance can be 500 diameters or more,
depending on the Reynolds number. It is important, for the sake
of statistical security, to have a large number of alternations within
the pipe. If the flow rate is independently regulated, then a given
pipe is longest at about Re = 2400. Rotta was not certain about the
final state of his flows far downstream, and may have supposed that
this state would always be either fully laminar or fully turbulent.
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To test this point, I once caused some double-funnel measurements
to be made for water in a pipe 9500 diameters long (D = 0.2 cm,
L = 1900 cm). The data were obtained by students as a laboratory
project, and the students were a little careless about temperature
and thus Reynolds number. The original data have been lent and
lost. However, the results were reported in a survey paper (COLES
1962) and showed γ increasing from 0 to 1 in the standard range
of Re from 2000 to 2800. The data are included in FIGURE 2.15.
For practical purposes, I consider 9500 diameters to be infinity, and
I am quite satisfied that the final equilibrium state in the transition
regime is a statistically steady state of intermittent turbulence.

2.3.2

Methods of measurement

The exit-jet phenomenon is peculiar to pipe flow and perhaps to
channel flow. Other experimental techniques for measuring intermittency have been developed for other shear flows, and a short
digression to describe these techniques is in order. (Cite Hedley
and Keffer 1974 and Narasimha 1985.) The classification of a
flow as locally laminar or turbulent is always somewhat subjective,
but different observers using different signals and different methods
tend to obtain similar results. In my experience, the most useful and
reliable criterion for classifying a flow as turbulent is the presence
of fluctuations at high frequencies, since such fluctuations will decay
and disappear if they are not being continuously supplied with fresh
energy through a hypothetical cascade mechanism. This observation
explains why intermittency measurements did not become routine
until after the development of instruments capable of detecting and
recording turbulent fluctuations.
The property of intermittency near free edges of turbulent
shear flows was first noted explicitly by CORRSIN (1943) for the
case of a round jet, although it has always been an obvious feature
of clouds and of smoke plumes from chimneys and open fires, and
also appears in photographs of projectile wakes going back to the
work of MACH (18xx) (check). I have consulted several colleagues
in an effort to determine why the phenomenon of intermittency was
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not followed up at Caltech. The reason seems to be that Karman
at the time considered it to be of secondary importance compared
to the rapid emergence of transonic flow as a demanding new field
of aerodynamics. Corrsin did return to the problem later at Johns
Hopkins (CORRSIN and KISTLER 1954), although in the meantime
the topic was preempted when the first quantitative measurements
of intermittency were made in a plane far wake by TOWNSEND
(1956).
Townsend’s method was indirect and almost intuitive. Consider a fluctuating signal eo (t) having zero mean in a homogeneous
turbulent flow. Townsend, for example, took eo = ∂u/∂t, as measured by a hot-wire probe and processed by analog vacuum-tube
circuitry. Let ei (t) be the same signal in an intermittently turbulent
flow (i for intermittent). The flatness factors for eo and ei are defined
formally by
F (eo ) =

e4o
( e2o )2

,

F (ei ) =

e4i
( e2i )2

,

(2.71)

where the overbar indicates a mean value. The crucial assumption
of the technique is that ei (t) is related to eo (t) by an on-off operator
γ(t), with γ = 0 or 1 and
e2i = (γeo )2 = γ e2o ,

e4i = (γeo )4 = γ e4o .

(2.72)

1
F (eo ) ,
γ

(2.73)

Consequently,
F (ei ) =
and
γ=

γ e4o
γ2

( e2o )2

F (eo )
.
F (ei )

=

(2.74)

The required reference flatness factor F (eo ) can be measured in a
fully turbulent region of the same flow, or simply approximated by
the value F = 3 appropriate to a Gaussian variable.
Many experimenters, beginning with TOWNSEND in a later
paper (1949), have developed methods for classification of an inhomogeneous flow as laminar or turbulent by using various kinds of analog
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(later digital) signal processing. By now there are almost as many
methods for determining intermittency as there are experimenters.
Typically, a continuous analog signal from a hot wire, say, is differentiated at least once with respect to time. The resulting signal is
bandpass filtered to further emphasize high frequencies, rectified, and
fed into a trigger circuit with an adjustable threshold level. The irregular output pulse train can be fed to an averaging or smoothing circuit
(later a retriggerable one-shot whose output remains high whenever
the time interval between input pulses is less than the pulse width of
the one-shot). (The output of the intermittency circuit is a binary
bit that was often recorded in my work as the least significant bit of
digital data samples of the same analog signal.) The circuit parameters (pass band, threshold level, decay time or one-shot pulse width)
can be adjusted until the intermittency output consistently confirms
a subjective judgment that turbulence is intermittently present or absent in a variety of hot-wire signals typical of the actual experiment.
This scheme, applied to each wire of a 24-wire rake, was used by
SAVAS and COLES (1985) to map the development of turbulent regions in the outer part of a turbulent boundary layer. (Also Laufer
and Kaplan?)
A different kind of discrimination can be carried out numerically for a uniformly spaced time series, say u(t). This scheme has
the advantage that it can readily be applied after the fact to any data
stream for which a suitable time series exists, including data from
computer simulations. Consider a least-squares fit of a straight line
to three successive data points in such a series, as displayed in FIGURE 2.17. The fitted line turns out to be parallel to a line through
the first and third points. The rms deviation of the three points from
the fitted line is
| u1 − 2u2 + u3 |
√
=
(2.75)
6
The intermittency is set to unity or zero for the center point according to whether  is above or below a chosen threshold. This
threshold should be well above the noise level and well below the
typical sample-to-sample excursion of the signal in regions that are
believed to be turbulent. The time interval between points can also
be varied by taking every second, third . . . point, as long as the signal
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Figure 2.17:
A least-squares fit to three successive
points of a uniformly spaced time series for a variable
u(t).

contains appreciable turbulent energy. In my experience it has usually been possible to choose the two parameters of the method, the
sampling frequency and the threshold level, so that γ is not sensitive
to either. The resulting time series of ones and zeros can be edited as
many times as desired by assigning to each point the value belonging
to a majority of points in a group of 3, 5, . . . symmetrically placed
points.
Several writers since Townsend have proposed as a first approximation an on-off transition model. That is, intermittent pipe
flow should be viewed as a quite literal alternation between fully developed laminar and turbulent regimes. By observing the DC and
low-frequency components of a hot-wire signal in a flow of air at
R = 2550, ROTTA (1956) found that the axial velocity at a fixed
point fluctuated between two values characteristic of laminar and
turbulent flow respectively. These values are shown in FIGURE 2.18
together with the mean profile indicated in the same flow by a heavily damped pitot tube. Although neither of the momentary profiles
yields the correct mass flow, which was independently measured by
means of a downstream sonic orifice, the momentary state of the flow
seems always to be close to one limiting profile or the other. Support-
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Figure 2.18:
Rotta’s decomposition of a measured pipe
profile in the transition regime according to the on-off
model. The laminar and turbulent profiles do not have
quite the correct volume flow rate.
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ing evidence for this conclusion can also be drawn from Lindgren’s
work. The pressure records in figures 5.9 and 5.10 of his 1957 paper allow an estimate of the local axial pressure gradient inside a
relatively long turbulent plug. At both Reynolds numbers studied
(3180 and 3480), this pressure gradient is about 1.9 times that in the
intervening laminar intervals, while the ratio of commonly accepted
friction coefficients for fully developed turbulent and laminar flow at
these Reynolds numbers is about 2.0. However, a strong objection to
the on-off model can be made on the ground that the model requires
the properties of a fully turbulent flow to be defined under conditions
where a fully turbulent flow cannot be observed experimentally, and
so I do not recommend it.
The concept of intermittency need not be limited to flows with
visible interfaces. It can also be invoked in flows that are approximately homogeneous, since these flows may consist internally of regions where the energy at high frequencies is widely variable. Such
regions were first detected experimentally in the turbulent boundary
layer, using analog pass-band methods, in a neglected study by SANDBORN (19xx). A related generalization by KOLMOGOROV (1962)
of his 1941 inertial theory of turbulence took into account intermittent internal dissipation. These developments may also be connected
to the experimental distinction made by BRADSHAW (19xx) (and
others) between active and passive regions in turbulent flow. The
connection, if any, with coherent structure has so far not been established. Internal intermittency, like many other topics in turbulence,
is an answer for which the question is not known.

2.3.3

The puff and the plug

The consensus of the frequency measurements in FIGURE 2.16 is
that the frequency f D/e
u in pipe flow has a maximum value of about
0.025 at about Re = 2400, where the celerity is about 0.9 u
e (see
FIGURE 2.24 below). The average interval between turbulent regions is thus about 35 diameters. Given an intermittency factor of
0.45, this interval can be divided into lengths of about 20 D and
15 D, respectively, for laminar and turbulent regions. According to
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measurements by ROTTA (1956) and VALLERANI (1964), shown
in FIGURE 2.19, the flow at the exit of a very long pipe for Re
between 2000 and 2400 tends to consist of standard regions of turbulent flow about 15 diameters long, separated by non-standard regions
of laminar flow ranging upward in length from about 20 diameters.
For Re between 2400 and 2800, the flow tends to consist of standard
regions of laminar flow about 10 diameters long, separated by nonstandard regions of turbulent flow ranging upward in length from
about 15 diameters.
A colorful collection of names has been proposed for the two
kinds of turbulence; flash, plug, spot, puff, slug (I do not know the
usage in other languages than English). WYGNANSKI and CHAMPAGNE (1973) call the turbulent structure within the transition
range a puff, and the structure above the transition range a slug.
They make the distinction strictly in terms of origin; disturbed entry for the puff, boundary-layer instability for the slug. A distinction
is certainly desirable, but I do not think it ought to involve the conditions of origin. I prefer a distinction in terms of the operational
properties of the two kinds of structures, taking into account the welldocumented change in behaviour near Re = 2400. I propose to call
the structures puff and plug, respectively, partly for the sake of (a)
alliteration and (b) ease of translation. The term puff always means
the structure that is at home in the range of Reynolds numbers from
2000 to 2400. The term plug refers to higher Reynolds numbers. The
term slug includes both. The only new feature in equilibrium flow at
higher Reynolds numbers is the disappearance of laminar regions by
about Re = 2800, a disappearance that probably occurs gradually
and may mean only that relatively quiet regions are being classified
as turbulent rather than laminar. To resolve this question, it would
be useful to have flatness factors for turbulent fluctuations on the
pipe axis through the transition range and beyond. In all of these
estimates, the most uncertain quantity is the intermittency factor
itself, because the leading interface is not well defined in the lower
transition region, and in any event the interfaces are not plane. The
term “length” is therefore used very loosely.
The puff has a characteristic velocity signature, apparently first
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Figure 2.19:
The average duration of laminar and
turbulent intervals far downstream in the transition
regime of pipe flow with highly disturbed entry.
(Figure of COLES (19xx)). The data are from ROTTA
(1956) and VALLERANI (1964).
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Figure 2.20:
Some velocity signatures obtained by
BREUER (1985) on the centerline of a pipe flow, showing
several stages of the splitting process at Re ∼ 2400.
The traces are from different realizations of the
splitting phenomenon.

recorded by BOND (1931) in water with the aid of a sensitive mechanical galvanometer whose mirror was mounted on a flake of mica
deflected by the exit jet. A more recent hot-wire signature is shown
as the top trace in FIGURE 2.20. A fixed probe shows the velocity on the centerline decreasing rather slowly as a function of time
as the puff approaches, and then increasing abruptly. The length
of pipe involved is about 15 diameters. (Discuss Meseth, figure
3.) Mean streamlines have been mapped in a nice experiment by
WYGNANSKI, SOKOLOV, and FRIEDMAN (1975) for an ensemble of artificially generated puffs at Re = 2230 (a value chosen to
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Figure 2.21:
Topology of the mean flow in a turbulent
puff at Re = 2230, after WYGNANSKI et al. (1975). The
observer is moving at the celerity of the structure, so
that mean particle paths coincide with mean streamlines.
The two coordinates have equal scales.

minimize effects of splitting), as shown in FIGURE 2.21. The mean
flow is steady in a coordinate system moving downstream with a
velocity of about 0.90 u
e to 0.95 u
e. The value used to construct the
figure is not stated, but may be u
e itself. The puff has a long, rather
vaguely defined nose of decaying low-frequency turbulence at the
right that is visible in photographs (LINDGREN 1959; MATTIOLI
and ZITO 1960; YELLIN 1966; WYGNANSKI and CHAMPAGNE
1973; BANDYOPADHYAY 1986) (but is missing in the present figure because the interface is represented by the locus of a relatively
high fluctuation level (u0 /e
u = 0.10 in figure 12d of Wygnanski et al.
1975)).
It is a common practice in presenting structural models such
as the one in FIGURE 2.21 to stretch the coordinate normal to the
general flow. I have come to deplore this practice, although I have
used it more than once, and I will try to avoid it in this monograph.
Because of its stability and reproducibility, the puff is a plausible
candidate for standard coherent structure in pipe flow. FIGURE 2.21
suggests that the puff as structure is a vortex ring, a property that
I missed completely in my contribution to the 1961 colloquium in
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Figure 2.22:
My original (top) and revised (bottom)
cartoons suggesting the topology of a turbulent puff.
The top cartoon is from COLES (1962).

Marseille (COLES 1962). That contribution included the cartoon
shown in the upper half of FIGURE 2.22. The basis for this figure
was a strictly kinematic use of Rotta’s laminar and turbulent profiles.
In a coordinate system moving with the puff velocity c (c for celerity),
the mean flow far downstream can be taken as steady, and an axiallysymmetric stream function can be computed for the two limiting
profiles in FIGURE 2.18; i.e. for the solid and dashed lines. The
resulting mean streamlines, which are the same as the mean particle
paths, must have the topology shown schematically in the lower part
of FIGURE 2.22. Near the wall, which is now moving to the left
at the velocity c, fluid enters the puff at the nose and leaves at the
tail. Near the centerline the situation is reversed; fluid enters at the
tail and leaves at the nose (with a relative velocity in both cases of
about 1.2 c), meanwhile slowing down inside (to about 0.6 c). There
is a small net flow to the right corresponding to the excess of u
e over
c. The important point, however, is that a substantial fraction of
the fluid entering the slug from the rear reverses direction inside
and emerges again at the rear, with a similar situation obtaining at
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the front. After the publication of the paper by Wygnanski et al.,
it became obvious that the cartoon should be dynamic, and should
look like the lower half of FIGURE 2.22, this being topologically
equivalent to FIGURE 2.21. The term vortex implies here (as it
does in the case of the inviscid Hill spherical vortex, say) only the
existence of closed mean streamlines in a suitable moving coordinate
system, and not necessarily the existence of a local peak in mean
vorticity.
Given the present view, an explanation also presents itself for
the strong stabilizing effect of curvature noted by TAYLOR (1929).
Puffs survive in a straight pipe for Re greater than about 2000, but
puffs survive in a pipe coiled to a diameter of 100 D, say, only for
Re greater than about 5000. I believe that in a puff the vortex
ring is the engine that makes the structure run. The secondary flow
in the curved pipe presumably disables this engine by interfering
with the geometric and dynamic equilibrium between the puff and
its environment. Note that I am answering G.I.’s question (give
ref ) nearly 50 years later.

2.3.4

Short account of flow in coiled pipes

Bits and pieces of circumstantial evidence can be found to suggest
that the vortex ring is (or is not) the prototype large eddy in fully
developed turbulent pipe flow. LINDGREN (1969) thought he recognized puffs in flow at Reynolds numbers near 6000. Champagne
(private communication) has verified the emergence of puffs when an
initially turbulent flow was reduced in Reynolds number from 11300
to 2260 in a long diffuser, but no hard numbers are available. RUBIN, WYGNANSKI, and HARITONIDIS (1980) suggested that the
length of plugs might be quantized in multiples of 25 D, but I do not
find their evidence to be completely persuasive.
Both flow-visualization studies and data on fluctuations indicate that the turbulence level is relatively high at the rear of a puff,
and that the transition from a laminar to a turbulent state for fluid
entering the puff from the rear occurs abruptly. The fluid leaving the
puff at the front, on the other hand, undergoes a slow acceleration
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requiring at least several pipe diameters for completion, while at the
same time the turbulence becomes progressively coarser and weaker
until it is no longer detectable. The most mysterious and challenging
aspect of these observations is the fact that fluid is flowing through
the turbulent region, entering and leaving. Another confirmed instance of this behavior is spiral turbulence in circular Couette flow
(COLES 1965). The possibility arises of an unnatural phenomenon
that might be called anti-transition, perhaps with negative turbulence production, in which fluid crosses a laminar/turbulent interface from the turbulent to the laminar side. After some ambitious
measurements in spiral turbulence by C. VAN ATTA (1964) were
analyzed to a point where the three-dimensional mean flow was adequately defined, as in FIGURE 2.23, it became apparent that the
mean flow near an anti-transition interface was in fact nearly parallel to the interface, and thus that the dynamical process in this flow
was a dissipative process of the conventional kind. It is therefore not
constructive to say that fluid leaves the turbulence. It is more accurate to say that turbulence leaves the fluid, through viscous decay,
until the state can only be described as laminar. The flow in the long
downstream nose of a puff meets this condition.

2.3.5

Splitting

Another striking phenomenon discovered by Lindgren is splitting of
individual turbulent puffs at Reynolds numbers in the lower transition region (see the records in LINDGREN 1957, figures 4.7, 4.19,
5.4). For x/D greater than about 200, the dimensionless frequency
f D/e
u has a maximum value at a Reynolds number of about 2400, as
already shown in FIGURE 2.16. On either side of the maximum the
plug frequency decreases sharply, because the plug population near
the entrance is reduced at lower Reynolds numbers by the demise,
and at higher Reynolds numbers by the consolidation, of individual
plugs. Rotta apparently doubted the accuracy of his data for intermittency frequency at the lower Reynolds numbers and the more
downstream stations, because the data showed the frequency increasing with increasing x/D at fixed Re. He speculated that vibration
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and capillary forces may have caused the exit jet to break up for
the longer tubes. Rotta smoothed his original data in an effort to
remove the observed increase in f . He thus missed the most remarkable transition phenomenon of all, the phenomenon of splitting of
turbulent regions of flow.
Some puff signatures observed in a flow subject to splitting are
included in FIGURE 2.20. The data are from the master’s thesis by
BREUER (1985) and were obtained in air using a hot wire on the
pipe axis. The five traces are from five different events that have
been selected from a larger population to represent various stages
of the splitting process. There is a strong impression that splitting
occurs near the trailing edge of the puff, in the region where turbulent fluctuations are large and may extend to include momentarily
laminar behavior.
Splitting introduces complications in any study of celerity in
the lower transition regime. One turbulent region can become two,
three, four . . . regions as puffs move downstream, provided that space
is available in the pressure field. Different observers do not agree
about the site of this splitting. LINDGREN (1957) seems to place
the site at the front, while WYGNANSKI, SOKOLOV, and FRIEDMAN (1975) seem to place it at the rear. Quantitative information
about splitting is rare and inconsistent. Wygnanski et al. report
up to four turbulent regions in train at a station 450 D downstream
from a single disturbance. VALLERANI (1964) reports the same
number at a station almost an order of magnitude farther downstream in an apparatus having a better-developed laminar profile
but poor flow regulation. The difference may be partly a matter of
Reynolds number and partly a matter of flow regulation. Vallerani
also noted some variations in the length of laminar regions created
by splitting, depending on Reynolds number and on the number of
turbulent regions in train. There are evidently several important
unresolved issues involving the mechanisms that promote splitting
and prevent coalescence of turbulent regions in pipe transition. The
experiments are technically simple, and more study will probably be
fruitful if the right questions are asked.
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Figure 2.24:
Leading-edge and trailing-edge
celerities for puffs and plugs in pipe flow as measured
by several authors.

2.3.6

Celerity

Much of Lindgren’s work is concerned with the evolution of individual
turbulent regions relatively near the pipe entrance, rather than with
asymptotic conditions far downstream. One quantity that seems to
be quite insensitive to the details of the flow is the trailing-edge velocity. Lindgren obtained data in various tubes with various fluids
and entry conditions, using both optical and pressure instrumentation. The measurements by various authors, shown in FIGURE 2.24,
extend beyond the real transition range in both directions, so that
the flows in questions cannot be statistically stationary in x. On the
one hand, Lindgren’s observations at low values of Re confirm that
turbulence originating near the entrance tends to decay far downstream. Consequently, his measurements of interface velocity in this
range refer to puffs that have survived long enough to be detected at
two successive stations along the pipe (see the oscillographic records
in Lindgren’s figures 4.6, 4.7, 4.19, 4.20, as well as his table 2.5; also
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LINDGREN 1960, figure 5). For the measurements at values of Re
above the transition range, on the other hand, a low level of inlet turbulence was necessary in order to observe intermittency at all. Plugs
first appeared somewhere downstream of the entrance, probably in
the manner described by REYNOLDS (1883), and grew rapidly (see
the oscillographic records in Lindgren’s figures 4.14, 5.9, 5.10; also
LINDGREN 1960, figures 6, 7). Provided that these plugs had not
yet merged, Lindgren was also able to measure the leading-edge velocity shown in FIGURE 2.24. He does not comment on these data
in terms of the implied rate of approach to a fully turbulent state, nor
does he provide any information about flow at quite low Reynolds
numbers, where the relative magnitude of the two velocities should
in principle be reversed as evidence of decay.
Leading-edge and trailing-edge velocities for puffs and plugs
have been measured as a function of Reynolds number by several
investigators;
LINDGREN (1957)
VALLERANI (1964)
SARPKAYA (1966)
STERN (1970)
PATERSON and ABERNATHY (1972)
WYGNANSKI and CHAMPAGNE (1973)
MESETH (1974)
TEITGEN (1980)
ZALZAL et al. (1994)
with the results recorded in FIGURE 2.24. The quantities plotted in
the figure are essentially phase velocities, or more accurately velocities at constant phase. Early experimenters, particularly Favre (ref)
and Kovasznay (ref), tried to give such velocities a special meaning
by choosing the French word célérité, rather than the more conventional word vitesse. In this monograph, I will consistently use
the word celerity to refer to velocities associated with structure and
phase. The figure leaves no doubt that different processes are occurring in the upper and lower parts of the transition regime, with
a divide at about Re = 2400. Below this divide, turbulent regions
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have approximately constant length and therefore essentially a single celerity, which is most easily measured at the trailing interface.
The measurement may be hampered by splitting. Above the divide,
the leading interface moves faster than the trailing one if space is
available, as first noted by Lindgren. Hence celerity at these higher
Reynolds numbers is usually measured in a different mode. Laminar
flow is set up in a pipe with smooth entry, and the time interval is
measured between a local artificial disturbance and the associated
response at one or more downstream stations.
The measurements in FIGURE 2.24 suffer from deficiencies
that raise the question of reproducibility among the various experiments. In part this is because of different detection schemes for
the interfaces. More generally, however, the data may be subject to
ambiguity coming from at least four sources.
First, the entry flow should be smooth and quiet, and the laminar flow in the test region should have a fully developed parabolic
profile, with x/D at least equal to Re/16 at the site of any programmed disturbance. When this condition is not met, the shape of
the laminar-turbulent interfaces will imitate the shape of the laminar
profile and will depend on x/D (WYGNANSKI 1970; WYGNANSKI
and CHAMPAGNE 1973; TEITGEN 1975). Moreover, the proper
reference velocity for celerity is no longer the theoretical maximum
velocity 2 u
e for the parabolic profile, but rather the actual maximum
velocity at a given station (WYGNANSKI and CHAMPAGNE 1973).
In a short pipe, this velocity may be closer to u
e than to 2 u
e, and may
vary over the observation distance. Measurements of celerity at high
Reynolds numbers have a particularly ad hoc quality in short pipes
when transition occurs spontaneously or is triggered artificially in
the developing laminar boundary layer (LINDGREN 1957; WYGNANSKI 1970; WYGNANSKI and CHAMPAGNE 1973). In such
cases it is relevant that the boundary layer in the pipe has thickness
δ ∼ (νx/u∞ )1/2 . In any event, far downstream the concept of celerity
eventually has no meaning outside the transition range of Reynolds
numbers. I therefore have serious doubts about the usefulness of the
measurements in FIGURE 2.24.
Second, the formation time should be excluded from measure-
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ments of celerity by making observations at two stations, each of
which is sufficiently far downstream for the structure of the turbulent
region to become independent of details of the formation process. In
some cases (VALLERANI 1964, MESETH 1974), the response was
observed at only one downstream station so that the formation process for the turbulent region was not excluded from the measured
time intervals.
Third, the disturbance should be of short duration, especially
in the lower transition regime, where a puff passes a fixed station in a
time 15 D/e
u. In some cases (Gilbrech & Hale 1965, Sarpkaya 1966),
the duration of the disturbance was probably too long, at least at low
Reynolds numbers, where an almost impulsive disturbance is called
for.
Finally, close attention must be paid to flow regulation. If the
mean velocity is not regulated by the experimenter, say by use of
a sonic orifice, a positive-displacement pump, or a massive flow restriction, it will be regulated by the experiment, and will vary with
the relative fractions of laminar and turbulent flow at each instant.
This transient effect is probably less important for intermittent flow
with disturbed entry at low Reynolds numbers than for intermittent
flow with smooth entry at higher Reynolds numbers. In cases where
enough information is available to judge the matter, poor flow regulation is more the rule than the exception. Lindgren, for example,
recognized that his flow circuit was unstable and that a limit cycle
could occur in his apparatus.
PRANDTL and TIETJENS (19xx, pp. x) give a glimpse of
some data for such an oscillation from experiments at Göttingen.
They cite Couette’s experience as a precedent, although I believe
that Couette was describing intermittency of the normal kind. Other
evidence in the literature (Brockmann, Mickelson) suggests that
the oscillation is not unusual. I am surprised that there are no hard
numbers, although the conditions must be quite special and may
include restricted ranges for Re and L/D as well as a delicate control
of disturbances at the pipe entry. (Pantulu, Jenkinson.) There is
even a standard for this relaxation process. Suppose that the flow
state in a pipe is fully turbulent, and let the flow be subjected to
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a gradual or abrupt increase in pipe diameter from D1 to D2 . The
Reynolds number will decrease from Re1 to Re2 = (D1 /D2 )Re1 .
Laufer (ref) and Sibulkin (ref) studied such flows for the case of a
gradual area change, with Re1 > 3000 and Re2 < 2000.
Transition in pipe flow is intermittent. Pipe or channel flow,
like the round wake (check), is special in that the Reynolds number
is constant in the flow direction. A higher Reynolds number does
not refer to a more downstream location in a given flow, but to
a physically different flow in parameter space. This fact in turn
makes the length-to-diameter ratio L/D an important dimensionless
parameter.

2.4
2.4.1

Turbulent flow in a smooth pipe
Early work

Fundamental research on turbulent pipe flow goes back to the period
1840–1860 and the work of Hagen, Hagenbach, and Darcy. The contributions by early civil engineers are well summarized in the short
history by ROUSE and INCE (1957). This work often involved the
effect of roughness in commercial pipes, especially after long use, and
the problem of roughness was very slow in coming under control.
Fundamental research on pipe flow also requires an understanding of
the effects of entrance conditions, especially for short pipes. Some
of these effects are known, and others can be inferred by examining
discrepancies among available measurements of friction and other
quantities in turbulent flow. The issue once again is whether or not
turbulent pipe flow tends far downstream to a unique state, as it
must if pipe flow is to be a fit subject for fundamental research on
the mechanisms of turbulence.
For flow in a smooth pipe far downstream from a noisy entrance, the empirical evidence, even in the transition regime, appears
to be that the wall friction (i.e., the pressure gradient) is determined
uniquely by the fluid properties, the pipe diameter, and the flow rate
(i.e., the mean velocity). Engineers today understand that the ex-
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istence of five dimensional physical quantities ρ, µ, D, Q, and τw ,
and the existence of three fundamental dimensional scales for mass,
length, and time, together imply the existence of two dimensionless
combinations and a functional relationship between them. The formal argument, first formulated by BUCKINGHAM (1914), serves
well in situations like turbulent pipe flow in which the important
variables are known but the governing equations are not.
According to equation (2.11) of SECTION 2.1.1, the variable
τw is equivalent to D dp/dx or approximately to D ∆p/L, so that τw
can be replaced by ∆p and L in the list of variables just given. A
third dimensionless number appears and can be taken immediately
as L/D. Suppose that the first two dimensionless numbers, F and
G, say, each depend on only one of ∆p and Q. That is, take
F = F (ρ, µ, D, ∆p) ,

(2.76)

G = G (ρ, µ, D, Q) .

(2.77)

The associated table of dimensions is (define notation)
[ρ]

=

M/L3 ,

[µ]

=

M/LT ,

[D]

=

L ,

[∆p]

=

M/LT 2 ,

[Q]

=

L3 /T .

Require F to be dimensionless, and assume
h
i
[F ] = ρa µb Dc ∆pd = 0 .
An equivalent assumption is
"  


 #
M a M b
M d
c
[F ] =
(L)
=0 ,
L3
LT
LT 2

(2.78)

(2.79)

(2.80)
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i
M a+b+d L−3a−b+c−d T −b−2d = 0 .

(2.81)

Three simultaneous algebraic equations are obtained for the four
exponents;
a+b

+

d=0 ,

−3a − b + c −

d=0 ,

b

(2.82)

+ 2d = 0 .

Let one exponent, say d, be treated as given. These equations then
have the one-parameter solution
a=d ,
b = −2d ,

(2.83)

c = 2d .
(Comment that the Π theorem involves the matrix properties of systems like equations (2.82).) Consequently, equation (2.79) must have the form
"
d #
ρD2 ∆p
=0 ,
(2.84)
[F ] =
µ2
in which the value of d is immaterial, since any ratio or product of
dimensionless combinations or their powers is also dimensionless. A
similar treatment of equation (2.77) for G leads to
"
#
ρQ b
[G] =
=0 .
(2.85)
µD
The exponents d and b, since they are associated with dimensionless
scales and not with physical variables, can play no physical role. The
three dimensionless parameters for pipe flow therefore emerge from
Buckingham’s analysis as
L
,
D

ρQ
,
µD

ρD2 ∆p
.
µ2

(2.86)
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The second of these is equivalent to the Reynolds number Re,
according to equations (2.15) and (2.19), and the third is equivalent
to the product Re2 Cf . It is possible, and may even be useful, to
think of pipe flow as a nonlinear fluid operator whose primary input
variable is a flow rate Q or u
e and whose primary output variable
is a pressure difference ∆p or τw , or conversely. It is no accident
that these input and output variables were deliberately isolated by
Reynolds in the original definitions (2.76) and (2.77). This choice
also amounts to defining three characteristic velocities u
e, (τw /ρ)1/2 ,
and ν/D, whose ratios can be taken as u
eD/ν and τw D2 /ρν 2 .
By common consent, the standard combinations have by now
become Cf and Re, where
Cf =

τw
ρe
u2 /2

(2.87)

Re =

u
eD
.
ν

(2.88)

and

The implied functional relationship Cf = Cf (Re) is capable of collapsing information from numerous sources into a clear and widely
accepted system of description. For laminar flow, this system is the
equation Cf = 16/Re already derived in SECTION 2.1.2. The next
several sections describe one possible system for turbulent flow. For
both laminar and turbulent regimes of flow, however, the existence
of any system was recognized only after the major conceptual advance that underlies the previous discussion of this section; namely,
development of the art of dimensional analysis.
Reynolds. A classical paper by REYNOLDS (1883) is frequently cited in this context but, I suspect, not frequently read. In
one part of his paper, Reynolds used some imaginative flow visualization in water to observe and describe intermittent transition in a
circular pipe in terms of the properties of the internal flow, rather
than the properties of a liquid jet at the exit (see SECTION 2.3.1).
By observing the behavior of filaments of dye, he found that the onset of transition within the pipe was local and sudden and occurred
at essentially the same value of u
eD/ν for three glass pipes of different
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diameters. The pipes had a faired inlet and a quiet entrance flow.
When inlet disturbances were reduced to a practical limit, the constant value of u
eD/ν in question was about 12,800. Because the pipes
were far too short to provide a fully developed parabolic profile, it
is clear that Reynolds was observing the effects of boundary-layer
instability in the development region, and that no special meaning ought to be attached to the value quoted for u
eD/ν. In fact,
EKMAN (1911) repeated some of Reynolds’ work, using Reynolds’
original apparatus, and verified a strong sensitivity of transition to
upstream disturbance level. What is of permanent value in this part
of Reynolds’ paper is his observation that both of the primary experimental variables, the flow rate and the pressure gradient, could be
expressed in dimensionless form, at least for the limited purpose of
describing the onset of transition. It is not at all clear that Reynolds
intended this observation to apply for more general purposes.
In the remainder of his paper, Reynolds reported new data on
friction for water flowing in two drawn lead pipes. He avoided the
development problem by carefully tapping his pipes for local pressure measurements well downstream. The entrance flow was deliberately made noisy, because his objective in this part of his study
was to establish conditions for which all disturbances would decay
and laminar pipe flow could be described as unconditionally stable.
FIGURE 2.25 reproduces Reynolds’ results, as displayed in his diagram 2. The abscissa i = (dp/dx)/ρg is the quantity tabulated by
Reynolds and is inadvertently dimensionless. If the local static pressure p is measured by observing the height h reached by the working
liquid in a manometer tube connected to a hole in the pipe wall, then
p = ρgh and dp/dx = ρgdh/dx = ρgi. The quantity i is commonly
called the hydraulic grade, hydraulic slope, or hydraulic gradient by
civil engineers.
In presenting his data, Reynolds twice displayed a generic formula relating pressure drop to flow rate. This formula is essentially
the form Re2 Cf = g(Re) already mentioned. However, Reynolds’
version of the formula is not strictly dimensionless and as written
is valid only for water. Where I have Re, Reynolds has ν0 Re, and
where I have Re2 Cf , Reynolds has (2ν02 /g)Re2 Cf , with ν0 the kine-
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Figure 2.25:
Diagram 2 of the paper by REYNOLDS
(1883), reproduced with the aid of his tables III--V.
The abscissa i = dh/dx = (dp/dx)/ρg is the dimensionless
local pressure gradient. The ordinate v is the mean
velocity in cm/sec.
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Figure 2.26:
The previous FIGURE 2.25 made
dimensionless by following Reynolds’ instructions.
Reynolds described this figure but did not display it.

matic viscosity of water at 0 ◦ C and g the acceleration of gravity.
Reynolds commented more than once that the dimensional data for
his two pipes, as well as data obtained by other investigators, could
be superposed by a suitable displacement in logarithmic coordinates,
and he gave explicit rules for calculating the necessary displacements.
For example, log u
e should be replaced by log u
e +log D −log ν +log ν0 .
I have applied these rules to the data in FIGURE 2.25, omitting the
constant dimensional factors ν0 and g, to obtain FIGURE 2.26. I
consider it truly remarkable that Reynolds did not himself carry out
the calculations, and thus did not arrive at FIGURE 2.26, which
would have revealed at one stroke the power of dimensional analysis
and the importance of what is now called the Reynolds number.
The consequences of this omission were profound. Reynolds’
paper had no real impact on his contemporaries. Thirty years passed,
and more than fifty papers on turbulent pipe flow, before the last step
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was taken independently by BLASIUS (1913) and by STANTON and
PANNELL (1914), and the modern point of view was established.
These two papers did have an immediate impact, amounting almost
to epiphany. In particular, they demonstrated by example that data
from different experiments, not only in water but in a variety of
fluids, could be made to fall on a single curve.
A common feature of the intervening literature is an awkward
struggle to understand the separate effects of pipe diameter and surface roughness in dimensional logarithmic plots like FIGURE 2.25.
A list of authors who cited the 1883 paper by Reynolds, without recognizing the real issue, includes (REMOVE THE DETAILED
CITATIONS LATER) at least
MAIR (1886) PICE 84, 424 3A
SMITH (1886) Book 3A
COUETTE (1890) ACP 21, 433 3G
WHETHAM (1890) PT 181, 559 3A
WILBERFORCE (1891) Phil Mag 31, 407 3A
RUDSKI (1893) PM 35, 439 3A
KNIBBS (1897) PRSNSW 31, 314 3A
BOVEY and STRICKLAND (1898) TRSC 4, 45 3A
COKER and CLEMENT (1903) PTRS A201, 45 3A
SAPH and SCHODER (1903) TASCE 51, 253 3A
BARNES and COKER (1905) PRSA 74, 341 3A
MORROW (1905) PRSA 76, 205 3A
REIGER (1906) AP 19, 985 3A
BIEL (1907) Foheft 44 3A
BRILLOUIN (1907) Visc 1, 209 3A
GLASER (1907) AP 22, 694 3A
LADENBURG (1907) AP 22, 287 3A
FRITZSCHE (1908) VDI Heft 60 3A
GRINDLEY and GIBSON (1908) PRSA 80, 114 3A
HOSKING (1908) RSNSW 42, 34 3A (Knibbs only)
RUCKES (1908) AP 25, 983 3A
GIBSON (1909) Phil Mag 17, 389 3A
NUSSELT (1910) VDI Heft 89 3F
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UNWIN (1910) Enc Brit 3
BOSE and BOSE (1911) PZ 12, 126 3A
EKMAN (1911) AMAF 6, 1 3G
RONCERAY (1911) Ann CP 22, 107 3A
SOENNECKEN (1911) Foheft 108, 109 3F
CAROTHERS (1912) PRSA 87, 154 3A
LECHNER (1913) AP 42, 614 3A
GIBSON (1914) PIME 201, 201 3A
KOHLRAUSCH (1914) AP 44, 297 3A
RAPP (1914) Phys Rev 2, 363 3A
A similar list can be constructed of authors who wrote about
pipe flow in this period 1883–1913 but did not cite the 1883 paper
by Reynolds. It is probably not a coincidence that this second list
contains almost all of the papers that report measurements with
air or some other gas as a working fluid (check). Apparently the
perception of Reynolds’ ideas by his contemporaries, and perhaps
by Reynolds himself, notwithstanding the remarks in his sections
36 and 37, was the one already stated; namely, that these ideas
apply only for water, and that the combination u
eD/ν plays a role
only in connection with the onset of transition, and not as a generic
dimensionless variable.
Several of these early papers will be mentioned again in SECTION 2.4.3, where the available measurements of friction will be
reviewed for the classical case of fully developed turbulent flow in
a smooth circular pipe. The Encyclopaedia Britannica article by
Unwin, in particular, is a good account of the shapeless empiricism
practiced by civil and mechanical engineers of the time. References to
other early work can be found in the papers by Biels, Fritzsche, and
Blasius, and in surveys by OMBECK (1914), DAVIES and WHITE
(1929), DREW, KOO and McADAMS (1932), and KEMLER (1933).
(Check GUMBEL 1913, SCHILLER 1925). The paper by NUSSELT
(1910) approaches, but does not quite achieve, dimensional completion.
Karman. The paper by BOSE and BOSE (1911; for complete
data, see BOSE and RAVERT 1909) deserves particular attention for
another reason. These authors determined the time T required for
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Figure 2.27:
The raw capillary data of BOSE and BOSE
(1911) in dimensional form. The ordinate (proportional
to Cf ) is the product of the pressure difference P in
gm/cm2 and the square of the flow time T in seconds for
a fixed volume V of liquid. The abscissa (proportional
to Re) is the reciprocal of the flow time. From top
left, the liquids are mercury, bromoform, ethanol,
water, chloroform, benzene, toluene, and acetone.
a specified volume V = 8.81 cm3 of various liquids to flow through
a capillary viscometer, together with the associated pressure difference P . The length L and the diameter D of the capillary are not
mentioned. The dimensional raw data are shown in FIGURE 2.27.
The solid circles refer to water, the seven other curves, from lowest
to highest at the left side of the figure, refer respectively to acetone, toluene, benzene, chloroform, ethanol, bromoform, and mercury. Data for ethyl acetate have been omitted. The formal objective of the work was not to determine the viscosity, but to determine
the exponent in the relation for P as a function of 1/T at velocities
above Reynolds’ upper critical value (check). It might seem under
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the given conditions that there is no presentation that will collapse
the Bose data to a single curve. However, KARMAN, while still
at Göttingen, pointed out such a presentation (1911). His original
short paper lacks figures and is otherwise opaque, and apparently
attracted no attention. The matter is more clearly presented in a
passage in his tutorial volume Aerodynamics (1954), where both the
problem and its solution are illustrated by figures.
Recall the friction coefficient Cf and Reynolds number Re defined by equations (2.20) and (2.19) respectively. Three auxiliary
equations, (2.15) for u
e, (2.11) for τw , and the definition of the flow
rate Q,
V
Q=
,
(2.89)
T
bf )
are needed. From these, it is easy to verify the identities (define C
ρV 2/3
π
=
µT
4



D
V 1/3



and
gP T 2
32
= 2
2/3
π
ρV

LV 4/3
D5

Re

(2.90)

bf ,
C

(2.91)

!

together with their product
8
gP T
=
µ
π



LV
D4


bf Re .
C

(2.92)

In each of these equations, the quantities on the left are known experimentally. The dimensionless combinations in parentheses on the
right are not known, but are not needed to make Karman’s point.
Note that the last equation makes the product P T constant for ideal
laminar flow, as stated by Poiseuille in the first of his laws.
Karman worked out the variables on the left in these dimensionless relationships by an argument based on proportional scaling
of various terms in the momentum equation. A length scale was
needed for this argument. There are three obvious candidates, L,
D, and V 1/3 , all of which are constant for the whole course of the
experiments. Karman used V 1/3 , since this is the only length that
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FIGURE 3.35 The data of Figure 3.34 after reduction to dimensionless

Figureform
2.28:
The data of the previous FIGURE 2.27
by KARMAN (1911). Handbook values have been used for density
after and
reduction
tocapillary
dimensionless
formquite
following
KARMAN
tube was apparently
short, with L/
D
viscosity. The
perhaps
about 15, and
the apparatus
therefore
usablefor
only density
for relative
(1911).
Handbook
values
have isbeen
used
viscometry.
and viscosity.
The capillary tube was apparently quite
short, with L/D perhaps about 60, and the data are
therefore usable only for relative viscometry.
is specified numerically. He showed that the data for different fluids then defined a single curve, as displayed in FIGURE 2.28. Such
a display is not quite viscometry, because it cannot be reduced to
standard dimensionless variables Cf and Re as long as L and D are
unknown. However, if µ is known for any one liquid, such as water,
the tabulated data can be used to infer µ for each of the other liquids.
This contribution by Karman required little in the way of equations or models except for overall mass and momentum balance. It
does not involve empirical constants and makes no distinction between laminar and turbulent flow. It is therefore an impressive early
illustration of the power and beauty of the dimensional art. Moreover, later developments in modeling applied to capillary-tube vis-
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cometry allow some further deductions from the Bose data. The
curve in FIGURE 2.28 resembles some of the curves for short tubes
obtained by MICKELSON (1964) and shown earlier in FIGURE 2.7.
In FIGURE 2.28, the putative laminar region at the left, say for
0.3 < ρV 2/3 /µT < 3, can be fitted to equation (2.57), rewritten as
bf = 16 + D m .
C
Re
L 2

(2.93)

bf from equations (2.90) and (2.91) leads
Substitution for Re and C
to
µT
gP T 2
=A
+B
(2.94)
ρV 2/3
ρV 2/3
where
128 LV
π D4
16 V 4/3
B = 2m 4 .
π
D

(2.95)

A=

(2.96)

With V = 8.81 cm3 and m = 1.20, a least-squares fit yields the curve
shown in the figure7 , with
A=

,

B=

(2.97)

and therefore
L=

cm ,

D=

cm .

(2.98)

The Reynolds-number range for the fitted region, according to equation (2.90), is
< Re <
, and is entirely plausible. These
estimates are otherwise rough, because the value m = 1.20 refers to
a square-cut entry and exit, whereas the glass tube used by Bose was
fully faired at both ends. At any rate, the small value inferred for
L/D means that the objective of finding the desired exponent for
turbulent flow was not realistic.
I have not found any indication that Reynolds ever thought
that his paper of 1883 needed clarification. In another important
7
The values missing in these equations have not been found in any copy of the
manuscript.
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paper on turbulent flow (REYNOLDS 1895), he did no more than
remove the dimensional factor ν0 in Re and propose a value of 1900–
2000 as an upper limit for unconditional stability of laminar pipe
flow. Reynolds also let pass opportunities to influence the presentation of data in the papers by Coker and Clements and by Barnes
and Coker, both of which deal only with dimensional data, and both
of which bear a note “communicated by O. Reynolds.” I am told by
Philip Saffman that communication of a paper to a journal of the
Royal Society through a fellow (a requirement now abolished) meant
only that the paper was believed by the fellow to be written in English, and did not imply any judgment about the scientific merit of
the work.
This evidence presented so far does not mean that the engineering community in 1883, and for three decades thereafter, was
unready for the concept of dimension. The published record on the
reception of Reynolds’ ideas has been explored by ROUSE and INCE
(1934) and by ROTT (1990, 1992). These authors point out that
RAYLEIGH, in several short publications between 1892 and 1915,
showed with professional facility that dimensional analysis, which he
called dynamical similarity, could be applied to a great variety of
physical problems. The first of these papers dealt specifically with
Reynolds’ formula for pipe flow. Reynolds himself made skillful use
of modeling laws in his paper of 18xx on lifeboats, where he cited
Froude as a pioneer, and in his paper of 18xx on flow in estuaries.
He may not have thought of models in connection with pipe flow,
although one such flow can certainly be taken as a model for another. The contribution by Karman has already been described at
length. PRANDTL (1905) used dimensional reasoning as a tool in his
boundary-layer theory, and a later paper by PRANDTL (1910) certainly influenced the work of Blasius, just as the papers by Rayleigh
certainly influenced the work of Stanton. (Mention Froude?) It
was SOMMERFELD (1908) who proposed using the term Reynolds
number (Reynolds’sche Zahl) for the quantity u
eD/ν, thus establishing a practice of naming dimensionless numbers that has since
evolved in unpredictable directions. The method of dimensions was
eventually provided with an axiomatic foundation, in Rott’s phrase,
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Figure 2.29:
Reynolds’ pipe data in standard
dimensionless variables. The curve at the right is
faired through Nikuradse’s data. The low values of
Cf for turbulent flow may be caused by imperfect
calibration of the flowmeter.
in the definitive paper by BUCKINGHAM (1914). I think that these
matters are important enough to deserve the attention of analytical
historians of science who have the resources to reach the unpublished
record. The evolution of the Reynolds number is also worth study
as part of a larger development of the time, which was the slow and
difficult emergence of applied mathematics from pure mathematics
as a separate and eventually homologous discipline.
Finally, to close this discussion, the friction measurements by
Reynolds are plotted in standard form as Cf (Re) in FIGURE 2.29.
The scatter is probably caused mainly by difficulties in manual regulation of supply pressure in a flow system connected directly to the
building water supply some of the values of Cf for turbulent flow are
low by 15 to 25 percent, perhaps because of imperfect calibration of
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the flowmeter.
By contrast with the case of the Reynolds number, dimensionless combinations equivalent to the definition (2.87) for the friction coefficient in pipe flow were introduced very early (look up
Chezy). The rationale was and is mainly philosophical. Experience shows that the pressure drop for turbulent flow in large pipes
is roughly proportional
to the square of the velocity, so that the ra 2
tio (dp/dx) ρe
u is nearly a constant. The reduction of empirical
knowledge to a constant is of itself valuable evidence of order. However, notation has varied widely, and still does. Several authors have
used −Ddp/dx or −Rdp/dx as numerator in equation (2.87) rather
than −(D/4)dp/dx = τw , denoting the resulting dimensionless combination by λ or ψ. The factor 1/2 in the denominator was also
sometimes omitted. In defining the Reynolds number, some authors
used R rather than D, and at least one author substituted uc for u
e.
UNWIN (1910), in his Encyclopaedia Brittanica article, used the definition (2.87) but the symbol ζ. It is common to see in the literature
of mechanical and civil engineering the symbol f , known as the Fanning friction factor, for what is here called Cf (Fanning himself used
the symbol m). It is worth noting that the quantity D/4 in equation
(2.11) coincides, by accident or otherwise, with the hydraulic radius,
if this is defined as the ratio of wetted cross-sectional area to wetted
circumference for non-circular channels, closed or open. I have not
been able to discover why this definition was originally formulated
so that the hydraulic radius for a circular pipe is not the same as the
geometric radius. (See Prandtl and Tietjens.)
Turbulent flow in pipes has been studied from two points of
view, beginning about 1850. Civil engineers of the time were often
concerned with hydraulic aspects of the problem and with design of
efficient conduits for water distribution, sewage or storm-water collection, and chemical process engineering? Their field installations
tend to be large, with rough surfaces and with numerous joints,
bends, elbows, and tees. Such conduits may not always run full.
Direct field measurements of friction in such conduits are a better
guide to performance than estimates derived by extrapolation from
a remote classical base. Technical data of this kind have been col-
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lected by (refs.). In general, however, civil engineers tend not to be
producers of basic information. One exception was DARCY (1858),
who was a half century or more ahead of his time. He made careful
measurements of the mean-velocity profile in large conduits having
various degrees of roughness and invented the defect law. This law
was also proposed independently by (refs.). It was finally established
firmly by systematic profile measurements by NIKURADSE (1933)
in rough pipes.

2.4.2

The Nikuradse problem

The measurements that for 60 years have been taken to be definitive
for turbulent flow in smooth and rough pipes were published in 1932
and 1933 in a remarkable pair of papers by J. Nikuradse. The work
was done at Göttingen under the direction of Prandtl, as was an
earlier thesis (1926) that is seldom cited. The issue in the thesis was
secondary flow in uniform ducts having various cross sections; rectangular, trapezoidal, triangular; circular shaft with keyway. The data
consisted mostly of contours of constant axial velocity. Nikuradse
apparently also worked on smaller problems, such as laminar flow
development in the entrance region of a circular tube (see figure x
of PRANDTL and TIETJENS 19xx), but none of this work was
published in usable form. (What about Tollmien-Schlichting
instability?)
The important contribution by Nikuradse in the 1932 paper
was a systematic study of the mean-velocity profile in smooth pipes
over a large range of Reynolds number. These measurements are a
refreshing counter-example to a description of the scientific method
sometimes given to beginning students: form a hypothesis; test the
hypothesis; accept, revise or reject the hypothesis. Prandtl had no
hypothesis; or, if he did, it was overtaken by the events described
in SECTION X.8 I think that Prandtl simply believed that properly constructed experiments could not fail to lead to new and important conclusions about turbulent flow. This belief was certainly
correct, because it led directly to the logarithmic profile. An im8

Unclear reference, possibly to a section not completed.
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portant question about the measurements, first raised publicly by
MILLER (1949), concerns an unexplained discrepancy between the
mean-velocity profiles as plotted in figure 15 of Nikuradse’s preliminary paper of 1930 and in figure 24 of his final paper of 1932. The
discrepancy is also apparent from an examination of tables 2 and 3
of the latter paper. Miller was concerned with the need to describe
the profile accurately in and near the sublayer in studies of heat and
mass transfer (see SECTIONS X and Y).9
Miller in 1946 unsuccessfully sought an explanation of the discrepancy from Nikuradse, Prandtl, and von Karman. A second
effort, which travelled the route Miller-Rouse-Prandtl-WieghardtNikuradse and back, established that Nikuradse had in fact altered
his data for the mean velocity profile by adding 7 units to the dimensionless abscissa y + . The effect was to portray the viscous sublayer
more realistically by ensuring that the measured velocity never fell
above the linear line inferred from the wall friction. Prandtl remarked
later that the correction was justified, but the failure to describe it
was not. Nevertheless, Miller maintained in his 1949 paper that there
was in fact no evidence for the existence of a sublayer, although ample evidence was provided a little later by several other sources.
The discrepancy is sometimes described as a crude correction
for probe–wall interference. It amounted to deletion of the two points
nearest the wall in each profile, which scatter badly, and an increase
of seven units in the coordinate yuτ /ν for the remaining data. This
shift is in fact obvious from a comparison of the tabulated dimensional and dimensionless data, as is a dislocation in the first three
entries for ϕ in Nikuradse’s table 3 for the case Re = 1.11 × 106 .
The profiles were measured in a plane 0.01 to 0.02 cm downstream
from the square-cut pipe exit, where a cylindrical water jet emerged
into a confined water-filled chamber. This technique may be a relict
of the thesis research. Nikuradse’s 1932 paper describes some data
obtained near the pipe wall with probes of different diameters, but
does not justify or apply the implied correction, and I have not been
able to make any sense of his description.
9

Sections evidently not completed.
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The reason for Miller’s initial difficulty was that Prandtl in
1946 no longer recognized Nikuradse, for a reason not related to
the pipe measurements. In 1934, Nikuradse, perhaps driven to an
uncommon level of hubris by compliments about his research on
pipe flow, and inspired by Hitler’s assumption of power in Germany,
attempted through a putsch to replace Prandtl as director of the
Kaiser-Wilhelm-Institute at Göttingen. There was a brief confrontation, which rapidly became a test of strength between other parties
in the German political structure. At the end of a “mad and dangerous brawl,” as Wieghardt puts it, Prandtl was confirmed in his
position and Nikuradse was exiled to a post as dozent at the Technische Hochschule at Breslau. These events are described very briefly in
the historical article by OSWATITSCH and WIEGHARDT (1988).
This history is not complete, and further information is obtained
only with great difficulty. Witnesses are few and becoming fewer,
and the career of Nikuradse at the Kaiser-Wilhelm Institute is still
a source of embarrassment there.
In 1942, Nikuradse published two monographs for the German
air force, neither of which can be taken at face value. The first,
on laminar boundary layers, claims to be a publication of data obtained by Nikuradse at Prandtl’s institute at Göttingen in 1933. Five
velocity profiles are tabulated in his table 6 and plotted in my FIGURE X.10 This figure has appeared without comment in all seven
editions of the text Boundary Layer Theory by Schlichting. I am
supported in my skepticism by H.W. Liepmann, whose first assignment at GALCIT by Karman was to measure once more the Blasius
profile. The paper by Nikuradse gives no information about the tunnel, the instrumentation, or other experimental circumstances that
led to the remarkably low scatter. In particular, there was apparently
no need to shift the data to a displaced origin in x. If the measurements were actually made (and they left no trace at Göttingen) they
were made by a believer in Miller’s inference from his study of the
smooth-pipe data, which I paraphrase slightly; “Having more faith
in the theory than in his experimental results, Nikuradse adjusted
10
This and later references to Figure X in this section are to a figure that has
not been found.
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the results to make them seem to be in accord with the theory.” I
would undertake to produce such a figure by measurement of many
data points, most of which I would discard on the ground that they
did not agree with the theory and were therefore in error. (Millikan
oil-drop?) There still remains at Göttingen a sour joke based on
a phrase attributed to Nikuradse, “das passt sich nicht,” which becomes roughly in English “that does not conform.” The meaning is
different from “das passt nicht,” meaning “that does not pass.”
The second 1942 paper dealt with the turbulent boundary layer
at constant pressure. The experiments were carried out in two wind
tunnels on two flat plates. The work in a small KWI tunnel at
Göttingen is dated 1932–1933, and the work in a small DVL tunnel
at Berlin-Adlershof is dated 1939. There is no useful description
of the experimental facilities, models, or instrumentation in either
case. Altogether, 50 mean-velocity profiles were measured. Eight of
these, four from each tunnel, are plotted in Nikuradse’s figures 22
and 39 and in my FIGURE X. The text claims that the profiles are
accurately described by the formula
y
u
=f ∗ ,
(2.99)
u∞
δ
and the plots confirm this statement precisely. Moreover, the profile
formula is eventually restated as a power law,
 y 0.130
u
= 0.723 ∗
.
(2.100)
u∞
δ
This formula is also shown in FIGURE X, but is never reconciled with
the data or with any competent analysis. The Reynolds numbers
based on x have a range of about one decade. I have included in the
figure the two profiles calculated from the model in SECTION X for
the highest and lowest Reynolds numbers. The differences are too
large to ignore. I do not know how I would ever obtain such profiles.
The formula (2.100) implies
Z∞
1 = (1 − f ) dη
0

(2.101)
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Z∞
f (1 − f ) dη

(2.102)

0

y/δ ∗ .

where η =
It follows that the shape factor δ ∗ /θ is a number,
which Nikuradse evaluates for the experimental profile f ;
δ∗
= 1.304 .
θ

(2.103)

The values of δ ∗ /θ implied by Nikuradse’s table 2 are plotted in
FIGURE X, along with some data obtained by the rest of the world.
I cannot imagine how I would obtain such data, and therefore I do
not accept these measurements.
Finally, there is the episode of the slippery paint, which occurred about 1956 (SKFK was a student). I am indebted to F. Clauser
and S.K.F. Karlsson for the information that follows. About 1956,
Johann Nikuradse and his younger brother Alexander attempted to
interest various naval and industrial representatives in a coating that
was claimed to produce substantial decreases in skin friction in both
air and water. The chemistry of the coating was a secret. An executive of a major American chemical company spent a large amount of
money in attempting to confirm the claims of the inventors, without
any conclusive result. Finally, recognizing that his company had no
expertise in fluid mechanics, particularly in boundary-layer flow, the
executive retained Clauser as a consultant.
The proof of drag reduction was based on measurements of
momentum thickness near the trailing edge of one or another flatplate model. Clauser and Karlsson at Johns Hopkins first carried
out a series of measurements in air on their own plates, coated by
the Nikuradse brothers or uncoated, and found no effect whatever
of the coating on drag. The Nikuradses disparaged these results as
irrelevant and inapplicable.
Further tests were therefore carried out in a small, primitive
closed water channel maintained by the Nikuradse brothers near Munich. Clauser and Karlsson observed these tests, which duplicated
earlier favorable results in the same channel. The antic aspects of
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these events are illustrated by the fact that Clauser, knowing something of J. Nikuradse’s reputation at Göttingen, took his own pitotstatic tube along on his trip to Germany. Clauser was allowed to
make his own tests on one plate. The plate was not coated, but the
measured drag was lower than the drag of any coated plate. Clauser,
however, deliberately installed his plate at a slight angle, so as to
place the stagnation line firmly on the working surface and provide
a negative pressure gradient. Both conditions are known to delay
transition. J. Nikuradse was incensed by Clauser’s result, which he
claimed was impossible. The situation deteriorated to one of senseless confrontation, and this particular contest came rapidly to an
inconclusive end. Clauser believes that other agencies, perhaps military, may have pursued the same elusive goal and fared no better.
Clauser came away from this experience with two strong impressions. One was that the Nikuradse brothers believed in the power
of their coating. Since Johann knew no chemistry and Alexander
knew no fluid mechanics, they may have been misleading each other
out of the best intentions. Clauser’s second impression was that Johann had no understanding of the effect of pressure gradient and
leading-edge shape on transition and boundary-layer development,
and did not even grasp the purpose and usefulness of the momentumintegral equation, despite his 10-year tenure at Prandtl’s institute. I
find this conclusion to be quite consistent with the text of the two
1942 papers.
This part of the history of Göttingen has very little to do with
science, but it has a great deal to do with the degree of insight
and credibility that should be attributed to Johann Nikuradse. It
is part of the reason that I think Nikuradse and his published work
should be examined at much higher magnification than are usual for
contributions to the subject.
Nikuradse’s data for friction coefficient in smooth pipes are
included in figure x and repeated as reference for the other measurements. In the meantime, I will try in the next sections to establish
the main properties of pipe flow without using Nikuradse’s data as a
standard. More on this subject, including a critique, is in section x.
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This issue, and rumors of other anomalies in Nikuradse’s work,
have been part of the unwritten record of the subject for years. I feel
that I have to inform myself as far as I can at this remove in time
and to record what I have learned about the Nikuradse problem.
There is also a discrepancy for Re < 105 between the values of
uc /u measured as part of the profile study and as measured in more
detail in separate tests (show plot?). Some of the measurements
published in 1930 may have been replaced by new data, since the
Reynolds numbers listed in the two figures are different for about
half of the data.
The need for these comments arises because Nikuradse’s data
are widely accepted as definitive. My own opinion, after careful
study, is that the measurements of 1926-1932 in smooth and rough
pipes can be accepted at face value. I have not found any evidence
that Nikuradse possessed the imagination required to manipulate
data so expertly that sixty years of close examination have not revealed any serious inconsistencies.

2.4.3

A consensus on friction

Accurate experimental definition of the classical smooth-pipe flow
had to wait for the appearance of pipe or tubing of uniform diameter, particularly tubing made of drawn brass, and for appreciation of
the need for adequate development length. The classical pipe flow is
by assumption unique and reproducible to an accuracy determined
primarily by quality of instrumentation. Some early pre-1932 data
are collected in FIGURE 2.30. The solid line is faired through the
data of Nikuradse without benefit of any formula. Nikuradse’s measurements evidently added little to knowledge of surface friction, except for a modest extension of the Reynolds-number range. Reynolds
(1883) was the first (Darcy?) to measure pressure drop between orifices drilled in the pipe rather than between reservoirs. Hagen (18xx)
used the latter scheme in some very careful measurements included in
FIGURE 2.30. Hagen’s pipes had a square-cut entrance, and I have
used Mickelson’s data to correct for flow development. I am also
grateful for a section in Prandtl and Tietjens (19xx) that explains
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FIGURE 3.29. Some measurements before 1932 of frict!on in smooth pipes.
Figure
2.30:
Some measurements before 1932 of
The solid line for turbulent flow is faired through the data of NIKURADSE
friction
in
smooth
The been
solid
line for turbulent
sour points have
discarded.
( 1932). A few obviously pipes.
flow is faired through the data of NIKURADSE (1932). A
fewGIVE
obviously
sour points have been discarded.
SOURCES.
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the system of units used by Hagen. Some valuable measurements
by Freeman (1892) were published only after a lapse of fifty years
and even now are not well known. This neglected monograph also
contains useful data on pressure loss due to pipe elbows and area discontinuities. Most of the investigators represented in figure x were
not aware of the bulk of previous work, and the same can be said of
many investigators today. Need a figure for post-1932 data.
Some more recent friction results for turbulent pipe flow are
collected in FIGURE X. 11 (Why are Ombeck’s data skewed; air versus water.) Post-Nikuradse data for Cf are often concerned mainly
with polymers, roughness, and non-steadiness. Discussion should include question of fully developed flow and try to account for any
remaining discrepancies.
Pre-Nikuradse friction data
FREEMAN (1892) 3A
COKER and CLEMENT (1903) 3A
SAPH and SCHODER (1903) 3A
BLASIUS (1913) 3A
KOHLRAUSCH (1914) 3A
OMBECK (1914) 3A
STANTON and PANNELL (1914) 3A
STANTON et al. (1920) 3A
HERSCHEL (1921) 3A
FROMM (1923) 3D
JAKOB and ERK (1924) 3A
RICHTER (1932) 3A
NIKURADSE (1932) 3A
Post-Nikuradse friction data
NIKURADSE (1932) 3A
FAGE (1936) 3A
LING (1937) 3A
ROHONCZI (1939) 3F
11

This figure appears never to have been created.
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HUMBLE et al. (1951) 3F
SAMS (1952) 3D
SENECAL and ROTHFUS (1953) 3G
BROCKMAN (1956) 3A
NUNNER (1956) 3D
SLATER et al. (1957) 3A
SACKS (1958) 3D
BOGUE (1963) 3E
HUANG and LAURSEN (1963) 3D
SAVINS (1964) 3E
ELATA and TIROSH (1965) 3E
WELLS (1965) 3E
GOREN and NORBURY (1967) 3E
GUPTA et al. (1967) 3E
HERSHEY and ZAKIN (1967) 3E
MIH and PARKER (1967) 3E
SEYER and METZNER (1967) 3E
VIRK et al. (1967) 3E
HAHNEMANN (1968) 3E
OHARA (1968) 3G
WELLS et al. (1968) 3E
FORESTER et al. (1969) 3E
PATEL and HEAD (1969) 3G
SIRKAR (1969) 3A
SPANGLER (1969) 3E
WHITE (1969) 3E
PATERSON and ABERNATHY (1970) 3E
TOMITA (1970) 3E
VAN DRIEST (1970) 3E
VIRK and BAHER (1970) 3E
WHITE and McELIGOT (1970) 3E
LAWN (1971) 3A
VIRK (1971) 3E
CHUNG and GRAEBEL (1972) 3E
ROLLIN and SEYER (1972) 3E
WANG (1972) 3E
SYLVESTER and KUMOR (1973) 3E
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THOMAS and GREENE (1973) 3E
MIZUSHINA et al. (1974) 3E
GUSTAVSSON (1977) 3E
DE LOOF et al. (1977) 3E
MIZUSHINA and USUI (1977) 3E
PERRY and ABELL (1977) 3D
VIRK and SURAIYA (1977) 3E
KUBO (1979) 3E
SEDOV et al. (1979) 3E
GEE and WEBB (1980) 3D
WALSTROM et al. (1988) 3A
Some contributions to the technical literature have missed the
mark for reasons worth recording. A brave effort was made by Burke
(19xx) to extend the range of Reynolds number by an order of magnitude by profile measurements in a penstock pipe of 160-cm diameter.
The pipe was tar-coated and was arguably smooth, although the difficulty of obtaining a smooth surface increases with the Reynolds
number (see SECTION X). In Burke’s experiments, the dynamic
loads were large and were carried by a substantial cruciform probesupport structure, which probably subjected the local flow to the
displacement called drift by Lighthill (ref.). (Continue.)

2.5
2.5.1

Similarity Laws
The mixing length and the law of the wall

The mixing-length model was developed in the years from 1925 to
1932 by Prandtl and Karman, who were assisted by some seminal
profile measurements in smooth pipes by Nikuradse. (Look up Taylor 1915.) PRANDTL (1925, 1926) began an exchange by invoking
an analogy with the kinetic theory of gases (explain) and by supposing that the shearing stress and the mean-velocity field for a general
turbulent flow are related by
τ = ρ`2

∂u ∂u
∂y ∂y

.

(2.104)
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In effect, ignorance about the mechanisms of turbulent flow was
shifted from the shearing stress τ to the mixing length `, with the
hope that ` might have a more regular and perhaps a more universal
behavior. Numerous rationalizations of equation (2.104) have been
published; the most detailed one by Prandtl is in (ref Durand,
Betz). For free shear flows like the jet or wake, Prandtl proposed to
take ` as constant in the direction normal to the plane of the flow,
and proportional to the layer thickness; thus ` ∼ δ. Calculations for
several such flows were made according to this model by TOLLMIEN
(1926). PRANDTL (1926) also noted in passing that the linear stress
profile (2.12) for pipe flow, with the assumption ` = constant, leads
from equation (2.104) to a formula for mean velocity away from the
pipe wall that can be written
uc − u
2 R  r 3/2
=
.
(2.105)
3` R
(τw /ρ)1/2
Apparently Prandtl was not aware that this same velocity-defect
formula, with an empirical constant of proportionality on the righthand side, had been proposed more than 60 years earlier by DARCY
(1858). (Who else in the meantime?) Darcy’s experiments, later
memorialized by BAZIN (1902), were carried out with sound methods in pipes that had various degrees of commercial roughness, but
were probably in no case smooth. His prescient use of a defect law
anticipated today’s practice (see SECTION 2.6.1), which explicitly
assumes that the velocity profile in defect form is independent of
Reynolds number and roughness. (Stanton?)
After a pause of a few years to await more rigorous measurements, events moved rapidly. Karman in early 1930 had the advantage of access to Nikuradse’s then unpublished smooth-pipe data,
which were innocently supplied to him by Prandtl. (How about
1926 data?) The account in KARMAN’s biography (1967, pp. 134–
140) about the course of subsequent events is illuminating, although
the description of the streetcar episode should perhaps be taken with
a little salt. In any case, Karman discovered, by one means or another, that the data showed u behaving like log y. The issue then
became the development of a hypothesis for ` that would be consistent with this behavior.
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KARMAN (1930) proposed a local similarity argument, in effect taking ` to be defined by the first terms of a local Taylor-series
expansion about an arbitrary value ya of y (a for arbitrary), where
y is the distance from some suitable reference surface;
 
 3 
 2 
∂u
∂ u (y − ya )3
∂ u (y − ya )2
u = ua +
+
+. . . .
(y−ya )+
∂y a
∂y 2 a
2!
∂y 3 a
3!
(2.106)
The term in ua should not play a role, because the length being
sought, like the mixing mechanism, should be Galilean invariant.
The coefficients of the next two terms (or of any two adjacent terms)
define a length, which Karman took to be
` = −κ

∂u/∂y
,
∂ 2 u/∂y 2

(2.107)

with the comment that the dimensionless constant κ should be universal; i.e., it should depend only on the fact of turbulence, but not
on its form. The definition (2.107) includes a minus sign because
∂u/∂y and ∂ 2 u/∂y 2 have opposite signs for a logarithmic profile.
Karman applied his similarity hypothesis for ` to channel flow, for
which the shearing-stress profile is also linear (see SECTION X), but
the argument serves without modification for pipe flow. Given the
accurate stress profile
r
τ = τw
,
(2.108)
R
equations (2.104) and (2.107) lead to the defect form


 r 1/2 
uc − u
1  r 1/2
=−
+ ln 1 −
.
(2.109)
κ
R
R
(τw /ρ)1/2
Of the two constants of integration, one is eliminated by requiring
∂u/∂y to be unbounded at y = 0 or r = R, and the other is suppressed by writing the profile in defect form. The fact that uc rather
than u
e appears in equation (2.109) prevents any direct application
to the majority of pipe data, for which u
e was measured but uc was
not. (?) (Can calculate?)
Defect laws were well established in the literature, and Karman
noted the immediate extension to the case of a rough wall. He also
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noted (where?) that in the limit y/R → 0, with τ = τw and
y = R − r, his profile formula is reduced to
u
1
y
= ln
,
uτ
κ y0

(2.110)

where y0 is a constant of integration. The definition for ` is reduced
to (who?)
` = κy ,
(2.111)
although ` = κy cannot then be distinguished from ` = −κ(∂u/∂y) /
(∂ 2 u/∂y 2 ). The notion that ` is proportional to y allows an attractive
interpretation of ` as the range of a moving fluid element, a range
limited in one direction by the presence of a wall, and thus varying in
a sensible way with the position or perhaps the size of the turbulent
eddies.
If in Prandtl’s formula (2.104) the shearing stress is taken as
constant,
τ = τw ,
(2.112)
then equation (2.110) becomes an exact integral of equation (2.104),
with either form for `, when ∂u/∂y is taken to be unbounded for
y → 0. (Need sublayer.) The defect form is

uc − u
1
r
=
.
ln
1
−
κ
R
(τw /ρ)1/2

(2.113)

It remains to consider the combination of equation (2.111) for ` with
equation (2.108) for τ . The corresponding defect form is
(
"
#)
 r 1/2
uc − u
1
1 − (r/R)1/2
=−
2
+ ln
.
(2.114)
κ
R
(τw /ρ)1/2
1 + (r/R)1/2
To recapitulate, two hypotheses (2.107) and (2.111) were proposed for `(u, y) and two relationships (2.108) and (2.112) for τ (r).
The four combinations are listed in the adjacent TABLE 2.1, together
with the associated profile formulas. (Mention values for κ.) The
formula proposed by Darcy is included mainly for completeness. The
first profile equation was displayed by KARMAN (1930); the third
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TABLE 2.1
Mixing-length profiles

mixing
length

shearing
stress

defect
profile
equation

`

constant

du/dy
−κ 2
d u/dy 2

−κ

du/dy
d2 u/dy 2

uc − u
uτ

τ

(2.105)

2 R  r 3/2
3 ` R

r
τw
R

(2.109)

(
)

 r 1/2 
1  r 1/2
−
+ ln 1 −
κ
R
R

τw

(2.113)

τw

r
R

κy

r
τw
R

κy

τw

−

r
1 
ln 1 −
κ
R

(
"
#)
1  r 1/2
1 − (r/R)1/2
(2.114) −
2
+ ln
κ
R
1 + (r/R)1/2

(2.113)

−

1 
r
ln 1 −
κ
R
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by NIKURADSE (1930); and the second and fourth by KARMAN
(1930, 1932), NIKURADSE (1932), and PRANDTL (1932). Apparently by 1932 all parties to these developments had accepted the formulas (2.110) and (2.113), together with their primitive antecedents,
(2.111) and (2.112), as fundamental.
The important parameter (τw /ρ)1/2 was eventually given the
name friction velocity (Reibungsgeschwindigkeit) by KARMAN (1932)
and denoted by uτ ;
τw
u2τ =
.
(2.115)
ρ
PRANDTL (1927) originally included a factor 1/2 on the left in the
definition (2.115), in parallel with the definition of dynamic pressure,
but later (1932) endorsed the form (2.115) as it stands. One consequence is that a factor of 2 survives in the formula Cf = 2τw /ρe
u2 =
2(uτ /e
u)2 , but a factor of 2 is avoided in several other places, particularly in the definition of Newtonian friction at a smooth wall, which
in the limit requires ∂u/∂y = τw /µ = u2τ /ν ≈ u/y, and therefore
u
yuτ
=
.
uτ
ν

(2.116)

The dimensionless variables u/uτ and especially yuτ /ν both take
on values much larger than unity in the turbulent part of the flow.
However, the reference velocity uτ serves another purpose as the
proper quantity for making the Reynolds stresses dimensionless, at
least near a wall. Given that these stresses are of comparable magnitude and that −ρu0 v 0 ≈ τ ≈ τw = ρu2τ , the dimensionless Reynolds
stresses near a wall are necessarily of order unity. Boundary-layer
flows that are jet-like or wake-like require different treatment (see
SECTION Y).
At least two serious flaws are contained in equation (2.110).
The first is that the formula is a fragment. Within the mixing-length
model, there is no communication with the wall, and no boundary
condition to define the constant y0 . (This property is, however, useful in dealing with roughness, although a dimensional argument is
better. Log law implies y0 = 0.49ν/uτ in (2.110)?) For a smooth
wall, there is the independent linear limit (2.116). If the complete
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profile equation is to apply everywhere from the wall to the vicinity of the pipe axis, the independent variable must be yuτ /ν, and
equation (2.110) should be written
1
u
yuτ
= ln
+c
uτ
κ
ν

(2.117)

outside a transition region first miscalled the laminar sublayer and
now commonly called the viscous sublayer. It is then necessary to
explain why the viscosity is needed to describe the flow in a region
where essentially all of the transport is by a turbulent mechanism. In
a dimensional argument first used by KARMAN (1921) in connection
with the power-law profile (2.131) (see SECTION 2.5.3), the mean
velocity profile is assumed not to depend explicitly on R. It follows
that
 yu 
u
τ
.
(2.118)
=f
uτ
ν
This dimensional argument was repeated in this new context by
NIKURADSE (1930) in what must have been a hastily prepared paper on his experiments, and can probably be attributed to Prandtl.
The relationship (2.118), with its linear and logarithmic limits, is now
viewed as fundamental and is commonly referred to as Prandtl’s law
of the wall. The constant κ is known as Karman’s constant. I consider these assignments to be fair. Perhaps the best evidence for
equation (2.117), if not equation (2.118), is that it fits the experimental data. How well it fits, and the best values for the constants
κ and c, will be taken up in SECTION 2.5.7. (How did u
e make
its way into Nikuradse’s friction law?)
The second and more serious flaw in equation (2.110) is that it
honors the momentum equation in the breach. The shearing stress
τ in a pipe is assumed to be constant in a region where it is known
to vary substantially. Nevertheless, the logarithmic formula is found
to fit the data. More extreme cases having the same property, particularly the sink-flow boundary layer and the wall jet, are cited in
SECTIONS X and Y below. In any case, the logarithmic profile has
no certain connection with the laws of mechanics as these laws are
presently understood for turbulent flow.
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To make this same point in another way for the case of pipe
flow, the three distinct formulas in the table are plotted in defect form
in FIGURE X, 12 together with an experimental profile from the work
of LAUFER (1953) that uses an approximate value Ruτ /ν = xxxx.
The best agreement is seen for the logarithmic profile based on the
condition τ = τw . This fact may or may not justify the concept of a
constant-stress layer (amplify). The discrepancy between formula
and data is larger when the momentum equation and the exact formula τ = τw r/R are used, rather than the approximation τ = τw .
The discrepancy near the center of the pipe is real (see SECTION X),
so that this observation may not be central. However, it illustrates
a problem common to many mixing-length methods for modeling
turbulent flow, in that attempts to increase the level of rigor or the
range of application often lead to a worse result.
Thus the provenance of the logarithmic law of the wall. The
mixing length is an exasperating concept. It survives because it
points easily to a logarithmic dependence of the mean velocity on
the distance from a wall. There is no doubt that this observation
was a huge step forward at the time. A cynic might say that it rescued engineers from the tyranny of log-log paper and delivered them
to the greater tyranny of semi-log paper. A romantic would say that
it led to important real advances, because the whole episode of the
mixing-length analogy raised the consciousness of engineers and scientists by revealing an intrinsic order in the subject and by suggesting
that there might be other equally simple phenomenological relationships waiting to be discovered. There is still no better formalism for
organizing the effects of mass transfer at a wall, of lateral curvature,
or of compressibility. Nevertheless, the ideas that could be classified
as insight in 1930 must by now be reclassified as peripheral vision,
in the terminology of the introduction.
My position is that the mixing-length model does not explain
the logarithmic profile. Neither does either of two alternative arguments (section x, Millikan, and section y, singular perturbation), or
any other argument known to me. (Work on extremum principle.)
For the present, I accept the logarithmic profile as an empirical fact,
12

This figure appears never to have been created.
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and will turn in SECTION 2.5.7 to the practical question of determining values for the constants κ and c in equation (2.117). Some
valuable inferences from the law of the wall in the more general form
(2.118) will be presented in section x of the chapter on boundary
layers.

2.5.2

The Izakson-Millikan argument

An important contribution to the subject was made by IZAKSON
(1937) and repeated by MILLIKAN (1938). The logarithmic formula
(2.117) was originally proposed to describe nearly the whole flow in a
pipe, for which departures from the formula outside the sublayer are
experimentally small and were not emphasized at the time. These
departures are more conspicuous in a boundary layer, and are discussed at length in SECTION X. For the moment, it is enough to
note that equation (2.117) becomes at the center of the pipe
uc
1
Ruτ
= ln
+c ,
uτ
κ
ν

(2.119)

where uc is the mean velocity on the axis and R is the pipe radius.
The viscosity can be eliminated by subtraction to obtain a formula
first proposed by Karman (ref),
uc − u
y
1
.
= − ln
uτ
κ
R

(2.120)

This formula is experimentally incomplete, and needs another term,
now commonly called the wake component, that also depends only
on y/R. Thus, more generally, equation (2.117) can be written, in
Millikan’s notation,
y
u
1
yuτ
= ln
+c+h
,
uτ
κ
ν
R

(2.121)

from which
y
y
uc − u
1
y
= − ln
+ h(1) − h
=F
.
uτ
κ
R
R
R

(2.122)
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This expression is usually called Karman’s velocity-defect law. It is
at least plausible that the mean-velocity defect should depend only
on the stress level τw and not on µ.
The Izakson-Millikan argument assumes that there is a finite
region where both equation (2.118) and equation (2.122) are valid.
In this region,
∂u
u2
uτ
= τ f0 = − F0 ,
(2.123)
∂y
ν
R
or, in an obvious notation,
zf 0 (z) = −ζF 0 (ζ) .

(2.124)

Since the Reynolds number Ruτ /ν, which is the ratio z/ζ of the two
arguments, is arbitrary, the two sides of equation (2.124) must be
separately constant. Call this constant 1/κ. Integrate to obtain
f (z) =

1
ln z + constant ,
κ

(2.125)

or, in physical variables,
u
1
yuτ
= ln
+c .
uτ
κ
ν

(2.126)

Thus the mean-velocity profile in the common region is logarithmic.
The terms of the derivation just given imply that the constant κ is
independent of Reynolds number. (Note fashions, timing, and
many examples of papers being ignored.) This argument was
published in 1937-1938, when the major activity in the subject was
development of the mixing-length model. It languished for more than
15 years until Hans Liepmann called it to my attention about 1950
when I was searching for an alternative argument for the logarithmic
behavior of the profile in terms of similarity laws rather than mixinglength ideas.

2.5.3

The power-law profile

A proper chronology requires a short summary here of the powerlaw velocity profile, which was first proposed publicly by KARMAN
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(1921) in a powerful paper that is notable for other reasons; namely
that it contains the boundary-layer approximation as a formal inner
limit of the Navier-Stokes equations for small ν, as well as the essence
of the singular-perturbation method, including inner and outer expansions, the matching condition, and the composite expansion. It
also introduces the momentum-integral equation for the boundary
layer, an equation that is exploited for the case of laminar flow in the
following paper by POHLHAUSEN (1921). These practical developments finally forced the acceptance of the boundary-layer concept,
with all of its associated advances, by the rest of the world fluidmechanics community. In fact, Karman discussed pipe flow and the
power-law profile primarily as a device to model the boundary layer.
He derived a formula for flat-plate friction that agreed reasonably
well with early towing-tank measurements of total drag. Note that
there were, for practical purposes, no profile measurements in boundary layers in 1921, and precious few profile measurements in classical
pipe flow (check work on roughness).
Part of the reason for this was lack of proper instrumentation
as well as the poor quality of existing wind tunnels, as made evident
by a paper by Prandtl (1924; check). (Did the British have good
tunnels? See Prandtl and Tietjens.) This lack probably inspired
work in 1924 by van der Hegge Zijnen under Burgers, taken up in
section x. It probably also inspired in part the profile measurements
in smooth pipes by Nikuradse (1930, 1932), following Nikuradse’s
thesis on secondary flow in non-circular pipes.
Karman based the relevant section of his 1921 paper on the
observation by BLASIUS (1913) that the friction coefficient for turbulent pipe flow at Reynolds numbers from 5,000 to 100,000 could
be well fitted by a power law,
Cf = constant Re−1/4 .

(2.127)

In dimensional form this is
τw = ρu2τ = constant ρe
u7/4 (ν/D)1/4 .

(2.128)

This relationship emerges from a pursuit of straight lines on loglog paper. Karman noted that the systematic dependence of Cf
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on Re implied a systematic variation of the mean-velocity profile.
He assumed that the profile in some region, eventually taken to be
the whole of a pipe flow except for a thin layer very near the wall,
depended on a restricted set of variables,
u = u(ρ, µ, τw , y)

(2.129)

where the radius R is omitted and y = R − r is measured from the
wall toward the axis. The pressure gradient dp/dx need not be considered because it is interchangeable with τw according to equation
(2.11). (What about D?) The mean velocity u
e need not be considered because it is an integral of the profile u according to equation
(2.15). Equation (2.129) in dimensionless form implies the relationship known as the law of the wall (see SECTION 2.5.4),
 yu 
u
τ
.
(2.130)
=g
uτ
ν
In the present context, this relationship is taken to be a power law,
 yu n
u
τ
=B
(2.131)
uτ
ν
Then
u = Bun+1
(y/ν)n
τ

(2.132)

and, if the formula extends to the axis,
uc = Bun+1
(R/ν)n
τ

(2.133)

so that u/uc depends only on y/R, independent of Reynolds number.
Finally, the mean velocity u
e is obtained by putting the profile
(2.132) in the definition (2.15),
u
e=

2B
un+1 (R/ν)n
(n + 1)(n + 2) τ

(2.134)

from which (need constants)
ρuτ 2 = constant ρe
u2/(n+1) (ν/D)2n/(n+1) .

(2.135)
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Comparison with equation (2.128) yields immediately n = 1/7 from
either exponent. This is a local and empirical result that applies at
best only in a restricted range of Reynolds numbers. It has since
been overtaken by events, as will be explained in the next section.
Nevertheless, it may occasionally be useful for making rapid estimates.
KARMAN (1921, 1930) noted that Prandtl had already obtained these results in 1920 by a somewhat different argument, and
PRANDTL eventually published his own version some years later
(1927, III Lieferung). The main difference is the means used to pass
from the mean velocity u
e, used in the friction equation, to the centerline velocity uc , used in the profile equation. (check).

2.5.4

The dimensional argument

The preceding section moves the empirical content of the meanvelocity profile in turbulent pipe flow from the mixing length to the
similarity laws (2.118) and (2.122). These laws can be rationalized,
although not explained, by a dimensional argument. First, suppose
that the velocity as observed from the wall depends on the parameters according to (this needs work)
u = f (y, ρ, ν, τw , R, uc ) ,

(2.136)

where the mean velocity u
e is not displayed because it is implicit when
f is known, and dp/dx is not displayed because it is determined for
a pipe by τw and R (redundant). Suppose that u is found not to
depend on R or uc . (Mention atmosphere; no δ or uc .) The
only dimensionally correct form for u(y) is then equation (2.118).
Suppose further that the velocity observed from the pipe center,
uc − u = F (y, ρ, ν, τw , R) ,

(2.137)

is found not to depend on ν. The only dimensionally correct form
for [uc − u(y)] is then equation (2.122), and the Izakson-Millikan
argument follows. The weakness of this argument becomes clear only
when there is another parameter with the dimensions of a velocity or

167

2.5. SIMILARITY LAWS

a length, such as a suction or blowing velocity vw , or a roughness scale
k at the wall, or a body diameter D in the case of boundary-layer
flow on the outside of a cylindrical body. The nature and role of the
new dimensionless parameter have to be determined in each case by
a fresh empirical assault on the problem. Effects of compressibility
and effects of suction or blowing at the wall, in particular, are still
best described in terms of the mixing-length model (van Driest), and
are therefore not under control.
(Straighten out the question of an analogy with Kolmogorov’s
argument for the spectrum; see the introduction. See Narasimha.
Mention separation of variables and singular perturbations.) (Introduce u+ , y + notation.) 13

2.5.5

Interpolation formulas for the sublayer

The linear and logarithmic versions of the law of the wall, equations
(2.116) and (2.117), intersect at a point near u+ = y + = 11, depending on the values chosen for the constants κ and c. (Another intersection, at a free outer boundary of flow near a wall, is discussed in
SECTION X of Chapter 4 on boundary layers.) For some purposes,
the idea of a sharp intersection can be valuable, because it serves as
a primitive definition of sublayer scale. For example, DONALDSON
(1952) used a model with a linear sublayer and a power-law outer
profile to argue that the main effect of compressibility in boundarylayer flow is to increase the relative thickness of the sublayer. For the
present purpose, what matters is that the discontinuity in ∂u/∂y at
the linear-logarithmic intersection implies a corresponding discontinuity in both components of the total shearing stress. Let this total
stress be taken as constant; thus
τ =µ

∂u
− ρu0 v 0 = τw ,
∂y

(2.138)

or, in dimensionless wall units,
τ
du+ u0 v 0
= + − 2 =1 .
τw
dy
uτ
13

This notation is explained in section 2.5.6

(2.139)
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Equation (2.139) is exact for plane Couette flow (SECTION X) and
is otherwise an approximation in and near the sublayer for large
Reynolds numbers. This equation is the point of departure for the
modeling that follows. The discussion will neglect any effects of lateral curvature, pressure gradient, or low Reynolds number on the law
of the wall, since it is not certain that these effects are experimentally
detectable (see SECTION X).
When the law of the wall is expressed in Prandtl’s form, u+ =
f (y + ), the implication is that the sublayer intersection has been
rounded off by recourse to some formula based on experimental data.
A corresponding rounding is needed for the laminar and turbulent
shearing stresses in equation (2.138). These stresses have a constant
sum, with the laminar stress µ∂u/∂y rapidly decreasing and the turbulent stress −ρu0 v 0 rapidly increasing in a close neighborhood of the
wall. In fact, it is the region in which the exchange of mechanisms
takes place that is properly called the sublayer. Because the laminar
shearing stress is known if the function u+ = f (y + ) is known, the key
to the problem lies in the turbulent shearing stress, and specifically
in the fact that the quantity u0 v 0 behaves like y 3 very near the wall.
I will argue this property in detail, I hope persuasively, in SECTION
1/2
X. For the present, it is sufficient to stipulate that (u0 u0 )
behaves
1/2
2
0
0
behaves like y , according to the continulike y and that (v v )
ity equation. The result u0 v 0 ∼ y 3 then follows, as was first argued,
somewhat tentatively, by REICHARDT (1951).
The need for an interpolation formula is most apparent in problems of heat transfer, especially at high Prandtl numbers (see SECTION X). MURPHREE (1932) and KARMAN (1939) introduced a
primitive buffer layer for such problems (look up Murphree, others;
Reynolds’ analogy). Since then, more than 50 papers have been published on the interpolation problem. The literature up to about 1965
is thoroughly surveyed in the thesis by COANTIC (1966), and the
more recent literature can be traced through papers by LEWKOWICZ (1982) and by NARAYANA and RAMANA (1988). Many of
these papers patch various sublayer profiles to the logarithmic profile. A few papers provide a single continuous analytic formula for
the entire region; i.e., an explicit formula u+ = f (y + ), or its inverse.
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I will discuss three such formulas and recommend one of them.

Van Driest. A formula based on the mixing-length model and
the approximation τ = τw was proposed by VAN DRIEST (1956).
Van Driest explains his approach by writing
1/2

− u0 v 0 = r(u0 u0 )

(v 0 v 0 )

1/2

,

(2.140)

where r is a dimensionless correlation coefficient that is known experimentally to be the most nearly universal number in all of turbulence,
having a value near 0.4 or 0.5 in large regions of many different shear
flows. (Give phase argument?) The universality of r can be interpreted as evidence that various active Reynolds stresses tend to be
proportional to each other in fully developed turbulent flow, or more
constructively as a statement about a common phase relationship
1/2
between the fluctuations u0 and v 0 . Van Driest writes (u0 u0 )
and
1/2
0
00
0
0
0
(v v )
as ` ∂u/∂y and ` ∂u/∂y. The two mixing lengths ` and
00
` and the coefficient r are then combined as `2 to obtain Prandtl’s
equation,
 2
∂u
2
− ρu0 v 0 = ρ`
.
(2.141)
∂y
To model the effect of damping by the wall, Van Driest invokes
the STOKES solution (1851) for a wall oscillating harmonically in
its own plane in a stationary viscous fluid. For this flow, the fluctuations away from the wall are exponentially damped, like e−y/L ,
where the damping scale L = (2ν/ω)1/2 depends on frequency. Van
Driest assumes that for a fixed wall and an oscillating fluid the corresponding damping factor is (1−e−y/λ ), although the solution derived
by LAMB (1932, p. 622) behaves differently. This assumed damping
factor is applied twice, together with ` = κy, to obtain

2  ∂u 2
− ρu0 v 0 = ρκ2 y 2 1 − e−y/λ
.
∂y

(2.142)

Unfortunately, this equation has u0 v 0 behaving like y 4 near the wall.
CHAPMAN and KUHN (1986) argue that the correct behavior can
be obtained if the damping factor is associated with u0 u0 , as suggested
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by the Stokes solution, but not with v 0 v 0 . They therefore propose,
instead of equation (2.142),
−

ρu0 v 0

2 2

= ρκ y



1−e

−y/λ

 ∂u 2
∂y

.

(2.143)

To the extent that this revision amounts to putting

 ∂u
(u0 u0 )1/2 ∼ y 1 − e−y/λ
,
∂y

(2.144)

∂u
,
∂y

(2.145)

(v 0 v 0 )1/2 ∼ y

there is a hopeless dimensional contradiction, both for u0 u0 , which
must behave like y 2 near the wall, and for v 0 v 0 , which must behave like
y 4 . Perhaps it is better not to attempt to explain the unexplainable
about the concept of mixing length.
Substitution of equation (2.143) for u0 v 0 in equation (2.139)
and use of wall variables lead to a complete mean-velocity profile
u+ = f (y + ) as the integral of
du+
2
=

1/2 .
+
dy
1 + 1 + 4κ2 y +2 1 − e−y+ /λ+

(2.146)

This equation has to be integrated numerically. The value obtained
for the intercept c in the logarithmic region depends on the value of
λ+ . For κ = 0.41 and c = 5.0,14 the fit requires λ+ = 61.485, and
the interpolated profile appears as shown by the curve labeled Van
Driest in FIGURE 2.31. The leading term in a power series for the
turbulent shearing stress is
−


u0 v 0
κ2 +3
+4
=
y
+
O
y
.
u2τ
λ+

The numerical value of the coefficient κ2 /λ+ is 0.002734.
14

These values are revised in SECTION 2.5.7

(2.147)
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Figure 2.31:
Three interpolation formulas for the
transition region between the linear and logarithmic
forms of the law of the wall. Note the displaced
scales. The top display is a superposition of the other
three. I recommend the formula proposed by Musker.
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Equation (2.147) defines a family of profiles, with λ+ or c as
parameter. Check these for suitability for showing effects of roughness or polymers. Van Driest has a more general scheme that does
not inspire confidence. What value of ω goes with the specified λ?
Spalding. A quite different proposal was put forward by
SPALDING (1961) and independently by KLEINSTEIN (1967). The
difficulty that u(y) does not have a power-series expansion valid into
the log region can be avoided if y(u) is examined instead. The logarithmic law,
1
u+ = ln y + + c ,
(2.148)
κ
has the inverse
+
y + = e−κc eκu .
(2.149)
This expression does have a power-series expansion about u+ = 0,
namely


(κu+ )2 (κu+ )3 (κu+ )4 (κu+ )5
+
−κc
+
+
+
+
+ ··· ,
y =e
1 + (κu ) +
2
6
24
120
(2.150)
with an infinite radius of convergence. If a valid expansion is to begin
with a term in u+ and continue with a term in (u+ )4 , on the premise
that u+ begins with a term in y + and continues with a term in (y + )4
(see SECTION X), it is sufficient to cancel the first four terms of the
series and append a term in u+ ; thus
"
#
2
(κu+ )
(κu+ )3
+
+
+
−κc κu+
e
− 1 − (κu ) −
y =u +e
−
. (2.151)
2
6
This manufactured interpolation formula incorporates the two limiting forms (2.116) and (2.117) of the wall law, as shown by the curve
labeled Spalding in FIGURE 2.31. However, convergence to the logarithm is relatively slow, and there are no disposable parameters.
The leading term in an expansion of u0 v 0 is found to be
−

u0 v 0
e−κc κ4 +3
=
y + O(y +4 ) .
u2τ
6
3

(2.152)

For κ = 0.41 and c = 5.0, the coefficient of y + has the numerical
value 0.000606.
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Musker. It remains to put in evidence MUSKER’s proposal
(1979), which emerges from the concept of eddy viscosity. With
equation (2.138) in mind, define an eddy viscosity µt by
− ρu0 v 0 = µt

∂u
∂y

(2.153)

and a kinematic eddy viscosity νt = µt /ρ by (cite Boussinesq)
−

νt du+
u0 v 0
=
.
u2τ
ν dy +

(2.154)

Equation (2.139) can now be written

τ
νt  du+
= 1+
=1 .
τw
ν dy +

(2.155)

Very close to the wall, where u0 v 0 behaves like y 3 , the left side of
equation (2.154) is O(y +3 ), and du+ /dy + is O(1). Consequently, put
νt
= sy +3
ν

for

νt
1 ,
ν

(2.156)

where s (for shearing stress) is an empirical constant.
(Note that equation (??) in section x is an exact consequence
of the law of the wall in the form u+ = f (y + ). By coincidence, the
leading term in an expansion of the integral in this equation is also
a term in y 3 . However, this term is normally orders of magnitude
smaller than the estimate (2.156) because of the factor λ+ in the
denominator.) (λ twice).
In the logarithmic region, where du+ /dy + = 1/κy + , take the
shearing stress to be constant and put
νt
= κy +
ν

for

νt
1 .
ν

(2.157)

Musker’s proposal is to satisfy the two limiting conditions (2.156)
and (2.157) on νt /ν simultaneously by using what I call the lens
formula,
1
1
1
κy + + sy +3
= +3 + + =
.
(2.158)
νt /ν
κy
sκy +4
sy

174

CHAPTER 2.

PIPE FLOW

Consequently, from equation (2.155),
du+
dy +

y +2 1
+
κ
s
=
.
+2
y
1
+3
y +
+
κ
s

(2.159)

This equation can be expanded in a power series about y + = 0 to
obtain
−


u0 v 0
du+
s2
= 1 − + = sy +3 − y +5 + O y +6 .
2
uτ
dy
κ

(2.160)

Term-by-term integration gives

s
s2 +6
u+ = y + − y +4 +
y + O y +7 .
4
6κ

(2.161)

To lowest order, the turbulent shearing stress is half of the total when
y + is about 7.7, in keeping with traditional ideas about the scale of
the sublayer. (Cite Spalart’s calculations for the boundary layer at
constant pressure, which indicate that the first two terms for u0 v 0
are terms in y 3 and y 5 . Coincidence? Mention consequences for full
expansion in chapter 7.)
Musker’s analytical integration of equation (2.159) is worth
study. Let the denominator be expressed as (y + − a)(y + − b)(y + − c).
One of the three roots is real and negative, and the other two are
complex conjugates, as shown in FIGURE 2.32. Write
a < 0,

b = α + iβ,

c = α − iβ .

(2.162)

The three roots satisfy the identities
a + b + c = a + 2α = −

1
,
κ

ab + ac + bc = 2aα + R2 = 0 ,
abc = aR2 = −

1
,
s

(2.163)
(2.164)
(2.165)
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Figure 2.32:
Placement in complex wall coordinates
of the three singularities in Musker’s formula (2.166)
for the law of the wall. The radius of convergence of a
power series for u+ (y + ) is R+ = 9.29.
where R2 = α2 + β 2 (the constants c and R have special meanings
for this development). There is only one free parameter, since α, β,
R, s are all expressible in terms of a and κ, say.
A surfeit of algebra leads to the mean-velocity profile
 +



y −a
R2
α
1
+
+
(4α + a)ln Φ + (4α + 5a) φ ,
u = ln
κ
−a
a(4α − a)
β
(2.166)
where
h
i
2

+
2
a (y − α) + β
Φ=−
R
(y + − a)

1/2

(2.167)

is a mix of distances measured from the origin or from the point y +
in FIGURE 2.32 to the singularities of equation (2.159), and where
 +

 
−1 y − α
−1 α
φ = tan
+ tan
(2.168)
β
β
is the angle marked in the figure.
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The boundary condition u+ = 0 at y + = 0 is evidently satisfied by equation (2.166). Passage in either direction to verify that
this equation is the integral of equation (2.159) is aided by the identities (2.163)–(2.165). Because equations (2.163) and (2.164) imply
R2 /a2 < 1, the complex roots determine the radius of convergence
R of the power series expansions (2.160) and (2.161).
For sufficiently large values of y + , the profile equation takes
the form
1
u+ = ln y + + c ,
(2.169)
κ
where c is now the constant of integration first defined in equation
(2.117);

 a α
R2
1
(4α + a)ln −
+ (4α + 5a)
c = − ln(−a) +
κ
a(4α − a)
R
β

 
π
α
+ tan−1
. (2.170)
2
β
Since c and s can both be expressed parametrically in terms of a,
they are uniquely related to each other. Given κ = 0.41, the values
that correspond to c = 5.015 are a = −10.593, α = 4.077, β = 8.352,
R = 9.294, and s = 0.001093. These constants in equation (2.166)
produce the lowest labeled curve in FIGURE 2.31.
Musker’s profile slightly overshoots the log profile, by a maximum of about 0.02 in u+ near y + = 150. This minor defect could
probably be removed by slightly increasing the coefficient of the middle term in the denominator of (2.159), to decrease the derivative
du+ /dy + locally without disturbing the two limiting conditions, but
I prefer to rest my case.
Although the profile equation (2.166) is untidy, Musker’s interpolation scheme works so well that its use amounts to making a necessity out of virtue. First, the leading terms in the power series for u0 v 0
agree with the leading terms extracted from SPALART’S numerical
results (1988) for the turbulent boundary layer at constant pressure,
as shown in FIGURE X.16 (Check this. Get channel numbers
15
16

Values of κ and c are revised in SECTION 2.5.7
This figure has not been found.
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from Moin.) Second, there is an encouraging resemblance between
the pattern of singularities in FIGURE 2.32 and the corresponding
pattern for the Blasius boundary layer (see SECTION X), thus providing another point of contact in the power-series approach to both
laminar and turbulent regimes of flow near a wall. Finally, Musker’s
scheme, although it has only one disposable constant, is capable of
generating a plausible family of profiles for fixed κ and arbitrary c,
and I will use it for this purpose when I take up some effects of surface
roughness and long-chain polymers in SECTIONS 2.6 and 2.7.

2.5.6

Fully developed flow

One test for fully developed pipe flow can be based on the properties
of the mean velocity profile, provided that an accurate analytical
description of the profile is available. Such a description is given in
part by the empirical formula
 yu  Π  y 
u
τ
=f
+ w
,
(2.171)
uτ
ν
κ
R
where uτ and Π are parameters. The function f outside the sublayer
is a logarithm, and w is an antisymmetric function that is adequately
represented by sin2 (πy/2R). The distance y is measured from the
wall toward the axis and beyond.
One defect in the formula (2.171) is the presence of a corner, or
discontinuity in slope, on the pipe axis. The equivalent defect at the
edge of a boundary layer is discussed at length in SECTION 4.9.3
below. In the present section, the need is to develop a quantitative
measure of the degree of rounding of the experimental velocity profile
near the pipe axis, thus creating a new and sensitive criterion for
judging the approach to full developments. The notation refers to
pipe flow, but the physical meaning may be clearer if the calculations
are associated with channel flow.
The discontinuity in slope appears when the wall law outside
the sublayer is written as
u
1
yuτ
= ln
+c
uτ
κ
ν

(2.172)
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Figure 2.33:
Use of the single-parameter equations
(2.176) and (2.180) to round the logarithmic
mean-velocity profile near the pipe axis for the case
R+ = Ruτ /ν = 2000.
and this law is assumed to hold to the pipe axis at y = R. Recall
the analytical device that I called the lens formula in the previous
section. (check) The objective there was to interpolate between
the linear and logarithmic parts of the mean-velocity profile in the
sublayer. The same device will be used here. The notation is shown
in FIGURE 2.33. For the left half of the figure, the law of the wall
has the form (2.172). For the right half of the figure, write
u
1
(2R − y)uτ
= ln
+c ,
uτ
κ
ν

(2.173)

where y in both formulas is measured from the left wall. For brevity,
introduce the + notation, with u+ = u/uτ , y + = yuτ /ν, and R+ =
Ruτ /ν. Close to the left wall in FIGURE 2.33, define a new variable
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Y + by the identity
Y + = y+ .

(2.174)

Close to the right wall, define the same variable by
Y + = 2R+ − y + ,

(2.175)

so that the single formula
u+ =

1
ln Y + + c
κ

(2.176)

applies close to both walls. Near the axis, the two definitions for Y +
can be joined smoothly with the aid of the lens formula,
1
1
1
= + 1/n +
;
+
(Y + )1/n
(y )
(2R − y + )1/n
or

"
Y+ =

1/n

(2R+ − y + )

(2.177)

#n

(y + )1/n

,

(2R+ − y + )1/n + (y + )1/n

(2.178)

where the parameter n determines the amount of rounding near the
axis. Finally, replace the distance y, measured from the left wall, by
the distance r, measured from the axis of the pipe;
y + = R+ − r + .

(2.179)

Given that y + is always positive, the radius r+ must be interpreted as
positive (negative) in the left (right) half of FIGURE 2.33. Equation
(2.178) becomes
"
Y

+

=

R+2 − r+2

1/n

(R+ + r+ )1/n + (R+ − r+ )1/n

#n
.

(2.180)

This form shows explicitly the desired symmetry about the pipe axis,
with Y + (r+ ) = Y + (−r+ ) everywhere. Some typical rounded profiles
defined by equations (2.176) and (2.180) are shown in the figure for
several values of n. On the axis, where r+ = 0, Y + = R+ /2n . If a
more physical interpretation of the parameter n is wanted, it can be
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had by calculating the radius of curvature of the function u+ (r+ ) at
r+ = 0, most simply by way of power-series expansions. (Do this.)
(Two paragraphs out of order.) A few remarks are in
order about the conceptual nature of the variables just considered.
The quantities called the Reynolds stresses are part of the Reynoldsaveraged momentum equations, and so must answer to the laws of
mechanics. My view is that at least the Reynolds shearing stress
can be intrepreted as a real physical variable. Within the boundarylayer approximation, a numerical value can be assigned to −ρu0 v 0
in at least two ways. The first defines this quantity as an apparent
force required to balance other forces and accelerations that can be
evaluated independently. The second measures the fluctuations u0
and v 0 and the mean value of their product. The two quantities so
determined will be compared for a variety of flows in different sections
of this monograph. If the two values do not agree, the difference is
ordinarily blamed on failure of the boundary-layer approximation
or on experimental error. This view may survive the assumption
τ = τw , although the laws of mechanics are then abandoned, as
already pointed out in SECTION X.
The mixing length and the eddy viscosity are conceptually different from the Reynolds stresses and from each other. A numerical
value can be asssigned to ` or to µt in only one way, through the definition (2.141), in the case of `, or the definition (2.153), in the case
of µt . These definitions lie outside the laws of mechanics, being part
of turbulence modeling. They are inventions that are intended to
supply an additional equation to be used with momentum equations
like (2.1), but in practice are often used alone. The eddy viscosity is
the kinder concept, being a direct surrogate for the velocity field.
My plan is to fit turbulent profiles and determine Π and n.
Plot Π and n vs R+ . Plot Π vs n. Look for evidence of lack of
development or lack of symmetry.
Suitable profiles are in papers by
COSTRELL process
FOWLES
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ELENA
STANTON (1911) 3D process
NIKURADSE (1932) 3A process
FAGE (1936) 3A
LING (1937) 3A process
NEWMAN and LEARY (1950) 3A
LAUFER (1953) 3A
SANDBORN (1955) 3A process
WEISSBERG and BERMAN (1955) 3J
BROWN et al. (1957) 3K
SLEICHER (1958) 3F process
BROOKSHIRE (1961) 3A
WELLS (1965) 3E
WICHNER (1965) 3A process
COANTIC (1966) 3A process
ELATA et al. (1966) 3E
OLSON and ECKERT (1966) 3J
PATTERSON (1966) 3E
VIRK et al. (1967) 3E
BAKEWELL and LUMLEY (1967) 3A process
ERNST (1967) 3E
MIH and PARKER (1967) 3E
SHERWOOD et al. (1968) 3A
WELLS et al. (1968) 3E
LINDGREN and CHAO (1969) 3A
MORRISON (1969) 3A
SEYER and METZNER (1969) 3E process
SIRKAR (1969) 3A
SPANGLER (1969) 3E
CLARK (1970) 3A
KJELLSTROM and HEDBERG (1970) 3A
LAWN (1970) 3A
TOMITA (1970) 3E
VAN DRIEST (1970) 3E
POWE and TOWNES (1971) 3D
ARUNACHALEM et al. (1972) 3E
ROLLIN and SEYER (1972) 3E
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TOWNES et al. (1972) 3D
CARPENTER (1973) 3D
LU et al. (1973) 3H
BERTELRUD (1974) 3A process
CHEN and ROBERTSON (1974) 3D
DURST and KELLER (1974) 3E
PATEL (1974) 3A process
SCRIVENER (1974) 3E
AQUINO and LAMONTAGNE (1975) 3E
PERRY and ABELL (1975) 3A process
SABOT and COMTE-BELLOT (1976) 3A
MIZUSHINA and USUI (1977) 3E
HISHIDA and NAGANO (1979) 3A
KUBO (1979) 3E
SCHILDKNECHT et al. (1979) 3J
RAMAPRIAN and TU (1980) 3H
HASSAN (1980) 3A
DURST et al. (1981) 3E
LANGEHEINEKEN (1981) 3A
TU and RAMAPRIAN (1983) 3H
BEWERSDORFF (1985) 3E
BULLOCK et al. (1990) 3D

2.5.7

Karman’s constants κ and c

NOTE: The first four paragraphs in this section were included
in the draft of this chapter. A separate file dated 1 April 1999 with
new conclusions of the author on the same topic has been added at
the label ’Revision of values.’ –K. Coles
The values of Karman’s constants κ and c in the logarithmic profile are usually thought to be determined from Nikuradse’s
smooth pipe data, whether or not the wake component is clearly
recognized. The universal parameter κ originates in the heuristic
definition du/dy = uτ /κy in Prandtl’s equation (2.104) with ` = κy
and τ = τw , although sometimes κ is inferred after one or more stages
of manipulation. Numerous other measurements of pipe profiles have
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been made, and should also be considered as evidence. A preliminary
step is to ensure from other evidence that the flow is fully developed.
A suitable test is to obtain the strength of the wake component and
look for a universal behavior. I take figure x as the best evidence for
the value of these constants.
A second major source of systematic data on the mean-velocity
profile in a smooth pipe at large Reynolds numbers is the thesis by
LING (1939), who studied under Schoder at Cornell University. This
thesis has some anomalous properties. The experimental apparatus is
not described in convincing detail. There is no attempt to compare
the results with the results of other experimenters. Finally, there
is little evidence in some sections of the thesis that the work was
properly supervised. It is not possible sixty years later to account
for these anomalies, or even to determine why the research was done
at all. Nevertheless, I am willing to accept Ling’s results, and they
are shown in figure x.
(Select possible experiments from DATA3A. Evaluate two constants by plotting the wall law in the range y + > 50 (or 100) and
y/R < 0.25, to isolate the logarithmic region. Look at uc /u to find
poor data. Look at uc /uτ or friction coefficient for the same purpose.
Can anything be done with Burke’s data? Emphasize that κ and c
are defined in terms of the mean-velocity profile, equation (2.117).
Collect data; there are at least 50 sources. (Data are available for
Nikuradse, Stanton, Bertelrud, Ramaprian and Tu, Deissler, Wichner, Brookshire, Coantic, Ling, Patel, Hettler, Fowles, Sirkar, Shaver
and Merrill, Bogue and Metzner, Hershey, Virk et al, Seyer and
Metzner, Wang. Data are needed for Chen and Robertson, Laufer,
Langeheineken, Hishida and Nagano, Hassan, Morrison, Fage, Clark,
Bakewell and Lumley, Sherwood et al, Durst et al, Durst and Keller,
Patterson et al, Wells, Perry and Abell, Sleicher, Olson and Eckert, Lu et al, Lawn, Lindgren and Chao.) Segregate fully developed
flows. Use x/D, uc /uτ as criteria. Accept authors’ values for Cf .
Look hard at lower Reynolds numbers. Come up with slope and
intercept. Say something about errors in sublayer, wake component.
(Move somewhere) Despite these objections, the mixing-length
formulation for turbulence near a wall defined the state of the art
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for a generation, until the first Stanford contest in 1968 (ref). My
own preference is for strict adherence to the principles of similarity. I
consider the log law to be an empirical result, an answer for which the
question is unknown. Perhaps a substantial prize should be awarded
for a new and persuasive question. (endmove).
Revision of values of κ and c. Various values can be found
in the literature for the constants κ and c. From the beginning, I
have taken these constants to be the [reciprocal of the] slope and
the intercept of a straight line fitted in semi-log coordinates to a
fragment of the mean-velocity profile near a smooth wall;
u
1
yuτ
= ln
+c .
uτ
κ
ν

(2.181)

The fragment begins at the edge of the sublayer and ends before the
wake component becomes appreciable. Some authors have chosen
to take a defining agency for these constants other than the profile
fragment (2.181), or alternatively its derivative,
∂u
uτ
=
.
∂y
κy

(2.182)

Instead, they choose some derived quantity that modifies the definition (2.181) by introducing further approximations and assumptions
that vary from author to author. An example is use of a friction coefficient formula derived by Karman in his 19xx paper. In my 1956
survey I assigned to κ and c the values 0.40 and 5.1. In 1962, on
the uncertain ground of a hypothetical mapping of floating-element
friction data in supersonic boundary layers onto like data at Mach
number zero, I revised these values to 0.41 and 5.0. I retained the
latter values in my 1968 survey for the first Stanford contest.
The measurements in smooth pipes by NIKURADSE (1930,
1932) have always had a central place in this part of the turbulence
picture, primarily because of their relatively large range of Reynolds
number. However, there has been for decades a growing mistrust
of Niduradse’s data. In fact, I have felt obliged to include here and
elsewhere in this monograph a critique of the man and his methods
based on whatever evidence I have been able to find. From time to
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time, there have been attempts to obtain new data in pipes at large
Reynolds numbers, in part because of the mistrust just mentioned,
but also in part because of suggestions from work in boundary layers
at high Reynolds numbers that the concept of a defect law is not
firmly supported by the available evidence. (Mention Burke, van
Sciver).
Efforts to increase the Reynolds number by increasing the velocity eventually encounter compressibility for a gas and cavitation
for a liquid. Modest decreases in viscosity can be realized in gases
by cooling, and in liquids by heating, as was demonstrated by Nikuradse. Large physical scales usually mean a large test facility and
exposure to field conditions, which anyone with previous field experience would try to avoid if the context is fundamental research.
There remains the possibility of an increase in density for a
gas as working fluid. (Look for examples) In 1996, in time to
have a profound effect on this monograph, ZAGAROLA at Princeton completed a thesis reporting new profile measurements in pipe
flow at pressures to about 200 atmospheres. FIGURE 2.34 is essentially raw data, presented as a replica of a figure in Zagarola’s
thesis. (Check) To avoid crowding, only half of his 26 profiles are
included. The remarkable regularity of these data leaves no doubt
whatever about the validity for pipe flow of the logarithmic law of
the wall and the wake-like (here jet-like) momentum-defect law. In
my opinion, the paradigm represented by these and other similarity
laws is completely safe. Except that I might wish to see the measurements in the lower range of Reynolds number repeated with a
tripping device, and also to see some rigorous quantitative evidence
on surface roughness, I accept Zagarola’s data as definitive, and I
therefore accept the conclusion that the two constants in the law of
the wall have to be revised once more.
Let new values of κ and c be defined by FIGURE 2.35 which
shows by 26 open circles Zagarola’s experimental values for the dimensionless velocity on the pipe centerline. Also shown by small
filled circles are uncorrected velocity measurements (as tabulated in
the thesis) in the region near the wall (i.e., for y + > 200, y/R < 0.1),
where the profile is expected to be logarithmic. The latter data are
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Figure 2.34:
Raw velocity-profile data from the
superpipe measurements by ZAGAROLA (1996). Thirteen
of the 26 measured profiles are shown. The logarithmic
law of the wall and the velocity-defect law are solidly
supported by these data.
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Figure 2.35:
Centerline data and log-region data
from the superpipe measurements by ZAGAROLA (1966). The
fitted lines have the same slope. The constants in the
logarithmic law of the wall are κ = 0.435, c = 6.10.
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what I take to define κ and c. Note that the centerline data are of a
different quality, because they do not encounter corrections for probe
displacement or for effects of high turbulence level near the wall. On
the basis of FIGURE 2.34, I am satisfied that the defect law is valid
and that two straight lines having the same slope can be fitted to the
two sets of data in FIGURE 2.35. Such lines define themselves easily
within the small experimental uncertainty of the data. The revised
constants for the lower line, with is the logarithmic law of the wall
according to equation 2.181, are then
κ = 0.435, c = 6.10 .

(2.183)

For the upper line, which represents the local friction coefficient in
the form
1
u+ = ln R+ + C ,
(2.184)
κ
the constants are
κ = 0.435, C = 7.56 .
(2.185)
(Say that these are used willy-nilly in every part of this
monograph.)
In their journal paper, as in the thesis, ZAGAROLA and SMITS
(1999) do not relate their new data explicitly to the body of earlier
measurements, particularly the measurements by Nikuradse. I have
therefore constructed FIGURE 2.36 for this purpose. Note that no
mechanism or model is assumed in this presentation of experimental
centerine velocities, unless the choice of semilog coordinates can be
called a model.
Begin with the lowest part of FIGURE 2.36. The crosses represent an experimental data base collected from the work of about
15 authors not including Nikuradse (see the appendix)17 . The open
circles are Zagarola’s 26 points, and the line is my best fit, both
being transferred verbatim from FIGURE 2.35. I first constructed
FIGURE 2.3618 using a larger data base, but found more scatter
than I thought reasonable. This scatter became reasonable when I
17
18

It is unclear if this appendix was not completed or is incorporated elsewhere.
Probable reading of manuscript - K. C.
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Figure 2.36:
Various measurements in wall coordinates
of centerline velocity in smooth pipes. Note the
displaced origins. The lower curve shows good agreement
between the data of ZAGAROLA (1996; circles) and other
measurements from the literature (crosses), absent
Nikuradse. The middle curve shows good agreement
between Zagarola’s centerline data and NIKURADSE’s
centerline data from his table 8 (1932), except for
Reynolds numbers R+ below about 1500. The upper curve
shows that the centerline points from Nikuradse’s 16
profiles in his table 3 do not agree with any of the
other measurements, including his own.
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discarded all data for which the necessary measurements of pressure
or velocity were made closer to the pipe entrance than 100 diameters.
In passing, observe that the transition range is well defined by
the work of SENECAL (1953) and PATEL and HEAD (1969). A
square-cut entrance appears to be an adequate tripping device at all
Reynolds numbers. (check) The beginning of transition is abrupt,
at about R+ = 60, or Re = 2100, but the end of transition is not so
well defined, probably because of a slow approach to equilibrium. As
a test for final equilibrium, it would be useful to have flatness-factor
data for velocity fluctuations on the pipe axis far downstream over
a range of Re from 2000 to perhaps 10,000, to verify the disappearance of the bimodal laminar/turbulent probability-density function
associated with intermittency. (See SECTION X on transition).
In the lowest part of FIGURE 2.36, where the old and new
data overlap, there is good agreement, although the straight line in
the figure may not be the best overall representation in the early part
of the turbulent regime, below R+ = 103 .
The central part of FIGURE 2.36 repeats part of the data
base and repeats the fitted line, but replaces Zagarola’s centerline
data by Nikuradse’s centerline data from table 8 of his 1932 paper.
At least for R+ greater than about 2000, there is no appreciable
difference between the two sets of measurements, despite the lower
length/diameter ratio for Nikuradse’s pipes. However, for the lowest Reynolds numbers Nikuradse’s values seem low, indicating that
transition may have been over-tripped in this region.
Finally, the upper part of FIGURE 2.36 shows Nikuradse’s
centerline points from the profiles in his table 3, together with the
base data and Zagarola’s straight line. There is a discrepancy in
slope that (give value) is evidently internal to Nikuradse’s work
and cannot be ignored. I have found nothing in his 1932 paper to
explain his difficulty with the rule that an experimenter must be able
to repreat his own measurements, and I suspect that the values of uτ
for the profiles have been adjusted. There is more on this question
in SECTION X. (Check profiles of 1930 against 1932.)
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The defect law

(Discuss as outer component in a singular-perturbation argument.
Combine with next section? Validity depends on smoothness of uc /uτ
against ln Ruτ /ν.)

2.5.9

The limit Re → ∞

A philosophical question about turbulent pipe flow concerns the limit
of infinite Reynolds number. The defect law in the limit represents
a square profile with a boundary layer at the wall (what about the
wake component?). The turbulence is mixing so effectively that there
is no gradient in mean velocity. The problem looks like a classical
singular perturbation problem, except that the equations are not
known. Several people have tried this problem. A reasonable test is
to ask how the logarithm gets into the analysis, and the answer so
far is that the authors put it in, by one device or another. I think
this is an important exercise, and should be done correctly from the
beginning. Plot uτ /uc against 1/ln (Ruc /ν) and argue Cf → 0 as
Re → ∞?
The atmosphere is a boundary layer at very large Reynolds
number. There is only a wall component, since there is no way to
define a thickness or a free-stream velocity. One problem is that the
flow should be neutrally stable. Another is that the effect of the
earth’s rotation on the flow near the surface should be negligible.
Another is that the surface should be smooth, and in practice this
means smoother than smooth concrete. A last problem is that the
approaching flow should have a long fetch. (Look at meteorological
literature.)

2.5.10

The formal friction law

Karman (ref) noted the local friction law obtained by evaluating
the profile formula (2.117) on the pipe axis, with a slightly different

192

CHAPTER 2.

PIPE FLOW

constant,
1 Ruτ
uc
= ln
+A .
uτ
κ
ν

(2.186)

He applied this formula to estimate κ = 0.38 from Nikuradse’s data
for uc , uτ , and R in a smooth pipe. The fact that uc rather than
u
e appears here prevents any direct connection with the bulk of pipe
data. (Use profile formula for uc /uτ . Document behavior at low Re.
Try Burke again. How to replace uc by u
e?)

2.5.11

The Reynolds stresses

(Plot fluctuations in sublayer for y + = 15, 50; also centerline values.
See Lehigh paper.) Perry and Abell are looking for evidence that the
turbulent fluctuations obey a wall/wake decomposition like the mean
velocity.
(Two topics so far are sudden area change; see Krall, Boger
and Halmos, and Khezzar et al, and effect of coiling, especially on
transition; see Taylor, White, Sreenivasan. Another is non-steady
pipe-flow. Mention that roughness and polymers are treated separately.)

2.6
2.6.1

Roughness
Friction

Most of the early data on flow in pipes, from about 1860 to about
1900, were obtained by civil engineers in pipes characteristic of water
distribution systems, long vehicular tunnels and even sewers. These
pipes were typically made of wood, riveted iron (sometimes corrugated), cast iron or cast concrete, or excavated rock, and they often
deteriorated over time because of accumulating corrosion or other
deposits. Thus engineers lived with rough surfaces, and they tended
to carry out their experiments in the same circumstances where the
information was to be applied. In the absence of any formalism for
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organizing their knowledge, they were simply good engineers. Collections of some of these early measurements can be found in papers
by Blasius, Ombeck, and others. (Mention others.)
The Reynolds numbers in the early work were often large, and
the evidence showed that the pressure drop in a given pipe tended to
vary as the square of the flow velocity, although exponents closer to
7/4 were sometimes reported for especially smooth and clean pipes.
Work on pipe flow as a classical problem in turbulent shear flow
began near the end of the 19th century, and some of this work is cited
in SECTION X. Work on the effects of roughness lagged, there being
no systematic studies taking into account geometric similarity and
other questions of good experimental definition until the appearance
of a remarkable contribution by Nikuradse in 1933. This paper by
Nikuradse is still considered to be the seminal work on the problem
of surface roughness, although there are several open questions to be
taken later.
The discussion here begins where the subject ends, with the
subject of the fully rough regime. The main effect of large wall
roughness is to replace the condition τw = µ(∂u/∂y)w by a drag
condition that treats three-dimensional roughness elements as bluff
bodies, with a local pressure drag that is quadratic in some characteristic velocity u
b and independent of viscosity. If N is the number
of such elements and F is the total drag force, both per unit area,
write approximately
F = CD

ρb
u2
N k 2 = ρu2τ ,
2

(2.187)

where CD is a drag coefficient and k is a roughness scale, to be defined
later.
For packed roughness, N k 2 is of order unity. If CD is also of
order unity, as it is for a sphere, say, at a Reynolds number u
bk/ν
greater than about 1000, then u
b should be of order uτ (check this
with real data). Moreover, if CD is independent of Reynolds number, so is
 2
F
u
b
Cf = 1 2 ≈ CD
,
(2.188)
u
e
u
2 ρe
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where u
e is a suitable external or reference velocity. This property
defines the fully rough regime.
(If roughness is not packed, try a linear combination of the two
forms for F ? 2D vs 3D? Who first understood roughness?)
A more elegant approach is in terms of similarity laws for the
mean-velocity profile, as these laws developed in connection with flow
in smooth pipes. A useful point of attack is the defect law outside
the sublayer,
y
uc − u
=g
,
(2.189)
uτ
R
which does not involve the viscosity and was in fact proposed independently by several authors, beginning with DARCY (1858). This
empirical law does not depend on the mechanism by which the retarding force F acts at the wall.
Now consider the law of the wall as a product of the mixinglength argument. This law emerged first in the form
u
y
1
= ln
,
uτ
κ
y0

(2.190)

without giving any information about the nature of the constant of
integration y0 . If this constant depends only on conditions at the
wall, then for a smooth wall the only possible form is
y0 =

1 ν
,
A uτ

(2.191)

where A is a constant. Equation (2.190) becomes
u
1
yuτ
1
= ln
+ ln A .
uτ
κ
ν
κ

(2.192)

For a fully rough wall, on the premise that the viscosity is
irrelevant, the most obvious choice is
y0 =

1
k ,
B

(2.193)

where B is another constant. Instead of equation (2.192), there is
obtained
u
1
y
1
= ln + ln B .
(2.194)
uτ
κ
k κ
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Let the last expression be rewritten in the customary wall variables
as
1
u
yuτ
1
kuτ
1
= ln
− ln
+ ln B .
(2.195)
uτ
κ
ν
κ
ν
κ
Each of the four relationships so far given for u/uτ , if it is valid to
the pipe center, is consistent with the defect law (2.189).
Finally, consider the difference between equations (2.192) and
(2.195). The vertical displacement of the logarithmic profile at a
fixed value of yuτ /ν, on subtraction of equation (2.192) from equation (2.195), is
 
u
kuτ
1
1
1
∆
+ ln B − ln A .
(2.196)
= − ln
uτ
κ
ν
κ
κ
Nikuradse’s data are central to all of these relationships. One
figure corresponds to equation (2.194) and gives a value (1/κ) ln B =
8.5, where data in smooth pipes according to equation (2.192) gave
(1/κ) ln A = 5.0 (see SECTION X). The expectation is therefore that
the profile shift in the fully rough regime should be described by
 
u
1
kuτ
∆
= − ln
+ 3.5 .
(2.197)
uτ
κ
ν
Nikuradse gives this result in a different and less universal form. The
representation (2.197) has become standard since it was first plotted
by (who?).
FIGURE X19 shows Cf as a function of Re for Nikuradse’s experiments. What is obvious and impressive is that the roughnesses
used by Nikuradse have no effect on laminar flow or on transition, or
even on turbulent flow, until a critical roughness (which depends on
Reynolds number) is exceeded. Then there is a departure from the
smooth curve and an eventual quadratic drag behavior above another
critical Reynolds number (note that Cf and u
b/e
u or uτ /e
u are independent of Re here). In terms of the vertical displacement of the velocity profile, the same behavior is shown in FIGURE X. The effects
of roughness are first felt at roughly kuτ /ν = 5, where the roughness
19

Figures cited in this paragraph are missing.
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elements begin to project beyond the linear part of the smooth-wall
profile, and the fully rough behavior occurs for kuτ /ν > 70, which
is, by coincidence or otherwise, approximately the thickness of the
sublayer for a smooth wall. The slope is 1/κ as it should be.
All of this is conventional wisdom and appears in numerous
books. A number of questions need discussion in the light of the
whole literature of the subject.
(1) What is meant by “mean velocity”? How is it to be defined below the top of the roughness? By a mean over a plane
y = constant? There are no data in what used to be the sublayer.
(2) What happens to maintain the velocity at the center of the
pipe, uc /uτ , when the profile displacement becomes very large? Is
there a limiting behavior?
(3) How should k be defined, and also R, for the roughness?
How does B in equation (27.13) depend on k? Where should the origin be taken for y? Is a volume criterion generally useful, as proposed
by Nikuradse? See Clauser. What about rib and slot roughness?
These issues are attached to the mixing-length argument, which
is implausible. However, it is an occasional success like this one that
keeps the mixing length alive. It is astonishing that roughness is
under such good control. The defect law is a clue.
(Comment on Nikuradse problem and cite paper on boundary
layers. The man who wrote that paper was not bright enough to
invent the roughness data, which have been tested and accepted as
real by dozens of investigators, including me.)
(Pipeline people are consumers of information, not producers.
The cost of making and maintaining smooth pipe is probably greater
that the cost of pumping through a commercially rough pipe.)
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2.7

Polymers

2.7.1

Friction

Two problems that seem at least superficially to be related are the
effects of surface roughness and the effects of high-molecular-weight
polymers on flow of liquids past a smooth wall. Most of the work
with polymers has been carried out in pipe flow, because the surface
friction can be unambiguously determined from the pressure gradient.
It was discovered independently by two groups about 1945 that
a very dilute solution of a long-chain polymer in a suitable solvent
has remarkable properties in reducing the pressure loss in pipe flow.
Important names include Metzner and Virk for the period 1965-1975
when most of the work was done.
Difficulties include degradation by pumps, so that the most
systematic data have been obtained in one-pass systems. Temperature matters; so does pH. There are problems with probes, either
hot-film or pitot-static probes. Mixing of solutions requires care.
The LDV is hard to use in a circular pipe.
Taylor’s four-roller apparatus is sometimes used to generate a
strain field for studying the question of a critical velocity or a critical
strain rate.
A characteristic dimensionless number is the Deborah number,
De = τ

(2.198)

where  is strain rate and τ is some characteristic physical or chemical
time for the polymer. A packed bed of particles can be used for the
same purpose.
The effect of a polymer is to raise the logarithmic part of the
mean velocity profile, as if there exists a concept of negative roughness. The effect on the friction coefficient is to cause a decrease,
toward but never to the curve for laminar flow. Virk has a special
limit curve.
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It is very difficult to make this association plausible, exept that
roughness and polymer both affect primarily the flow in the sublayer.
Remarks on handout.
Most experiments use gravity-fed pipe flow.
Tomita. This is the same pipe and same polymer. Figure 5 shows
critical shear rate constant but R changing? Figure 6 shows limit
independent of polymer (see Virk).
Huang. Used cone-plate viscometer to measure ν independently.
Tubes tend to be very small, to fit in a bath, and involve very large
pressure drops. Solutions remain Newtonian at concentrations used.
Figure 9: note ∆u/uτ is proportional to square root of concentration.
Janberg. Nice velocity profiles; also temperature.
Van Driest. Neglected paper. Note high concentrations. Guar gum
is not Newtonian for concentrations above one percent. Note that
transition is independent of concentration. Note Fig. 21 for asbestos
fibers.
White. Used smooth and rough pipes. Figures 5 and 6 show reversal
of effect. Soap also reverses (Fig. 7).
Mizushina and Usui. LDV data do not check asymptotic sublayer.
Rollin and Seyer. Used particle tracing to get profiles. See particularly sublayer profile.
Spangler. Profiles look strange. Derive coordinates in Fig. 6. In Fig.
7b, slope is wrong for polymer.
Virk. Friction asymptote is purely empirical. It has an effect on the
profile also. There is some kind of saturation.

2.7.2

Mean velocity

2.7.3

Re Stresses

2.8. HEAT TRANSFER

2.8

Heat transfer

2.8.1

Friction

2.8.2

Mean temperature

2.8.3

Consensus on heat transfer

2.9

Variations on classical pipe flow

2.9.1

Odd shapes

2.9.2

Coiled pipes

2.9.3

Area change

2.9.4

Non-steady flow

2.9.5

Swirl

2.9.6

Wall suction, blowing
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