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Chapter 4

THE BOUNDARY
LAYER
4.1

Generalities

Since its beginning in an inspired paper by PRANDTL (1905) the literature of boundary-layer theory and practice has become probably
the largest single component of the literature of fluid mechanics. The
most important and practical cases are often the least understood,
because there are few organizing principles for turbulent flow. In fact,
a list of these principles almost constitutes a history of the subject.
They all are based on experimental results or on particular insight
into the meaning of experimental results, sometimes with a strong
element of serendipity. They have often also required development
of new instrumentation. For example, the first competent measurements in turbulent boundary layers at constant pressure were made
in Prandtl’s institute at Göttingen by SCHULTZ-GRUNOW (1940).
These data extended the validity of the wall law and defect law from
pipe flow to boundary-layer flow. The means to this end was the first
use of a floating element on a laboratory scale to measure directly
the local wall friction. An associated major advance at Göttingen
was the development and use of a wind tunnel designed with sound
understanding of the relevant fluid mechanics.
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Perhaps the most important early use of the boundary-layer
concept was the application of KARMAN’s momentum-integral equation (1921) to turbulent flows approaching separation, say on airfoils
or in diffusers. However, the available data seemed to show the
wall friction in a positive pressure gradient increasing rapidly in the
downstream direction as separation was approached, rather than decreasing toward zero. This result was not credible, but it could only
be displaced by a direct attack based on some reliable method for
measuring the wall friction in a pressure gradient. The instrument
devised for this purpose at Göttingen by LUDWIEG (1949) was the
heated element, which depends for its operation on a link between
the equations describing transfer of heat and momentum in low-speed
flow near a wall, as described in SECTION 1.2.6 of the introduction.
The measured results (LUDWIEG and TILLMANN 1949) showed
the friction decreasing in a positive pressure gradient as expected,
and the anomalous increase was traced in the thesis by TILLMANN
(1947) to three-dimensional mean flow. What was not expected from
this research was the observation that the similarity law called the
law of the wall proved to be insensitive to pressure gradient, either
positive or negative, and also to free-stream turbulence level. This
observation made it possible to infer the wall friction very cheaply, by
fitting part of the mean-velocity profile to the standard logarithmic
formula near the wall.
A few years later, CLAUSER (1954) used this result to support a corresponding generalization of the defect law to certain special boundary-layer flows with pressure gradient. Since the friction
velocity is a required element of the defect law, say through demonstration of a constant value for the combination δ ∗ u∞ /δuτ , Clauser’s
method depended on a cut and try adjustment of the pressure variation. Clauser chose the term “equilibrium” to define the class of flows
involved. It is important to appreciate that Clauser’s contribution
was not a discovery, but an invention.
The next step fell to me when I used Clauser’s work to generalize the profile formula to flows not in equilibrium; i.e., not having
a defect law, by introducing a second universal component that I
called the law of the wake (COLES 1956). I provided a rough phys-
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ical interpretation for the formula as a description of a wake-like
flow modified by the no-slip condition at the wall. A new profile
parameter, which I called Π, measures the relative magnitude of the
wake and wall components and is constant for any one of Clauser’s
equilibrium flows, including the flow at constant pressure.
These concepts involving similarity for turbulent flow will be
developed in more detail in this chapter. They are in place and are accepted by most but not all of the fluid-mechanics community. It may
or may not be significant that they were almost all contributed by
relatively young professionals working at academic or near-academic
institutions. Except for the concept of coherent structure, little has
been added in the last fifty years, which have seen a steady accumulation of experiments and a gradual and valuable proliferation of
turbulence models and direct solutions based on the increasing power
of digital computers. In particular, plausible similarity laws for flows
with mass transfer, compressibility, and other features are still not
available.
In 1957 I proposed a model for equilibrium turbulent boundarylayer flow that was based on an analogy between the laminar equilibrium flows of Falkner and Skan and the turbulent equilibrium flows
of Clauser. This model has not been accepted. However, I still see
value in it, and I therefore have described it in SECTION 4.10.1 of
this chapter. If it is ever to be useful, the model will eventually have
to be developed like the Thwaites method for laminar flow, using
similarity laws that are compound rather than simple.
My strategy here is first to discuss thoroughly the laminar
problem, in the hope that some qualitative analogy with turbulent
flow will emerge and will suggest questions whose answers, if found,
may lead to better understanding. The first part of this chapter will
therefore be concerned with two-dimensional laminar boundary layers. They will be treated within the boundary-layer approximation
of PRANDTL (1905), which was derived in CHAPTER 1.
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The momentum-integral equation

Karman. An important tool in the boundary-layer trade is an integral relationship first derived by KARMAN (1921) and applied to
laminar flow in a companion paper by K. POHLHAUSEN (1921).
It may have been this example of practical application that finally
brought about the acceptance of the boundary-layer concept by the
fluid-mechanics community outside Germany. Incidentally, Karman’s
powerful paper deserves a high place in the literature of the subject
for another and quite different reason, which is that it derived the
boundary-layer approximation as a formal limit of the Navier-Stokes
equations for small viscosity and it anticipated quite accurately the
essence of the method of matched asymptotic expansions, including
inner and outer expansions, the matching condition, and the composite expansion.
The raw material needed here consists of the continuity and
momentum equations in boundary-layer form, as set out in SECTION 1.3.2. These are written for steady two-dimensional flow of
a compressible fluid, since there is no extra cost at this stage for
including compressibility and mass transfer. For the present there is
also no need to distinguish between laminar and turbulent flow, and
both are included in the equations
∂ρu ∂ρv
+
=0 ,
∂x
∂y

(4.1)

∂ρuu ∂ρuv
dp ∂τ
+
=−
+
,
∂x
∂y
dx ∂y

(4.2)

where τ is the shearing stress, laminar or turbulent. The second of
these equations can also be written, with the aid of the first, as
ρu

∂u
∂u
dp ∂τ
+ ρv
=−
+
.
∂x
∂y
dx ∂y

(4.3)

It is part of the boundary-layer approximation that the pressure p is no longer treated as a dependent variable, but enters through
the boundary conditions imposed by the external flow. A relationship between p and u∞ follows on evaluating equation (4.3) outside
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the boundary layer, where ∂u/∂y = τ = 0, u = u∞ , and ρ = ρ∞ .
Thus
du∞
dp
ρ∞ u∞
=−
.
(4.4)
dx
dx
There remain two equations for two dependent variables, u
and v (and τ , if the flow is turbulent). Begin by integrating both
equations from the wall to some value of y within the local boundary
layer. Use of the boundary conditions u = 0, v = vw , τ = τw at
y = 0 yields
Zy
∂ρu
ρv − ρw vw = −
dy ;
(4.5)
∂x
0

Zy

∂ρuu
dy + ρuv =
∂x

0

Zy
ρ∞ u∞

du∞
dy + τ − τw .
dx

(4.6)

0

These can be combined in the single equation


Zy
Zy
Zy
∂ρu
du∞
∂ρuu
dy + u ρw vw −
dy  = ρ∞ u∞
dy + τ − τw .
∂x
∂x
dx
0

0

0

(4.7)
The integrals in this expression diverge as y → ∞, unless the range
of y is artificially limited by introducing a boundary-layer thickness.
The integrals were left in this condition by Karman, who was concerned with larger issues. Pohlhausen disposed of the divergence by
adding to equation (4.7) the identity
Zy
−
0

∂ρuu∞
dy +
∂x

Zy
u∞

∂ρu
dy = −
∂x

0

Zy
ρu

du∞
dy
dx

(4.8)

0

to obtain
∂
∂x

Zy

∂
ρu(u − u∞ ) dy + ρw vw u + (u∞ − u)
∂x

0

Zy
ρu d y +
0

+

du∞
dx

Zy
(ρu − ρ∞ u∞ ) dy = τ − τw . (4.9)
0
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Now let y → ∞. Provided that (u∞ − u) and (ρ∞ u∞ − ρu) approach
zero sufficiently rapidly, there is now convergence;
d
τw =
dx

Z∞
ρu(u∞ − u) dy − ρw vw u∞ +
0

du∞
+
dx

Z∞
(ρ∞ u∞ − ρu) dy . (4.10)
0

Equation (4.10) is the momentum-integral equation in rectangular
coordinates for a compressible fluid for laminar or turbulent flow.
Other coordinate systems can be treated in the same way.
Gruschwitz. The notation in equation (4.10) can be simplified by defining an integral displacement thickness δ ∗ as
Z∞
ρ∞ u∞ δ = (ρ∞ u∞ − ρu) dy
∗

(4.11)

0

and an integral momentum thickness θ as
ρ∞ u2∞ θ

Z∞
=

ρu(u∞ − u) dy .

(4.12)

0

These definitions, together with the notation δ ∗ , θ, were introduced
by GRUSCHWITZ (1931). Equation (4.10) becomes
τw =

d
du∞
ρ∞ u2∞ θ + ρ∞ u∞ δ ∗
− ρw vw u∞ .
dx
dx

(4.13)

A different form of this equation is sometimes preferable. Expand
the first term on the right into three derivatives, and replace dρ∞ by
the isentropic equivalent dp/a2∞ , a being the speed of sound. When
terms are collected, equation (4.13) is replaced by


δ∗
dp
2 dθ
2
τw = ρ∞ u∞
−θ 2+
− M∞
− ρw vw u∞ ,
(4.14)
dx
θ
dx
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where M∞ = u∞ /a∞ . Experiments in adiabatic turbulent flow at
nominally constant pressure have been collected by FERNHOLZ and
FINLEY (1977). They show that the ratio δ ∗ /θ increases with in2 , and that the quancreasing Mach number, but less rapidly than M∞
tity in parentheses in equation (4.14) changes sign at a Mach number near 2.5 at laboratory Reynolds numbers. Consequently, flow
irregularities might be expected to have the least influence on flow
description at this Mach number.
The thicknesses δ ∗ and θ are sometimes denoted by δ ∗ and
or by δ1 and δ2 in the European literature. The latter forms are
most useful if higher moments are needed. They have simple physical
meanings. In the sketch1 , let y = Y be a value of Y well outside the
boundary layer. Then the mass flux past the station in the sketch is
defined by the stream function
δ ∗∗

ZY
ψ(Y ) =

ZY
ρu dy = ρ∞ u∞ Y −

0

(ρ∞ u∞ − ρu) dy = ρ∞ u∞ (Y − δ ∗ ) .

0

(4.15)
Thus δ ∗ is the position of a wall bounding a hypothetical flow that
coincides with the given flow at infinity but has the density ρ∞ and
velocity u∞ throughout. Appropriately, δ ∗ is called the displacement
thickness. It can also be viewed as an integral scale for the profile
(need equation). (Need corresponding argument for θ. See
Bradshaw.)
One potentially valuable property of the momentum-integral
equation (4.13) is that it provides a means for determining the wall
stress τw experimentally, provided that all other factors that control
the momentum flux near a wall can be measured. This property
is less valuable if du∞ /dx is large and negative, because τw is then
obtained as a small difference between two large terms, and the calculation is degraded by even slight three-dimensionality.
The momentum-integral equation is at the center of several
calculation schemes that represent a boundary-layer flow in terms of
a specified family of mean-velocity profiles. The first such scheme
1

This sketch has not been found.
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was proposed in K. Pohlhausen’s original paper on laminar flow.
A variation is discussed in SECTION X. Possible applications to
turbulent flow are discussed in SECTION X.2

4.2
4.2.1

Laminar equilibrium flow
The affine transformation

For the rest of this chapter, the fluid will be assumed to be incompressible. The two-dimensional laminar boundary-layer equations for
steady flow are
∂u ∂v
+
=0 ;
(4.16)
∂x ∂y


∂u
dp
∂u
∂2u
ρ u
=−
+v
+µ 2 .
(4.17)
∂x
∂y
dx
∂y
If there is no mass transfer, the boundary conditions are the no-slip
and streamline conditions at the wall,
u(x, 0) = 0 ,

v(x, 0) = 0 or ψ(x, 0) = 0 ,

(4.18)

together with the specification of a free-stream pressure or velocity,
p = p(x)

or

u(x, ∞) = u∞ (x) .

(4.19)

Similarity. The topic to be developed in the next few sections
is the topic of laminar similarity. When the equations and boundary
conditions that govern a problem are known, as they are here, the
purpose of a similarity argument is to decrease the number of independent variables through what usually amounts to an application
of group theory. A more physical statement in the present context
is that flows with similarity are understood to be in equilibrium, in
the sense that all of the processes represented by the terms in the
momentum equation (4.17) have the same relative importance everywhere and always. Acceleration, pressure force, and viscous force
2

It is not clear what section(s), if any, cover these topics.
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are all acting in concert and in continuous equilibrium. In laminar
flows with pressure gradient, in particular, vorticity is continuously
being generated at the wall and diffusing outward as it is transported
downstream. In an equilibrium flow, diffusion cooperates with production and transport to keep the vorticity and velocity profiles in
a state of similarity. Finally, there is persuasive evidence that equilibrium flows represent limits to which flows tend provided that the
boundary conditions are propitious. (See “Remarks” paper; cite
Libby and Narasimha; mention eigenvalues).
Another important property of similarity arguments is that
they provide a unifying principle for associating different solutions
of the two-dimensional Navier-Stokes equations or their boundarylayer approximation. In this chapter, these solutions include the
boundary layer at constant pressure (SECTION 4.4.1), which first
demonstrated the power of Prandtl’s boundary-layer approximation;
the stagnation-point flow (SECTION 4.4.3), which showed that the
boundary-layer approximation can sometimes be exact; the sink flow
(SECTION 4.4.4), for which the Navier-Stokes equations can be
solved exactly for any Reynolds number, allowing the nature of the
boundary-layer approximation to be analyzed in arbitrary detail; and
the continuously separating boundary layer (SECTION 4.4.5), which
raises new and complex issues in boundary-layer theory. These flows
are all special solutions of an equation called the Falkner-Skan equation, and they will be discussed separately after this equation has
been derived.
The immediate objective is to seek solutions of equations (4.16)
and (4.17) in similarity form. To simplify the boundary conditions
and avoid some awkward algebra, the dependent variables u and v are
first fused in a stream function, ψ, defined in rectangular coordinates
by the equation
~u (x, y) = grad ψ × grad z .
Two vector identities from the introduction,
div (~a × ~b) ≡ ~b · curl ~a − ~a · curl ~b

(4.20)
(4.21)

and
curl grad c ≡ 0,

(4.22)
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then imply
div ~u = 0 ,

(4.23)

so that the continuity equation (4.16) is automatically satisfied. The
velocity vector lies in the intersection of the surfaces ψ = constant
and z = constant, and the velocity components calculated from equation (4.20) are

(u, v, w) =

∂ψ ∂ψ
,− , 0
∂y
∂x


.

(4.24)

The use of a stream function reduces equation (4.17) to a third-order
equation for a single dependent variable ψ;

ρ

∂ψ ∂ 2 ψ
∂ψ ∂ 2 ψ
−
∂y ∂x∂y
∂x ∂y 2


= ρu∞

du∞
∂3ψ
+µ 3 ,
dx
∂y

(4.25)

where u∞ (x) is a given function that has to be specified in each case.
Conventional boundary conditions at a solid wall are
ψ=0 ,

∂ψ
=0
∂x

at y = 0 .

(4.26)

Equation (4.25) is of parabolic type, with real characteristics x =
constant. Integration proceeds in the direction of increasing x, and
there is no upstream effect of downstream boundary conditions (see
SECTION 4.4.1 and FIGURE 4.1).
Throughout fluid mechanics, sufficient conditions for the property of similarity can often be established by dimensional arguments,
provided that the number of global parameters in the problem is not
too large or too small. For example, assume the existence of local
scales U (x) and L(x), usually representing local free-stream velocity and local layer thickness, respectively, for equation (4.25). When
solutions are sought in the form ψ/U L = f (y/L), and no separate dependence on x is allowed, sufficient conditions usually emerge to determine the functions U (x) and L(x) in adequate detail. The method
is powerful, and its results are not limited to power laws. Examples
can be found in SECTIONS 4.4.6 and 10.1.1.
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In this monograph I will usually prefer another more formal
and more efficient means to the same end. This method is to determine the affine transformation group for the equations and boundary
conditions of a problem. In fact, the theory of Lie groups was originally developed and applied as a method for the solution of partial
differential equations, (Lie, Ovsiannikov, Barenblatt, Bluman
and Cole, others).

4.2.2

The Falkner-Skan equation

What is wanted is an affine transformation that transforms equation
(4.25) and its boundary conditions (4.19) and (4.26) into themselves.
To discover this transformation, every variable or parameter is mindlessly scaled, or transformed, or mapped, according to a standard
program;
x = ab
x ;
y = bb
y ;
ψ = cψb ;

(4.27)

ρ = db
ρ ;
µ = eb
µ ;
u∞ = f u
b∞ ;
where a, b, c, . . . are dimensionless scaling constants that are finite
and positive. Some authors (cite Birkhoof, Sedov) seek to express all of these constants in terms of one of them through some
tedious algebra, but I find this variation to be neither as simple nor
as instructive as the one used here.
The result of the mapping (4.27) in the case of equation (4.25)
is
dc2
∂ ψb ∂ 2 ψb
∂ ψb ∂ 2 ψb
ρ
b
−
ab2
∂b
y ∂b
x∂b
y
∂b
x ∂b
y2

!
=

df 2
db
u∞ ec ∂ 3 ψb
ρbu
b∞
+ 3µ
b 3 . (4.28)
a
db
x
b
∂b
y

Given that u transforms like ∂ψ/∂y, the corresponding statement for
the boundary condition (4.19) is
c
u
b (ab
x, ∞) = f u
b∞ (ab
x, ∞) .
(4.29)
b
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The other two boundary conditions (4.18) yield no information. Invariance of the equation and boundary conditions evidently requires
bcd
= 1,
ae

b3 df 2
= 1,
ace

c
=1 .
bf

(4.30)

Division of the first of these equations by the second yields the third,
which is therefore redundant; u∞ and u transform according to the
same rule.
Although the dependent variable is ψ(x, y), the essence of
most descriptive processes is the functional relationship between u =
∂ψ/∂y and y at constant x. This observation suggests that the first
two of equations (4.30) should be revised to isolate c and b, which
are the scaling factors for ψ and y, respectively. Other strategies will
work, but may be awkward. The result can be stated as
c2 d
=1,
aef

b2 df
=1 .
ae

(4.31)

Now let the affine-transformation table (4.27) be interpreted as a
group of definitions for a, b, c, . . . , and let these definitions be substituted into equations (4.31). Two invariants of the transformation
appear;
ψ
ψb
=
,
(νu∞ x)1/2
(b
νu
b∞ x
b)1/2

 u 1/2
∞

νx


y=

u
b∞
νbx
b

1/2
yb .

(4.32)

These combinations are dimensionless by construction, since each
term in equation (4.25) must have the same physical dimensions.
A non-trivial reasoning process described in SECTION 1.3.2
of the introduction implies finally that similarity solutions are to be
found by adopting the ansatz
 

ψ
u∞ 1/2
A
=f B
y = f (η) ,
(4.33)
νx
(νu∞ x)1/2
in which two dimensionless scaling constants A and B are included
for later use in normalizing the final differential equation and its
boundary conditions. No harm is done if the step from equations
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(4.32) to equation (4.33) is treated as intuitive rather than exact.
The ansatz (4.33) shows explicitly that the variables ψ, x, and y
should be combined as ψ/x1/2 and y/x1/2 . The appearance of ν 1/2
is a more subtle question already discussed in SECTION 1.3.2.
When the stream function from equation (4.33) is inserted in
the momentum equation (4.25), four transport terms are generated,
but two of these cancel. This property is typical of similarity analyses
in the boundary-layer theory of viscous shear flows. The result can
be written




x du∞ A2
x du∞
0 0
00
000
−f f =0 ,
ff + 2
2 AB f + 1 +
u∞ dx
u∞ dx B 2
(4.34)
where primes indicate differentiation with respect to η, the argument
of f in equation (4.33). From left to right, the original source of the
four terms in f is viscous (highest derivative), transport (nonlinear),
pressure force (lacking f ), and again transport. If η is to be the only
independent variable, the coefficients cannot depend on x, and it is
necessary to require
x du∞
= constant = m (say) .
u∞ dx

(4.35)

The external flow condition is therefore specified by the power law
u∞ ∼ xm .

(4.36)

This conclusion ignores the question of algebraic signs for quantities
inside the square roots in equation (4.33), a question that will be
taken up in SECTION 4.3.1. With this reservation, equation (4.34)
becomes
 2

A
0 0
2 AB f 000 + (1 + m)f f 00 + 2m
−
f
f
=0 .
(4.37)
B2

4.2.3

Normalization

It remains to choose the constants A and B, mainly on the basis of
esthetic considerations. On the way from equation (4.25) to equation
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(4.37), use was made of the derivative relationship
u=

∂ψ
B
=
u∞ f 0 .
∂y
A

(4.38)

A convenient condition on A and B is therefore
7A = B ,

(4.39)

because it yields the simple result
u
= f 0 (η) .
u∞

(4.40)

This same condition (4.39) is also suggested by the form of the third
term in the differential equation (4.37). The boundary conditions
(4.18) and (4.19) become
f (0) = f 0 (0) = 0,

f 0 (∞) = 1 .

(4.41)

An operator. It is typical of similarity arguments for laminar flow in rectangular coordinates that they lead to an operator
f 000 + f f 00 , sometimes with numerical coefficients that differ from one
problem or one author to another. I propose to give this operator f 000 + f f 00 a uniform aspect, free of coefficients, throughout this
monograph. I therefore take in equation (4.37)
1+m
1+m
=
=1 ,
2 AB
2 A2
so that, still without regard to signs,


1 + m 1/2
A=B=
.
2

(4.42)

(4.43)

Equation (4.37) is reduced to a one-parameter equation,
f 000 + f f 00 +


2m
1 − f 0f 0 = 0 ,
1+m

and the perfected form of the ansatz (4.33) is
"
#



(1 + m)u∞ 1/2
1 + m 1/2
ψ=f
y = f (η) .
2νu∞ x
2νx

(4.44)

(4.45)
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The equation (4.44) with the boundary conditions (4.41) is
called the Falkner-Skan equation, after the authors of the fundamental paper on the subject (FALKNER and SKAN 1931). When related
equations appear in other parts of this book, the term Falkner-Skan
will sometimes be used to emphasize the community of similarity
formulations for various laminar shear flows.
Hartree. HARTREE (1937) introduced another notation β
for the single parameter of the problem,
β=

2m
1+m

or

m=

β
,
2−β

so that equation (4.45) can also be written
"

1/2
1/2 #
1
u∞
ψ=f
y = f (η) .
(2 − β)νu∞ x
(2 − β)νx

(4.46)

(4.47)

Neither notation, β or m, has any particular mnemonic value, but
both are established by long usage. The change from m to β in
equation (4.44) yields the commonly accepted form of the FalknerSkan equation,
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,

(4.48)

with a single parameter β (or m). Both notations can be useful
for identifying a particular member of the family of Falkner-Skan
flows, depending on the circumstances. These circumstances will
be developed in SECTION 4.4.6 below. For the present, note from
equations (4.46) that there are two exceptional cases. The first is
the case m = −1, β = ±∞, and the second is the case β = 2,
m = ±∞. These cases are discussed in detail in SECTION 4.4.4 and
SECTION 4.4.6, respectively.
Displacement. The notation and normalization adopted here
are the ones often found in the literature. For later use (see SECTION 4.6.1), expressions for the surface friction and the two important thickness scales of the boundary layer are


1/2 Z∞
Z∞ 
u
2νx
δ =
1−
dy =
(1 − f 0 )dη ;
u∞
(1 + m)u∞
∗

0

0

(4.49)
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Figure 4.1:
The displacement effect in the free
stream for the Blasius boundary layer in rectangular
coordinates. The hatched area extends to y = δ ∗
Z∞
θ=
0




1/2 Z∞
u
2νx
u
1−
dy =
f 0 (1 − f 0 )dη ;
u∞
u∞
(1 + m)u∞
0

(4.50)

 
1/2
(1 + m)ρ2 νu3∞
∂u
=
τw = u
f 00 (0) .
∂y w
2x

(4.51)

With u∞ ∼ xm , these imply
δ ∗ ∼ x(1−m)/2 ;

(4.52)

θ ∼ x(1−m)/2 ;

(4.53)

τw ∼ x

(3m−1)/2

.

(4.54)

δ∗

The displacement thickness is an effective thickness for the boundary layer profile, as shown earlier in FIGURE 4.1. This thickness
defines the apparent shape of a body plus boundary layer. Rewrite
equation (4.49) as (see SECTION 4.4.1)


Z∞
(1 + m)u∞ 1/2
,
C = (1 − f 0 )dη = δ ∗
2νx
0

(4.55)
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and note also that
Zη
lim (1 − f 0 )dη = lim (η − f ) = constant = C
η→∞

η→∞
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(4.56)

0

outside the boundary layer, where η is large enough so that the integrand is effectively zero. The constant C is defined by equation
(4.55), and the dimensionless relation f = η − C becomes in physical
coordinates
ψ = u∞ (y − δ ∗ ) .
(4.57)
This expression does not describe an irrotational flow, except in one
special case m = 1, β = 1, for which δ ∗ does not depend on x. This
special case is taken up in SECTION 4.4.3.

4.2.4

Potential flow past a wedge

The physical significance of m is clear enough in equation (4.36). The
physical significance of β was pointed out by Falkner and Skan, who
recognized that their flows corresponded to plane potential flow past
a wedge of included angle πβ, as shown at the right in FIGURE 4.2.
The flow in the upper half plane is most easily found by a conformal
mapping, with the flow in the lower half plane obtained by reflection
in the x-axis. For uniform flow in the ζ-plane at the left, the complex
potential is
F(ζ) = φ + iψ = U0 ζ (say).
(4.58)
Assume a mapping of the form
ζ = L01−p z p eiσ ,

(4.59)

where L0 has the dimension of length, and the parameter σ allows a
possible rotation. Put ζ = ReiΘ and z = reiθ to obtain
Θ = pθ + σ .

(4.60)

The mapping in the upper half plane in the sketch requires θ = πβ/2
when Θ = 0, and θ = π when Θ = π. These two conditions imply
for p and σ
2
πβ
p=
,
σ=−
.
(4.61)
2−β
2−β
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y

x

Figure 4.2:
angle πβ.

Potential flow past a wedge of total

The complex potential in the z-plane is

β
− (2−β)

F(z) = U0 ζ(z) = U0 L0

2θ−πβ
2
i
2−β
r
e 2−β


= φ + iψ .

(4.62)

The stream function,
β
− (2−β)

ψ = U0 L0

2
r 2−β


sin

2θ − πβ
2−β


,

(4.63)

vanishes when θ = π and when θ = πβ/2, as desired. The radial
velocity is
β
− (2−β)

1 ∂ψ
2U0 L0
ur =
=
r ∂θ
2−β

β
r 2−β


cos

2θ − πβ
2−β


.

(4.64)

On the wall, where θ = πβ/2, this is
β
− 2−β

ur =

2U0 L0
2−β

β

r 2−β .

(4.65)
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With ur replaced by u∞ , r by x > 0, and β/(2 − β) by m, equation
(4.65) is equivalent to u∞ ∼ xm . The Falkner-Skan flows therefore
represent the boundary layer on a wedge with total included angle
πβ, at least in the range −2 < β < 2.

4.3
4.3.1

Morphology of the Falkner-Skan flows
The parameter β or m

There is an important and sometimes overlooked question concerning
algebraic signs in equations (4.45) and (4.47). If the variables f and
η are to be real, the product u∞ x (or the ratio u∞ /x) must have the
same sign as the parameter (1 + m) or (2 − β). The point is made
graphically in FIGURE 4.3, where m is plotted against β to establish
the morphology of the Falkner-Skan flows. Either of equations (4.46)
can be written
(m + 1)(β − 2) = −2 .
(4.66)
In these variables, the relationship between m + 1 and β − 2 is described by two hyperbolas in the second and fourth quadrants. The
dashed lines in the figure are the asymptotes m = −1 and β = 2.
These asymptotes mark the occurrence of a change in sign of x or
u∞ . GOLDSTEIN (1939, 1965) chose to require x to be always positive and therefore referred to flows with β > 2 as backward boundary
layers, with u∞ negative. For the sake of a consistent physical interpretation, I prefer to require u∞ to be always positive. That is,
the flow is always directed from left to right in (x, y) coordinates.
Consequently, it is x that must be negative if β > 2.
For purposes of graphical description, the Falkner-Skan boundary layers can be associated not only with flow past a symmetrical
wedge, at least for a certain range of β, but also in an equally qualitative way with flow in an equivalent channel of height h(x). Given
a variation of u∞ with x as u∞ ∼ |x|m , the one-dimensional massconservation law ρu∞ h = constant then implies a definite variation
of channel height h with x as h ∼ |x|−m . This variation is displayed
in a number of small inserts, or icons, in FIGURE 4.3. Several equiv-
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Figure 4.3:
Morphology of the Falkner-Skan boundary
layers in terms of the parameters (β, m). The various
icons depict channel flows with channel heights
proportional to 1/u∞ .
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alent channels are sketched, including various flows discussed in detail in the following sections. In particular, it is important whether
the asymptote m = −1 is approached from above (source flow) or
from below (sink flow), but not whether the asymptote β = 2 is
approached from the left or from the right.
Consider first the upper branch in FIGURE 4.3, where (m + 1)
is positive and therefore u∞ and x have the same sign. It follows
that x is positive, and the flow is to the right, away from the origin.
If also m is positive, as for the cases m = 1/3 and m = 1, for
example, the origin is a stagnation point, and the equivalent channel
is convergent, with infinite velocity at x = ∞. If m + 1 is positive,
but m is negative, as for the case m = −0.1988, the velocity u∞ is
infinite at the origin, and the stagnation point is at plus infinity.
Now consider the lower branch in FIGURE 4.3, where u∞ and
x have opposite signs. It follows that x is negative, as shown for the
sink flow, and the flow is always toward the origin from x = −∞.
Since m on this branch is always negative, the stagnation point is at
minus infinity and the velocity is infinite at the origin.

4.3.2

Some numerical particulars

Integration. From the point of view of apparent speed and simplicity, the method of first resort for integrating the Falkner-Skan
equation,
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,
(4.67)
is probably the one that is usually associated with the name of WEYL
(1942), although the method was used earlier by PIERCY and PRESTON (1936) for the Blasius equation, by HARTREE (1937) for
the Falkner-Skan equation, and perhaps by others. This method
determines f (η) through successive approximations fn (η) that each
satisfy a linear equation for fn00 ,
0
0
fn000 + fn−1 fn00 + β (1 − fn−1
fn−1
)=0

(4.68)

Equation (4.68) is in a standard form,
dy
+ P (x) y = Q(x) ,
dx

(4.69)
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with y = f 00 , P = f , and Q = −β(1 − f 0 f 0 ). This standard form is
soluble by quadratures as
Z

R
R
− P dx
P dx
y=e
Qe
dx + K ,
(4.70)
where K is a constant of integration. Almost any reasonable first
approximation will do for the classical boundary-layer regime. For
β = 0, for example, Piercy and Preston used f0 = η, meaning uniform flow. The next approximation f1 is then the solution of the
boundary-layer form of the Oseen equations; namely, f1000 + ηf100 = 0.
This linear equation also governs the unsteady laminar boundary
layer associated with the impulsive motion of a flat plate in its own
plane, as discussed in SECTION 1.3.5 of the introduction. Higher
approximations must proceed numerically. By a process amounting
to numerical continuation, an efficient first choice is a solution for
a closely adjacent value of β, if one is available. Practical details
of the Weyl method can be found in two fine papers by KATAGIRI
(1969, 1986), where an averaging scheme first proposed by Hartree
is further developed for assuring and improving the convergence of
successive approximations, since experience shows that convergence
is not automatic.
A more frequently used method is the shooting method described by CEBECI and KELLER (1971) and already mentioned in
SECTION 4.4.1.3 The procedure integrates the two-point boundary value problem from the wall to the free stream by aiming at the
outer boundary condition f 0 (∞) = 1 from an iterated inner boundary condition f 00 (0). SMITH (1954) pointed out that there is a strong
qualitative difference in the behavior of the shooting trajectories for
positive and for negative values of β. Smith’s figure 1 is reproduced
here as my FIGURE 4.4. (Locate and scan this figure.) In the
language of autonomous linear equations, the figure suggests that
the integration is toward a node if β is negative and toward a saddle
point if β is positive. This difference is the subject of the present
section. A quantitative explanation is difficult, because these topological concepts are strictly defined only for a first-order autonomous
3
Several places in ms indicate this section and Section 4.4.1, Blasius flow, were
originally in the opposite sequence. These cross references have been left as found.
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(Figures from A.M.O. Smith)

system. The brief account that follows is based on presentations
by STOKER (1950), by FRIEDRICHS (1965) and by PERRY and
FAIRLIE (1974) of material that dates back to POINCARÉ (1892).
The notation is essentially that of Perry and Fairlie, with vector
components ordered as (u, v) ∼ (U, V ) ∼ (abscissa, ordinate).
Critical points. Consider an ordinary first-order differential
equation of the form
dv
G (u, v)
v̇
=
=
,
du
F (u, v)
u̇

(4.71)

where the notation u̇, v̇ implies an option of expressing both variables
as functions of a single variable, say t. If this latter variable t does
not appear explicitly in equation (4.71), the system is said to be
autonomous, and its behavior is fully described by integral curves in
the (u, v) plane (usually called the phase plane) and by appropriate
initial and boundary conditions.
For an autonomous system, integral curves in the phase plane
have a local direction whose slope is dv/du. This direction is well
defined except when
dv
0
= .
(4.72)
du
0
A point where this condition is satisfied is called an isolated singular
point or critical point. It is usually convenient to displace the vari-
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ables so that each singular point in turn lies at the origin in (u, v)
space and to linearize in terms of the displaced variables. Provided
that this can be done, a standard form is


u̇
v̇




=

a b
c d



u
v


,

(4.73)

or
u̇ = au + bv ,

v̇ = cu + dv .

(4.74)

The behavior of the system near the singular point depends on the
matrix of coefficients in equation (4.73). The problem can be restated
in terms of the eigenvalues of this matrix, which are the numbers λ
satisfying (more on eigenvalue)
a−λ
c
b
d−λ

=0

(4.75)

or
λ2 + pλ + q = 0 ,

(4.76)

where
p = −(a + d) ,

q = ad − bc .

(4.77)

Thus
λ=

−p ± (p2 − 4q)1/2
.
2

(4.78)

Stoker gives a table, and Perry and Fairlie give a figure, that are each
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equivalent to the array (check again)

Parameters

Singularity

p2 − 4q

q

p

positive

positive

positive

stable node

positive

positive

negative

unstable node

positive

negative

saddle

0

positive

stable node

0

negative

unstable node

negative

positive

stable focus

negative

0

center

negative

negative

unstable focus

For the last three cases, the eigenvalues are complex conjugates. The term stable (unstable) means here that an integral curve
drawn for increasing values of t ends (begins) at the critical point.
Sink flow. There is only one Falkner-Skan flow for which
the material just given is directly applicable. This is the sink flow
discussed in SECTION 4.4.4, where variables that are appropriate
for large β are shown to be
1/2
1
F = (β − 2) f = −
ψ ,
νu∞ x
 u 1/2
∞
Y = (β − 2)1/2 η = −
y .
νx
1/2



(4.79)
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In these variables the Falkner-Skan equation becomes
F 000 +

F F 00
β
+
(1 − F 0 F 0 ) = 0 ,
(β − 2) (β − 2)

(4.80)

where the prime now denotes differentiation with respect to Y . In
the limit β → ∞,
F 000 + 1 − F 0 F 0 = 0 .
(4.81)
The boundary conditions are the usual ones,
F (0) = F 0 (0) = 0 ,

F 0 (∞) = 1 .

(4.82)

Equations (4.67) and (4.80) are identical when β = 3. The terms
small (large) β might conveniently be used to refer to values of β
that are smaller (larger) than three.
Sink flow is a special case within the Falkner-Skan family because the transformation from f (η) to F (Y ) and the limiting process
β → ∞ in equation (4.80) together remove the term F F 00 that would
otherwise defeat the requirement of autonomy for the linearized equation, because F is formally replaced by Y + constant. The first integral of equation (4.81) is equation (4.142),
2
(F 00 )2 + 2F 0 − (F 0 )3 = constant = 2C ,
3

(4.83)

which connects two variables F 0 and F 00 that present themselves for
use as a phase space. The boundary condition at infinity
is satisfied
√
if C = 2/3, and the associated value of F 00 (0) is 2/ 3 = 1.154701.
The isolated critical point of interest is at infinity in physical space,
which is to say at the point (0, 1) in phase space (F 00 , F 0 ). To study
this point, prepare for linearization by changing the variables to
U = F 00 ,

V = F0 − 1 .

(4.84)

Then, by construction from equation (4.81),
dV
F 00
U
= 000 =
.
dU
F
(1 + V )2 − 1

(4.85)
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For small values of U and V , this is approximately
dV
U
=
,
dU
2V

(4.86)

which has the required form 0/0 at the new origin. In terms of the
model (4.74),
a = 0,

b = 2,

c = 1,

d=0 ,

(4.87)

so that
p2 − 4q = 8 .

(4.88)
√
The singularity is a saddle, and the eigenvalues are λ = ± 2. Recall
that an integral curve satisfies the Falkner-Skan equation, while a
solution satisfies the boundary conditions as well. The integral curve
defined by equation (4.83) with C = 2/3 is plotted in FIGURE 4.5.
The desired solution, which is the portion of this integral curve that
joins the two boundary points, is accented. Two other integral curves
for C = 0 and C = 4/3 are also plotted to clarify the topology. The
slope of the integral curves at the saddle is given by equation (4.86),
whose integral U 2 = 2V 2 implies to first order
p = 0,

q = −2 ,

dF 0
dV
U
1
=
=
= ±√ .
dF 00
dU
2V
2

(4.89)

It is not hard to visualize (or calculate) the integral curves in
FIGURE 4.5 that would be obtained by shooting from initial values
√
of F 00 (0) slightly larger or smaller than the known exact value 2/ 3.
Without an appreciation of the topology of the integral curves, their
behavior might indeed seem to be mysterious. The benefit derived
from an appreciation of topology is the primary reason that I prefer
to use the shooting method rather than the Weyl method to integrate
the Falkner-Skan equation.
Further examples. For other values of β the term f f 00 or
appears in the Falkner-Skan equation, and linearization with,
say, f 0 (η) → 1 or f (η) → η + constant leads to a term ηf 00 or
Y F 00 that cannot be avoided. The linearized equation is no longer
autonomous, and the discussion of classical singular points loses all
F F 00
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Figure 4.5:
Saddle structure at Y = ∞ of the
Falkner-Skan boundary layer for β = ∞ (sink flow,
F 00 (0) = 1.154701). The integral curves are drawn for
C = 0, 2/3, 4/3 in equation (4.83).
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Figure 4.6:
Pseudo-saddle structure at Y = ∞ of the
Falkner-Skan boundary layer for β = 5. The conventional
integral curves are drawn for f 00 (0) = 1.11981, 1.16981,
1.19981. Two other integral curves begin at (f, f 0 , f 00 ) =
(5, 1.5, −1.2) and (10, 1.6, −1.1).
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rigor but not all relevance. For the case β = 5, FIGURE 4.6 shows
several integral curves, again in variables suitable for large β. The
regularity of FIGURE 4.5 has been lost, but there remains near the
point (0, 1) a feature having some resemblance to a saddle. Three of
the curves in the figure are generated by the shooting method, with
initial values F 00 (0) = 1.11981, 1.16981, and 1.19981. The second
of these includes the solution. Portions of two other integral curves
are also displayed in order to better define a full neighborhood of
the singularity. Because FIGURE 4.6 shows only projections of integral curves on the (F 00 , F 0 ) plane, these curves do not necessarily
intersect in (F 00 , F 0 , η)-space, and the hypothetical isolated singular
point in question is not a saddle in the usual sense. It is, however, a
distinguished point in the sense that it repels all projected integral
curves in its neighborhood except one, which is the desired solution.
Note in FIGURES 4.5 and 4.6 and elsewhere that the point (0, −1)
also occupies a special place in the structure of integral curves.
For the same value β = 5 as in FIGURE 4.6, another set of
integral curves is shown in FIGURE 4.7 to illustrate a conclusion
first drawn by IGLISH (1954) that solutions of the Falkner-Skan
equation for positive β are unique only if backflow is prohibited.
The curves in FIGURE 4.7 are for the initial values F 00 (0) = 1.11430,
1.11447, 1.16981, and they are all solutions because they all satisfy
the boundary condition F 0 = 1 at infinity. However, the profiles
show 0, 1, 2 . . . excursions into negative F 0 -space before eventually
satisfying this boundary condition. Uniqueness is restored if the
restriction 0 ≤ F 0 < 1 is imposed, or, in a very loose sense, if a
condition of earliest approach to the boundary condition F 0 (∞) = 1
is enforced. For β ≥ 1, families of solutions of this kind were first
reported by CRAVEN and PELETIER (1972b) and were studied in
more detail by BOTTA, HUT, and VELDMAN (1986). The latter
authors also noted the existence of periodic integral curves for β > 1
under certain conditions and listed the calculated period in η for a
number of cases. In FIGURE 4.5 and equation (4.83), for example,
such a condition is −2/3 < C < 2/3.
FIGURE 4.8 shows some integral curves for β = 1 and f 00 (0)
= 1.18259, 1.23259, 1.28259, as well as two additional integral curves
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Figure 4.7:
Some oscillating solutions of
the Falkner-Skan boundary layer equation for β
= 5. The integral curves are drawn for F 00 (0) =
1.11430, 1.11447, 1.16981. The last of these is the
classical solution.
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Figure 4.8:
Pseudo-saddle structure at η = ∞
of the Falkner-Skan boundary layer for β = 1. The
conventional integral curves are drawn for f 00 (0) =
1.18259, 1.23259, 1.28259. Two other integral curves begin
at (f, f 0 , f 00 ) = (5, 1.48, −1.2) and (1, 1.48, −1.9).
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Figure 4.9:
Neutral structure at η = ∞, showing
Töpfer mapping of the Falkner-Skan boundary layer for
β = 0 (Blasius flow). The curves are drawn for f 00 (0) =
0.4196, 0.4696, 0.5196.
that pass close to the point (0, 1). The display is topologically similar
to that in FIGURE 4.6.
The Blasius flow for β = 0, shown in FIGURE 4.9 is a special
case intermediate between node and saddle in the sense that it does
not show either pattern. Any integral curve in the first quadrant
of the phase plane can be transformed into the desired solution by
the Töpfer mapping ϕ(η) = cf (cη), where c is a suitable positive
constant. This mapping is discussed in SECTION 4.4.1, and implies,
according to equation (4.116),
[f 0 (∞)]3/2
1
= constant =
.
00
f (0)
0.4696 . . .

(4.90)

COPPEL (1960) pointed out that if f 0 becomes constant in the
Falkner-Skan equation (4.67) as η goes to infinity, so that f 00 (more
accurately, f f 00 ) and f 000 go to zero, then necessarily f 0 (∞) = ±1,
except when β = 0. Part of this remark has its origin in a particular
normalization of boundary-layer variables, but not all. The exception
for β = 0 is what informs the Töpfer mapping and the node/saddle
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Figure 4.10:
Pseudo-node structure at η = ∞ of the
Falkner-Skan boundary layer for β = −0.1 (upper branch).
The integral curves are drawn for f 00 (0) = 0.21927, 0.31927,
0.41927. Note the compressed scale at right to show the
extremely slow algebraic approach of f 0 to the outer
boundary condition when f 00 (0) is not correct.
dichotomy discussed here.
Finally, consider values of β that are negative, but not more
negative than −0.1988. It has long been known that there are two
branches of solutions, depending on whether or not the condition
0 ≤ f 0 < 1 is enforced. In the first instance, the solutions lie on the
upper branch first explored by FALKNER and SKAN (1931) and
HARTREE (1937). In the second instance, the solutions lie on the
lower branch first explored by STEWARTSON (1954). Phase planes
for these two branches are depicted in FIGURES 4.10 and 4.11 for
the case β = −0.1. In both figures, it seems that all integral curves
eventually satisfy the outer boundary condition, as would be the case
if a singularity behaving like a stable node were present at η = ∞.
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Figure 4.11:
Pseudo-node structure at η = ∞ of
the Falkner-Skan boundary layer for β = −0.1 (lower
branch). The integral curves are drawn for f 00 (0) =
−0.180545, −0.140545, −0.100545.
The integral curves in the phase plane for negative β form a bundle,
all with the same steep slope at the singularity in the left figure,
together with a single stem that comes in from the side at nearly
a right angle. This stem is the desired solution and the one that
approaches f 0 = 1 exponentially. The approach to the boundary
point (0, 1) in the phase plane is otherwise algebraic and can be
extremely slow, as demonstrated in FIGURE 4.10. Such properties
were inferred for β < 0, without the topological interpretation, by
Hartree, by HASTINGS (1972) and others.

4.3.3

Solution maps

The Falkner-Skan problem is a subject large enough to support a
small monograph of its own. My reason for reviewing this subject
in an essay about turbulent flow is my perception, right or wrong,
that these laminar flows with similarity may eventually provide not
a model but at least a metaphor for description of turbulent flows,
albeit with similarity of a different and more difficult kind. In this

240

CHAPTER 4.

THE BOUNDARY LAYER

section I will summarize a part of present knowledge about integrals
and solutions of this similarity system for the laminar boundary layer.
By an integral I mean any function f (η) that satisfies the FalknerSkan equation,
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,

(4.91)

without regard to boundary conditions. By a solution I mean an
integral having a place in boundary-layer theory because the velocity profile f 0 (η) satisfies no-slip boundary conditions at a wall and
approaches a suitable constant value at large distances from the wall;
f (0) = 0 ,

f 0 (0) = 0 ,

f 0 (∞) = 1 ,

(4.92)

with f 00 (0) the primary dependent parameter when β is given. For
wake and jet flows, there are closely related solutions that satisfy a
symmetry condition rather than a no-slip condition; i.e.,
f (0) = 0 ,

f 00 (0) = 0 ,

f 0 (±∞) = 1 ,

(4.93)

with f 0 (0) the primary dependent parameter. These flows are taken
up in SECTION X.4
In general, I will not discuss mass transfer at walls or the flow
of compressible fluids, although these were the first important extensions of the classical similarity problem. Neither will I discuss laminar flows with similarity in three dimensions or flows that are nonsteady. Finally, I will only mention in passing the role of eigenfunctions in solving non-similar problems, particularly relaxation problems.
Some lesser issues sometimes deserve attention. In SECTION
4.3.2 I described some topological properties of solutions that may
influence the numerical methods used to obtain them. Other topics
that are mostly of mathematical rather than fluid-mechanical interest include oscillating and periodic integrals; slip at the wall; the
unphysical boundary condition f 0 (∞) = −1; generalization of the
quantities f or η or both to be complex variables; and conjectures
about the dreaded chaos.
4

May refer to section 9.3.2 or 4.5.2.
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Figure 4.12:
A map of some known solutions of the
Falkner-Skan equation for positive β.
The primary sequence. The reader may be surprised, as I
was, by the range and complexity of the Falkner-Skan equation and
its solutions. FIGURES 4.12 and 4.13 show solutions in the plane
(β, f 00 (0)). Among the values of the pressure-gradient parameter β
that turn out to be distinguished for one reason or another are the
values −∞, −2, −1, −0.1988 . . . , 0, 1, 2, 3, ∞. In FIGURE 4.12, the
curve that spirals outward from the origin into the first quadrant is
the primary sequence of solutions. This curve is plotted in part using fresh calculations carried out by my associates G. Cardell and M.
Pesenson. Numerical values are listed in TABLE X and are believed
to be accurate to one or two units in the last decimal place. Extensive tables include those by SMITH (1954), FORBRICH (1973),
and KATAGIRI (1986). Less useful are the tables by EVANS (1968),
because not enough attention is paid by this author to the matter of
algebraic signs.
FALKNER and SKAN (1931) considered the range −0.1978 <
β < 4/3 for the primary independent parameter of the boundarylayer application. They pointed to the model of potential flow of a

242

CHAPTER 4.

THE BOUNDARY LAYER

Figure 4.13:
A map of some known solutions of the
Falkner-Skan equation for negative β.
viscous fluid past a wedge at high Reynolds numbers, as described in
SECTION 4.2.4, and kept their calculations within a range of β for
which this model might be physically achievable. HARTREE (1937)
introduced the modern notation, enlarged the range of β slightly in
both directions for positive wall friction, and identified the turning
point corresponding to continuously separating flow at β = β0 say
= −0.1988 . . . . The latter estimate has since been refined by CHEN
and LIBBY (1968), BANKS and DRAZIN (1973), and Forbrich, who
all agree on a value
β0 = −0.1988377 .
(4.94)
Hartree argued that the curve very near the turning point in FIGURE 4.12 should be a symmetric parabola, and this conjecture was
confirmed numerically by Banks and Drazin, who obtained to first
order the result
f 00 (0) = ±0.8446(β − β0 )1/2 .

(4.95)

Hartree also found that the mathematical problem is indifferent to
the physical anomaly at β = 2, and he included the value β = 2.4 as
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an aid in interpolation. The reason that numerical solutions progress
smoothly through β = 2, while the physical model does not, is explained in SECTION 4.4.6.
One difficulty that arises for large positive β is more apparent
than real. In the limit β → ∞, indicated by the star at the right in
FIGURE 4.12, the Falkner-Skan equation (4.91) becomes formally
1 − f 0f 0 = 0 ,

(4.96)

and the velocity u approaches u∞ everywhere except at the wall.
The boundary-layer thickness goes to zero in terms of the original
variable η. The reduction in the order of the differential equation and
the non-uniformity at η = 0 are the classical signals of a singularperturbation problem. However, it is not necessary here to invoke
the idea of matched asymptotic expansions, at least as long as the
fluid is incompressible. A change of variables discussed in SECTION 4.4.4 on sink flow is sufficient, and the solution in closed form
given there for the case β = ∞ was in fact published very early by
K. POHLHAUSEN (1921). A few numerical values for β > 2 can
be found in papers by MILLS (1968), CHRISTIAN, HANKEY, and
PETTY (1970), CRAVEN and PELETIER (1972b), and BOTTA,
HUT, and VELDMAN (1986). BRODIE and BANKS (1986) go as
high as β = 100, changing to a large-β formulation at β = 20 because of the rapidly decreasing boundary-layer thickness in terms of
the variable η. The latter authors also discuss eigenvalues for large
β together with the associated spatial stability problem. Finally,
COPPEL (1960) provides some close bounds on the friction f 00 (0)
for large positive β. His relation is
 1/2


4β
4β + 1 1/2
00
< f (0) <
.
(4.97)
3
3
Some additional solutions near the origin in FIGURE 4.12,
with β and f 00 (0) both negative, were added to the map by STEWARTSON (1954) in a trenchant analysis that introduced the concept of similarity with reverse flow. Stewartson rejected solutions
for β > 2, and also solutions having f 0 > 1, as physically unrealizable. Except for this lapse, his paper clarified Hartree’s treatment
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and laid a solid foundation for studies of the Falkner-Skan equation
as an exercise in applied mathematics. The two regimes in FIGURE 4.12, with positive and negative values for the wall stress f 00 (0)
at the same value of β, are commonly referred to as upper branch
and lower branch, respectively. Later developments led BRAUNER,
LAINE, and NICOLAENKO (1982) to propose that boundary-layer
solutions of the Falkner-Skan equation should be divided into three
classes. In all cases the function f (η) is defined for 0 ≤ η < ∞ and
satisfies the no-slip condition and the external boundary condition
f 0 (∞) = 1. Hence f 0 (η) in these cases is at least formally a possible
velocity profile.
(1) A classical solution is one for which 0 ≤
f 0 (η) < 1 for all η. (These solutions are
found only on the upper branch in FIGURE 4.12.)
(2) A reverse-flow solution is one for which
f 0 (η) < 0 in some region. (It is sufficient
but not necessary that f 00 (0) < 0. See, for
example, FIGURE 4.7)
(3) An overshoot solution is one for which
f 0 (η) > 1 in some region. (This classification and the previous one are not mutually
exclusive.)
Hartree. For positive β, WEYL (1942), IGLISH (1954), and
Coppel have settled the issues of existence and uniqueness for the
classical solutions. After looking at the asymptotic form of the classical solutions for large η, Hartree concluded that uniqueness for negative β, and thus placement of the upper branch, requires a closer
boundary condition; namely, that f 0 (η) should approach unity from
below as rapidly as possible when the initial value f 00 (0) is varied for
fixed β. The issue is the behavior for large η of a linearized difference
variable g, defined as
g(ζ) = 1 − f 0 (η) .

(4.98)

The new independent variable ζ is formed like η in equation (4.47),
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but with y − δ ∗ as length scale rather than y;


u∞
ζ=
(2 − β)νx

1/2

(y − δ ∗ ) .

(4.99)

In the Falkner-Skan equation (4.91), f 0 becomes g, the factor f is
replaced by its limit, ζ, and the term in g 2 is dropped. The result is
a second-order linear equation,
g 00 + ζg 0 − 2βg = 0 ,

(4.100)

with one boundary condition,
g(∞) = 0 .

(4.101)

A final substitution,
D(ζ) = eζ

2 /4

g(ζ) ,

(4.102)

leads to an equation for one of the special functions of mathematical
physics, the parabolic cylinder function,


1 ζ2
00
D=0 ,
(4.103)
D + ν+ −
2
4
where (look up D0 )
ν = −1 − 2β .

(4.104)

Equation (4.103) has two linearly independent solutions Dν (ζ).
These functions are described, for example, in ERDELYI et al. (1953),
where asymptotic expansions are given for large ζ. The expansions
in turn can be combined in the form offered by Hartree,
1 − f 0 ≈ Aζ −1−2β e−ζ

2 /2

+ Bζ 2β .

(4.105)

If β is positive, the solution g = 1 − f 0 diverges for large ζ unless
B = 0, in which case the solution approaches zero exponentially.
If β is negative, the term Bζ 2β dominates the solution for large ζ,
and 1 − f 0 approaches zero algebraically, unless again B = 0. Then
1 − f 0 approaches zero exponentially; i.e., “as rapidly as possible.”
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Algebraic behavior is illustrated graphically in FIGURE 4.10 of SECTION 4.3.2. Shooting methods are normally designed to minimize
the coefficient B in equation (4.105).
This analysis by Hartree has been developed by COPPEL (1960),
ROSENHEAD (1963), and HARTMANN (1964). The issue of uniqueness aside, there seems to be no particular need to restrict the range
of f 0 or to require f 0 to approach unity from below. The argument for
B = 0 in equation (4.105) is transparent, and was employed by BLASIUS (1908) in the course of obtaining an outer expansion suitable
for matching to a power series from the wall (Check. See Coppel
p 110).
(Unfinished business. D is entire function. Nonlinear problem
may have singularity for negative z. Also D has zeros if β is negative,
but in the wrong places. See Bateman, p 123, for case β → ∞, z
bounded.)
There is more to the Falkner-Skan story for positive β. For
given β > 1, families of oscillating reverse-flow solutions have been
discovered near the upper branch in FIGURE 4.12 that all satisfy the
boundary condition f 0 = 1 at infinity, but show 0, 1, 2, 3, . . . excursions into negative f 0 -space before reaching this condition. The open
circles in FIGURE 4.12 define a tentative limit line as the number of
oscillations increases indefinitely. Uniqueness is restored only if the
restriction 0 ≤ f 0 < 1 is imposed, or, in a very loose sense, if a condition of earliest approach to the condition f 0 (∞) = 1 is enforced. For
various values of β beyond β = 1, families of such solutions were first
reported by CRAVEN and PELETIER (1972b) and later in a powerful paper by BOTTA, HUT, and VELDMAN (1986). According
to CRAVEN and PELETIER (1972a) and HASTINGS and TROY
(1988), this oscillating behavior cannot occur for 0 < β < 1. One
example for β = 5 is shown in FIGURE 4.7 of SECTION 4.3.2 below5 . More complex oscillating flows as well as periodic flows can
occur for β > 2; and have been partially classified by Botta et al.,
with a particular one sometimes being selected by exquisitely small
differences in f 00 (0), in the tenth decimal place or beyond. (A recent
5

As noted in that section, it was originally placed after this one.
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survey paper by SWINNERTON-DYER and SPARROW (1995) is a
valuable reference?) (Omit this?)

4.4

Some special cases

4.4.1

Blasius flow; the case β = 0, m = 0

The Blasius equation and its boundary conditions at the wall are
f 000 + f f 00 = 0 ,
f 0 (0) = 0,

f (0) = 0,

f 00 (0) 6= 0 .

(4.106)
(4.107)

The procedure used by BLASIUS (1908) to solve equation (4.106)
was to match a power-series expansion from the wall to an asymptotic expansion near the free stream. This procedure is inherently
insecure, not because the power series converges slowly, which it
does, but because the power series has a finite radius of convergence.
Repeated differentiation of equation (4.106) gives
f 0000 + f 0 f 00 + f f 000 = 0 ;

(4.108)

f 00000 + f 00 f 00 + 2f 0 f 000 + f f 0000 = 0 ;

(4.109)

f 000000 + 4f 00 f 000 + 3f 0 f 0000 + f f 00000 = 0 ;

(4.110)

and so on. Evidently,
f 000 (0) = 0,

f 0000 (0) = 0,

f 00000 (0) = −[f 00 (0)]2 , (4.111)

and so on. Blasius gave a recursion formula and listed the first eight
terms of the series for f as
η2
η5
η8
η 11
− [f 00 (0)]2 + 11[f 00 (0)]3 − 375[f 00 (0)]4
+
2!
5!
8!
11!
η 14
η 17
+ 27, 897[f 00 (0)]5
− 3, 817, 137[f 00 (0)]6
+
(4.112)
14!
17!
η 23
η 20
+ 865, 874, 115[f 00 (0)]7
− 303, 083, 960, 103[f 00 (0)]8
+ ···
20!
23!

f (η) = f 00 (0)

, .'
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Figure 4.14:
LEFT: some partial sums of the
power-series representation of the Blasius solution
f 0 (η). The radius of convergence of the series is 4.03.
The sum of eight terms is within 0.001 of the exact
solution for η < 2.8 approximately, as marked by the
right-most cross. RIGHT: the three singularities of the
function f (η) in the complex η-plane.
Having in mind a footnote by Blasius, I have caused the numerical
coefficient of the last term in this series to be recalculated independently by three observers, and I believe that it is now correct. I will
argue in SECTION X that the first two terms in the series for the
stream function for turbulent flow near a wall at constant pressure
may again be terms in y 2 and y 5 . The implication is that a laminar
transport mechanism is important to this order in the turbulent case,
but probably not beyond.
The left half of FIGURE 4.14 shows some successive partial
sums for the (derivative of the) series (4.112), assuming f 00 (0) =
0.4696, together with the complete profile obtained numerically. The
crosses mark the points where the various sums differ from the exact
profile by 0.001. For eight terms, the range of agreement does not
extend beyond η = 2.8. A connection made in SECTION X between
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laminar and turbulent flows near a smooth wall involves the nature
of the singularities that limit the radius of convergence of series expansions like equation (4.112). For the Blasius layer, it was first
pointed out by WEYL (1941, 1942) that this radius of convergence
R is less than the sensible thickness of the layer. Weyl gave bounds
that imply, given the present normalization, 3.37 < R < 5.04. Later
authors have sharpened these bounds. PUNNIS (1956) obtained the
values 4.00 < R < 4.03. He demonstrated, by numerical integration
for real η < 0 of a transformed equation, that one singularity of f is
a simple pole with residue 3 on the negative η-axis. This property
can be anticipated because of the alternation of signs in the series
(4.112). MEKSYN (1959) pointed out that there must be three such
poles, equally spaced on a circle of radius R, because the first integral
of equation (4.112) is a power series in η 3 and thus a power series in
the complex argument z = −(ωη)3 , where ω is a cube root of −1. In
essentially unpublished work, SHANKS (1953) derived the estimate
R+ = 4.02347 .

(4.113)

This value was obtained using a proprietary method for accelerating the convergence of slowly convergent sequences (SHANKS 1954,
1955). The method has been described to me by Julian Cole as an
art form, but I would not dare to doubt its validity, particularly
since Shanks also specified the bounds 0.469599 < f 00 (0) < 0.469600
in 1953, without benefit of a modern computer. I should mention
one other provocative piece of evidence on this point. During the
construction of the phase diagrams presented in SECTION 4.3.2 below,6 it was a trivial matter to integrate the Blasius equation from
η = 0 toward negative η, following the example of Punnis. The initial
condition was f 00 (0) = 0.4696. The integration was carried out using a subroutine NDsolve [. . . t, −5, 5 . . . ] in the commercial program
Mathematica. The calculation halted with the error message, “At
t = −4.02343, step size is effectively zero; singularity suspected.”
These conclusions about the radius of convergence of the Blasius series are summarized graphically at the right in FIGURE 4.14.
Little is known about the question of convergence for other val6

As noted in that section, it and this one were originally reversed.
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ues of β, except for some remarks by Meksyn for the case β =
−0.1988 (f 00 (0) = 0), with the series proceeding in powers of η 4
rather than η 3 . The question of convergence is easier for the case
of sink flow discussed in SECTION 4.4.4, and also for certain free
shear flows such as the laminar plane jet in SECTION 9.1.3, the
laminar wall jet in SECTION 10.1.3, and the laminar round jet in
SECTION 8.1.5, because the boundary-layer solution in each of these
cases is known in closed form.
Especially since the introduction of electronic computers, many
methods have been used to integrate the Falkner-Skan equation. One
method suitable in principle for two-point boundary conditions is an
iterative shooting method aimed at the outer condition f 0 (∞) = 1
(see, for example, CEBECI and KELLER 1971 and the discussion in
SECTION 4.3.2 below). For the special case of Blasius flow, iteration can be avoided by substituting an initial-value problem, as first
noted by TÖPFER (1912). The argument depends on the mapping
properties of the Blasius equation (4.106). If f (η) is a solution of
this equation, so is g(η) = cf (c η), where c is any positive constant.
Consideration of the boundary conditions gives
g 0 (∞) = c2 f 0 (∞) ,
00

(4.114)

3 00

g (0) = c f (0) ,

(4.115)

where primes indicate differentiation with respect to η. If c is eliminated between the last two equations, the result is
f 00 (0)
g 00 (0)


=

f 0 (∞)
g 0 (∞)

3/2
.

(4.116)

Let the equation g 000 + gg 00 = 0 be solved as an initial-value problem,
with initial conditions g(0) = g 0 (0) = 0, g 00 (0) = 1, say. The essence
of this solution is the value for g 0 (∞). If the original problem is to be
solved with a boundary condition f 0 (∞) = 1, say, the required value
of f 00 (0) follows immediately from equation (4.116). Unfortunately,
Töpfer’s argument cannot be applied to the general Falkner-Skan
equation, because the presence of a pressure-gradient term defeats
the mapping just described.
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There has been a steady evolution over the last century in the
accuracy of numerical values for the wall friction f 00 (0) for the Blasius
problem. Some of these values are
BLASIUS (1908)
TÖPFER (1912)
HOWARTH (1938)
SHANKS (1953)
SMITH (1954)
HATTA et al (1985)
KATAGIRI (1986)
LIEPMANN (1994)

0.4690
0.46960
0.469604
0.4695998
0.4696000
0.46959999
0.469599988361
0.46959998836101330

Liepmann (private communication) offered his contribution not as
serious science, but rather as the outcome of a pleasant recreation
played with Töpfer, Weyl, and Wolfram.
The Blasius solution as a member of the Falkner-Skan family
serves to illustrate an important topic, which is the role of coordinate
systems in boundary-layer theory. It was shown in SECTION 4.2.3
that the boundary condition of uniform flow far outside the boundary
layer requires f 0 = 1 and therefore f = η − C, where C is a positive constant related to the displacement thickness. If the pressure
is constant, it follows from equations (4.55)–(4.57) that streamlines
of the boundary-layer approximation outside the Blasius boundary
layer are defined by
ψ
,
x<0 ;
u∞


ψ
ψ
2νx 1/2
∗
y=
+δ =
+C
,
x>0 ;
u∞
u∞
u∞
y=

(4.117)

(4.118)

where C is the integral in equation (4.55). These formulas generate
the streamlines shown schematically in FIGURE 4.1. The effect of
the boundary layer on the outer flow is accurately described as a
displacement effect, since the flow near the wall looks to the external flow like a distributed source. However, in rectangular coordinates the parabolic boundary-layer equations have real characteristics x = constant, and the singularity at the leading edge propagates
outward along the characteristic x = 0, where it is manifested as
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a discontinuity in the v-component of velocity. The second equation (4.118) redefines the free stream as a rotational flow whose
streamlines are a family of displaced parabolas. This behavior is
strictly a consequence of the choice of a rectangular coordinate system. Another coordinate system would lead to another behavior.
The point here is that the boundary-layer solution has no meaning outside the boundary layer unless the coordinate system is artfully chosen. This point has been developed in a beautiful paper
by KAPLUN (19XX), whose work was later extended by (who?).
A related issue is the role of the boundary-layer approximation as
the first term in a sequence that is probably neither convergent nor
uniformly valid at any approximation (see Van Dyke, plane jet).
(Discuss higher approximations, pressure. Blasius in 1908
used an affine transformation to obtain the similarity form
of the boundary-layer equations (check). Discuss f 00 (0), factor of root two. Formula for Cf (Rx ). Mean friction is twice
local friction).
There are several reasons for studying the Blasius boundary
layer experimentally. In practice, this flow serves as a useful initial
condition for certain more complex flows, such as flow approaching
an obstacle; as a site for calibration of instrumentation; and as a
resource for studies of mechanisms involved in instability and transition. It will be established in SECTION X that the experimenter
has one adjustable constant, which is the origin for the streamwise
coordinate x. Given this single degree of freedom, any remaining
discrepancies are likely to be associated with recovery from nonsimilar initial conditions or with experimental error. Excellent fidelity has been reported by (refs) and others. What appear to be
very precise data published by NIKURADSE (1942a) are shown in
FIGURE 4.15. These data are displayed in successive editions of the
book by SCHLICHTING (date), but in my opinion should not be
taken at face value, for reasons set forth in SECTION 2.4.2.
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Figure 4.15:
The Blasius velocity profile according
to figure 62 of NIKURADSE (1942a). The theoretical
curve is correct, but I do not accept these experimental
data at face value.
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Constant wall friction; the case β = 1/2, m = 1/3

(finish or omit)
(Axially symmetric stagnation point. Note τw = constant
in plane case). (Use Mangler transformation?)

4.4.3

Stagnation-point flow; the case β = 1, m = 1

This case m = 1 has a special property. In SECTION 4.4.1 on the
Blasius flow, the streamlines outside the boundary layer were shown
to be described in rectangular coordinates by
ψ = u∞ (y − δ ∗ ) ,

(4.119)

where δ ∗ (x) is defined for the Falkner-Skan flows by equation (4.49)
of SECTION 4.2.3. (Check for generality.) It is instructive to
ask whether or not equation (4.119) can represent an irrotational
flow. Note that ∂ 2 ψ/∂y 2 = 0, so that the Laplacian of ψ (i.e., the
vorticity) is zero when
∂2ψ
∂2
=
u∞ (y − δ ∗ ) = 0 ,
∂x2
∂x2

(4.120)

or when ψ has the form
ψ = xp(y) + q(y) .

(4.121)

But from equation (4.49), with u∞ ∼ xm for the Falkner-Skan flows,
u∞ (y − δ ∗ ) = axm y − bx(1+m)/2 .

(4.122)

The last two equations are consistent if m = 1, in which case p(y) =
ay − b and q(y) = 0. The displacement thickness is constant, from
equation (4.52), and the velocity u∞ (x) increases linearly with x.
The flow is the flow about a wedge with a total angle πβ = π, or
the plane stagnation-point flow. This flow was first discussed by
HIEMENZ (1911) and HOWARTH (1935).
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For this particular case, the ansatz (4.45) becomes


1
να

1/2

 

ψ
α 1/2
=f
y ,
x
ν

(4.123)

where

u∞
= constant .
(4.124)
x
Note that η and f are independent of x. Substitute this ansatz in the
full Navier-Stokes equations in rectangular coordinates (equations
(xxx) of the introduction). The x-momentum equation becomes
α=

∂p
= −ρα2 x ,
∂x

(4.125)

and the y-momentum equation becomes
∂p
= −ρα(αν)1/2 (f f 0 + f 00 ) .
∂y
The last equation can be integrated to
 2

f
0
p = −ρνα
+ f + g(x)
2
and equation (4.125) used to produce

 2
x2
f
+ f 0 − ρα2
+C .
p = −ρνα
2
2

(4.126)

(4.127)

(4.128)

With f = −v/(αν)1/2 , f 0 = u/αx, αx = u∞ , and C = p0 , this is
equivalent to

ρ
νu
p + u∞ 2 + v 2 + ρ
= p0 .
(4.129)
2
x
Outside the boundary layer, this equation reduces to the Bernoulli
integral (1.xx) except for the viscous term, which is of order ν/u∞ x
compared to terms of order unity. (Blows up at x = 0.) At the
stagnation point x = y = 0 and u/x = 0 (check), the full stagnation pressure is recovered. The conclusion is that the solution of
the Falkner-Skan equation is not an exact solution of the NavierStokes equation, but differs by a term of order 1/Re. However, the
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boundary-layer approximation contains the outer flow to this order,
and rectangular coordinates are therefore optimal in the sense of
Kaplun for the stagnation-point flow.
This relationship defines a family of hyperbolas representing
the irrotational (inviscid) plane stagnation-point flow. An irrotational flow satisfies the Navier-Stokes equations, although it is almost
always incompatible with the no-slip boundary conditions (plane or
circular Couette flow). Thus the boundary-layer solution is exact; it
is a solution of the full Navier-Stokes equations. An important but
less powerful statement is that rectangular coordinates are optimal
for the plane stagnation-point flow. (Cite Kaplun. Do the exact
solution and the inner limit; comment on order of ∂p/∂y.)

4.4.4

Sink flow; the case β = ∞, m = −1

The Falkner-Skan similarity variables f and η are defined in general
by equation (4.45) of SECTION 4.2.3 as

f=

1+m
2νu∞ x

1/2


ψ ;

η=

(1 + m)u∞
2νx

1/2
y .

(4.130)

If the parameter m is more negative than −1, then f and η are real
only when u∞ and x have opposite signs. Such flows were called
backward boundary layers by GOLDSTEIN (1939, 1965), who chose
to take x as always positive. I prefer the sign convention that u∞ is
always positive, so that x must be negative for m < −1, and the flow
is from left to right toward the origin. These are the conditions that
apply on the lower curve in FIGURE 4.3. An important special case
is the limit m = −1 approached from below, so that β approaches
+∞. The programmed free-stream velocity then corresponds to sink
flow;
c
u∞ =
,
(4.131)
x
with x and c both negative. The much more difficult limit with m =
−1 approached from above, so that β approaches −∞, corresponds
to source flow and is discussed briefly in SECTION X.
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The term “sink flow” for β = ∞ is meant to be taken literally.
Choose cylindrical polar coordinates and consider flow toward the
origin in a sector bounded by radial walls, as shown in FIGURE X.
The volume flow per unit time, Q, flowing inward across any arc
r = constant between θ = Θ and θ = π is
Zπ
Q=

urdθ = constant ,

(4.132)

Θ

where u(r, θ) is the radial velocity, here taken as positive inward.
The ostensible data of the problem are the volume rate of flow Q
into the sink, the total angle (π − Θ), and the viscosity ν. The angle
Θ is dimensionless. Both Q and ν have dimensions length2 /time, and
their dimensionless ratio Re = Q/ν, or perhaps Re = Q/(π − Θ)ν,
exhausts the supply of dimensional information. There is no characteristic scale for the radial coordinate, and the dimensionless stream
function ψ/ν must therefore depend only on θ. These comments do
not require the explicit equations of motion. They apply whether the
(mean) flow is laminar or turbulent, with or without a boundary-layer
approximation. The turbulent case will be taken up in SECTION X.7
The prescription of sink flow implies that the physical flow
is the one shown by the lower icon in the first quadrant in FIGURE 4.3. A similar icon for source flow in the third quadrant is
unrealistic, since similar solutions of the boundary-layer equations
do not exist for large negative β if Θ is too large (some are known
for β < −0.1988). For sink flow, the full Navier-Stokes equation can
be solved exactly in cylindrical polar coordinates for any Reynolds
number (see —–, —– ). The solution appears in terms of elliptic
functions, and an inner limit process applied to this solution recovers the Falkner-Skan boundary-layer solution presented here. The
outer limit of the exact solution for Re → ∞ is uniform radial inflow
except at the walls. However, the usefulness of this problem as a
prototype problem for illustrating the method of matched asymptotic expansions is depreciated by the absence of entrainment, and
it will be argued in Chapter 8 that the case of a laminar round jet
7

Possibly Section 4.11.1
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is mathematically simpler and physically more instructive for this
purpose.
In the Falkner-Skan similarity equation (4.48), the coefficient
of the last term becomes infinite when m = −1 or β = ∞, and the
equation reduces in the limit to
1 − f 0f 0 = 0 .

(4.133)

The derivatives of higher order have been lost, and the boundary
layer in terms of the original independent variable η has shrunk to
zero thickness. This behavior is a classical signal that a singularperturbation analysis is required. However, the apparent singularity
is not real. It is easily removed by a different scaling of the variables.
With the limit β → +∞ in mind, first rewrite the ansatz (4.47) to
read
"

1/2
1/2 #
1
u∞
−
ψ=f −
y = f (η) . (4.134)
(β − 2)νu∞ x
(β − 2)νx
Note that f (η) satisfies the equation
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,

(4.135)

with the boundary conditions
f (0) = f 0 (0) = 0 ,

f 0 (∞) = 1 .

(4.136)

Now introduce new variables
F = (β − 2)1/2 f,

Y = (β − 2)1/2 η ,

(4.137)

to obtain in the limit;

−

1
νu∞ x

1/2
ψ=F




u∞ 1/2
−
y = F (Y ) .
νx

(4.138)

This modified ansatz, like the original one, can be substituted
in the x-momentum equation (4.17) to derive a revised form of equation (4.135). Simpler is direct substitution of F, Y from equations
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(4.137) for f, η in the Falkner-Skan equation (4.135). Both of these
methods lead to the ordinary differential equation
F 000 +

F F 00
β
+
(1 − F 0 F 0 ) = 0
(β − 2) (β − 2)

(4.139)

with the boundary conditions
F (0) = F 0 (0) = 0,

F 0 (∞) = 1 .

(4.140)

Primes now indicate differentiation with respect to Y . Note in passing that the two formulations (4.135)–(4.136) and (4.139)–(4.140)
become identical in every respect for β = 3 or m = −3, a value that
provides a sensible divide for calculations in the range between β = 0
and β = ∞. The limit β → ∞ is no longer singular, inasmuch as
equation (4.139) becomes in the limit
F 000 + 1 − F 0 F 0 = 0 .

(4.141)

Equation (4.141) was first derived and solved in closed form by
K. POHLHAUSEN (1921) in a paper aimed at another problem. To
recover his solution, note first that F 00 is an integrating factor. One
integration gives
(F 00 )2 =


2 0 3
(F ) − 3F 0 + 3C ,
3

(4.142)

where C is a constant of integration. The boundary conditions
F 0 (∞) = 1, F 00 (∞) = 0 require C = 2/3. The cubic polynomial
can be factored to obtain
p
F 00 = − 2/3(F 0 − 1)(F 0 + 2)1/2 ,
(4.143)
where the minus sign is required because F 00 > 0, F 0 < 1 inside the
boundary layer. Put temporarily F 0 = H. Then, with H = 0 when
Y = 0,
ZH
p
dh
Y = − 3/2
.
(4.144)
(h − 1)(h + 2)1/2
0

260

CHAPTER 4.

THE BOUNDARY LAYER

Integration by the method of partial fractions gives
"
#

1/2
p
√
−1 2 + H
−1
Y = 2 tanh
− tanh
2/3 .
3

(4.145)

This expression can be solved for H = F 0 to obtain the velocity
profile


p
Y
−1
0
2
2/3 − 2 .
(4.146)
F = 3 tanh √ + tanh
2
One more integration gives the stream function;


p
√
√
Y
−1
√
F (Y ) = Y + 2 3 − 3 2 tanh
+ tanh
2/3 .
2

(4.147)

Equation (4.147) represents sink flow in both the boundary
layer and the free stream. With the aid of equation (4.131), the
general ansatz (4.138) for β = ∞ can be written as


1
−
cν

1/2

 

c 1/2 y
ψ=F − −
,
ν
x

(4.148)

where y/x = tan(π − Θ). Thus the streamlines are everywhere
straight lines through the origin. This property can also be shown
by noting that u = ∂ψ/∂y = cF 0 /x and v = −∂ψ/∂x = cyF 0 /x2 ,
from which
v
y
=
(4.149)
u
x
in the boundary layer, with F 0 , u, and y positive and c, v, and x
negative.
(Need displacement thickness, momentum thickness,
and Thwaites parameters. Is there a F -S flow with Rθ decreasing? Argue zero, negative entrainment. Discuss relaminarization, parameter K.)
This solution can also be obtained as the inner limit of the exact conical solution (ref ) for large Reynolds numbers (see equilibrium
paper). It is unique among the Falkner-Skan flows in that there is
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a closely equivalent turbulent equilibrium flow (see SECTION X).
(What about source flow? What about separating flow? Discuss
source flow, rapid oscillations, precursor in Libby and Liu. Do the
exact solution and inner limit; discuss order of pressure term qua
boundary layer approximation.)

4.4.5

Separating flow; the case β = −0.1988, m = −0.0904

If the static pressure in a boundary layer increases in the direction
of flow, the fluid near the wall is retarded relatively more than the
fluid in the free stream because of its longer exposure to the pressure
gradient, and separation may occur. One of the Falkner-Skan solutions represents flow continuously on the verge of separation, with
du/dy always zero at the wall. Similarity is maintained by continuous relaxation of the gradient. The corresponding value of β can be
estimated rather easily. If τw = 0, the momentum-integral equation
(4.14) can be rewritten in the form


1 dθ
δ ∗ 1 du∞
+ 2+
=0
(4.150)
θ dx
θ u∞ dx
and integrated, given that the profile shape factor δ ∗ /θ is constant,
to obtain (cite Townsend)
2+δ
θu∞

∗ /θ

= constant .

(4.151)

A second general relationship for the Falkner-Skan flows is implicit
in the definition (4.50) of the momentum thickness;
θ2 u∞
= constant .
x

(4.152)

When the second equation is divided by the square of the first, the
result can be written
u∞ x1/(3+2δ

∗ /θ)

= constant .

(4.153)

Some typical Falkner-Skan velocity profiles have been displayed
in FIGURE X (do this). For the continuously separating flow, what
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is important is that the profile u/u∞ is S-shaped and nearly antisymmetric, like sin2 (πy/2δ). As a model profile, the latter function
implies δ ∗ /θ = 4, from equations (4.11) and (4.12), and equation
(4.153) becomes
u∞ ∼ x−1/11 ∼ x−0.0909 .
(4.154)
With m = −1/11, it follows from equation (4.46) that
β=

2m
= −1/5 = −0.2000 .
1+m

(4.155)

Numerical solutions (see TABLE X) yield the more accurate
values δ ∗ /θ = 4.02923, m = −0.090429, β = −0.198838 (check).
The half-angle of the corresponding wedge flow, πβ/2, is about
−18◦ . For what it is worth, this value might be interpreted as a
very coarse upper limit for the half-angle of a laminar plane diffuser without separation at the entrance. A real laminar diffuser,
of course, will have other walls, a finite entrance velocity, a finite
initial boundary-layer thickness, three-dimensional flow, and great
sensitivity to instability, loss of symmetry, and transition.

The singularity at β = 2, m = ∞

4.4.6

Another and more complex singularity in the Falkner-Skan problem
occurs when β = 2 or m = ±∞, so that both of the variables f and
η in the original ansatz,

f=

1
(2 − β)νu∞ x

1/2


ψ ;

η=

u∞
(2 − β)νx

1/2
y ,

(4.156)

become infinite, along with the physical pressure gradient. Some authors, led by Stewartson, were apparently so distracted by the presence of this singularity as to discount the physical value of FalknerSkan solutions for β > 2. However, computed solutions pass smoothly
through this value of the parameter. The real challenge is in the physical interpretation of the variables, since the value β = 2 is the site of
a mandatory change in sign for the x-coordinate (or the free-stream
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velocity) and has other special properties, including the need for an
additional parameter.
GOLDSTEIN (1939) was the first to point out that the laminar boundary-layer equations admit similarity solutions not only for
the free-stream velocity program u∞ ∼ xm but also for the program
u∞ ∼ ecx , and that the latter solutions correspond to the special
value β = 2 or m = ∞. The affine transformation of SECTION 4.2.2
in its original form does not discover these special solutions, because the additional dimensional parameter c is not present in the
transformation group (4.27). The obvious strategy of re-scaling the
Falkner-Skan variables as F = f /(1 + m)1/2 , Y = η/(1 + m)1/2 is
not successful because the term of highest order is lost. Two other
strategies are more successful, and will be outlined briefly.
First, return to the original boundary-layer equation (4.25) of
SECTION 4.2.1,


∂ψ ∂ 2 ψ
∂ψ ∂ 2 ψ
du∞
∂3ψ
ρ
−
=
ρu
+
µ
,
(4.157)
∞
∂y ∂x∂y
∂x ∂y 2
dx
∂y 3
for the stream function ψ (x, y). Assume that characteristic local
scales U (x) and L(x) can be defined, and put
y
ψ
=f
.
(4.158)
UL
L
Substitution yields a third-order ordinary differential equation for f ,
and similarity requires the three coefficients in this equation, namely
U L dL
,
ν dx

L2 u∞ du∞
,
νU dx

L2 dU
,
ν dx

(4.159)

to be constant. Division of the third combination by the second
shows that U ∼ u∞ , and there is no reason not to choose U ≡ u∞ .
The first two combinations then imply
u∞ ∼ Lconst = Lb ,

say,

(4.160)

where b is a constant to be determined. It follows that
L1+b dL
= constant ,
ν dx

2/b

u∞ du∞
= constant .
ν dx

(4.161)
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There are two possibilities. If b 6= −2, integration leads to power-law
behavior;
u∞ ∼ xb/(2+b) ∼ xm .
(4.162)
and similarly for L. But if b = −2, integration leads to exponential
behavior;
u∞ ∼ ecx ,
(4.163)
where c is a constant, and similarity for L. This singular case, although it is one point in a continuum for β, is itself a single-parameter
family of flows with c as parameter.
The second strategy is more elegant. Recall the integrated momentum equation in the form (4.14) of SECTION 4.1.1, with M∞ = 0
and vw = 0, and make this equation dimensionless by dividing by a
characteristic viscous stress µ u∞ /θ. The result,


τw θ
1 u∞ dθ2
δ ∗ θ2 du∞
=
+ 2+
,
(4.164)
µu∞
2 ν dx
θ ν dx
will be discussed at length in SECTION 4.6.1. In the meantime,
the relations of SECTION 4.2.3 require that the two dimensionless
combinations
u∞ dθ2
θ2 du∞
,
(4.165)
ν dx
ν dx
are separately constant for any one of the Falkner-Skan flows. But if
(u∞ /ν)dθ2 /dx and (θ2 /ν)du∞ /dx are constant, so is their sum;
d θ2 u∞
= constant = c , say.
dx ν

(4.166)

Again there are two possibilities. If c 6= 0, then
θ2 u∞
= cx .
ν
Thus

θ2 du∞
=c
ν dx



x du∞
u∞ dx

(4.167)


= constant

(4.168)

and
u∞ dθ2
d
= u∞
ν dx
dx



cx
u∞





x du∞
=c 1−
= constant . (4.169)
u∞ dx
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Both relationships imply u∞ ∼ xm , where m is a constant, and
nothing new emerges. However, if c = 0, then
θ2 u∞
= constant = λ , say,
ν

(4.170)

where λ is a positive constant with units of length. Moreover,
θ2 du∞
u∞ dθ2
λ du∞
=−
=
= constant = C , say,
ν dx
ν dx
u∞ dx

(4.171)

so that u∞ ∼ eCx/λ . Note that the quantity (θ2 /ν)du∞ /dx is assigned different constant values (cm and C) in equations (4.168) and
(4.171), respectively. The special case is uniform with the general
one if c = 0 and m = ∞, so that the product cm = 0 × ∞ has the
finite value C. The special case again corresponds to β = 2.
The ansatz (4.158) can now be perfected for the singular case.
It follows from equation (4.160) with b = 2 that u∞ L2 = constant.
The two local scales U and L can therefore be taken in the form
U = u∞ ∼ kνe2kx ,

L∼

e−kx
,
k

U L2 ∼

ν
,
k

(4.172)

where two global constants k (with units 1/length) and ν have been
introduced to make the equations dimensionally correct. These equations can also be written in a more attractive form by first eliminating
the exponential, whereupon
1
L=
B



ν
ku∞

1/2
,

U L = u∞ L =

1  νu∞ 1/2
,
A
k

say. The ansatz (4.158) for the case β = 2 now becomes
" 

 #

k 1/2
ku∞ 1/2
ψ=f B
y = f (η) .
A
νu∞
ν
Substitution into the x-momentum equation (4.157) gives


 2

2ABku∞
A
000
00
0 0
f + ff + 2
−f f =0 .
du∞ /dx
B2

(4.173)

(4.174)

(4.175)
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The normalization that gives u = u∞ f 0 again requires A = B. The
condition that reduces the coefficient of f 000 to unity is once again a
differential equation,
du∞
= 2 A2 ku∞ .
dx

(4.176)

My sign convention for the Falkner-Skan flows is that u∞ is
always positive, with flow always from left to right. Consequently,
if the function f and its argument in equation (4.174) are real, the
quantities k and du/dx must both be positive. The ansatz and its
enabling condition become


k
νu∞

"

1/2
ψ=f

ku∞
ν

u∞ = kνe2kx ,

1/2 #
y ,

(4.177)

(4.178)

Note that the free-stream velocity u∞ is equal to kν when
x = 0, according to equation (4.178), and thus u∞ θ/ν = kθ. Both
numbers must be large compared with unity if boundary-layer theory
is to be a valid approximation. Consider the quantity denoted earlier
by m and defined by u∞ ∼ xm . For β = 2 the equivalent quantity
m∗ , say, is
x du∞
x
m∗ =
= 2kx = 2(kθ) .
(4.179)
u∞ dx
θ
When x/θ is positive (negative) and of order unity, m∗ is very large
and positive (negative). This behavior is consistent with the behavior
in FIGURE 4.3 of the quantity m slightly to the left and slightly to
the right, respectively, of the singularity at β = 2. The icon that
shows the equivalent channel flow is duplicated for m = +∞ and
m = −∞ to suggest the fact that the conditions x > 0 for β < 2 and
x < 0 for β > 2 are connected.
The ansatz (4.177) in the singular case can also be obtained
formally by generalizing the affine transformation (4.27) of SECTION 4.2.2, taking into account the new parameter k. Thus add
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k = gb
k to the list of transformed quantities and transform the additional boundary condition (4.176) to obtain the scaling law
ag = 1 .

(4.180)

Evidently 1/g can be substituted for a in the alphabetical combinations (4.31), and therefore 1/k can be substituted for x in the original
ansatz (4.33) to arrive immediately at equation (4.174).
Note that the local scale L for the singular Falkner-Skan flow
is the geometric mean of ν/u∞ and 1/k and that x does not appear.
In SECTION 4.2.4, the Falkner-Skan flows were associated
with potential flow past a wedge of included angle πβ. The velocity
u∞ at the wedge vertex is zero (infinite) when the exponent m in
u∞ ∼ xm is positive (negative). In FIGURE 4.3, the parameters m
and β are related by
m=

β
,
2−β

β=

2m
.
m+1

(4.181)

In general, the wedge vertex is a natural origin for the coordinate
x. The flow is away from (toward) this origin when the parameter β
is less than (more than) 2. These are the properties intended to be
expressed by the channel-flow icons in the figure.
However, the wedge model is only physical when the included
angle πβ lies in the range −2π < πβ < 2π. An attempt was made by
MANGLER (1943) to devise other geometric models for other values
of β. One of these models, for the case β = 2, is particularly relevant
here. Consider the potential flow
w(z) = ϕ + iψ = ez ,

(4.182)

z = x + iy .

(4.183)

where
A mathematician might not have an engineer’s care for dimensions
in these expressions. The engineer would write
ϕ + iψ = ULeπz/L ,

(4.184)
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Figure 4.16:
The potential flow for the singular case
β = 2 and u∞ ∼ ecx according to MANGLER (1943). The
Falkner-Skan boundary conditions can be satisfied only
if c is positive. There is no definite origin or scale
for x.
or where U, L are intrinsic constants, independent of X.
y
,
L
y
u = πUeπx/L cos π ,
L
y
v = −πUeπx/L sin π .
L

ψ = ULeπx/L sin π

(4.185)
(4.186)
(4.187)

FIGURE 4.16 shows the streamlines in the first half cycle, 0 < y < L,
of the periodic flow defined by equation (4.185). If the streamlines
at y = 0 and y = L are taken as walls, the potential flow occurs in a
uniform channel. The velocity at the lower wall,
u∞ = πUeπx/L ,

(4.188)

has the required exponential form (4.178) for the case β = 2.
This reasoning accounts for the design of the icon for β = 2
or m = ±∞ in FIGURE 4.3. There is no length L available. The
height of the channel will not serve, since this dimension is associated
with the free stream, not the boundary layer. Hence x/L, y/L are
virtual variables (see also SECTION 8.1 on the laminar round jet).
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In particular, if a constant is added to x in equation (4.185) for ψ, the
effect is the same as multiplying the stream function by a constant.
All streamlines are obtained by displacement in x of any one, without
change in shape. Thus the fact that there is no natural origin for x is
self-evident, and the paradox of an infinite exponent in the condition
u∞ ∼ xm is rendered harmless.
There is a strong analogy between the Falkner-Skan boundary
layers and Clauser’s equilibrium turbulent boundary layers. For typical profiles, see the class notes.8 The input is β, and the output
is f 00 (0). In terms of the wedge flow, u∞ is zero at the origin if β
is positive, finite if β is zero, and infinite at the origin if β is negative. (Check Stewartson for most rapid algebraic approach to free
stream. Transform variables for sink flow. Discuss signs; x is negative and u∞ is positive if β is greater than two. Why do calculations
go smoothly through β = 2?) A number for the shape factor H tells
a lot; 2.5 for Blasius flow, 1.3 for turbulent flow; 4 for a separating
boundary layer.

4.4.7

The Stewartson flows; −0.1988 < β < 0

Large negative β. It was supposed for some time that no useful
Falkner-Skan solutions would be found for β more negative than
β ∗ = −0.1988 . . . . This belief is justified only if the condition
−1 ≤ f 0 ≤ 1 is imposed, so that the last term of the equation
(4.91) does not change sign. Otherwise, there exist jet-like boundarylayer solutions, specifically for β ≤ −1, that overshoot the outer
boundary condition f 0 = 1 one or more times. The surface friction
f 00 (0) can be positive or negative. These solutions were discovered
by LIBBY and LIU (1967) and have since been studied by TROY
(1979), BRAUNER, LAINE, and NICOLAENKO (1982), OSKAM
and VELDMAN (1982), LAINE and RINEHART (1984), and HASTINGS and TROY (1985). A series of curves obtained by Oskam and
Veldman for β < −1 is shown in the solution map of FIGURE 4.13.
Each curve is identified by an integer index N (is this done?) whose
8
This is a reference to a course taught by the author and source of some
material in this monograph.
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significance is that the function f 0 − 1 has N zeros within the viscous
layer. Given that β is negative, this property is at least qualitatively
linked (think) with the fact that the parabolic cylinder function Dν
governed by equation (4.103) has [−2β] real zeros, where [σ] is the
largest positive integer less than σ. There is apparently no upper
bound on N. I associate this property also with the fact that the
equation for β = −∞, representing source flow in a wedge-shaped
channel, generates functions at large Reynolds number that oscillate indefinitely often between forward and reverse flow (check; see
ROSENHEAD 1940). (Need a figure.)
The overshoot solutions in FIGURE 4.13 have an envelope below that seems again to be close to a parabola in (β, f 00 (0))-space.
(Cite references.) The envelope and the solutions end in midair at
the point β = −1, f 00 (0) = −1.0863757, according to Brauner et al.
This singularity is described by Oskam and Veldman (also Botta?)
as a giant branch point, and the limiting solution there will be associated shortly with the flow in a plane jet. (Special attention to
this branch point has been paid by Chen, Mills, Moulden, Oskam,
Yang.) In all of this, an important mathematical role is played by
a possible boundary condition f 0 (∞) = −1 which seems not to have
an explicit fluid-mechanical meaning. (Discuss open circles.)

4.5
4.5.1

Connections
The shear layer

In addition to the case of sink flow for β = ∞ already discussed
in SECTION 4.4.4, there are at least three other points of contact
between the Falkner-Skan solutions in FIGURES 4.12 and 4.13 and
other standard topics in laminar viscous flow within the rubric of
similarity. They are marked by stars and labels in FIGURE 4.13.
The first of these, at the origin, is the connection with the laminar
shear layer. STEWARTSON (1954) made two conjectures in his
original paper about solutions of the Falkner-Skan problem,
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,

(4.189)
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Figure 4.17:
Approach of Falkner-Skan solutions to
the starred shear-layer limit (β = 0, f 00 (0) = 0) along
Stewartson’s lower branch in figure 4.13 (figure 2 of
CEBECI and KELLER 1971, with additions; see also figure
2 of LAINE and RINEHART 1984).
f (0) = 0 ,

f 0 (0) = 0 ,

f 0 (∞) = 1 ,

(4.190)

(β, f 00 (0))

very near the origin in
space. For β → 0 from below, the
region of reverse flow, 0 < η < η ∗ , say, should become indefinitely
thick and almost stagnant, and the wall friction f 00 (0) should approach zero from below as indicated in FIGURE 4.17 He proposed
two rules to describe this limiting behavior;
− f 00 (0) = c (−β)3/4 ,

(4.191)

η ∗ = k (−β)−1/4 ,

(4.192)

where c and k are positive constants. He gave an upper bound of 2.1
for the coefficient c in equation (4.191) and BROWN and STEWARTSON (1966) later derived a value c = 1.544, and OSKAM and
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VELDMAN (1982) improved this estimate to
− f 00 (0) = 1.54400 (−β)3/4 .

(4.193)

The length η ∗ in equation (4.192) is conveniently measured from the
origin to the zero of f 0 , where the velocity f 0 becomes positive and
begins to increase rapidly toward f 0 = 1. Numerical solutions by
CEBECI and KELLER (1971) and LAINE and RINEHART (1984),
as well as results obtained by Stewartson (1964) and KENNEDY
(1964) for the wake/jet version of the Falkner-Skan problem, confirm
graphically that η ∗ increases to very large values as β approaches zero
from below. Oskam and Veldman proposed the mapping
ϕ(ξ) = f (η) ,

(4.194)

ξ = η − η∗ ,

(4.195)

which transforms equation (4.189) for β = 0, η ∗ = ∞, into the
Blasius equation for the classical shear layer separating a uniform
flow from the same fluid at rest;
ϕ000 + ϕϕ00 = 0 ,
ϕ0 (−∞) = 0 ,

ϕ0 (∞) = 1 .

(4.196)
(4.197)

A third boundary condition for the shear layer, which presumably
specifies the location of the dividing streamline, is not firmly established but in any case is not central to the present argument.

4.5.2

The wall jet

Another point of contact in FIGURE 4.13 was pointed out by STEINHEUER (1968) in a perceptive comment on the asymptotic behavior
of the first Libby-Liu branch in the limit f 00 (0) → ∞. The associated
value of β is −2, as indicated by the star at the top of the figure, and
the asymptotic flow is the Tetervin-Glauert wall jet, as indicated in
FIGURE 4.18. The analysis by Steinheuer was inspired by the observed evolution of the calculated profiles in his figure 1 toward a
thinner viscous layer and a larger peak velocity as the solution point
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Figure 4.18:
Approach of Falkner-Skan solutions to
the starred wall-jet limit (β = −2, f 00 (0) = ∞) along
the first Libby-Liu branch in figure 4.13 (figure 1 of
STEINHEUER 1968, with additions).
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moved upward in FIGURE 4.13. As the peak velocity becomes large
compared to unity, the value u∞ ceases to be a useful velocity scale,
and a replacement must be sought.
Steinheuer’s analysis rests on a transformation of the FalknerSkan problem of SECTION 4.2.3 for f (η),
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,


1
f=
(2 − β)νu∞ x
f (0) = 0 ,

1/2



ψ ,

f 0 (0) = 0 ,

u∞
η=
(2 − β)νx

f 0 (∞) = 1 ,

(4.198)
1/2
y ,

(4.199)

f 00 (0) = c ,

(4.200)

into the wall-jet problem of SECTION 10.1.2 below for ϕ(ξ),
ϕ000 + ϕϕ00 + 2ϕ0 ϕ0 = 0 ,
 ρ 1/4
ϕ=A
ψ ,
F νx
ϕ(0) = 0 ,

ϕ0 (0) = 0 ,


ξ=B

F
ρν 3 x3

ϕ0 (∞) = 0 ,

(4.201)

1/4
y ,

(4.202)

ϕ00 (0) = k ,

(4.203)

by means of a suitable limit process. The primes in the two cases
indicate differentiation with respect to η and ξ, respectively. The
fourth boundary condition on ϕ00 (0) and the invariant F are both
needed for scaling and for incorporation of the eigenvalue property
discussed in SECTION 10.1.1. A normalizing condition 4AB = 1
has already been applied to the first term of equation (4.201).
Recall the mapping first proposed by Töpfer and discussed in
SECTION 4.4.1;
η
,
α

(4.204)

ϕ000 = α4 f 000 .

(4.205)

ϕ(ξ) = αf (αξ) = αf (η) ,

ξ=

from which
ϕ0 = α 2 f 0 ,

ϕ00 = α3 f 00 ,

This transformation began life as a device for integrating the Blasius
equation. In more modern and more general terms, the tranformation has the useful property that it preserves the core operator
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f 000 + f f 00 while allowing manipulation of the pressure-gradient term
in the Falkner-Skan equation. Equations (4.198) and (4.200) become
ϕ000 + ϕϕ00 − βϕ0 ϕ0 + α4 β = 0 ,

(4.206)

ϕ(0) = 0 , ϕ0 (0) = 0 , ϕ0 (∞) = α2 , ϕ00 (0) = α3 c .

(4.207)

Comparison of equations (4.206) and (4.201) shows that the transformation requires β = −2 and α = 0, whereupon
ϕ(0) = 0 ,

ϕ0 (0) = 0 ,

ϕ0 (∞) = 0

(4.208)

and
ϕ00 (0) = α3 c = k .

(4.209)

Thus c = f 00 (0) must become infinite in the limit α = 0 if k = ϕ00 (0)
does not vanish. Steinheuer showed by numerical integration along
the first Libby-Liu branch that the conditions on β and α are eventually met. His last point, at β = −1.99963, f 00 (0) = 1, 000, 000, is
slightly off scale in FIGURE 4.13. The transformed boundary condition ϕ0 (∞) = 0 means that the wall-jet flow is at constant pressure,
so that the parameter β has lost its usual physical meaning as a
measure of pressure gradient. The scaling parameter α, evaluated as
ϕ/f or as η/ξ for β = −2, can take two forms;

α=

16A4 ρνu2∞ x
F

1/4


,

α=

ρνu2∞ x
16B 4 F

1/4
,

(4.210)

which are the same if 4AB = 1. The limit α = 0 is evidently a dimensionless version of the limit u∞ = 0. Note that α is automatically
independent of x if β = −2, since similarity requires
u2∞ x ∼ x2m+1 ∼ x(2+β)/(2−β) .

(4.211)

It appears graphically from FIGURE 4.13 and numerically from
Steinheuer’s table 1 that the Falkner-Skan solution on the first branch
is not uniquely determined by β in a narrow range −1.347 < β =
−1.325, approximately. Solutions for other values of N may show a
like behavior.
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Figure 4.19:
Approach to Falkner-Skan solutions to
the starred plane-jet limit (β = −1, f 00 (0) = −1.086376)
along the second Libby-Liu branch in figure 4.13
(figure 4 of BRAUNER, LAINE, and NICOLAENKO 1982, with
additions).

4.5.3

The plane jet

The final point of contact, at β = −1, f 00 (0) = −1.0864 . . . , in FIGURE 4.13, also indicated by a star, is an alleged connection with the
plane jet into a fluid at rest. Start with the conjecture that a single
velocity peak at η = η ∗ , say, as seen in profiles calculated for the
boundary-layer problem by OSKAM and VELDMAN (1982, figure
2) and by LAINE and RINEHART (1984, figure 4), moves an infinite
distance away from the wall and rises to an infinite height in the limit
β = −1. The beginning of this process is shown in FIGURE 4.19.
The location of the velocity peak is specified here by f 00 (η ∗ ) = 0. The
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magnitude of the peak is denoted by f 0 (η ∗ ) = p in the Falkner-Skan
problem and by ϕ0 (0) = k in the jet problem. The streamline condition f (0) = 0 at the wall is dropped. The boundary-layer equations
for f (η) are
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,
(4.212)

1/2
1/2

1
u∞
f=
ψ , η=
y ,
(4.213)
(2 − β)νu∞ x
(2 − β)νx
f 0 (0) = 0 , f 0 (η ∗ ) = p , f 0 (∞) = 1 , f 00 (η ∗ ) = 0 .
This Falkner-Skan problem is to be transformed into the
plane-jet problem of SECTION 9.1.3, where the variable is
by ϕ(ξ);
ϕ000 + ϕϕ00 + ϕ0 ϕ0 = 0 ,
1/3

 ρ 1/3
J
y ,
ϕ=A
ψ ,
ξ=B
Jνx
ρν 2 x2
ϕ0 (−∞) = 0 , ϕ0 (0) = k , ϕ0 (∞) = 0 , ϕ00 (0) = 0 .

(4.214)
laminar
denoted
(4.215)
(4.216)
(4.217)

The coefficient 3AB of ϕ000 has been normalized to unity in equation
(4.215).
My tentative analysis contains elements of two of the transformations described earlier. The outward movement of the peak is
first accounted for by a displacement,
Y = η − η∗ ,

(4.218)

F 000 + F F 00 + β(1 − F 0 F 0 ) = 0 ,

(4.219)

F (Y ) = f (η) ,
leading to the system

F 0 (−η ∗ ) = 0 , F 0 (0) = p , F 0 (∞) = 1 , F 00 (0) = 0 .

(4.220)

The increase in peak amplitude is then compensated for by the
Töpfer mapping,
ϕ(ξ) = αF (αξ) = αF (Y ) ,

ξ=

Y
,
α

(4.221)

from which
ϕ0 = α2 F 0 ,

ϕ00 = α3 F 00 ,

ϕ000 = α4 F 000 ,

(4.222)
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and
ϕ000 + ϕϕ00 − βϕ0 ϕ0 + α4 β = 0 ,


ϕ0 −

η∗



α

(4.223)

= 0 , ϕ0 (0) = α2 p , ϕ0 (∞) = α2 , ϕ00 (0) = 0 . (4.224)

The desired tranformation into equations (4.215)-(4.217) is obtained
if β = −1, α = 0. The boundary conditions become
ϕ0 (−∞) = 0 ,

ϕ0 (∞) = 0 ,

ϕ00 (0) = 0

(4.225)

and
ϕ0 (0) = α2 p = k .

(4.226)

Hence p = f 0 (η ∗ ) must be infinite in the limit α = 0 if k = ϕ0 (0) does
not vanish. The constant α is again given in two forms,
ϕ
α=
=
F



27A6 ρ2 νu3∞ x
J2

1/6
,

Y
α=
=
ξ



ρ2 νu3∞ x
27B 6 J 2

1/6
,

(4.227)
which are the same if 3AB = 1. The limit α = 0 is again a dimensionless version of the limit u∞ = 0, and the combination
u3∞ x ∼ x3m+1 = x(2β+2)/(2−β)

(4.228)

is constant when β = −1.
The conjecture about peak velocity that forms a basis for this
last exercise would be more convincing with numerical support like
that provided by Steinheuer in the case of the wall jet. ASTIA and
CHEN (1969) and WILKS (1996) treat not the boundary-layer flow
but the related problem of symmetric wake/jet flow. A major difficulty is that the boundary condition f 00 (0) ≡ 0 makes the limit process (more accurately, its projection on the plane of FIGURE 4.13)
proceed along the horizontal axis, so that no contact is made with
the branch point at (β, f 00 (0)) = (−1, −1.086 . . . ). Hence the crucial
point is missed. This difficulty did not occur for the mixing layer,
which lies at (0, 0).
A more cogent argument has been given by OSKAM and VELDMAN (1982). Their functions exist on the axis f 00 (0) = 0 and are
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(a) periodic, (b) of the symmetric wake/jet type, and (c) subject to
the initial condition f 0 (0) = −1. The velocity peaks appear symmetrically on the two sides of η = 0, with interval and amplitude that
increase without limit as β approaches −1. A Töpfer mapping and
a limit process are applied but not interpreted. These authors carry
their analysis to second order and draw the quantitative conclusion
that the peaks are described, in the limit β → −1 from below, by

1/2
12
3/2
η∗ = −
,
p = f 0 (η ∗ ) = −
.
(4.229)
1+β
1+β
These estimates are reinforced by numerical integration, which yields
for β = −1.0003 the values η ∗ = 200, f 0 (η ∗ ) = 5000. Obviously
it does not matter that f 0 (0) has the value −1 rather than zero.
However, it does matter that the other conditions applied are f (0) =
0, f 00 (0) = 0, f (η ∗ ) = 0, f 00 (η ∗ ) = 0. These imply that the limit is
taken along the negative β axis in FIGURE 4.13, and also that the
flows in question all have zero net volume flux. The question of a
connection with the plane jet is still open. (Consult Veldman?)
Finally, several authors (cite them) have attacked the case
β = −1 directly by noting that equation (4.210) with β = −1 and
with the boundary conditions (4.92) can be integrated twice in closed
form. The result is a Riccati equation
f0 +

η2
f2
= ηf 00 (0) +
2
2

(4.230)

which seems not to have a unique solution satisfying the standard
boundary conditions. (Needs more.)
There is another point to be made about these multiple solutions for negative β. If a track is laid out for a trackless regime
of flow, there should be a plausible explanation when the track ends
in mid air. This is the case at the point (−1, −1.086376) or (−1,
−1.086381), where the values are owed to BRAUNER et al. (1982)
or OSKAM and VELDMAN (1982). This point is a singular limit
point for the family of branches and its envelope. It also has a strong
connection with the mathematical problem posed by the unphysical
boundary condition f 0 (∞) = −1 rather than +1, a condition that is
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significant for understanding the complete structure of the FalknerSkan equation. But not for the purposes of this monograph.
(Mention Evans)
Non-uniqueness of solutions of the Falkner-Skan equation in
the range −0.1988 < β < 0 is by now accepted as natural. HASTINGS (1972) proved that solutions on both upper and lower solutions
on the main branch have the property of exponential approach of
the velocity profile to the free-stream value, while all other integrals
approach the value f 0 (η) = 1 algebraically (check). A graphical interpretation of this property in terms of nodal behavior can be found
in SECTION X.XX.
These boundary conditions have specific physical meanings. The
condition f (0) = 0 means that the wall y = 0 is a streamline. The
condition f 0 (0) = 0 means that the no-slip condition applies at a stationary wall. The condition f 0 (∞) = 1 means that there is a well
defined free stream.
In other chapters I will be interested in other boundary conditions; e.g., f (0) 6= 0, corresponding to mass transfer at a wall, or
f 0 (0) 6= 0 with f 00 (0) = 0, as for flow in a symmetrical plane jet or
wake. The latter flows are discussed in SECTION X. Finally, I will
ignore a class of solutions satisfying the external boundary condition
f 0 (∞) = −1, because I do not recognize these solutions as real flows.
The essence of numerical calculations for boundary-layer flows
is the variation of wall friction as a function of pressure gradient,
or f 00 (0) as a function of β. Some published results are collected in
FIGURE 4.20. Either β may be specified and f 00 (0) calculated, or
vice versa. In the earliest papers, which dealt strictly with boundarylayer flow, f 0 (η) was not allowed to exceed unity. It was found that
for negative β, f 0 (η) should be required to approach unity as fast as
possible (exponentially) for large η (Hartree, Stewarston).
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Figure 4.20:
Failure of the momentum-integral
equation for the data obtained by LUDWIEG and TILLMANN
(1949) in their flow with strong pressure rise. The
open circles are from the heated element (private
communication). The filled circles are from the
momentum-integral equation, and the crosses are from
the profile fit, both according to COLES (1968) (figure
missing).
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Laminar non-equilibrium flow

4.6.1

THE BOUNDARY LAYER

The Thwaites method

Numerous methods have been proposed for integrating the laminar
boundary-layer equations for a general pressure distribution. These
include both field methods and integral methods (see books by
Thwaites, Rosenhead, Curle, others). Integral methods have
by now been mostly overtaken by field methods based on use of computers. However, the emphasis in this monograph is supposed to be
on turbulent flow, for which the state of the art is much more primitive. Laminar flows are discussed mostly as a vehicle for practicing
technique. Integral methods have the advantage that they circumvent the need to adduce some relationship between shearing stress
and velocity field. As a possible qualitative model for turbulent flow,
the method proposed by Thwaites for laminar flow will be outlined
in detail. This method is a good example of what was called “peripheral vision” in the introduction. It allows use of similar profiles
because the connection with pressure gradient is cleverly made. The
discussion will be based initially on properties of the Falkner-Skan
flows, and this is the main reason that these flows have already been
presented at length.
In a typical problem, such as flow over a two-dimensional body,
u∞ (x) is specified together with an appropriate initial condition at
some station x = 0. The objective is to integrate the momentumintegral equation (4.13), which retains the parabolic nature of the
original boundary-layer equations, so that integration proceeds in
the downstream direction. Equation (4.13) involves four dependent
variables, τw , u∞ , δ ∗ , and θ, as functions of one independent variable, x. A common strategy is to take the dependent variables (more
accurately, dimensionless combinations of these variables with each
other) as functions of a single parameter whose nature may be specified a priori or may emerge from the analysis. A single-parameter
family of equilibrium profiles is chosen for this purpose, ranging from
algebraic approximations (Pohlhausen) to the equilibrium family of
Falkner-Skan solutions (see book by Thwaites). Note that there
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is an implied assumption of quasi-equilibrium, in the sense that equilibrium relationships are retained locally regardless of the local rate
of change of the equilibrium parameter β. (Discuss diffusion time,
transport time; see Smith and Clutter for relaxation problems. There
is no choice about how to make the equation dimensionless. Note
Cf Rθ = constant for Falkner-Skan flow. What about Cf Rx ?)
The central equation of the analysis is the momentum-integral
equation (4.14) with M∞ = 0. In the absence of mass transfer, this
equation can be rewritten in the form


τw θ
1 u∞ dθ2
δ ∗ θ2 du∞
=
+ 2+
.
(4.231)
µu∞
2 ν dx
θ ν dx
The appearance of θ2 rather than θ will be important in what follows.
Each of the four combinations
τw θ
,
µu∞

u∞ dθ2
,
ν dx

δ∗
,
θ

θ2 du∞
ν dx

(4.232)

in this equation is constant and nominally of order unity for any one
of the Falkner-Skan flows. Given the general form of the streamfunction ansatz (4.45) for the Falkner-Skan family, the two definitions (4.49) and (4.50) for displacement thickness and momentum
thickness imply, respectively,


(1 + m)u∞
2νx

1/2

Z∞
δ = (1 − f 0 )dη = I(β) ;
∗

(4.233)

0



(1 + m)u∞
2νx

Z∞

1/2
θ=

f 0 (1 − f 0 )dη = J(β) .

(4.234)

0

From the derivative relationship τw = µ(∂u/∂y)w = µ(∂ 2 ψ/∂y 2 )w , it
follows that
1/2

τw
2νx
= f 00 (0) .
(4.235)
(1 + m)u∞
µu∞
One more derivative, with (∂τ /∂y)w = dp/dx = −ρu∞ du∞ /dx,
yields


2νx
1 du∞
= −f 000 (0) .
(4.236)
(1 + m)u∞ ν dx
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I propose to express each of the four dimensionless combinations 4.232 in terms of β, I(β), J(β). A preliminary step is to express
f 00 (0) and f 000 (0) in this way. First, the Falkner-Skan equation,
f 000 + f f 00 + β(1 − f 0 f 0 ) = 0 ,

(4.237)

with the boundary conditions f (0) = f 0 (0) = 0, implies
f 000 (0) = −β .

(4.238)

The same result is implicit in equation (4.236). The other main
parameter f 00 (0) can be evaluated formally by first writing equation
(4.237) in the equivalent form
f 000 − [f (1 − f 0 )]0 + β(1 − f 0 ) + (1 + β)f 0 (1 − f 0 ) = 0 .

(4.239)

Integration through the boundary layer, with use of the boundary
conditions f 0 (∞) = 1 and f 00 (∞) = 0, then yields
Z∞
Z∞
0
f (0) = β (1 − f )dη + (1 + β) f 0 (1 − f 0 )dη = βI + (1 + β)J .
00

0

0

(4.240)
In view of equations (4.233) and (4.234) above, it follows that the
surface friction f 00 (0) vanishes if
β=−

J
1
=−
.
I +J
1 + δ ∗ /θ

(4.241)

This result, which was derived by a different method in SECTION
4.4.5, provides a convenient check on the numerical solution for the
continuously separating flow.
To recapitulate, the right side in each of the four equations
(4.233)–(4.236) depends only on the Falkner-Skan parameter β or
m. The combination [(1 + m)u∞ /2νx]1/2 = ∂η/∂y = η/y occurs
on the left. To prevent the variable x from appearing explicitly,
it is convenient to eliminate this combination in favor of J/θ using
equation (4.234); thus
δ∗
I
=
;
(4.242)
θ
J
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I
τw θ
= J2 1 + β + β
;
µu∞
J

(4.243)

θ2 du∞
= J 2β .
ν dx

(4.244)

The remaining combination is most easily obtained directly
from the momentum-integral equation (4.231), to ensure that this
equation will be automatically satisfied;
u∞ dθ2
= 2J 2 (1 − β) .
ν dx

(4.245)

(Continue? Expand in (β − βc ) to show square-root singularity?)
The adjacent FIGURE 4.21 has the Falkner-Skan parameter β
as (temporary) leading entry, followed by the four quantities defined
by equation (4.242)–(4.245). (Such a table is no longer needed;
solutions can be generated as needed.) These quantities can
all be expressed in terms of β, I(β), J(β). Each of these quantities
is a constant for a particular Falkner-Skan flow and a candidate to
serve in place of β as the single parameter of the problem. So is any
algebraic combination of the four quantities; for example, θ could be
replaced by δ ∗ in the last three columns. The leading entry β(m),
where m = (x/u∞ )du∞ /dx, is not itself a suitable single parameter,
because it requires a knowledge of x for numerical evaluation. The
leading column is therefore best suppressed.
According to the table headings, the four entries are not equivalent (which columns dominate in what range?). The last two,
in particular, involve only u∞ (x) and θ2 (x) and their first derivatives. THWAITES (1949) chose to assume quasi-equilibrium, which
is to say that the table continues to apply for a general flow. He also
tested this assumption by plotting the particular relationship defined
by the last two columns of the table (input, output),
 2

u∞ dθ2
θ du∞
=F
,
(4.246)
ν dx
ν dx
for the equilibrium Falkner-Skan flows (weighted lightly) and for a
number of numerical solutions available at the time for other flows
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TABLE 7.1. Thwaites variables forthe Falkner-Skan flows.

Figure 4.21:
flows.

Thwaites variables for the Falkner-Skan
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F ( λ)
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Figure 4.22:
The classical Falkner-Skan family of
solutions in Thwaites variables. The cusp at the left
corresponds to separation (β = −0.1988). The origin
corresponds to a shear layer (β = 0). The limit point
at the right corresponds to sink flow (β = ∞).

(weighted heavily). His figure is equivalent to a plot of experimental
data. In Thwaites’ notation, the argument of F on the right is λ
and the variable on the left is F (λ). These two quantities can be
thought of as input and output for the boundary-layer mechanism.
In principle, with u∞ (x) given, this relationship could be integrated
numerically to obtain θ[x, u∞ (x)]. The remaining two dependent
variables, τw and δ ∗ , then follow from the table and from local values
for (θ2 /ν)du∞ /dx.
The function F (λ) in equation (4.246) is tabulated in the FIGURE 4.21 and plotted against λ in FIGURE 4.22 for numerical solutions of the Falkner-Skan equation newly generated for this purpose,
especially in the range 2 < β < ∞. (Engineers like Smith anticipate

288

CHAPTER 4.

THE BOUNDARY LAYER

the need for dimensionless values of δ ∗ and θ, but applied mathematicians like Stewartson do not.) An unplanned result is that
both variables F and λ are bounded throughout the normal range
of the Falkner-Skan equation. The cusp is associated with the value
β = −0.1988. (Need Libby and Liu.) The data terminate at
the right at the point corresponding to β = ∞, for which the solution is given in closed form in SECTION 4.4.4. Beyond this point,
entrainment is negative (see SECTION X).
Note that it is not the momentum-integral equation (4.231)
that is to be integrated, but the surrogate equation (4.246). The
method of Thwaites reduces the problem to quadratures. Thwaites
noticed that the relationship (4.246) for attached flow is very nearly
linear over a considerable range of the variables, as shown in FIGURE 4.22. That is,
u∞ dθ2
θ2 du∞
=a−b
.
ν dx
ν dx

(4.247)

This result also could not be expected. In Thwaites’ notation, (θ2 /ν)
du∞ /dx = λ, (u∞ /ν)dθ2 /dx = F (λ). The constants a and b (as
revised by Curle, ref) are said to have the values a = 0.45, b =
6.0. These constants need comment. An important issue in FIGURE 4.22 is the issue of quasi-equilibrium; i.e., the validity of the
single-parameter representation. Thwaites plotted the two dimensionless variables in equation (4.246) for several exact solutions of
the boundary-layer equations, and I have added several more (do
this). At least for these cases (but see Smith and Clutter), the evidence supports the assumption that equilibrium relationships hold
locally regardless of the local rate of change of u∞ , say. (Fit at
β = 0, 1?)
Equation (4.247) is in a standard form dy/dx + P (x)y = Q(x),
with y = θ2 . The desired integral is
2

θ −

θ02

νa
= b
u∞

Zx

ub−1
∞ dx ,

x0

where x0 , θ0 refer to some reference station.

(4.248)
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Easy access to computers has by now made the Thwaites method
somewhat academic. It is a relatively easy matter to integrate the
boundary-layer equations directly, except for problems with separation. The main reason for discussing the method here is the prospect
that a similar method might be developed for turbulent flow, especially since the quasi-equilibrium hypothesis is demonstrably correct
for most turbulent flows, as pointed out by COLES (1956). For turbulent flow it is not possible to integrate the field equations uniquely,
since the equations are not complete without recourse to turbulence
modeling. There is a strong incentive for seeing what can be done
without postulating a transport mechanism. (But try τw θ/µu∞
instead of τw /ρu2∞ for turbulent flow?)
The point of view is now essentially the same as it would be
if the points in the figure were experimental data being fitted by a
straight line. Thus the analysis from this point on is essentially empirical. (Plot some exact solutions; see Roshko’s notes.)
Depending on the problem in hand, certain of the Falkner-Skan
flows may play a prominent part in the fitting operation. These include the stagnation-point flow, the Blasius flow, and the continuously separating flow. All are marked in the figure.

4.6.2

The leading-edge problem

(This section will start from A.M.O. Smith’s potential-flow pressure
distribution for a flat plate of finite thickness with a hemi-elliptical
nose of various degrees of slenderness. The issue is use of a blunt
leading edge as a tripping device. Also needed are calculations for
T-S instability as a function of β. Some method for assigning a local
value for β is required.)
Describe Smith calculation. How to reenter table to get τ2 , δ ∗ ,
when straight line is not exact?
(Argue about passing through three special points; work out
stagnation-point flow; effect of initial thickness will eventually be
depreciated by growth of layer. Distinguish between airfoils (β decreasing) and nozzles (β increasing). Find point in figure for β = ∞
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using closed-form solution. Note that linear fit is accidental and local
and could not be expected. Fit by series expansion or go numerical?)
This parameter λ combines input and output measures. The
important result is that F (λ) is linear in λ. Why does table not
include F (λ)?
More on Thwaites. The input is given as u∞ (x). The output is θ(x), considered first as θ(u∞ ), and last as the more complicated combination selected by Thwaites, in which θ is the dominant
variable. See class notes for various combinations for Falkner-Skan
flows. These turn out to be f 00 (0, λ), f 000 (0, λ) = −β, and some
integrals.
Try writing Thwaites’s F (λ) in terms of these variables, f 000 (0) etc.
Comment on passage through separation and reattachment, which do
not affect pressure distribution.
Try integrating Thwaites’s final formula for Falkner-Skan exponent
n; choose a and b to match stagnation-point flow and flat-plate flow,
with an eye on blunt leading edges as a common problem.
The scatter would be considered small if the plot were for experimental data.
Problem: near the leading edge, there is a velocity maximum, and
then a region of positive pressure gradient. This makes the boundary
layer tender to instability or possibly to separation, if the local β is
more negative than −0.1988.
It is unlikely that a rapid scheme like the Thwaites’ method can be
developed for turbulent flow. First, the velocity derivative at the wall
is not a suitable variable. Second, the normalization of τw requires
ρu2∞ rather than µu∞ /θ. Third, the turbulent profiles are a twoparameter family rather than a one-parameter family.
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Show how to use stagnation-point flow as an initial condition.
What if τw is specified and p is wanted? Check literature. Comment
on x as dependent variable.
Check relative size and importance of four terms in momentum integral; see table.
Discuss generation of vorticity by pressure gradient at wall and subsequent diffusion in terms of characteristic times. When are terms in
momentum equation negligible or out of balance? Why does Thwaites
method go smoothly through a separation bubble, as in leading-edge
problem? Transport time dx/du∞ ; diffusion time θ2 /v; ratio is λ,
which is less than unity by an order of magnitude.
Clue for the leading edge problem. Given s along body and β
recovered from table, find m, (x/u∞ )du∞ /dx, and x. Plot x − s to
get displacement of origin.

4.7

Transition

4.8

Instrumentation

4.8.1

Wall shearing stress

Transfer of similarity technology from pipe flow to boundary-layer
flow preceded acceptable measurements in boundary layers (see Schlichting). The reason was that research in boundary-layer flow had to wait
for the development of usable wind tunnels, and this did not occur
until a decade after pipe flow was under good control (see earlier
section on Nikuradse).
Another impediment to work in boundary layers was the lack
of acceptable methods for measuring local surface friction. Two such
methods present themselves in the normal course of observing the
mean-velocity profile. The first is
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(1) velocity gradient at the wall, µ(∂u/∂y)w . (Mention Reynolds.)
This method is unreliable. It requires a probe capable of operating in the part of the sublayer where the turbulent contribution to τ
is small. It is also subject to problems with interference of the probe
with the flow, and with effects of turbulence, finite probe volume, and
velocity gradient on the probe signal. These problems are most serious with impact or total-pressure probes, less serious with hot-wire
probes, and least serious with the laser-Doppler interferometer (cite
literature?). There is usually also some non-trivial uncertainty about
the actual probe position relative to the wall. Finally, the determination of the terminal slope of the profile at the wall is not easy, and it
would be useful to have at least one more term in a series expansion
(see section below on power series). On the other hand, the difficulty
of the method is not increased by the presence of pressure gradients
or three dimensionality. (What else? No good with roughness or separation; marginal with mass transfer.) (Cite van der Hegge Zijnen.)
(Discuss Stanton tube.)
The second primitive method is
(2) momentum-integral equation.
This equation is recorded above as equation (x.xx); it was first
derived in 1921. The main defect in this equation is that it assumes
two-dimensional mean flow. In positive pressure gradients the surface
stress τw is obtained as a small difference between two large numbers,
one of which (say more) is very sensitive to three-dimensionality.
There are regions of slow, sluggish fluid in boundary layers close to
separation, and this fluid is easily moved in the spanwise direction
by small spanwise pressure gradients caused (say) by the presence of
side walls and corners in the flow channel (see Tillman). Discrepancies were also sometimes blamed on neglect of other Reynolds stresses
than u0 v 0 , and thus on a failure of the simplest boundary-layer approximation, but the evidence is against this claim (cite somebody).
The indication from the momentum-integral equation is often that
the surface stress rises as separation is approached.
A direct means for measurement of τw , at least in the boundary
layer at constant pressure, is the
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(3) floating element. (need a list of references)
The technique measures the force on a part of the surface that
is able to move a small distance in the stream direction, or is maintained in a null position by application of a suitable restoring force.
This technique was first used in water (ref ), but the application that
made the technique respectable was carried out by Schultz-Grunow
(1940). The technique is useful in flows at constant pressure in the
absence of heat transfer or mass transfer, although it has been tried in
both these cases (refs.). One problem is the gap around the element,
and flow through this gap caused by pressure difference. The associated force (sometimes called the buoyancy force) can be calculated
or measured, but a more serious interference is caused by associated
changes in the surface friction near the gap by jet flow. In air, the
stress τw is small (perhaps 0.3 percent of the dynamic pressure, which
2 /2.
is itself small) except at supersonic speeds, since ρu2∞ = γM∞
(Make a table of floating elements; mention commercial device by
Kistler.) (Mention towing tank data.)
With the advent of hot-wire anemometers, and particularly the
X-wire probe, another means for measuring τw became available;
(4) extrapolation of τ to the wall.
The quantity being extrapolated is µ ∂u/∂y − ρu0 v 0 , presumably
dominated by the turbulent term or correctable using the associated
data for u(y). This method is most effective in positive pressure gradients (Schubauer and Klebanoff ), although it was also used in some
definitive measurements in flow at constant pressure by Klebanoff. It
goes without saying that errors in measuring u0 v 0 must be avoided.
A substantial advance was made by development of the
(5) heated element
by Ludwieg (1949) and the application by Ludwieg and Tillmann
(1949). (Derive formula, cite literature, make a table?). Fabrication
is not simple, but complex geometries are possible to allow measurement of fluctuating magnitude and direction of τw . The technique is
very similar to hot-wire technology. The main difficulty is calibration, because much of the heat goes into the substrate. In suitable
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liquids, this problem can be avoided by use of an equivalent chemical
element, most widely applied for other purposes in pipe flow. Commercial heated-element gauges are available. The governing equation
is linear, simplifying analysis. A flat surface is no longer necessary.
A less reliable method is
(6) heat transfer or mass transfer analogy.
Development of the floating element and the heated element
was instrumental in showing the near-universality of the law of the
wall, except for effects of roughness or mass transfer, and provided
another method for determining τw ; namely,
(7) fit to the law of the wall outside the sublayer.
Related methods include the
(8) Preston tube.
(Add oil surface interferometer.)

4.8.2

Velocity

4.8.3

Flow visualization

4.9

Similarity laws for turbulent flow

4.9.1

Preamble

4.9.2

The law of the wall and the law of the wake

4.9.3

The boundary-layer thickness δ

In work with turbulent shear flows having free boundaries, including
the turbulent boundary layer, it is a chronic difficulty that there is
no generally accepted definition of the layer thickness δ. In fact, it is
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exasperating that a quantity of such basic importance has no standard form. At the most primitive level, δ is sometimes taken as the
value of y for which u/u∞ = 0.99, or some other arbitrary number. I
deplore this practice, which requires unreasonably accurate measurements of velocity near the edge of the layer as well as a knowledge
of probe response to intermittent turbulence. At a somewhat higher
level, profile formulas such as the power law u/u∞ = (y/δ)1/n or
the wall-wake formula u/uτ = f (yuτ /ν) + g(y/δ) for wall-bounded
flows usually carry an inherent definition. With a little care, such
definitions can serve equally for pipe, channel, and boundary layer.
Finally, in certain situations connected with the concept of turbulent
similarity, the definition of δ can sometimes be finessed. For the special case of equilibrium boundary-layer flow, for example, CLAUSER
(1954) pointed out that the momentum-defect law and the definition
of displacement thickness imply a relation
δ ∗ u∞
= constant
δuτ

(4.249)

that allows a direct test for the existence of the equilibrium property.
The difficulty with δ has another aspect for the turbulent boundary layer. It is implicit in figure 2 of my original paper on the law of
the wake (COLES 1956) that my profile formula involves a corner at
y = δ. Outside the sublayer, this profile formula is

 

u
1
Π y 
yuτ
=
ln
+c +
w
,
y/δ < 1 ,
(4.250)
uτ
κ
ν
κ
δ
wall
wake
where the function
R 1 w(η) satisfies three conditions; namely, w(0) = 0,
w(1) = 2, and 0 wdη = 1, that express a rudimentary antisymmetry.
The wake component is well represented by an analytical form first
suggested by HINZE (1959),
y 
π y 
= 2 sin2
.
(4.251)
w
δ
2 δ
Far enough from the wall, the variable terms “wall” and “wake”
in the profile formula (4.250) take on appropriate constant values,
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thereby generating the local friction law


 
u∞
1
δuτ
2Π
=
,
y/δ > 1 .
(4.252)
ln
+c +
uτ
κ
ν
κ
wake
wall
Inside the boundary layer, the slope of the profile (4.250) in semilogarithmic coordinates is
d (u/uτ )
1 Π y dw
= +
.
d ln (y/δ)
κ
κ δ d (y/δ)

(4.253)

The slope therefore changes discontinuously from 1/κ to zero at
y/δ = 1, as demonstrated for a typical case by the dashed line in
FIGURE 4.23. It is the location of this discontinuity in slope that
defines the thickness δ.
In 1956, I thought of this corner anomaly as a minor issue, and
I still do. Nevertheless, in several figures in my survey paper for the
first Stanford contest (COLES 1968), I carried the matter a little
further by plotting some typical residuals, or differences between
the profile formula (4.250) and measured data near the edge of the
boundary layer. In order to do this, I had to exclude the corner
by limiting the fitted region (for flow at constant pressure) to y/δ <
0.75. If the free-stream turbulence level is low, the maximum residual
is then less than one percent of u∞ , and the residuals are roughly
symmetric in y about the point y = δ.
Several authors have noted the discontinuity in slope and have
proposed schemes for removing it. One scheme replaces the trigonometric form (4.251) for w(y/δ) by a polynomial. Use of a cubic
polynomial was proposed independently by FINLEY, KHOO, and
CHIN (1966), by DEAN (1976), and by GRANVILLE (1976). These
authors all chose the four constants to satisfy the conditions
w0 (0) = 0 ,
1
w(1) = 2 ,
w0 (1) = − ,
(4.254)
Π
of which the last is evidently inspired by equation (4.253). The form
obtained for w inside the boundary layer is then
y 
 y 2 
y  1  y 2 
y
w
=2
3−2
+
1−
,
(4.255)
δ
δ
δ
Π δ
δ
w(0) = 0 ,
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26
24
u+
22

quartic
cubic

20

0.5

1.0

0.2

n = 0:1

18

18

103

y+

104

18

Figure 4.23:
Some proposals for eliminating the
discontinuity in slope at y = δ in the wall law. Note
the displaced scales. The illustrations are for a
boundary layer with δ + = δuτ /ν = 2000. The upper
display shows the cubic correction according to equation
(4.256) and the quartic correction according to equation
(4.258). The lower display shows the interpolation
scheme of SANDHAM (1991) for several values of the
parameter n in equation (4.266).
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and the complete profile formula (4.250) becomes
u
=
uτ




1
yuτ
1  y 2 
y
+
ln
+c+
1−
κ
ν
κ δ
δ
wall


2Π  y 2 
y
+
(4.256)
3−2
κ δ
δ
wake

for y/δ < 1.
Some authors refer to the polynomial (4.255) as a modified
wake function. However, the polynomial is in fact a hybrid, consisting of two parts. The part that is multiplied by 1/Π and is therefore
included in “wall” in equation (4.256) has nothing to do with the
wake component w(y/δ) in equation (4.250). This part removes the
discontinuity in slope, at the cost of introducing a second independent variable y/δ in the law of the wall in addition to yuτ /ν. Higher
derivatives are discontinuous at y/δ = 1, since continuation by a
constant is as before. The other part, which appears as “wake” in
equation (4.256), has nothing to do with the corner problem. It is
functionally equivalent to the original trigonometric form (4.251),
and has the same antisymmetric property. Either representation can
serve as the wake component w(y/δ) in equation (4.250) if it gives a
satisfactory fit to the data. In fact, the polynomial wake component
in equation (4.256) was first proposed for this purpose by MOSES
(1964).
The behavior of the wall component given by equation (4.256)
is displayed in FIGURE 4.23 for a typical value of 2000 for δuτ /ν.
The local friction law, obtained by putting y/δ = 1, is unchanged.
However, the classical values for the slope and intercept of the logarithmic representation are slightly compromised.
A variation on this theme by LEWKOWICZ (1982) takes w
as a quartic rather than a cubic polynomial, with the additional
antisymmetry condition
 
1
w
=1 .
(4.257)
2
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The corresponding profile formula is
u
=
uτ




1
yuτ
1  y 2 
y  y
ln
+c+
1−
2 −1 +
κ
ν
κ δ
δ
δ
wall


2Π  y 2 
y
+
(4.258)
3−2
κ δ
δ
wake

for y/δ < 1. The wall component is different from that in equation (4.256), as demonstrated in FIGURE 4.23, but the wake component is not. This version is preferred, for example, by TANI and
MOTOHASHI (1985) and by PERRY, MARUSIC, and LI (1994).
Sandham. A quite different interpolation scheme, first proposed by SANDHAM (1991), leads to a genuine rounding of the wall
function in the vicinity of the corner at y/δ = 1. This is the scheme
that I prefer. It does not matter that there is no physics in it, because
there is little physics worthy of the name in any of the other empirical
functions used here to describe the mean profile. Sandham’s scheme
is initially a modification only to the logarithmic law of the wall, and
the material that follows is probably best read in the context of sink
flow or pure wall flow as described in SECTION 4.11.1 below.
The system to be interpolated is
u+ =

1
ln y + + c ,
κ

y+ < δ+ ,

(4.259)

1
ln δ + + c ,
y+ > δ+ ,
(4.260)
κ
with a corner at y = δ. Sandham writes the law of the wall outside
the sublayer in terms of an artificial variable Y + as
u+ = u+
∞ =

u+ =

1
ln Y + + c ,
κ

(4.261)

where Y + is defined by an ansatz that I call the lens formula,
1
1
1
= ++ + .
Y+
y
δ

(4.262)
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This interpolation device accommodates at one stroke the two limiting behaviors
y
1 ,
δ
y
1 .
δ

Y + → y+ ,
Y + → δ+ ,

(4.263)

The wall component in physical variables becomes
u+ =

1
y+
ln
+c
κ
(1 + y/δ)

(4.264)

and again depends on the two arguments yuτ /ν and y/δ. The local friction law (4.252) is unchanged, although it now emerges as an
asymptotic limit. However, a brief trial (see the curve for n = 1 in
FIGURE 4.23) shows that an adjustable constant is needed. Sandham suggests, although he does not develop, the more general ansatz
1
(Y

+ )1/n

=

1
(y + )1/n

+

1
(δ + )1/n

,

(4.265)

where n is a disposable constant. This ansatz leads to the formula
u+ =

1
y+
in + c .
ln h
κ
1 + (y/δ)1/n

(4.266)

Equation (4.266), like equation (4.264), reduces to equation (4.259)
for y/δ  1 and to equation (4.260) for y/δ  1. The residuals; i.e.,
the differences between equation (4.266) and the original equations
(4.259) and (4.260), are
"
 + 1/n #
1
n
y
+
+
u − ln y − c = − ln 1 +
,
y + < δ + , (4.267)
κ
κ
δ+
"
 + 1/n #
1
n
δ
u+ − ln δ + − c = − ln 1 +
,
κ
κ
y+

y + > δ + . (4.268)

The maximum residual is −n (ln 2)/κ at the point y/δ = 1,
and is independent of δ + . Since the maximum residual for flow at
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constant pressure with a quiet free stream is experimentally about
0.2 in units of u+ , the parameter n should be expected to be roughly
0.1. The lower curves in FIGURE 4.23 show the interpolated profile
for several values of n. The residuals are symmetrical about y/δ = 1
in the semi-logarithmic coordinates of the figure and for given n are
a function of y/δ only, so that the defect law holds, and the pattern
in FIGURE 4.23 can be translated arbitrarily along the logarithmic
base line.
After testing this profile scheme against various profile measurements, I eventually noticed the advantage of using the artificial
variable Y in the argument of the definition (4.251) for the wake
component as well. Thus put


u
1
Y uτ
2Π
π Y
2
= ln
+c+
sin
.
(4.269)
uτ
κ
ν
κ
2 δ
The result is a small improvement in the goodness of fit and a
large improvement in the esthetic content of the model. Let the
ansatz (4.265) be rewritten in the form
1
(Y /δ)

1/n

=1+

1
(y/δ)1/n

(4.270)

to isolate the relationship between the physical variable y/δ and the
artificial variable Y /δ for a given value of n. The layer thickness δ is
now defined by the condition
Y /δ = (1/2)n ,

(4.271)

and the structure of the profile extends well beyond the point y =
δ. However, the variable Y /δ never exceeds unity as the physical
variable y/δ goes to infinity. Thus the question of a corner never
comes up. The physical profile outside the sublayer has continuous
derivatives of all orders.
The development just given provides a possible connection between the shape of the mean-velocity profile near the free stream and
the intensity and/or scale of the free-stream turbulence. This connection is discussed in SECTION X below, along with the relationship
between n and the penetration of the intermittency property toward
the wall as a function of pressure gradient. (Check this later.)
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4.10

Hypotheses for turbulent equilibrium flow

4.10.1

Recapitulation

I now want to describe a close analogy between the laminar equilibrium flows defined by Falkner and Skan and the turbulent equilibrium
flows defined by Clauser. I first proposed this analogy (COLES 1957)
in a paper that has been cordially ignored by the turbulence community. The analysis belongs at this point in the development, and
I welcome the opportunity to present my own views.
The material that underlies the analysis includes: the recognition of the defect law by Darcy, Stanton, and others (SECTION X);
the recognition of a logarithmic profile near the wall by Karman and
Nikuradse (SECTION X); the generalization called the law of the
wall by Prandtl (SECTION X); the demonstration of universality by
Ludweig and Tillmann (SECTION X); the generalization of the defect law by Clauser (SECTION X); and the recognition of the law of
the wake by Coles (SECTION X). None of this material prejudices
the question of turbulent mixing mechanisms. After these developments, the empirical evidence for similarity laws in the turbulent
boundary layer was essentially complete, and there have been no major developments since 1956. What was lacking and still is lacking
is some connection between input and output, the external boundary conditions and the behavior of the flow. This statement is true
even for equilibrium flow, since Clauser had to establish his pressure
distributions by cut-and-try methods. The analysis here attempts to
clarify this problem for equilibrium flow, although it does not touch
on the problem for an arbitrary specified pressure distribution. My
original motivation for looking at the continuity equation was to test
the usefulness of the entrainment velocity as a flow variable for calculations (ref Head?). (See SECTION X below on entrainment.) The
specific question that emerges is the extent to which divergence or
convergence of external streamlines, as a result of pressure gradient,
penetrates into the boundary layer. Moreover, when the wall-wake
profile is used to calculate the shearing stress τ , the velocity component v is encountered on the way. The level of rigor is uniform
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with the one established historically. There is an esthetic value in
an argument that proceeds naturally, without complications. What
is simple is likely also to be correct.

4.10.2

Flow near a wall

Consider again the universal law of the wall for two-dimensional mean
flow in the general form
u+ = f (y + ) .

(4.272)

The wall is assumed to be smooth, with ψ = u = v = 0 at y =
0. Three important and useful consequences of this formula should
be recorded here (COLES 1955). The first is that u+ and y + are
constant on mean streamlines. Integration of equation (4.272) at
constant x yields
ψ
1
ψ+ = =
ν
ν

Zy

Zy
udy =

0

+

f (y + )dy + = g(y + ) .

(4.273)

0

An equivalent statement is
Du+
Dy +
=
=0 ,
(4.274)
Dt
Dt
so that the edge of the sublayer, by any sensible definition, is a mean
streamline. Despite a very energetic local transfer of fluid into or out
of such a sublayer by turbulent fluctuations, there is no net transfer.
This conclusion, moreover, is independent of pressure gradient to the
same extent as equation (4.272).
The second consequence of the universal law of the wall, like
the first one, uses only the continuity equation. When v is calculated
from ψ, the result is
v=−

∂ψ
yu duτ
=−
.
∂x
uτ dx

(4.275)

Define a length λ(x) as
1
1 duτ
=−
.
λ
uτ dx

(4.276)
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Figure 4.24:
The sheared source-flow model
corresponding to Prandtl’s law of the wall.

Then
v
y
=
.
u
λ

(4.277)

This relation describes a sheared source flow, as illustrated by the
similar triangles in FIGURE 4.24. All of the mean-velocity vectors,
whether in the sublayer or in the logarithmic region, intersect at a
common origin on the wall. My sign convention is that this origin
lies upstream when λ is positive. The divergence or convergence of
the mean streamlines near the wall is entirely determined by τw (x),
without reference to dp/dx (although dp/dx will indirectly determine
τw ). This property will be recalled at least twice in later sections;
once in connection with a turbulent boundary layer called the pure
sink flow, and once in connection with a general similarity scheme
for describing what are called equilibrium turbulent boundary layers.
A non-trivial property of equation (4.277) is that it provides an easy
method for calculating v(y) when u(y) and τw (x) are known.
Finally, the third consequence of the universal law of the wall
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follows from the mean momentum equation in boundary-layer form;


∂τ
dp
∂u
∂u
.
(4.278)
=
+ρ u
+v
∂y
dx
∂x
∂y
The continuity equation allows ∂u/∂x to be replaced by −∂v/∂y, and
the quantity in parentheses can then be written as −u2 ∂(v/u)/∂y.
Substitution for v/u from equation (4.277) leads immediately to
∂τ
dp ρu2
=
−
.
∂y
dx
λ

(4.279)

This result implies, in the + notation,
τ+

y dp
1
τ
=1+
− +
=
τw
τw dx λ

Zy

+

2
u+ dy + .

(4.280)

0

For fully developed channel flow (uτ = constant or λ = ∞),
equation (4.280) is trivially exact. More generally, within the boundary-layer approximation, equations (4.279) and (4.280) are an exact
consequence of equation (4.272). As long as the equations of motion
are incomplete, this is as far as a similarity argument based on the
empirical law of the wall can go, or can be expected to go. For flow at
constant pressure, the relation (4.280) both preempts and contradicts
the condition τ = τw = constant that leads, in the mixing-length
model of section x, to a logarithmic behavior for the mean-velocity
profile (see section x). (The integral behaves like y 3 for small y
and like y(ln y)2 farther from the wall. See pure wall flow.)
I leave as an exercise the demonstration that any one of the
four relations (4.272), (4.274), (4.277), and (4.279) implies the other
three. All are independent of the analytical form of the law of the
wall (4.272), and they mark this law as a powerful agency for order
in the empirical description of turbulent flow, not to be abandoned
without good cause. Moreover, each is a possible source of inspiration for generalizations of the law of the wall to more complex
flows, although I must say that my own efforts in this direction have
not been inspired. (For example, the relation (4.277) might
suggest the conjecture (v − vw )/u = y/λ for flow with mass
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transfer at the wall. Comment on Clauser’s equilibrium parameter. What about wall jet, roughness, mass transfer?
Does not apply for laminar flow. Note that ∂τ /∂y = dp/dx
is accurate only at the wall.)

4.10.3

External flow

Equation (4.277) suggests a parallel development for the external
flow. In the absence of a boundary layer, the continuity equation
with a boundary-layer approximation is
∂v
du∞
=−
.
∂y
dx

(4.281)

Integration gives a velocity field that is not quite irrotational,
v = −y
Thus

where

du∞
.
dx

(4.282)

v
y
=
,
u∞
Λ

(4.283)

1
1 du∞
=−
.
Λ
u∞ dx

(4.284)

Within the boundary-layer approximation, the inviscid flow is also a
source flow whose velocity vectors have a common origin at the wall
at a distance Λ upstream, as shown in FIGURE 4.25.
When the presence of a boundary layer is taken into account,
this argument is modified. Outside the boundary layer, the continuity equation ∂u/∂x + ∂v/∂y = 0 implies
y>δ
Z

v=−
0

∂u
d
dy =
∂x
dx

y>δ
Z
dδ ∗ u∞
du∞
(u∞ − u − u∞ )dy =
−y
dx
dx
0

= u∞

dδ ∗
du∞
− (y − δ ∗ )
. (4.285)
dx
dx
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Figure 4.25:
The source-flow model for a free stream
with a positive pressure gradient.
Equation (4.285) reduces to equation (4.282) when δ ∗ is zero. The
implied presence of the variable y/δ suggests that equation (4.277),
originally derived from the law of the wall, should be put in the form
λv
y
=
δu
δ

(4.286)

The corresponding form for equation (4.285) is
λv
λ dδ ∗ u∞ y
=
+ D
δu
δu∞ dx
δ
where
D(x) =

λ
d ln u∞
=
d ln uτ
Λ

(4.287)

(4.288)

is the first of two primary kinematic parameters of the problem.

4.10.4

Equilibrium parameters

The two equations (4.286) and (4.287) are plotted in FIGURE 4.26.
They intersect at the point (P, P ), where P is defined by putting
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Figure 4.26:
An attempt to fit Nikuradse’s turbulent
boundary-layer profile using the standard wall-wake
formula.
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λv/δu = y/δ = P in equation (4.287);
λ dδ ∗ u∞
δu∞ dx
P (x) =
.
1−D

(4.289)

After use of equations (4.277) and (4.288), the second kinematic parameter of the problem is obtained as
P (x) =

δ ∗ d ln (δ ∗ u∞ /ν)
.
δ d ln (u∞ /uτ )

(4.290)

Note that x does not appear explicitly in equations (4.288) and
(4.290). Note also that P is not well defined, because δ is not. Nevertheless, the product P δ is well defined. A more practical presentation
of the results so far is therefore the one in FIGURE 4.27, where both
abscissa and ordinate are scaled with 1/P . (Complete by calculating and plotting full curves for several equilibrium flows;
data also? Note lack of precise similarity.) Finally, note that
the flow has not been stipulated to be laminar or turbulent or even
steady. I consider it to be remarkable that so much mileage can be
got out of the continuity equation.
The two parameters that appear in the analysis just concluded
are called D (for divergence) and P (for pressure gradient). It is
easily shown that D and P are separately constant for any one
of the Falkner-Skan laminar boundary layers. Recall (from SECTION 4.6.1) that the quantities θ τw /µ u∞ and δ ∗ /θ are constant for
a Falkner-Skan flow (compare the column headings in table x).
When θ is replaced by δ ∗ and τw is replaced by ρ u2τ , these statements
imply
δ ∗ u∞ u2τ
= constant .
(4.291)
ν u2∞
From this expression and the definition (4.290) for P , it follows
for Falkner-Skan flow that
P =2

δ∗
.
δ

(4.292)

To evaluate D, note from equation (4.51) of SECTION 4.2.3
3/2
that if u∞ ∼ xn , then τw ∼ u∞ /x1/2 ∼ x(3n−1)/2 and uτ ∼ x(3n−1)/4 .
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Figure 4.27:
A geometric interpretation of the
two profile parameters D and P . The product P δ
is rigorously defined, but the parameters P and δ
separately are not.
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It follows for Falkner-Skan flow that
D=

4n
2β
=
.
3n − 1
2β − 1

(4.293)

Thus P and D can be added to the collective of parameters that
can be used to identify and order various members of the FalknerSkan family of equilibrium flows. A disadvantage in the case of P is
that the numerical value assigned to P depends on the definition of
the thickness δ.
(Move). (There is a profound difference between laminar and
turbulent flow. The development of computers has made slide-rule
methods like the Thwaites method almost obsolete. The laminar problem is well defined, and it is simpler to solve the full boundary layer
equations directly for a non-equilibrium flow. The turbulent problem
is not well defined, since the equations are incomplete. The equivalent operation involves what is called turbulence modeling, a subject deliberately excluded from this monograph. The development of
a turbulent equivalent to the Thwaites method is therefore a useful
objective. What follows is along this line, in an effort to use phenomenological evidence to bypass the specification of turbulent transport mechanisms, which lie in the eye of the beholder.) (Endmove)
By definition, Clauser’s equilibrium flows are described by a
defect law,
y 
u∞ − u
.
(4.294)
=F
uτ
δ
When this profile is inserted in the definition (4.11) for δ ∗ and the
discrepancy in the sublayer is ignored, there is obtained
δ ∗ u∞
= constant .
δuτ

(4.295)

It appears that the typical slow increase of u∞ /uτ with increasing x
in an equilibrium flow is compensated for by a slow decrease of δ ∗ /δ.
The local friction law is equation (x),
u∞
1 δuτ
= ln
+ constant ,
uτ
κ
v

(4.296)
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or, in view of (4.295),
1 δ ∗ u∞
u∞
= ln
+ constant .
uτ
κ
v

(4.297)

Equation (4.290) for P then implies
P =κ

δ ∗ u∞
= constant
δuτ

(4.298)

for equilibrium turbulent flow. If the specific wall-wake formula
 y i
u∞ − u
1 y Πh
= − ln +
2−w
uτ
κ δ
κ
δ

(4.299)

is used instead, with w(y/δ) = 2 sin2 (πy/2δ), there is obtained
κ

δ ∗ u∞
=1+Π ,
δuτ

(4.300)

from which
P = 1 + Π = constant .

(4.301)

Note that laminar equilibrium flows do not have the property (4.294);
they have the property
y 
u∞ − u
.
(4.302)
=G
u∞
δ

4.10.5

The hypothesis D = constant

Given that P and D were originally defined with impressive generality, that P and D are separately constant for a laminar equilibrium
flow, and that P is constant for a turbulent equilibrium flow, it is
natural to take as a plausible hypothesis that
D = constant

(4.303)

for a turbulent equilibrium flow as well (COLES 1957). Certainly
this hypothesis is attractive in the sense that it is necessary and perhaps also sufficient for similarity in coordinates (λv/δu, y/δ). The
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hypothesis can also be tested directly, by plotting ln u∞ against ln uτ
for turbulent boundary layers that obey the defect law, accidentally
or by design. (Do this. Add Launder and Jones, Stratford, Bradshaw, East and Sawyer. Comment on sign convention for separated
flow. Mention parameters of Clauser, Bradshaw. Review Perry’s
work showing non-similar τ . If u were hard to measure and τ were
easy, our similarity “laws” would be different. Show this for laminar
flow?) I recall that I once presented this material in a seminar, and
I used a metaphor to suggest the sense of the parameters P and D.
“Hansel goes into the woods alone. Presently he returns with a little
girl named Gretel. Hansel’s parents have never seen Gretel before,
but Hansel insists that she is his sister.” John Laufer, who was in
the audience, recommended changing the notation to H and G.

4.11

Morphology of turbulent equilibrium flow

4.11.1

Pure wall flow

Two limiting cases of equilibrium turbulent flow, the cases Π = 0 and
Π = ∞, can be developed analytically with relatively little effort.
The first of these is pure wall flow, which is defined in the context of
the general profile equation (4.250) by the conditions
 yu 
u
τ
Π = 0,
= f (η) .
(4.304)
=f
uτ
ν
I submit that this limit corresponds to sink flow in a wedge-shaped
channel. This submission amounts at best to a plausible conjecture,
supported by experimental and numerical evidence and by a powerful
set of inferences, including the absence of a characteristic scale. For
the present, it is not necessary to specify the function f (η) except for
the boundary conditions f (0) = 0, f (∞) = u∞ /uτ . The discussion
begins with a reprise of a derivation given earlier in SECTION 4.10.2.
The stream function obtained by integrating the profile (4.304) with
respect to y is
Z
Z
 yu 
ψ
1
τ
=
u dy = f (η)dη = g(η) = g
.
(4.305)
ν
ν
ν
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Differentiation gives
u = uτ g 0 ,
Elimination of g 0 gives

v = −y

duτ 0
g .
dx

v
y
=
,
u
λ

(4.306)

(4.307)

where

1
1 duτ
=−
λ
uτ dx
as before. Further differentiation gives
duτ  0 yuτ 00 
∂u
=
g +
g ,
∂x
dx
ν

(4.308)

∂u
u2
= τ g 00 .
∂y
ν

(4.309)

These expressions allow the momentum equation (x.xx) to be written


∂u
∂u
duτ 0 0
du∞ ∂τ
ρ u
+v
= ρ uτ
g g = ρu∞
+
(4.310)
∂x
∂y
dx
dx
∂y
or
ρ

u2∞ duτ
uτ dx



where, by definition,
D=

u2
−D
u2∞


=

∂τ
,
∂y

uτ du∞
.
u∞ duτ

(4.311)

(4.312)

The tentative outer boundary condition ∂τ /∂y = 0 at the edge of
the layer (see below) then requires
D=1

(4.313)

for pure wall flow, and conversely. But if D = 1, then u∞ /uτ =
constant from the integral of equation (4.312), and δuτ /ν = constant
from equation (4.304). The condition on ∂τ /∂y is a little tender,
because ∂u/∂y according to equation (4.304) is discontinuous at y =
δ, changing from uτ /κy to zero. Further inferences can be drawn by
reformulating equation (4.310) for D = 1 and integrating, with the
boundary condition τ = 0 at y = δ, to obtain
τw = µ

uτ
duτ
C = −µ
C ,
dx
λ

(4.314)
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where
Z∞ 
C=
0


Z∞

1
u2∞
0 0
− g g dη =
u2∞ − u2 dy .
2
uτ
νuτ

(4.315)

0

The definite integral C is evidently a positive constant, independent
of x, whose value depends on the constant value of u∞ /uτ . At least
for this special case of pure wall flow, the characteristic scale for τw ,
which was µ u∞ /θ for laminar flow (see the Thwaites variables in
SECTION 4.6.1), is now −µ uτ /λ.
The essence of equation (4.314) is the equality
1 duτ
1
=
.
u2τ dx
Cν

(4.316)

Let the origin for x be defined by the condition x = 0 when uτ = ∞.
Then equation (4.316) and its integral imply
C=−

uτ x
uτ λ
=−
>0 ,
ν
ν

(4.317)

from which
λ=x .

(4.318)

It follows from equation (4.307) that v/u = y/x everywhere. Thus
the pure wall flow is a sink flow, like the Falkner-Skan flow for β =
∞. In fact, the argument just outlined applies for either laminar or
turbulent flow. If my sign convention is adopted, that u∞ and uτ
are positive, then x and λ are required by equation (4.317) to be
negative. The local length scales δ and λ vary like x, and the local
velocity scales u∞ and uτ vary like 1/x. The mean streamlines are
rays through the origin, both inside and outside the boundary layer,
as shown in FIGURE 4.28. It follows that there is no entrainment of
external fluid, a property that is crucial in any discussion of structure
for the turbulent case. These properties of a hypothetical turbulent
sink flow, or pure wall flow, were first described in useful detail by
COLES (1957) before the flow had been observed experimentally.
This formal identification of pure wall flow with sink flow, laminar or turbulent, is almost obvious, because there is no global length
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FIGURE 7.15. The flow field for sink flow or pure wall flow.

Figure 4.28:
The mean flow field for sink flow
or pure wall flow (figure 5.40 of HAFEZ 1991). The
variable x has the right direction but the wrong sense.
scale for flow toward the origin in a wedge-shaped channel (show
this). In the laminar case (section x), the flow depends on y/x,
or y/δ, or yuτ /ν; all are equivalent. In the turbulent case, it can
also be shown that any one of the four conditions D = 1, Π = 0,
Cf = constant, or zero entrainment implies the others (show this).
Now consider again the primitive profile representation
u
1 yuτ
= ln
+c ,
uτ
κ
ν

(4.319)

which ignores any refinements in the sublayer or at the edge of the
boundary layer. The corresponding local friction law is
u∞
1 δuτ
= ln
+c .
uτ
κ
ν

(4.320)

Together, these formulas imply the logarithmic defect law,
u∞ − u
1 y
= − ln .
uτ
κ δ

(4.321)

The conditions D = 1 and λ = x allow the momentum equation (4.311)
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to be written


∂τ
ρ 2
=
u∞ − u2 .
∂y
x

This can be integrated in closed form as
 


u∞
ρu2τ δ y
y
2y
2 κ
− 1 1 − ln
.
τ − τw = 2
− ln
κ xδ
uτ
δ
δ

(4.322)

(4.323)

When y = δ and τ = 0, this becomes
δ
κ2 /2
= − u∞
,
x
κ
−1
uτ

(4.324)

and equation (4.323) can therefore be written
y 2y
τ
y
y  1 δ ln δ
 .
=1−
1 − ln
+ 
u∞
τw
δ
δ
2
κ
−1
uτ

(4.325)

This relationship is plotted in FIGURE 4.29. for several values
of u∞ /uτ . Because ∂τ /∂y → 0 as y/δ → 1 from below, the argument
closes with respect to the assumption D = 1. The last term in
equation (4.325) makes no contribution when y/δ = 0 or y/δ =
1 and vanishes identically at infinite Reynolds number (u∞ /uτ →
∞). At y/δ = 1/2, this term contributes less that 0.02 to τ /τw
at the lowest practical Reynolds number (u∞ /uτ = 20). Thus the
shearing stress profile τ /τw is nearly the same function of y/δ for
all Reynolds numbers (give a figure for Rθ = 103 , 106 , 109 ? Plot u
and τ for three Re. Use the proper profile in the sublayer; better or
worse?). The same lower limit u∞ /uτ = 20 in equation (4.324), with
κ = 0.41, suggests that −δ/x cannot be larger than about 0.012 for
pure wall flow. According to equation (4.320), δuτ /ν cannot then
be smaller than about 470. These estimates help to explain some
difficulties encountered in attempts to produce such a flow in a wind
tunnel, as discussed below (see Launder, four papers; Sreenivasan;
Simpson; Kline. A simple experimental test for the pure wall flow
is the condition Reθ = constant. Look at slope of (4.325) at wall?
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I

FIGURE 7.16. The profile of total shearing stress in pure wall flow.

Figure 4.29:
Analytical profiles of mean velocity
and total shearing stress in pure wall flow at δ + = 103 ,
106 , 109 according to equations ( ) and ( ). The data
points are from SPALART ( ).
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Comment on inconsistency with mixing-length theory, constant-stress
layer, log profile. The shape of the stress profile makes it difficult
to believe that the stress must be constant to obtain a logarithmic
velocity; cf. the mixing-length model in SECTION X.)
The displacement thickness and momentum thickness for the
primitive profile (4.319) are

Z∞ 
uτ
u
dy =
δ
δ =
1−
u∞
κu∞
∗

(4.326)

0

and
Z∞
θ=
0

so that

u
u∞





u
uτ
uτ
1−
dy =
1−2
δ ,
u∞
κu∞
κu∞
u∞
κ
δ∗
u
= u∞ τ
.
θ
κ
−2
uτ

(4.327)

(4.328)

The profile shape factor δ ∗ /θ varies from about 4/3 for u∞ /uτ = 20
to unity for u∞ /uτ → ∞ (see Fiedler and Head). The largest value
of the friction coefficient Cf = 2(uτ /u∞ )2 and the smallest value of
the momentum-thickness Reynolds number Reθ = u∞ θ/ν for fully
developed flow are 0.0050 and 880, respectively. Clauser’s parameter,
which is unfortunately also denoted in the literature by β, is defined
as
δ ∗ dp
δ u∞
β=
=
,
(4.329)
τw dx
x κuτ
and is not constant. According to equations (4.324) and (4.329), it
varies slowly from about −0.59 for u∞ /uτ = 20 to −1/2 for u∞ /uτ →
∞. Bradshaw’s parameter a is equal to −1.
At this writing, digital computers are able to solve the full
Navier-Stokes equations for turbulent flow at low but still useful values of Reynolds number. The limit on Reynolds number is imposed
by the size of currently available fast memory, and this size can be expected to increase rapidly. The sink flow has recently been computed
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by SPALART (1986), using an ingenious formulation that allows the
use of periodic streamwise boundary conditions while allowing the
layer thickness to vary. Spalart’s paper emphasizes relaminarization of sink flow in sufficiently strong negative pressure gradients. A
parameter commonly used to measure the pressure gradient in this
context (source?) is really a measure of dimensionless acceleration;
K=

ν du∞
.
u2∞ dx

(4.330)

Because u∞ x is constant for sink flow, so is K. Given further that
u∞ /uτ = constant and that λ = x, equation (4.330) can also be
written
δ uτ ν
.
(4.331)
K=−
x u∞ δuτ
Each of the three factors on the right decreases as the Reynolds
number increases. The estimates already quoted (u∞ /uτ ≥ 20, 0 <
δuτ
δ/x ≤ −0.012,
≥ 470) then imply that fully turbulent flow will
ν
not be observed if K is greater than about 1.3×10−6 . Spalart obtains
a plausible turbulent flow, in the weak sense that a logarithmic region
is visible in the mean-velocity profile, for K = 1.5 × 10−6 but not for
larger values of K.
Other authors (Kibens, Back) have studied this problem of
relaminarization experimentally, and work up to 1979 has been reviewed by NARASIMHA and SREENIVASAN (1979). Attention
was originally drawn to this phenomenon by Sergienko and Gretzov
(19xx), who discovered that initially turbulent boundary layers in a
converging-diverging plane nozzle could become laminar, or at least
laminar-like, near the throat. This phenomenon is usually complicated by compressibility but the implication is that very large effects
on heat transfer can occur near the throat.
The mechanism for inverse transition from turbulent to laminar flow seems to involve closer penetration of intermittency toward
and eventually to the wall (Fiedler and Head). The discussion also
tends to explain how the curve D(P ) can end in mid-air at the point
(D, P ) = (1, 1). (This point is not yet defined.) A reasonable inference is that turbulent equilibrium flow does not exist for smaller
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values of D or P , corresponding to negative Π. If it did, the entrainment would presumably be negative and the turbulence would expire.
(More on entrainment. The problem is still a target of opportunity.)

4.11.2

Pure wake flow

The second limiting case, Π = ∞, corresponds to pure wake flow,
with zero surface friction. For large Π, equation (4.300) becomes
approximately
δ ∗ u∞
κ
=Π ,
(4.332)
δuτ
and the product of Π and uτ is determined in the limit Π → ∞ and
uτ → 0 by
δ∗
Πuτ
=
.
(4.333)
κu∞
δ
The general profile formula (4.250) therefore collapses to
u
δ∗  y 
= w
,
u∞
δ
δ

(4.334)

with the auxiliary condition w(1) = δ/δ ∗ = 2. Given that θ/δ and
δ ∗ /δ are constant for the profile formula (4.334), the momentumintegral equation (4.231) with τw = 0 can be written


δ ∗ 1 du∞
1 dθ
1 dδ ∗
1 dδ
− 2+
=
= ∗
=
.
(4.335)
θ u∞ dx
θ dx
δ dx
δ dx
Integration gives immediately
δ u2+δ
∞

∗ /θ

= constant .

(4.336)

With the aid of equation (4.335) for dδ/dx, the normal velocity component at the edge of the boundary layer can be calculated from
 1


 Z1
Zδ
Z
∗
du∞ 
δ
dw 
∂u
dy = −δ ∗
w dζ + 2 +
ζ
dζ .
v∞ = −
∂x
dx
θ
dζ
o

0

0

(4.337)
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The two integrals are known from equation (4.334);
Z1

δ
w dζ = ∗ − 1,
δ

Z1

dw
δ
ζ
dζ = ∗ −
dζ
δ

0

o

Z1
wdζ = 1 .

(4.338)

0

Consequently, equation (4.337) becomes

 

δ
δ∗
∗ du∞
−1 + 2+
.
v∞ = −δ
dx
δ∗
θ

(4.339)

Let this value of v∞ be substituted in equation (4.289) for P . After
some algebra, the result is



δ∗
δ∗
D
P =
1+
(4.340)
δ
θ
1−D
for pure wake flow. The analysis so far does not specify laminar or
turbulent flow or a particular form for the function w(y/δ).
Consider first laminar flow, for which, according to equation
(4.292),
δ∗
P =2
.
(4.341)
δ
Solution for D in equation (4.340) gives
D=

2
,
3 + δ ∗ /θ

(4.342)

and equation (4.293) then gives
n=−

1
,
3 + 2δ ∗ /θ

β=−

1
.
1 + δ ∗ /θ

(4.343)

Use of the accurate laminar value δ ∗ /θ = 4.02923 (A.M.O. Smith)
then gives the accurate values (reverse order?)
n = −0.09043,

β = −0.19884 .

(4.344)

However, if the value δ ∗ /θ = 4 for an antisymmetric profile
such as w = 2 sin2 (πy/2δ) had been taken as a reasonable estimate
for continuously separating flow, these would have been replaced by
n=−

1
= −0.0909,
11

1
β = − = −0.2000 .
5

(4.345)
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For the laminar Falkner-Skan problem, therefore, the critical value
β = −0.1988 could have been estimated quite accurately before the
equations were solved. This conclusion is important because the
value β = −0.1988 is a turning point. (Define.)
Now consider turbulent flow. For the pure wake flow of the
turbulent equilibrium family, P = 1+Π is infinite in equation (4.340).
Given that δ ∗ /δ and δ ∗ /θ are finite numbers, it follows that
D=1

(4.346)

for pure wake flow. This result is not expected, because uτ ≡ 0, and
the limit of u∞ duτ /uτ du∞ = 0/0 is not defined. Nevertheless, the
result is correct. The estimates δ ∗ /δ = 1/2 and δ ∗ /θ = 4 in equation (4.340) yield an asymptotic formula for large P (note sensitivity
of δ ∗ /θ to Π),
5 D
P =1+Π=
(4.347)
21−D
or
2 + 2Π
2P
D=
=
.
(4.348)
7 + 2Π
5 + 2P
(How good is this? See data for equilibrium flow. Better
estimate?)
The velocity profile (4.334) and some algebra give, for the dimensionless normal velocity component in normalized form (check
argument of w and plot both),


δ∗
2+
θ



v/u
=
dδ/dx




 Zy/δ
δ∗ y
δ∗ 1
2+
− 1+
wdζ ,
θ δ
θ w

(4.349)

0

and for the shearing stress




 ∗ 2 
 Zy/δ
Zy/δ
∗
2
∗
∗
y
δ
δ
δ τ /ρu∞
δ


2+
= −
w
wdζ −
w2 d ζ  .
 1+
θ dδ/dx
δ
δ
θ
θ
0

0

(4.350)
It remains to dispose of x. I have not found a rigorous argument
to show dδ/dx = δ/x = constant, although this condition is strongly
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suggested by the fact that the viscosity ν is assumed to play no role,
so that y/δ is the obvious independent variable. Equations (4.349)
and (4.350) show that if dδ/dx = constant, then v/u and τ /ρu2∞ are
functions only of y/δ, and this property is therefore at least plausible.
The condition δ ∼ x and equation (4.336) then imply
u∞ ∼ x

− 2+δ1∗ /θ

.

(4.351)

The estimate previously used; namely, δ ∗ /θ = 4, gives
u∞ ∼ x−0.167 .

(4.352)

The pure wake flow was also a hypothetical flow when it was
first described by COLES (1957). Experiments are difficult but
the difficulties are being overcome, as demonstrated in studies by
STRATFORD (1959), by SPANGENBERG, ROWLAND, and MEASE
(1967), and by DENGEL and FERNHOLZ (19xx).

4.11.3

The momentum-integral equation

A simple but tedious argument shows that a knowledge of the function D(P ) makes it possible to integrate the Karman momentumintegral equation,
u2τ =

d 2
du∞
u∞ θ + u∞ δ ∗
.
dx
dx

(4.353)

A count of variables (anticipating some remarks to follow) shows that
there are five quantities, each depending on x;
x; u∞ (x), uτ (x), δ ∗ (x), θ(x), δ(x) ,

(4.354)

with the sixth variable P constant wherever it appears, to guarantee
an equilibrium flow. Thus five independent equations are required
before integration can be attempted. The quantity δ appears in the
second of the required equations, the local friction law;
u∞
1
δuτ
= ln
+ constant .
uτ
κ
ν

(4.355)

4.11. MORPHOLOGY TURBULENT EQUILIBRIUM FLOW 325
If the wall-wake formula is used, this becomes
1 δuτ
u∞
2Π
= ln
+c+
uτ
κ
ν
κ

(4.356)

and thus introduces a sixth variable Π(x). However, the argument
can and will sometimes proceed without exhibiting the parameter Π
explicitly, only P . For example,
δ ∗ u∞
= C1 (P ) = constant ;
δuτ

(4.357)

κ2 (δ ∗ − θ) u2∞
= C2 (P ) = constant .
2
δ
u2τ

(4.358)

κ

The wall-wake formula (4.250) makes these more manageable;
δ ∗ u∞
=κ
κ
δuτ

Z∞ 
o


u∞ − u
y
d = 1 + Π = C1 (P ) ;
uτ
δ

(4.359)

Z∞ 


u∞ − u 2 y
d
uτ
δ
o


Si(π)
3
=1+ 1+
Π + Π2 = C2 (P ) , (4.360)
π
4

κ2 (δ ∗ − θ)u2∞
κ2
=
2
δu2τ
2

where
Zx
Si(x) =

sin u
du = −x
u

0

Z1
ln y cos xy dy .

(4.361)

0

These formulas, incidentally, assume that the log law is valid in the
sublayer, and therefore need a small correction.
The laws of physics and the accepted similarity laws are thus
represented by the momentum-integral equation (4.353);
τw = ρ u2∞

du∞
dθ
+ (2θ + δ ∗ )ρ u∞
dx
dx

(4.362)
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the local friction law (4.356);
u∞
1 δuτ
2Π
= ln
+c+
uτ
κ
ν
κ

(4.363)

the formulas for displacement and momentum thickness (4.359) and
(4.360); and the specification of equilibrium flow; i.e., flow with a
defect law, according to Clauser, for which
Π = constant .

(4.364)

The notation C1 (P ) and C2 (P ) is intended to convey that a
defect law is sufficient for the analysis, and the law of the wake is not
required. Nevertheless, the notation Π will sometimes be retained for
simplicity.
There are five equations for six dependent variables, u∞ (x),
uτ (x) or τw (x), δ ∗ (x), θ(x), and Π(x). One additional independent
equation is needed to determine the six variables and thus the flow
field u(x, y), v(x, y), τ (x, y). Before the question of the last required equation is considered, the material so far on hand should be
exploited. Let equations (4.359) and (4.360) be solved for δ ∗ and θ,
respectively, and the indicated differentiation in equation (4.362) be
carried out, noting that C1 and C2 are independent of x for equilibrium flow. The result is




δ du∞
u∞
u∞
δ duτ
2
κ =
2C1 κ
C1 κ
+
− 4C2
u∞ dx
uτ
uτ dx
uτ


u∞
dδ
C1 κ
+
− 2C2 . (4.365)
dx
uτ
Now let equation (4.363) be solved for δ, differentiated, and the result substituted for dδ/dx in equation (4.365), which becomes (need
assembly of derivatives)
" 
#
2
du
δ
u
u
∞
∞
∞
C1 κ
+ 2 (C1 − C2 ) κ
κ2 =
u∞ dx
uτ
uτ
" 
#
2
δ duτ
u∞
u∞
−
C1 κ
− 2C2 κ
+ 2C2 . (4.366)
uτ dx
uτ
uτ
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Clearly it is time to simplify the notation by defining Karman’s variable,
u∞
z=κ
.
(4.367)
uτ
This expression can also be differentiated to obtain


1 dz
1 du∞
1 duτ
1 duτ
D − 1 1 du∞
=
−
= (D − 1)
=
,
z dx
u∞ dx
uτ dx
uτ dx
D
u∞ dx
(4.368)
where D is the ratio of two derivatives, according to equation (4.288),
and can depend on x. The derivatives on the right in equation (4.366)
can now be eliminated in favor of D and dz/dx to obtain for equilibrium flow




 
dz
D
1
2 dx
2
κ
=
C1 z − 2C2 z + 2
C1 z − 2
C2 .
δ
z
D−1
D−1
(4.369)
In the general case, little more can be done until the missing last
equation is specified. Note that there is no obvious way to eliminate
the factor δ on the left in the general case without re-introducing
either uτ or u∞ . (Say why pure wall, wake flow could be done;
missing equation might be u∞ = constant, D = 0, D = ∞,
uτ = constant, u∞ /uτ = constant, or uτ = 0; see above.)
Clauser, second paper. Argument for (δ ∗ /τw )dp/dx is nonsense. It is based on eddy-viscosity attack, leading to a Blasius profile
with non-zero velocity at the wall. One of the last figures is in fact
the law of the wake, but Clauser weighted the outer departure from
the log law equally with the inner departure. This is characteristic;
authors do something useful and then run out of gas, thus leaving the
next step for someone else.
Stratford. The wall friction is not zero; the title is unfortunate.
There is a good notion of what a good diffuser should look like.
Bradshaw. The exponent in u∞ ≈ xa cannot be more negative than
−0.167. Thus his value −0.255 must involve some funny business
with the coordinate x, especially the apparent origin. These two flows
have not been analyzed for D(P ).
East and Sawyer. The flows with dp/dx < 0 cannot be in equilibrium,
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because the surface friction is not constant, but changing even more
rapidly than for the flow with zero pressure gradient. The origin for
x should be at the right, with x < 0. Where does u∞ x change sign?
Spalart. Each Cf and Rθ on a curve is a different flow. The issue
is relaminarization. Launder had four separate tries at the pure sink
flow. The stress distribution is completely incompatible with the assumption τ = τw of the mixing-length theory. The theory gives the
right answer for the wrong reasons. Note that figure 6 shows peak
u+0 as 2.3, not 2.7.

4.11.4

Flow at constant pressure

However, there is one special case, first exploited by Karman in
1932 (Stockholm, Schiffs), in which the fifth equation is self-evident;
namely (note also wall, wake flow, τw = constant)
u∞ = constant

or

D=0 .

(4.370)

In this case, from equation (4.363),
δuτ
= constant ez ,
ν

(4.371)

where the constant is equal to e−κc−2Π for the wall-wake profile. At
some arbitrary reference station, denoted by the subscript zero (do
not assume x = 0 when Cf = ∞),
δo uτo
= constant ezo ,
ν
so that
δ=

δo uτo z−zo
ze
.
κu∞

(4.372)

(4.373)

When this expression is used for δ in equation (4.369), with D = 0,
there is obtained
 2 zo 

κ zo e
dx = ez C1 z 2 − 2C2 z + 2C2 dz .
(4.374)
δo

4.11. MORPHOLOGY TURBULENT EQUILIBRIUM FLOW 329
This equation can be integrated in closed form between the limits
zo and z, with x = xo when z = zo . It is also convenient to replace
zo and ezo by their physical equivalents; e.g., from equation (4.372).
The result is (note that xo is not the origin)
κ3

u∞ (x − xo )
= ez [C1 z 2 − 2(C1 + C2 )z + 2(C1 + 2C2 )]
ν
− ezo [C1 zo2 − 2(C1 + C2 )zo + 2(C1 + 2C2 )] . (4.375)

This equation was derived by Karman, who chose for unknown reasons to keep only the dominant terms on the right for large z, and
thus to write
u∞ x
= Cz 2 ez ,
(4.376)
Rx =
ν
where C incorporates C1 and κ2 . Because
 1/2
2
u∞
=κ
,
z=κ
uτ
Cf

(4.377)

where the local friction coefficient is defined as
Cf =

2τw
,
ρu2∞

(4.378)

equation (4.376) is equivalent to


2
Cf

1/2
=

1
ln (Cf Rx ) + A ,
κ

(4.379)

where A is a constant. This equation was modified by Schoenherr
Rx
(ref) to represent CF = (1/x) Cf dx rather than Cf , and was used
0

to determine κ and A by a fit to overall drag data for towed submerged flat plates. I recommend against such use. The value obtained for κ is especially unreliable, in view of the severe and unnecessary approximation in equation (4.376). (Read JAS paper
again on point of arbitrary choice for δ and ν/uτ at one station. Comment on need for xo , but perhaps not for zo . Note
that origin for turbulent boundary layer cannot be defined
experimentally.)
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I return now to the general case and make the seminal assumption
D=

d ln u∞
= constant
d ln uτ

(4.380)

for turbulent equilibrium flow. It follows that


u∞
uτ D
=
,
u∞o
uτo

(4.381)

and therefore that (compare equation (4.368))
z
=
zo



u∞
u∞o



uτo
uτ




=

uτ
uτo

D−1


=

u∞
u∞o

 D−1
D

.

(4.382)

Consequently, δ in equation (4.369) can be eliminated using equation (4.374), and (uτ /uτo ) can then be eliminated using equation (4.382).
The final result is (note sink flow; D = 1 and dz = 0)
ezo
dx =
δo




 
D
D
1
z
2
1−D
z
e dz C1 z − 2C2 z − 2
C1 z + 2
C2 .
1−D
1−D
(4.383)
1

κ2 z0 1−D

It is possible that the form of equation (4.383) would suggest the
hypothesis D = constant even if attention had not been attracted
to this hypothesis by manipulation of the continuity equation. Note
that x now plays the role of dependent variable. (Need D(P ).)
Equation (16)9 can be integrated in closed form in terms of
Rz u
the function Ei (z) =
(e /u)du if D/(1 − D) is an integer (or half
−∞

integer? check); i.e., if D(plus or minus?) has one of the values 0,
1/2, 2/3, 3/4, 4/5, . . . or ∞, 2, 3/2, 4/3, 5/4, . . .. The value D = 1
is a dual special case corresponding either to pure wall flow or to
pure wake flow. (Comment on these as sub-cases. D = 1 is
awkward, but D = ∞ goes all right. Give details about how
to get u∞ (x), δ(x), Cf (x) for equilibrium flow.)
9

Unclear reference
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There are two limiting cases, namely Π = 0 and Π = ∞, that
deserve special study. There are good reasons to associate the case
Π = 0 with sink flow, the most important being the result (6)10 above,
that yuτ /ν = constant defines a mean streamline. However, it has
to be proved that δuτ /ν = constant for sink flow.
(There is a work sheet that concludes
(D − 1)Π = −

5
2

in the limit. Try various plots?)
Falkner and Skan. The notation is not well chosen.
Hartree. introduced the modern notation.
Stewartson. found a second branch.
Cebeci and Keller. show profiles. There are two flows, say for a
corner, one resembling a mixing layer (separated).
Look at limit to get mixing layer. This is a common node for several
analyses.
Libby and Liu. Are there no flows for −1 < β < −0.1988?

4.11.5

Entrainment

All shear flows with free boundaries grow in thickness by a process
called entrainment. If the flow is turbulent, the details of this process,
in which irrotational external fluid acquires small-scale vorticity, are
difficult, and to some extent controversial. From a phenomenological
point of view, the Reynolds-averaged equations of motion contain the
essential difficulty, which is the need to define a finite thickness for
the layer. Laminar flow is free of this difficulty. The velocity in the
shear layer approaches the free-stream value asymptotically to meet
the boundary condition f 0 (∞) = 1. Moreover, a characteristic local
scale for the layer thickness is supplied by the similarity argument.
For the Falkner-Skan flows, for example, this scale is the geometric
10

Again, an unclear reference
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mean of x and ν/u∞ . By contrast, turbulent boundary-layer flow is
bounded at a finite distance from the wall by an irregular interface
having turbulent flow on one side and non-turbulent flow on the
other. The associated finite thickness is thus connected with the
concepts of interface and intermittency.
Even without these concepts, any profile formula that claims
to describe the flow outside the sublayer and near the free stream
must contain and in practice must define, however ambiguously, a
thickness δ. The loosest definition dispenses with formulas by using
the arbitrary condition that the mean velocity at y = δ is 99 percent,
say, of the free-stream value. I believe that this definition should
be a last resort, because of the heavy burden that it puts on the
accuracy of the boundary-layer approximation and on the skill of
the experimenter in measuring mean velocity to close resolution in a
region of intermittent turbulence.
For an equilibrium flow with a velocity-defect law, the need to
define a thickness δ can be finessed for some purposes, as first noted
by SCHULTZ-GRUNOW (1940). In equation (x), neither δ nor the
equilibrium constant A is well defined. The existence of a defect law
can therefore be tested a priori by using yuτ /δ ∗ u∞ as independent
variable. If the more specific wall-wake formula (x) is used instead
to define δ ∗ , the parameter Π is well defined, and therefore so is δ
(compare with pipe or channel).
Suppose therefore that δ can be usefully defined, and consider
entrainment. In FIGURE 4.30, let s represent the component of
velocity normal to the edge of the boundary layer at y = δ, with s
positive when the flow is into the layer. Evidently, for small angles,
s
dδ
v∞
=
−
.
u∞
dx u∞

(4.384)

It has already been argued in equation (4.339) that
d
du∞
u∞ δ ∗ − δ
,
dx
dx
means v(x, δ). Consequently,
v∞ =

where v∞

s=

d
u∞ (δ − δ ∗ ) .
dx

(4.385)

(4.386)
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FIGURE 7.17. The definition of the entrainment velocity s. Note that 6 is
assumed
to be defined.
Figure
4.30:
The definition of the entrainment
velocity s with expanded vertical scale. Note that δ
must be defined.

If the product δ ∗ u∞ is replaced by its equivalent from equation
(4.300), this result can be written



d δuτ
u∞
s=
κ
−1−Π
.
(4.387)
dx κ
uτ
The differentiation can now be carried out formally, with Π = constant
for equilibrium flow. It is convenient to choose the surviving derivative as dδ/dx by making use of the identity, uτ du∞ /dx = Du∞ duτ /dx
as well as the derivative of the local friction law (4.363). The final
result for equilibrium flow is



s
dδ
z(1 − D)
Πuτ
=
1−
,
(4.388)
u∞
dx z(1 − D) + 1
κu∞
where z = κu∞ /uτ as before. Note that the derivation has not used
the momentum-integral equation (4.362). (Need calculations and
plots of s/u∞ . What combination is independent of x?)
This formula has several useful implications. The last factor is
deliberately written as (1−Πuτ /κu∞ ) rather than as (1−Π/z) for the
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FIGURE 7.18. Decomposition of the wall-wake profile to show the characteristic
velocity
scale for entrainment
as defined in equation
(7.29).wall-wake
Figure
4.31:
Decomposition
of the

profile to show the characteristic velocity scale L
= 1 − Πuτ /κu∞ that occurs in equation (4.388) for
entrainment. [Note written corrections to add 2 to one coefficient
and that k should be κ and uι should be u∞ . - K. Coles]
sake of the nice geometrical interpretation shown in FIGURE 4.31.
The universal profile formula
 yu  Π  y 
u
τ
=f
+ w
uτ
v
κ
δ

(4.389)

u
uτ  yuτ  Πuτ  y 
=
f
+
w
.
u∞
u∞
ν
κu∞
δ

(4.390)

can also be written

At the edge of the boundary layer, therefore, where w(y/δ) = w(1) =
2,


uτ
δuτ
2Πuτ
f
+
.
(4.391)
1=
u∞
ν
κu∞
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Thus one factor in a reference velocity for entrainment is the freestream velocity reduced by half of the strength of the wake component. The quantity (1 − Πuτ /κu∞ ) in equation (4.388) varies from
1 for pure wall flow at one extreme to 1/2 for pure wake flow at
the other extreme as Π varies from 0 to ∞. For intermediate equilibrium flows, it increases slowly with increasing x but always lies
between 1/2 and 1. Vanishing entrainment for pure wall flow is enforced by the factor (1 − D) in the numerator of equation (4.388).
Because dδ/dx is negative for pure wall flow, the value D = 1
must be approached from above. For pure wake flow, the product z(1 − D) remains finite. This property is most easily shown
by putting δ ∗ = δ/2 in equation (4.386) and using the momentumintegral equation (4.335) to eliminate du∞ /dx. The result, which
uses the profile equation (4.334) to estimate δ ∗ /θ = 4, is
s
1 dδ (1 + δ ∗ /θ)
5 dδ
=
=
.
∗
u∞
2 dx (2 + δ /θ)
12 dx

(4.392)

When this result is compared with (4.388) with Πuτ /κu∞ =
1/2, is appears that in the limit Π → ∞
z(1 − D) = P (1 − D) = 1 +

δ∗
=5
θ

(4.393)

Unfortunately, equation (4.393) is demonstrably not a useful approximation for D(P ) when P → ∞ (see section x).
One hypothetical equilibrium flow that has not been observed
but has a plausible structure is the flow with uτ = constant, or
D = ∞. In the wall region, the flow is parallel to the wall. (Discuss
v, τ . Estimate Π. Give formula for s.)
(Comment on Bradshaw’s hypothesis, that u∞ ∼ xa for any
equilibrium turbulent flow. He studied two flows claimed to be described by a = −0.150 and a = −0.255. Since neither flow was very
close to separation, it is likely that the origin for x was not properly
chosen. The same is true for the flows studied by East and Sawyer.)
(Comment on P = ∞ for pure wake flow, so that curve in
coordinates (λv/P δu, y/P δ) shrinks to the origin.)
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(Note the incompatibility of linear growth and associated channel shape; boundary layers in a diffuser will eventually overlap.)
c is sensitive to roughness, mass transfer (these may be combined). The mixing length theory works better for mass transfer than
anything else at the moment.
Continue with law of the wake and 1968 Stanford contest paper. Do separation profile as a limit. Arguments for the logarithmic
profile are all quite porous. The mixing length is an exasperating
relict of the early days, but it cannot be ignored for some problems
(compressibility, mass transfer).
I keep looking over at the Falkner-Skan problem and trying to
find ideas which will put the turbulent problem in the same condition.
Comment on s; what is sought is a simple rule for s that will
work for equilibrium and for non-equilibrium conditions. (Head and
others; should argument be at some other value than δ?). One guess
might be s ∼ 2Πuτ /κu∞ .
Note that D and P do not involve x explicitly. Moreover, D =
constant can be tested experimentally.
A possible device for interpolation in the curve D(P ) rests on
the entrainment properties of equilibrium boundary layers. What is
required is the component of the free-stream flow normal to the edge
of the boundary layer at y = δ. Since δ plays a central role, the
analysis cannot be exact. It is always a delicate matter to define the
part of the flow that lies within the boundary layer.
The sketch shows the relative position of the boundary-layer
edge (comment on definition) and the local mean streamline. The
velocity s normal to the edge is, for small angles,


dδ
v∞
s = u∞
−
.
(4.394)
dx u∞
The entrainment velocity s is defined to be positive when there is flow
into the boundary layer. Considerable effort has been spent, without
result, in trying to put the last equation in a form showing explicitly
the role of the equilibrium parameter Π. The velocity v∞ at the edge
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of the boundary layer has already been defined by equation (4.385);
v∞ =

dδ ∗ u∞
du∞
−δ
.
dx
dx

(4.395)

Substitution for v∞ in equation (4.394) gives
s=

d
u∞ (δ − δ ∗ ) .
dx

(4.396)

Use the identity δu∞ = z δuτ /k, where z = κ u∞ /uτ , and replace
δ ∗ u∞ by (1 + Π)δuτ /κ, from equation (4.300). Differentiation and
elimination of dδuτ /dx with the aid of equation (4.363) gives, for
equilibrium flow,


Π
s dz
s
1−
(4.397)
=
u∞
κ dx
z
(Need several versions of derivative.)


u∞


(1 − D)
κ
s
dδ 
Πuτ

uτ
=
.

 1−
u∞
dx κ u∞ (1 − D) + 1
κu∞
uτ

(4.398)

All of the factors on the right in this expression vary slowly
with x in an equilibrium flow. The last factor, (1 − Πuτ /κ u∞ ), has
a useful geometric interpretation, shown in the sketch (Figure 4.31).
It varies from unity for pure wall flow to 1/2 for pure wake flow. In
short, the characteristic velocity for entrainment is the full velocity
of the wall component at y = δ, plus half of the velocity of the wake
component. (Indicates wake component not dominant; cf. pure wall
flow.) The quantity in square brackets in equation (4.398) is zero
for pure wall flow, confirming that this flow has zero entrainment.
For the other limit Π = ∞, it is necessary to invoke the asymptotic
equation (4.347) for D(P ) and equation (A.5)11 for the finite limit
of P uτ to obtain (check this for completeness)
s
5 dδ
=
= constant
u∞
12 dx
11

Probably an incorrect reference.

(4.399)

338

CHAPTER 4.

THE BOUNDARY LAYER

for pure wake flow, where δ ∗ /δ has been taken as 1/2.
The entrainment formula (4.398) provides a useful interpolation device for the function D(P ). The quantity δ/u∞ can be evaluated for the turbulent equilibrium flows listed in section x, as shown
in figure y. (Check the x-dependence of the three factors in equation (4.398), separately and in combination, to try to find a constant.) A useful fit in the figure is provided by what?
Finally, it is a reasonable inference from equation (4.388) that
there does not exist a turbulent equilibrium flow with δ = constant,
corresponding to the plane stagnation-point flow in the Falkner-Skan
family. If such a flow did exist, it would have zero entrainment, and
thus the entrainment could not vary monotonically with Π. This
inference could be tested experimentally by constructing a flow with
δ = constant and showing that it is not in equilibrium. (Has this
been done accidentally?)
A related question in any attempt to construct a rigorous analogy between turbulent and laminar equilibrium flows is connected
with the singular laminar case β = 2 or η = ∞ (see section x). This
case separates laminar flows in which x and u∞ have the same sign
(e.g., Blasius flow) from flows in which x and u∞ have opposite signs
(e.g., sink flow). There is no obvious combination of variables in
the turbulent problem, like (u∞ x)1/2 or (u∞ /x)1/2 , to suggest that
the same distinction needs to be made (needs more thought). At the
same time, dδ/dx does change sign. (Is s/u∞ close to constant for
equilibrium flow?)

4.11.6
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The function D(P )

4.11.7

A check on the internal consistency of various experimental realizations of turbulent equilibrium flows is useful. Let the momentumintegral equation (4.366) be rewritten, replacing −uτ dx/duτ by λ
and −u∞ dx/du∞ by λ/D, to obtain
κ2



λ
= Cz z 2 − 2C2 z + 2C2 − D C1 z 2 − 2C2 z + 2C1 z . (4.400)
δ

A similar operation on the differential version of the local friction
law (4.363), with Π constant, yields
κ2

λ
κ2
=
[z(1 − D) + 1] .
δ
dδ/dx

(4.401)

These expressions can be equated and the result solved for
dδ/dx (see footnote, p 502, my 1957 paper),
dδ
κ2 [z(1 − D) + 1]
=
dx
(C1 z 2 − 2C2 z + 2C2 ) − D(C1 z 2 − 2C2 z + 2C1 z)

(4.402)

or for D,
κ2
(z + 1)
dδ/dx
.
κ2
2
(C1 z − 2C2 z + 2C1 z) −
z
dδ/dx


C1 z 2 − 2C2 z + 2C2 −
D=

(4.403)
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(Look this whole business over to see if there is any other
useful variable: du∞ /dx or duτ /dx etc.)
Suppose that equations (4.402) and (4.403) are to be tested
against experimental data for equilibrium flow. Thus z = κu∞ /uτ
and δuτ /ν are obtained from a fit to the mean-velocity profile; uτ
follows from z and the experimental value of u∞ ; D is obtained from
a plot of log u∞ against log uτ ; and dδ/dx is obtained from δ of the
first step. When this test is attempted, large discrepancies are found
between dδ/dx as observed experimentally and dδ/dx as calculated
from equation (4.402). The equation is ill-posed for D close to unity,
because the denominator is then a small difference between two large
numbers. The situation is better for equation (4.403), as may be seen
by rewriting this equation for D near unity as

D =1−

κ2
z
dδ/dx
κ2
z
(C1 z 2 − 2C2 z + 2C1 z) −
dδ/dx

.

(4.404)

The point here is that the denominator for large Π is dominated by
the two terms C1 z 2 − 2C2 z, and the influence of error in dδ/dx, say
because of three-dimensional effects, is small. (Check again.)

