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Abstract We study numerically the effects of fault roughness on the nucleation process during
earthquake sequences. The faults are governed by a rate and state friction law. The roughness introduces
local barriers that complicate the nucleation process and result in asymmetric expansion of the rupture,
nonmonotonic increase in the slip rates on the fault, and the generation of multiple slip pulses. These
complexities are reflected as irregular fluctuations in the moment rate. There is a large difference between
first slip events in the sequences and later events. In the first events, for roughness amplitude br ≤ 0.002,
there is a large increase in the nucleation length with increasing br. For larger values of br, slip is mostly
aseismic. For the later events there is a trade-off between the effects of the finite fault length and the fault
roughness. For br ≤ 0.002, the finite length is a more dominant factor and the nucleation length barely
changes with br. For larger values of br, the roughness plays a larger role and the nucleation length increases
significantly with br. Using an energy balance approach, where the roughness is accounted for in the fault
stiffness, we derive an approximate solution for the nucleation length on rough faults. The solution agrees
well with the main trends observed in the simulations for the later events and provides an estimate of the
frictional and roughness properties under which faults experience a transition between seismic and
aseismic slip.

1. Introduction

A common view is that earthquakes occur via a shear rupture instability, in which the frictional resistance on a
preexisting fault decreases with increasing sliding or sliding velocity (e.g., Scholz, 2002). As the instability
occurs, the rupture propagates dynamically at a high speed close to the wave speed and with slip velocities
much larger than the loading rate. Laboratory experiments on preexisting faults show that the development
of the unstable rupture occurs via a nucleation process, which is characterized by roughly two phases: A
quasi-static phase in which the rupture grows at a steady slow velocity with accelerating slip and a phase
in which the rupture grows with accelerating speed (e.g., Dieterich, 1978; Kaneko et al., 2016; Latour et al.,
2013; McLaskey & Kilgore, 2013; Nielsen et al., 2010; Ohnaka & Shen, 1999; Okubo & Dieterich, 1984).

Rate and state friction constitutive laws (Dieterich, 1979; Ruina, 1983) have emerged as powerful tools for
investigating various earthquake phenomena, including earthquake nucleation (Marone, 1998). Numerical
and theoretical models with rate and state fault friction are generally consistent with laboratory observations
but provide additional insight into the nucleation process, as well as upscaling of the lab observations to
natural faults. The models show that the exact behavior of the rupture during nucleation, and specifically
how and to what extent the rupture expands between the initial localization of slip and slip rate and the
dynamic stage of the rupture, is highly affected by the loading and initial conditions and the rate and state
parameters and evolution laws (Ampuero & Rubin, 2008; Dieterich, 1992; Fang et al., 2010; Kaneko &
Ampuero, 2011; Kaneko & Lapusta, 2008; Kato & Hirasawa, 1996; Lapusta & Rice, 2003; Noda et al., 2013;
Rubin & Ampuero, 2005).

A source of complexity in the nucleation process is expected to arise from the deviation of faults from planar-
ity. High-resolution map traces of large continental strike-slip earthquake surface ruptures and measure-
ments of roughness on exhumed faults (Bistacchi et al., 2011; Brodsky et al., 2011; Brown & Scholz, 1985;
Candela et al., 2009, 2012; Klinger, 2010; Power et al., 1987; Power & Tullis, 1991; Renard et al., 2006; Sagy
et al., 2007) show that faults are rough at all scales and can generally be described as self-affine fractal
surfaces. The roughness of faults can be measured by the average deviation of the profile from planarity
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(RMS height), which for a profile with length Lf is expressed as h(Lf) = brLf
H, where br is the RMS prefactor and

H is the Hurst exponent. Candela et al. (2012) compiled roughness data over nine decades of length scales
and suggested that natural faults have a self-affine roughness geometry with H = 0.6 and br ranging from
0.001 to 0.01 in the slip direction. However, while measurements at a particular wavelength bandwidth seems
to fit H = 0.6, the data as a whole may be better fit with a larger value of H (Shi & Day, 2013).

Experimental observations show that, on the lab scale, roughness affects frictional constitutive parameters
such as stress drop and critical slip-weakening distance and results in larger nucleation zones (Ohnaka,
2003; Ohnaka & Shen, 1999; Okubo & Dieterich, 1984). On the scale of natural faults, the effects of roughness
are not yet clear. Numerical studies have focused, so far, on the static response of rough faults (e.g., Dieterich
& Smith, 2009) or on the effects of roughness on the dynamic stage of the rupture (e.g., Bruhat et al., 2016;
Dunham et al., 2011; Fang & Dunham, 2013; Shi & Day, 2013).

In this study, we use the numerical approach developed in Tal (2017) and Tal and Hager (2017) to explore
the effects of roughness on the nucleation process of faults governed by rate and state friction laws. The
simulations include sequences of at least two seismic cycles and thus enable us to examine the effect of
the stress state and frictional conditions resulting from the rupture growth and arrest for a given slip event
on the nucleation process at subsequent events. We focus on the scale of small earthquakes and consider
faults with a length of 40 m. We choose the minimum roughness wavelength, λmin, to be at a size close to
lab samples (20 cm) and thus use observed lab-scale rate and state friction laws without upscaling the
constitutive parameters. In addition, we use the estimation of Fang and Dunham (2013) for the additional
resistance to slip from fault roughness and balance the energy of an expanding rupture (e.g., Rubin &
Ampuero, 2005) to derive an approximate solution for the nucleation length on rough faults governed
by rate and state friction.

2. Model Description

We examine effects of roughness on the nucleation of shear rupture on a 40 m long finite fault embedded in
a 2-D elastic medium with dimensions 120 × 80 m (Figure 1a). We assume a plane strain model and apply the
following boundary and initial conditions: (1) a prescribed slow horizontal velocity of Vb = ± 10�9 m/s at the
top and bottom boundaries of the medium; (2) zero vertical velocities on all the boundaries; (3) initial stresses
σxx0, σyy0, and σxy0; and (4) horizontal normal tractions on the left and right boundaries, σbxx = σxx0. This setup
enables completely spontaneous nucleation of the rupture. We do not explicitly consider pore fluids in this
study and assume that the stresses are effective stresses if the medium is saturated with fluids. We perform
25 simulations. We consider three different fault geometries of self-affine fractals with Hurst exponent of
H = 0.8, Geo-1, Geo-2, and Geo-3 (Figure 1b). For each geometry, we generate eight profiles, in which br
ranges between 0.001, 0.002, 0.005, and 0.01 and λmin ranges between 0.2 m and 1 m. For reference, we also
run a simulation with a smooth fault.

The fault is governed by rate and state friction, which is given in the standard aging formulation (Dieterich,
1979; Ruina, 1983) by

μ ¼ μ� þ aln
v þ vth
v�

� �
þ bln

Lθ
v�

� �
(1)

_θ ¼ 1� θ v þ vthð Þ
L

; (2)

where a and b are rate and state constitutive parameters, v is the slip rate, v* is a reference slip rate, μ* the
steady state friction at v = v*, θ is a state variable, and L is the characteristic sliding distance. We add a thresh-
old velocity term, vth=10

�13 m/s, to avoid singularity at v = 0. We do not consider the effect of normal stress
variations on θ. The mechanical properties of the medium, friction law parameters, and initial stresses are
given in Table 1. We use here the aging law for the state evolution law, which incorporates healing of the fault
in stationary contact. We note that recent studies suggest that the “slip” evolution law provides a better fit to
velocity-jump rock friction experiments (e.g., Bhattacharya et al., 2015, 2017; Rathbun & Marone, 2013).
Ampuero and Rubin (2008) showed that these two slip laws result in differences in the nucleation process
on smooth faults; it would be important to examine the behavior of rough faults governed by rate and state
friction with the slip evolution law in future studies.
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Our numerical approach (Tal, 2017; Tal & Hager, 2017) is based on the
mortar finite element formulation (Bernardi et al., 1993), in which
nonmatching meshes are allowed across the fault and the contacts are
continuously updated; thus, it enables slip that is large relative to the
size of the elements near the fault, as well as an accurate modeling of
the variation of normal stress during slip. We extend the 2-D large slid-
ing mortar formulation of Popp et al. (2009) and Gitterle et al. (2010)
to dynamic problems and consistently implement the rate and state fric-
tion law into the method. The method uses Lagrange multipliers with
dual spaces discretization (Wohlmuth, 2000) to enforce the continuity
of stress, nonpenetration condition, and frictional resistance on the fault
in a weak integral sense. This concept is combined with the primal-dual
active set strategy (Brunssen et al., 2007; Hüeber et al., 2008; Hüeber &
Wohlmuth, 2005) to enable an efficient local elimination of the discrete
Lagrange multipliers by static condensation and an efficient semi-
smooth Newton algorithm for the solution of the nonlinear system of
equations. Moreover, the discretization of the friction law involves a
procedure to condense out the state variables, thus eliminating the
addition of another set of unknowns into the system. The method

Table 1
Model Parameter Values

Parameter Value

Frictional properties
Direct-effect parameter a 0.01
Evolution-effect parameter b 0.012
Reference velocity v* 10�6 m/s
Reference friction μ* 0.6
Characteristic sliding distance L 20 μm
Initial friction μ0 0.57
Initial state variable θ0 1 s

Bulk properties
Young’s modulus E 60 GPa
Poisson’s ratio ν 0.25
Density ρ 2,700 kg/m3

Initial remote stresses
Horizontal stress σxx0 100 MPa
Vertical stress σyy0 100 MPa
Shear stress σxy0 57 MPa

Figure 1. (a) The problem setup: a 40 m long finite fault is embedded in a 2-D elastic medium with dimensions 120 × 80 m,
which is subjected a prescribed slow horizontal velocity Vb = ± 10�9 at the top and bottom, zero vertical velocities on
all the boundaries, initial stresses σxx0, σyy0, and σxy0, and horizontal normal tractions on the left and right boundaries
σbxx = σxx0. During the dynamic stages, themodel includes an absorbing layer with gradual Rayleigh damping. (b) The fault
profiles examined in this study. We consider three different general geometries, and for each geometry, eight profiles
are generated with roughness prefactor values of br = 0.001, 0.002, 0.005, and 0.01 and minimum wavelength of
λmin = 0.2 m and 1 m. For reference, we also run a simulation with a smooth fault.
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uses a quasi-static backward Euler time discretization scheme when inertial effects are negligible and implicit
Newmark scheme (Newmark, 1959) for dynamic analysis. Because both schemes are implicit, the implemen-
tation of variable time stepping is straightforward, and the whole seismic cycle can be modeled, including a
completely spontaneous nucleation process.

We use a variable time step size: Based on the current values of slip rates, we estimate the time step size at the
next time step such that the average incremental slip of the 40 fastest nodes along the fault is generally
below 0.4 L (Appendix A). This procedure results in a time step size that represents the evolution of the fric-
tion coefficient well without reducing the time step size to values that lead to simulations with an excessive
number of time steps. We switch between quasi-static and dynamic time integration schemes when the aver-
age slip rate at the 40 fastest nodes on the fault is larger than 5 × 10�5 m/s. For the dynamic stages, we use
the Newmark time integration scheme with small algorithmic damping (β = 0.35 and γ = 0.7) and also add an
absorbing layer with gradual Raleigh damping near the boundaries of the model. We refine the mesh
around the fault with hanging nodes in order to represent the geometry of the fault properly. This results
in 2,561 nodes along the fault with a mesh spacing of 1.56 cm, which is equal to λmin/13 and λmin/64 for
λmin = 0.2 m and 1 m, respectively. Under plane strain conditions, the smallest length scale to be resolved
numerically for a growing nucleation zone on a fault governed by rate and state friction with the aging

law scales roughly as Lb ¼ G
1�ν

L
bσ (Ampuero & Rubin, 2008). Here σ is the normal stress and G and ν are the

shear modulus and Poisson’s ratio of the medium, respectively. With the parameters adopted in this study
(Table 1), the average Lb ≈ 53.3 cm and is resolved with about 34 elements.

Currently, the numerical method accounts only for an elastic rheology of the medium surrounding the fault.
This approximation limits the amount of deformation that the medium can experience before unrealistic
stresses larger than the Coulomb failure criterion accumulate in the material around the fault. Therefore,
we set the total time of the simulation to the time during which two large events would occur, if a smooth
fault were considered. Because we do not model a long sequence of earthquakes, the initial conditions have
a significant effect on the results, despite the spontaneous nucleation. We conceptually begin the simulation
at the end of an earthquake that ruptured the whole fault and choose the initial friction parameters accord-
ingly. We assume that the earthquake approached a slip rate on the order of 1 m/s during the rupture and
that the state variable and the friction coefficient had no time to evolve and are equal to their steady state
values at this slip rate, θ0 = L/1 and μ0 = μ* + (a � b) ln (1/v*) ≈ 0.57, respectively. The initial shear stress is
chosen such that σxy0 = μ0σyy0. As the roughness of the fault increases, some segments along the fault
may begin to slip under smaller shear stress. In these cases, the initial shear stress is smaller than μ0σyy0,
but in order to maintain similar initial conditions in all simulations, we do not allow the state variable to
evolve until the remote shear stress exceeds σxy0.

3. Results
3.1. The Nucleation Process

To study the nucleation process, we need to define when the nucleation process begins, and when nuclea-
tion ends and the dynamic stage begins. For the friction parameters adopted in this study, the nucleation
process involves stages both of localization and expansion of the rupture with accelerating slip rates
(Rubin & Ampuero, 2005). The determination of the exact stage in which those processes start is somewhat
subjective and becomes more complex with the addition of roughness. Therefore, we determine the begin-
ning of the nucleation stage, from peaks in curves of the time evolution of the average shear traction on the
fault, τav (Figure 2a). With this choice, the nucleation process may begin after the beginning of the localiza-
tion, but this has no effect on the findings described in this paper.

The transition to the dynamic stage of the rupture is defined at the time at which both the moment rate per

unit length, _M0;1d ¼ G∫Lf v x; tð Þdx , is larger than a threshold value of 5 × 109 N/s and an active slip pulse

moves at a speed larger than a threshold of 20% of the shear wave speed of the surrounding medium.
Because with increasing roughness there are many fluctuations in the rupture velocity vr, the latter threshold
is larger than that used by Kaneko and Lapusta (2008). Figure 2b shows the evolution of τav during the first
slip events in the sequences obtained for faults with λmin = 0.2 m, and br = 0.001 and 0.002, as well as the
transition to the dynamic stage. The nucleation begins with a very small decrease in τav, over a time of
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about 5,500 s and 27,000 s for br = 0.001 and 0.002, respectively. For br = 0.002, the nucleation includes
another stage of moderate decrease in τav over about 1,000 s, in which there are some fluctuations in the
rate of decrease. After the transition to the dynamic stage of the rupture, there is a rapid decrease in τav.
For br = 0.001, there is a sharper transition into the dynamic stage.

To examine the effect of roughness on the nucleation process, Figure 3 shows the evolution of slip u, slip rate
v, and the friction coefficient μ along the fault during the sequences obtained for a smooth (planar) fault and
for a rough fault with Geo-1, br = 0.001, and λmin = 0.2 m. The evolution of μ is shown only for the first slip
event in each sequence. We show here the evolution of μ, rather than the shear stress, because the large
spatial variations in the normal and shear tractions on rough faults mask the behavior of the rupture. The con-
tours of u are plotted for the loading, nucleation, and dynamic (propagation and arrest) stages of the seismic
cycle. In the case of the first event of the sequence obtained for a smooth fault, the contours of v and μ are
plotted for the nucleation and the whole dynamic stage. However, for better visualization of the nucleation
stage, the contours of v and μ are shown only for the nucleation stage and for the beginning of the dynamic
stage in other slip events.

We begin with examining the behavior of the smooth fault (Figures 3a, 3c, and 3e). Because the fault is finite,
at the beginning of the first slip event on the smooth fault, the profiles of u and v have a maximum value at
the center of the fault. Correspondingly, μ shows a very small reduction of about 0.02% at the center.
Consequently, there is a localization of u and v and further decrease in μ at the center, which is followed
by expansion of the rupture in a crack-like fashion, with peaks in v and μ near the tips and relatively uniform
values in the interior. This behavior was also observed in the simulations of Rubin and Ampuero (2005) and
Fang et al. (2010) when similar a/b values where used. Both v and vr increase as the rupture expands, and the
nucleation length lnuc, defined as the total length of the rupture at the transition to the dynamic stage, is
about 5.6 m. Note that we use the total length of the rupture, while some studies refer to the half rupture
length. The complex arrest of the rupture and the dynamic effects result in nonuniform distributions of μ
and v at the end of the slip event, with maximum values about 5 m from the ends of the fault. These become
the initial condition for the second slip event, which begins with a localization of u and v at two locations
5.5 m from the left and right ends of the fault. However, because of small numerical errors during the
dynamic stage of the rupture, the profiles of u and v are not perfectly symmetric; they have slightly larger
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Figure 2. (a) The evolution of τav versus time for the eight profiles of Geo-1, as well as for a smooth fault. (b) The evolution
of τav versus time during the first slip events in the sequences obtained for faults with λmin = 0.2 m, and br = 0.001
(right) and 0.002 (left). (c) The evolution of the maximum slip rate on the fault versus time for the eight profiles of Geo-1, as
well as for smooth faults.

Journal of Geophysical Research: Solid Earth 10.1002/2017JB014746

TAL ET AL. 441



values at the right-hand side. This leads to rupture nucleation on the right side of the fault, again in a crack-
like fashion, but with some effects of the location being close to the end of the fault. The nucleation length is
larger, with lnuc ≈ 8.5 m. It is important to note that, practically, the effect of numerical errors, which leads to
the break in the symmetry of the second slip event, is negligible because it is much smaller than the effect of
any heterogeneity of the fault.

In the case of a rough fault with Geo-1, br = 0.001, and λmin = 0.2 m (Figures 3b, 3d, and 3f), the nucleation
process is more complex and highly affected by local geometric barriers, which slow down the expansion
of the rupture and the increase in slip rate. At the beginning of the first slip event, there are already localiza-
tions of u and v, with the maximum values on a 5 m long segment at the center of the fault. A portion of this
segment also experiences a reduction of about 2% in μ. It is important to note that the rupture initiates in this

Figure 3. Profiles of u, v, and μ along the fault for a (a, c, and e) smooth fault and a (b, d, and f) rough fault with Geo-1,
br = 0.001, and λmin = 0.2 m. The time interval between the contours is variable for the loading and nucleation stages
and equal to 1 ms for the dynamic stage. The contours of μ are shown only for the first slip event in each sequence. The
contours of u are plotted for all the stages in the seismic cycle, that is, the loading (dashed purple), nucleation (red),
and dynamic (black) stages, where the dynamic stage includes both the propagation and arrest of the rupture. The final
stage of each slip event is shown in blue. In the case of the first event of the sequence obtained for a smooth fault, the
contours of v and μ are plotted for the whole dynamic stage, with gray contours for the arrest phase. However, for
better visualization of the nucleation stage, the contours of v and μ are shown only for the nucleation stage and the
beginning of the dynamic stage in other slip events. Moreover, the contours of μ are shown only for the first event in each
sequence and we plot only six contours (with different colors) for the nucleation stage.
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location because of the local slope of the fault (see Figure 1), rather than the effect of the finiteness of the
fault. The slip rates at the beginning of the expansion process are a few orders of magnitude smaller than
those in the initial event on the smooth fault. In general, smaller slip rates at this stage promote more
expansion of the rupture before the transition to the dynamic stage (Fang et al., 2010). The rupture
expands to both sides and develops peaks in v and μ near the tips, but then it approaches a barrier on the
right and expands much faster to the left as a unilateral pulse. When the slip rate on the left front is about
10�3 m/s, a new slip pulse initiates on the left and propagates to right on the existing rupture. Because of
a barrier on the left front of the rupture, the new pulse becomes more dominant and has a larger v. At the
transition to the dynamic stage of the rupture, the total length of the rupture is about 9 m and there is a
new pulse that propagates to the left. As new pulses initiate later in the nucleation process, the
rerupturing process is associated with a smaller peak in μ, as well as a smaller reduction. As they join
the stationary pulses at the fronts of the rupture, the peaks in μ instantaneously increase. Similar to the

Figure 4. Profiles of u, v, and μ along rough faults with Geo-1, λmin = 0.2m, and (a, c, and e) br = 0.002 and (b, d, and f) 0.005.
The contours of u are plotted for all the stages in the seismic cycle, that is, the loading (dashed purple), nucleation (red), and
dynamic (black) stages, where the dynamic stage includes both the propagation and arrest of the rupture. The time
interval between the contours is variable for the loading and nucleation stags and equal to 1 ms for the dynamic stages.
The final stage of each of the slip events is shown in blue. For br = 0.005, the contours of v are shown only for the first
and second slip events of the sequence. For better visualization of the nucleation stage, the contours of v and μ are shown
only for the nucleation stage and the beginning of the dynamic stage. Moreover, the contours of μ are shown only
for the first event in each sequence and we plot only six contours (with different colors) for the nucleation stage.
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behavior observed on the smooth fault, the second slip event also starts next to one of the ends of the rough
fault. The nucleation process during the second event is somewhat less complex than that of the first. Note
that for the second slip event, the slip rates at the beginning of the expansion process are similar to those in
the second slip event on the smooth fault, and consequently, they both have similar nucleation lengths.

In general, the complexity of the nucleation process increases as br increases. In the first slip event on the fault
with Geo-1, br = 0.002, and λmin = 0.2 m (Figures 4a, 4c, and 4e), the nucleation stage involves many new slip
pulses, as well as stages where v decreases as the rupture grows. Moreover, the complexity in the nucleation
process and the lower slip rates in the beginning of the expansion process lead to a large nucleation length of
lnuc ≈ 22 m. Similar to the fault with br = 0.001, the second slip event shows simpler behavior and larger slip
rates at the beginning of the expansion process; thus, the nucleation length is small. In the case of the rough
fault with Geo-1, br = 0.005, and λmin = 0.2 m (Figures 4b, 4d, and 4f), there are three slip events. The first slip
event is almost completely aseismic, with only 3% of the total slip occurring during the dynamic stage of the
rupture. Moreover, the loading stage involves much slip, which is partly accumulated during very slow slip
events with a maximum slip rate of v ~ 10�8 m/s (see Figure 2c). Because these events barely affect the
evolution of the average shear stress on the fault, they are not considered here as separate slip events.
The nucleation lengths of the second and third slip events are lnuc ≈ 15 and 33 m, respectively, and about
40% of the slip accumulated during the third slip event is aseismic.

As br increases, for slip events later in the sequences, small regions along the fault begin to open and the
number of nodes that are not in contact increases. For example, Figure 5 shows the normal tractions at
the beginning of the simulation and at the end of the first and second slip events on the fault with Geo-1,
br = 0.005, and λmin = 0.2 m. The spatial variations in the normal tractions generally correspond to the mini-
mum wavelength; there are 14 noncontact nodes at the end of the first slip event and 280 at the end of the
second slip event. When the active rupture passes through these nodes, they slip at rates similar to their
neighboring nodes. However, noncontact nodes that are not on the active rupture, because of the dynamic
waves radiated by the rupture, experience substantial variation in v, including transitions to negative values,

Figure 5. The normal tractions along the fault at the beginning of the simulation and at the ends of the first and second
slip events for fault with Geo-1, br = 0.005, and λmin = 0.2 m. Note that at the end of the second slip event, the normal
traction is slightly larger than 300 MPa for some of the nodes.
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where the logarithm is undefined. Moreover, the value of μ for the non-
contact nodes is meaningless. Therefore, we do not plot the values of μ
and v at the stages when they are not in contact.

At stages when a portion of the fault already slips at a large slip rate,
there are spikes, with large values of v at regions on the fault that are
not part of the active rupture. These spikes correspond to nodes where
the normal traction continuously decreases. As the normal traction
decreases, there is a positive feedback: the decrease in the resistive
forces leads to an increase in v and u, which leads to a further decrease
in the normal traction. The slip rate at the spikes is significantly larger
than for the surrounding nodes but is generally smaller than 10�4 m/s.
At these slip rates, the strain is so small that the deformation can be very
local. Note also that the fault includes 2,561 nodes; thus, spikes that
include several nodes also appear highly localized in the plots.

3.2. Nucleation Length

The nucleation lengths, lnuc, of the fast slip events in the 25 simulated
earthquake sequences are summarized in Figure 6. Only slip events
where the slip accumulated during the dynamic stage of the rupture is
more than half of the total slip are considered. In general, lnuc increases
with increasing slope as br increases, but there is also substantial varia-

bility in the values as br increases. A significant effect is observed for whether the slip event is first or later
in the sequence, where except for the smooth fault, the values of lnuc in the first slip events are larger than
those of later events. In the case of the first slip events, lnuc increases rapidly with br for br ≤ 0.002 and there
are no fast slip events for larger br values. For slip events later in the sequence, there is a very small increase in
lnuc with br for br ≤ 0.002 and a large increase for higher br values. The effect of λmin on lnuc is negligible for
br ≤ 0.002. As br increases, lnuc significantly increases with decreasing λmin, where for br = 0.01, there are fast
slip events only for λmin = 1.

The nucleation lengths obtained here for smooth faults are generally consistent with those in the studies of
Rubin and Ampuero (2005) and Fang et al. (2010). Rubin and Ampuero (2005) used a fracture energy balance
to show that in the limit of large slip rates the nucleation length on smooth faults asymptotically approaches

lc ¼ 2G�Lb
πσ b� að Þ2 ; (3)

where for plane strain G* = G/(1� ν). How closely the nucleation length approaches lc depends on the loading
rate and the initial conditions, which significantly affect the nucleation-zone expansion process (e.g., Fang
et al., 2010; Rubin & Ampuero, 2005). In this study, the values of lnuc for the first and second slip events on
the smooth fault are 0.45lc and 0.7lc, respectively.

3.3. Initiation of the Rupture
3.3.1. Location on the Fault
In all slip events, the nucleation process begins with localization of slip and slip rate and local reduction in the
frictional resistance (see Figures 3 and 4). In this section, we examine the effects of roughness on the location
where the nucleation process of fast slip events initiates, as well as the effects of the final conditions of the
preceding slip events when the slip events are later in the sequence. As mentioned earlier, we define the
beginning of the slip events at peaks in curves of the time evolution of the average shear stress on the fault.
However, as the roughness increases, more slip is accumulated during the loading stage and the localization
process begins in multiple regions before the beginning of the slip event (as we defined it), although with
very small slip rates. We are interested in the region in which the actual rupture initiates, and we study the
location of this region in the rest of this section. To define an exact location, we search for a peak in the slip
accumulated during the loading stage in this region (Figure 7). It is important to note that the complex
nucleation process on rough faults may lead to a completely different location of the final slip pulse at the
transition to the dynamic stage.

Figure 6. The nucleation lengths of the fast slip events in the 25 simulated
earthquake sequences. Only slip events where the slip accumulated during
the dynamic stage of the rupture is more than half of the total slip are
considered. Slip events that are the first in the sequence are shown in blue,
while later events are shown in red, both with open circles for faults with
λmin = 0.2 m and “plus” symbols for faults with λmin = 1 m. The curves
represent the average values for the first (blue) and later (red) slip events on
faults with λmin = 0.2 m (solid) and λmin = 1 m (dashed).
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In the first fast slip events in the earthquake sequences, the ruptures initiate at the center of the fault for Geo-
1, 6–8m from the ends of the fault for Geo-2, and 2.5 m from the center of the fault for Geo-3 (Figure 8). These
locations correspond to regions on the faults where the orientation is preferable for slip, that is, regions with
relatively large negative slopes of the fault topography and with no adjacent geometric barriers with a large
positive slope. Note that the figure shows the absolute distance of the initial localization from the center of
the fault |xini|. In the case of Geo-2 and λmin = 0.2 m, the initiation of the actual rupture occurs at the left side of
the fault for br = 0.001 (Figure 7). For br = 0.002, the slope of this section is more negative; thus, it starts to slide
under smaller loading and the available energy is smaller. Moreover, the rupture has to propagate through
barriers with larger amplitude. Therefore, the slip rate on this section does not accelerate and the actual
rupture initiates on a section on the right that accumulated less slip during the loading stage.

For slip events that are later in the sequences, |xini| is determined by both the state of stress at the end of
earlier events and the geometry of the fault. For br ≤ 0.001, the later events initiate 4–6 m from the ends of
the fault, where the shear stress at the end of preceding slip events is maximal. As br increases, the effect
of the geometry becomes more important. In the case of faults with br ≥ 0.005 and Geo-1, the location where
the later events initiate is always next to the center, but for Geo-2 and Geo-3 it is more scattered between few
regions where the geometry of the fault is more favorable for slip.

3.3.2. Loading Stage
To examine further the initiation of the rupture in later events, Figure 9
shows the evolution of shear tractions τt, v, θ, and μ at six loading stages
between the end of the first slip event and the beginning of the second
slip event for a smooth fault and a fault with Geo-1, br = 0.002 and
λmin = 1 m. The figure also shows the six loading stages on curves of
the average shear stress on the fault versus time. For both geometries,
the distributions of v, θ, and μ at stage #1 are not correlated with the
local geometry of the fault. They result from the finiteness of the fault
and the complex arrest of the rupture during the first slip event. The
maximum values of v and μ at this stage are at both X = 5 and 35 m
for the smooth fault and X = 5 m for the rough fault. For the rough fault,
there are large spatial variations in τt, which correlate with λmin/2. These
are due to changes in the normal tractions on the fault as it slipped dur-
ing the first slip event. Note that stage #1 is defined at the stage where
the average stress begins to increase consistently with time, which is
500–800 s after the dynamic stage of the rupture (see Figure 9).

Consider the smooth fault. At stage #2, all the nodes on the smooth fault
are in a stuck state; thus, the slip rate considered for the friction calcula-
tion is the threshold velocity (equations (1) and (2)) and μ is spatially
constant. However, this does not seem to be an important issue

Figure 7. Profiles of u and v for the loading (purple) and the beginning of the nucleation stage (red) during the first slip
events in the sequences obtained for faults with Geo-2, λmin = 0.2 m, and (a and c) br = 0.001 and (b and d) 0.002.

Figure 8. The locations where the fast slip events in the 25 simulated
earthquake sequences initiate at the beginning of the nucleation stage.
The plot shows the absolute distance of the locations from the center of the
fault. Slip events that are the first in the sequence are shown in blue,
while later events are shown in red, both with open circles for faults with
λmin = 0.2 m and plus symbols for faults with λmin = 1 m.
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because the shear tractions are not affected by the threshold velocity. At stages 3–5, τt, v, and μ increase with
time, maintaining their distribution from stage 1. At stages 1–4, the term vθ/L in equation (2) is much smaller
than one; thus, θ is spatially constant and equal to the time from the dynamic stage of the first slip event. At
stage #5, θ varies spatially with a distribution that is a mirror image of the distributions of τt, v, and μ. At stage
#6, the localization in v begins, with a maximum value at X ≈ 34.5 m. Correspondingly, there are reductions in
τt, θ, and μ in this region.

For the rough fault, some of nodes are at a stuck state with constant value of μ at stage #2, while other nodes
slip with different values of v and μ. The large-scale distributions of v and μ at the slipping nodes correspond
to their distributions at the end of the first slip event, but there are also small-scale variations that correspond
to the roughness and the spatial variations of the normal tractions. At stages 3–5, τt, v, and μ increase with
time, but the amplitude of the small-scale variations in v and μ decreases, especially on the left side of the
fault, where both are larger. At stages 1–3, θ is spatially constant and equal to the time from the dynamic
stage of the first slip event, while at stages 4–5 it varies spatially with a distribution that is a mirror image
of the distributions of v and μ. At stage #6, v does not localize exactly at the region where the values of v
and μ are maximum at stage #1, but there is a shift of 2.5 m to the right because the localization cannot take
place on a region where the slope of the fault is positive, especially as br increases. The small-scale variations
in v that correspond to λmin/2 are not observed in the region where the localization occurs. The localization is
accompanied by reductions in τt, θ, and μ at the same region and the initial development of peaks in μ at the
ends of this region.

Figure 9. The evolution of shear tractions τt, v, θ, and μ at six loading stages between the end of the first slip event and the
beginning of the second slip event for a smooth fault and a fault with Geo-1, br = 0.002 and λmin = 1 m. The six loading
stages are shown on the curves of the average shear stress on the fault versus time.
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4. Discussion
4.1. The Effect of the Initial Conditions and Fault Geometry on the Nucleation Process

The location of the slip event in the earthquake sequence has a large effect on the nucleation process, and
especially whether the slip event is the first one, or later in the sequence. Moreover, the effect of roughness
is generally larger for the first slip events. The first slip events share similar initial conditions, with initially
homogeneous stress along the fault. As br increases, segments with preferable orientation slip earlier and
under lower average shear load (see Figure 2); thus, the available energy for the rupture process is smaller
and the transition between the localization and expansion processes of the rupture is earlier. The earlier tran-
sition is accompanied by smaller slip rates (see Figures 3 and 4), which enable more expansion of the rupture
before the transition to the dynamic stage. Moreover, the rupture has to propagate through barriers with lar-
ger amplitude, which complicates the nucleation process. For br ≤ 0.002, these effects lead to significant
increases in lnuc with br for the first events. For larger values of br, the first events are aseismic or involve
mostly aseismic deformation.

For slip events that are later in the sequences, the initial stresses are not constant along the fault and are
determined by the rupture process in the previous slip event, which is itself determined by the roughness
and finiteness of the fault. The latter has a large effect on the arrest stage of the rupture. The nonconstant
initial stresses together with the roughness govern the loading and nucleation stages of the rupture in the
later slip events. The small change in lc with br for br ≤ 0.002 for the later events suggests that the effect of
the finiteness of the fault on the initial stresses is themost dominant factor in the nucleation process for these
values of br. This is also reflected in the location where most of these events initiate for br ≤ 0.001 and for
some of the slip events on fault with br = 0.002. For larger values of br, the roughness seems to play a
larger role.

We consider here only the elastic response of themedium surrounding the fault. For the first slip events in the
sequences, the inclusion of more complex rheologies, such as damage, plasticity, or viscoelasticity, is not
expected to have a large effect on the nucleation process because the deformations in the medium around
the fault are not large yet. At later events there are two competing effects. On the one hand, off-fault inelastic
deformation would decrease the stress concentrations at the tips of the fault and, in general, promote more
homogeneous initial stresses on the fault, which would lead to a larger effect of roughness during the
nucleation stage, as discussed above. On the other hand, the geometric barriers, which introduce substantial
complexity into the nucleation process, are expected to be weaker with the inclusion of these rheologies.

We believe that, for the frictional parameters adopted in this study, the fault length considered (Lf = 40 m) is
sufficient to study the nucleation process and that the main findings of this study are valid also for larger fault
lengths. For smooth faults with homogenous initial conditions, lnuc generally decreases with increasing fault
length. However, the rate of decrease is quite small for most initial and loading conditions, including those of
this study, and declines with increasing fault length (Fang et al., 2010). For rough faults, there is no correlation
between the nucleation lengths and whether the rupture initiates next to the center or near the end of the
fault; thus, we do not expect different values of lnuc for larger fault lengths.

4.2. Nucleation Length and Fault Stability

In this section, we aim to explain quantitatively the behavior of lnuc in the later slip events, where the nuclea-
tion process is generally less complex. Using a two-dimensional static, linear elastic boundary element model,
Dieterich and Smith (2009) quantified the additional resistance to slip from fault roughness. They suggested
that stresses from geometric irregularities grow linearly with slip and produce backstresses that progressively

impede slip. Thus, the relationship between the average slip on the fault,D, and a uniform stress drop on the
fault, Δτ, can be approximated by a combined system stiffness as

Ks þ Krð ÞD ¼ Δτ; (4)

where Ks is the effective stiffness of a slipping patch on a smooth fault, which for an expanding rupture with
half length arup under plane strain condition is given by (Starr, 1928)

Ks ¼ 2G�

πarup
; (5)
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and Kr is a stiffness accounting for the additional resistance from the roughness. Using slip scaling arguments,
Dieterich and Smith (2009) showed that Kr scales with G*br

2/λmin and depends weakly on H for H ≥ 0.75. Fang
and Dunham (2013) used a second-order boundary perturbation analysis of small, quasi-static, frictionless,
and uniform sliding across a band-limited self-similar interface (H = 1) in an elastic solid to derive a precise
expression for the additional shear resistance, or roughness drag, as

τdrag ¼ KrD ¼ 8π3G�br2

λmin
D: (6)

We assume a symmetric expansion process during the nucleation and use a fracture energy balance (e.g.,
Rubin & Ampuero, 2005), which is a more suitable approach for large a/b values, together with the combined
stiffness system described by equations (4)–(6) to derive an approximate expression for the nucleation length
on rough faults governed by rate and state friction (Appendix B) as

lc μ;rð Þ ¼ 2lc

1� lμr
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� lμr
� �q ; (7)

with

lμr ¼ 4π4
lcbr

2

λmin
< 1: (8)

Note that lc(μ, r) reduces to lc for a smooth fault (br→ 0). In addition, it becomes infinitely large for lμr→ 1 and
is undefined for lμr > 1; thus, an earthquake with large slip rates can nucleate only for lμr < 1. This suggests
that the condition in equation (8) provides the frictional and roughness conditions under which faults can
slip seismically.

The approximate solution for lc(μ, r) agrees well with the main trends observed in the simulations for the
later events and can be used to estimate the lower bound of lnuc for faults with large br. Figure 10 shows
the ratio lc(μ, r)/lc as a function of br for λmin = 0.2 and 1 m, as well as the values of lnuc obtained in the
simulations for the later fast slip events, normalized by that of the smooth fault. Similarly to lnuc of the

Figure 10. The ratio lc(μ, r)/lc as a function of br for λmin = 0.2 m (black curve) and 1 m (blue curve). The values of lnuc for the
later fast slip events in the simulations normalized by that of the second event on the smooth fault are also shown. The
error bars represent the range of the nucleation lengths that were obtained for a given combination of λmin and br.
The predicted transitions between stable and unstable fault slip behavior are also shown, as well as whether, in the
simulations, the faults experienced sequences of only fast slip events (Un), fast and slow slip events (Un + St), and only
slow slip events (St).
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later events, the change in lc(μ, r) is very small for br ≤ 0.002. For λmin = 0.2 m, the ratio lc(μ, r)/lc increases
rapidly at larger values of br and is within the range of the simulation values for br= 0.005, although at
the lower part. For λmin = 1 m, the ratio increases less rapidly and is below the corresponding simulation
values at br = 0.005 and 0.01. The estimated transitions between seismic and aseismic behavior (lμr = 1)
are consistent with simulations. For λmin = 0.2, the transition is at br = 0.0065, and the simulations show
that faults with br = 0.005 experience two or three fast slip events, but faults with br = 0.01 experience
only slow slip events. For λmin = 1, the transition is at br = 0.0145, and the simulation shows that faults
with br = 0.01 experience two or three fast slip events.

4.3. Detection of the Nucleation Stage and Its Relationship to the Final Size of the Event

Near-source observations suggest that the seismic nucleation phase can be detected and that it is character-
ized by a relatively small moment rate with irregular fluctuations, which are followed by quadratic growth in
the moment rate as rupture begins to propagate (Ellsworth & Beroza, 1995, 1998). Lapusta and Rice (2003)

Figure 11. (a) Curves of the evolution of _M0;1d during 18 s near their maximum values for the first (solid) and later (dashed)
slip events in the earthquake sequences shown in Figures 3 and 4, except for the first slip event for br = 0.005. To show
all slip events in a single plot, the curves begin at the time when the moment rate exceeds a value of _M0;1d ¼ 106 N/s for
the last time before it approaches its maximum value. The black circles denote the transition between the nucleation
and the dynamic stages, as defined in this study. (b) The evolution of _M0;1d during 0.05 s near its maximum value for the
same slip events. The curves are aligned such that they all begin when _M0;1d exceeds a value of 2 × 109 N/s for the last
time before it approaches the maximum value. The black circles denote the transition between the nucleation and
the dynamic stages.
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performed simulations of earthquake sequences in a 2-D antiplane framework and showed that large
earthquakes may have irregular moment rate in the beginning of the dynamic stage because of the hetero-
geneous stress field caused by arrest of previous events.

The complexities in the nucleation process in the case of rough faults, such as irregular evolution of the slip
rates and the rate of expansion of the rupture, also result in fluctuations in the moment rate. Figure 11a

shows the evolution of the moment rate per unit length, _M0;1d , in the slip events shown in Figures 3
and 4, except for the first slip event for br = 0.005. To show all slip events in a single plot, the curves are

aligned such that they all begin when _M0;1d exceeds the value of 106 N/s for the last time before it

approaches the maximum value. At this scale, _M0;1d shows irregular behavior mostly for br = 0.005, with
large variations that may be considered as subevents. To examine the behavior near the transition to

the dynamic stage, in Figure 11b, the curves are aligned such that they all begin when _M0;1d exceeds a
value of 2 × 109 N/s for the last time before it approaches the maximum value. In the first slip events

on a smooth fault and a fault with br = 0.001, _M0;1d increases monotonically up to the peak value, while
in other events it exhibits irregular fluctuations. The number of the fluctuations and their magnitudes gen-
erally increase with increasing br. In the two events on the fault with br = 0.002 and the second event on

fault with br = 0.005, there is a relatively long stage of small and irregular _M0;1d, which is followed by a stage
of rapid increase toward the peak value. Note that the transition between these two stages occurs after the
beginning of the dynamic stage of the rupture defined in this study.

The behavior of _M0;1d at the two stages somewhat resembles the seismic nucleation phase observed by
Umeda (1990) and Ellsworth and Beroza (1995, 1998). While they observe that the duration, source dimen-
sion, and average slip associated with the nucleation phase scale with the moment of the eventual earth-

quake, we generally observe that the final size of the slip event decreases as _M0;1d shows a longer stage of
irregular behavior. However, we study the behavior of small faults with the largest slip event equivalent to
a magnitude 1.5 earthquake, while they examine moderate to large earthquakes, in which the nucleation
phases themselves are much larger than the slip events in our study. Nakatani et al. (2000) analyzed the
velocity waveforms of 17 microearthquakes (0.3 ≤ M ≤ 2.1) in Japan and showed that microearthquakes that
start with a stronger initial rupture tend to grow larger, which is consistent with the trends obtained in our
study. It is important to note, however, that other studies do not show a consistent relationship between
the beginning of the nucleation phase and the final size of the earthquakes (e.g., Mori & Kanamori, 1996).

The irregular behavior of _M0;1d for br ≥ 0.002, as well as the increase in lnuc with br at these br values,
increases the potential for detection of the nucleation phase, at least near the beginning of the dynamic
stage, when the rupture is larger and the fluctuations are associated with larger deformations on the fault
than at earlier stages. However, the lab-scale value of L = 20 μm for the characteristic slip distance used
in our study leads to small nucleation zones, which are difficult to detect, even for the roughest faults. If
the values of L for natural faults are much larger than the values obtained in laboratory experiments (e.g.,
Marone & Kilgore, 1993; Scholz, 1988) and the roughness parameters that are significant in the rupture pro-
cess allow seismic behavior, the deformation during the nucleation should be large enough to be detected.
However, it is important to note that we consider here only the “aging” formulation for the state evolution
law. The slip state evolution law predicts a smaller nucleation length than does the aging law for the values
of a and b adopted here (e.g., Ampuero & Rubin, 2008).

5. Conclusions

We study numerically the effects of roughness on the nucleation of earthquakes on faults governed by
rate and state friction and subjected to slow loading. Our numerical approach accounts for all stages in
the seismic cycle, and in each simulation we model a sequence of two earthquakes or more. This enables
studying the effects of heterogeneities left by the arrest of a slip event on the nucleation process in a
subsequent event.

Roughness introduces local barriers that complicate the nucleation process and result in asymmetric
expansion of the rupture, stages where the rupture expands but the slip rates on the fault decrease,
and the generation of new slip pulses, which rerupture regions that already slipped.

Journal of Geophysical Research: Solid Earth 10.1002/2017JB014746

TAL ET AL. 451



A significant effect is observed for whether the slip events are first or later in the earthquake sequence, with
larger effects of the roughness for the first events, where the initial conditions are homogenous. For the first
events, there is a large increase in the nucleation length with br for br ≤ 0.002, and a transition to aseismic or
mostly aseismic deformation for larger br values. Moreover, in the first events the ruptures always initiate
where the local geometry of the fault is most favorable for slip. For slip events later in the sequence, the initial
stress field and frictional conditions are determined by the rupture growth and arrest in previous slip events,
which are themselves determined by the finiteness of the fault and the roughness. This leads to a trade-off
between the effects of the finiteness of the fault and the roughness. For br ≤ 0.002, the effects of finiteness
of the fault on the initial stresses are a more dominant factor in the nucleation process, the nucleation length
barely changes with br, andmost of the events initiate close to the ends of the fault. For larger values of br, the
roughness seems to play a larger role, the nucleation length increases with br, and location where the events
initiate is more variable.

To explain the behavior of the later events more quantitatively, we derive an approximate solution for

the nucleation length on rough faults as 2lc
1�lμrð Þþ ffiffiffiffiffiffiffiffiffiffiffiffi

1�lμrð Þp , with lμr ¼ 4π4 lcbr
2

λmin
< 1. The solution agrees well

with the main trends observed in the simulations for the variation of lnuc with br and λmin and provides
insight on the effect of frictional and roughness properties on the transition between seismic and aseis-
mic slip behavior.

The complexities in the nucleation process are reflected as irregular fluctuations in the moment rate,

especially for br ≥ 0.002. The irregular behavior of _M0;1d and the increase in the nucleation length at these
br values increase the potential for detection of the later stages in the nucleation process.

Appendix A: Variable Time Step Size

We adopt the following criteria to estimate the time step size at the next time step. (1) Based on the cur-
rent values of slip rates, we aim that the average incremental slip of the 40 fastest nodes along the fault,
Δu40, will be smaller than 0.4 L; (2) To model the healing stage accurately, the size of the next time step
cannot be larger than that of the current one by more than 1.5; and (3) at the end of the dynamic stages
the time step cannot exceed a value of 50 μs until the kinetic energy in the medium is dissipated. Figure A1
shows the evolutions of Δu40, the maximum incremental slip for each time step, Δu1, and the time step
size, Δt, during a simulation on fault with Geo-1, br = 0.001, and λmin = 1 m. By adjusting the time step
based on the 40 fastest nodes, we significantly reduce the number of time steps during the dynamic stages
of the events, which include about 93% of the total number of time steps, but represent the evolution of
the friction coefficient well. During the loading and nucleation stages, the slip rate peaks are generally wide
and the difference between Δu1 and Δu40 is smaller than 25%; thus, Δu1 is generally less than 0.5 L. Δu1 is
smaller than 0.3 L during the loading stage (except for six time steps with larger values with maximum of
0.55 L) and increases from 0.3 L to 0.5 L during nucleation stage. During the dynamic stages of the rupture,
Δu1 increases up to values of about 0.9 L. However, considering the evolution of the shear traction and slip
rate with slip for a given node (Figure A2), the maximum slip rate, and consequently the maximum incre-
mental slip, is at the stage where the shear stress decreases linearly with slip; thus, the evolution of the
friction coefficient is represented well also with slip intervals larger than 0.5 L. Moreover, the observed
slip-weakening behavior matches that expected for dynamic ruptures on faults obeying rate and state
friction law (e.g., Bizzarri & Cocco, 2003; Rubin & Ampuero, 2005). The observed equivalent slip-weakening
distance, dc ≈ 28L, agrees with estimate of dc = L ln (v/vi), where vi is the slip rate prior to the arrival of the
rupture tip and is about 10�11 m/s for that node. Similarly, the peak to residual shear traction drop,
τp� r ≈ 32 MPa, agrees with the estimate of τp � r = bσL ln (v/vi).

Appendix B: A Fracture Energy Balance-Based Derivation for the Nucleation Length
on Rough Faults

Assuming that the ratio a/b is large and promotes expansion and that expansion is relatively symmetric with
a uniform stress drop, we use a fracture energy balance approach (e.g., Rubin & Ampuero, 2005) to derive an
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approximate estimation for the nucleation length on rough faults governed by rate and state friction.
Consider a growing shear rupture with total length of 2arup, the strain energy release per unit length is
(Lawn, 1993)

ΔW0 ¼ ΔτD2arup
2

: (B1)

Substituting D from equations (4)–(6),

ΔW0 ¼ Δτ2

2G�
arup

1
πarup

þ 4π3br 2

λmin

: (B2)

The reduction in mechanical energy per increment of crack length is
given by (Lawn, 1993)

Genergy ¼ 1
2
∂ΔW0

∂arup
¼ Δτ2

2G�

1
πarup

þ 2π3br
2

λmin

1
πarup

þ 4π3br2

λmin

h i2 : (B3)

At the transition from the nucleation to the dynamic stage, the rupture is
in equilibrium and Genergy is balanced by the fracture energy Gc, which
for rate and state friction with large v yields (Rubin & Ampuero, 2005)

Gc ¼ σbL
2

ln
v
vi

� �	 
2
; (B4)

where vi denotes the value of v just prior to the arrival of the rupture tip.
We note that the derivation does not account for the effect of normal

Figure A2. The evolutions of τt and v with u/L for a node located at a
distance of 10 m from the right end of the fault during the second slip event
in a simulation on fault with Geo-1, br = 0.001, and λmin = 1 m. Note that
the slip is calculated from the beginning of the simulation and that the later
stages of the event are not shown.

Figure A1. (a) The evolutions of Δu40/L (plus symbol) and Δu1/L (circles) during a simulation on a fault with Geo-1,
br = 0.001, and λmin = 1 m. The simulation includes two events; for each event the loading, nucleation, and dynamic
stages are shown in different colors. (b) The evolution of the time step size.
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stress perturbations on Gc, which can induce short slip accelerations transients and even foreshocks during
the nucleation process, as observed in the simulations (see Figure 11).

Equating equations (B3) and (B4), substituting the large v estimate of stress drop Δτ ¼ σ b� að Þ ln v
vi

� �
, and

replacing arup by the half length of the rupture at equilibrium, acrit, give

1
πacrit

þ 2π3br
2

λmin

1
πacrit

þ 4π3br
2

λmin

h i2 ¼ b
b� a

� �2 G�L
bσ

: (B5)

We substitute

b
b� a

� �2 G�L
bσ

¼ π
2
lc ¼ A and

2π3br
2

λmin
¼ B (B6)

and arrange the terms to obtain a quadratic equation as

π2B 4AB� 1ð Þacrit2 þ π 4AB� 1ð Þacrit þ A ¼ 0: (B7)

The roots of the equation are given by

acrit 1; 2ð Þ ¼
1� 4ABð Þ ± ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4ABð Þp
2πB 4AB� 1ð Þ ; (B8)

with a positive value only for

acrit ¼ 1� 4ABð Þ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4ABð Þp

2πB 4AB� 1ð Þ ; 1� 4AB > 0: (B9)

To simplify further, we multiply by
1�4ABð Þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4ABð Þ

p
1�4ABð Þþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�4ABð Þ

p and obtain

acrit ¼ 2A
π

1

1� 4ABð Þ þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4ABð Þp ; 1� 4AB > 0: (B10)

The final expression for the nucleation length is given by

lc μ;rð Þ ¼ 2acrit ¼ 2lc

1� lμr
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� lμr
� �q ; lμr < 1; (B11)

where lμr ≡ 4AB ¼ lc
2
8π4br

2

λmin
.
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