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MODEL THEORY AND ROKHLIN DIMENSION

FOR COMPACT QUANTUM GROUP ACTIONS

EUSEBIO GARDELLA, MEHRDAD KALANTAR, AND MARTINO LUPINI

Abstract. We show that, for a given compact or discrete quantum group G, the class of actions of G on

C*-algebras is first-order axiomatizable in the logic for metric structures. As an application, we extend the

notion of Rokhlin property for G-C*-algebra, introduced by Barlak, Szabó, and Voigt in the case when G is

second countable and coexact, to an arbitrary compact quantum group G. All the the preservations and rigidity

results for Rokhlin actions of second countable coexact compact quantum groups obtained by Barlak, Szabó, and

Voigt are shown to hold in this general context. As a further application, we extend the notion of equivariant

order zero dimension for equivariant *-homomorphisms, introduced in the classical setting by the first and third

authors, to actions of compact quantum groups. This allows us to define the Rokhlin dimension of an action

of a compact quantum group on a C*-algebra, recovering the Rokhlin property as Rokhlin dimension zero. We

conclude by establishing a preservation result for finite nuclear dimension and finite decomposition rank when

passing to fixed point algebras and crossed products by compact quantum group actions with finite Rokhlin

dimension.

1. Introduction

The Rokhlin property is a freeness condition for actions of groups on C*-algebras. It has been intensively
studied in recent years due to, among other things, the strong implications it has on the structural properties
of fixed point algebras and crossed products. While generalizations to noncompact groups, such as Z [32], or R

[27], have been considered, the most common setting where the Rokhlin property has been studied is the one
of finite or, more generally, compact groups; see [17, 29]. In this case, it has recently been shown implicitly
[1], and explicitly in [22], that the Rokhlin property is of model-theoretic nature. Namely it corresponds to
the *-homomorphism defining the action being positively existential in the sense of first order logic for metric
structures.

Building on this work, the notion of Rokhlin property and the above-mentioned preservation results have
been generalized to the more general setting of actions of coexact compact quantum groups on C*-algebras in
[2]. This work has significantly expanded the scope of the preservation results for Rokhlin actions, paving the
way of finding several new examples of classifiable C*-algebras arising from compact quantum group actions.
Furthermore, approach from [2] has also contributed to a simplification and better understanding of the Rokhlin
property, even in the classical setting.

While very fruitful, the Rokhlin property is also quite restrictive. In order to circumvent this problem, the
notion of Rokhlin dimension has been recently introduced in the setting of actions of finite groups [28], compact
groups [19], or R [27]. In this setting, the Rokhlin property corresponds to having Rokhlin dimension equal to
zero. Furthermore, unlike Rokhlin actions, actions with finite Rohlin dimension are prevalent, even in the case
of C*-algebras that do not admit any Rokhlin action, such as the Jiang–Su algebra.

The model-theoretic description of the Rokhlin property has been generalized to Rokhlin dimension in [22], in
terms of the notion, introduced therein, of equivariant order zero dimension for an equivariant *-homomorphism.
Such a notion subsumes the notion of positively existential equivariant *-homomorphism, which corresponds to
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having equivariant order zero dimension equal to zero. This new perspective has been used in [22] to recover and
extend various preservation results for fixed point algebras and crossed products of actions with finite Rokhlin
dimension.

The goal of this paper is to show how these notions and results naturally extend to the more general setting of
actions of compact quantum groups. To this purpose, we begin by showing that, for a fixed discrete or compact
quantum group G, the class of actions of G on C*-algebras (G-C*-algebras) is first-order axiomatizable in a
suitable language in the logic for metric structures. This provides a notion of positively existential G-equivariant
*-homomorphism between G-C*-algebras, as well as a notion of ultraproducts and reduced products for G-C*-
algebras consistent with the one considered in [2]. This perspective is then used to show how to remove all
coexactness and separability assumptions in the preservation and rigidity results from [2].

We then consider the natural generalization to the notion of equivariant order zero dimension for equivariant
*-homomorphisms, and define Rokhlin dimension for compact quantum group actions in terms of such a notion.
We use the perspective of order zero dimension to establish many relevant facts about actions with finite Rokhlin
dimension, some of which are new even in the well studied case of finite group actions. We conclude by showing
how the preservation results for nuclear dimension and decomposition rank under fixed point algebras and
crossed product from [19, 22, 28] admit natural extensions to this setting.

In order to make the present paper accessible to readers that are not necessarily familiar with quantum
groups, we recall all the definitions and results that we use. The interested reader can find more information in
the monographs [6, 47] and the surveys [34, 35, 39]. Both compact and discrete quantum groups are subsumed
by the more general class of locally compact quantum groups as defined and studied in [36–38, 48]. While this
allows one to give a unified treatment, it is also technically more demanding. In order to make the paper more
accessible, and since all our results regard quantum groups that either compact or discrete, we will present all
the notions that we consider in these special cases. The interested reader is referred to [36–38, 48] as well as
the monograph [47] for more information on locally compact quantum groups.

For convenience of the readers unfamiliar with first order logic for metric structures, we include an appendix
containing the notions and results from the logic for metric structures that are used in the present paper. We
will work in the framework of logic for metric structures with domains of quantification as considered in [15].
A good introduction to this topic is offered by the monograph [3]. A systematic study of C*-algebras from the
perspective of model theory has been undertaken [12]; see also [4, 7–9, 11, 13–16, 24, 25, 40, 41].

The present paper is divided into five sections, besides this introduction. In Section 2 we recall the notion of
discrete quantum group, discrete quantum group action, and show that the class of actions of a given discrete
quantum group on C*-algebras is first-order axiomatizable. The same is done in Section 3 for compact quantum
groups. Section 4 contains some results, to be used in the following sections, relating the notion of ultraproduct
of G-C*-algebras with crossed products and stabilization. In Section 5 we introduce the notion of positive
existential embeddings and Rokhlin property for a G-C*-algebra, generalizing notions introduced in [2] when
G is coexact and second countable. The main results of [2] are then generalized to the case of an arbitrary
compact quantum group G. Finally, Section 6 contains the notion of G-equivariant order zero dimension for
morphisms between G-C*-algebras, which is used to define the Rokhlin dimension of a G-C*-algebra. Our
main preservation results for nuclear dimension and decomposition rank for G-C*-algebras with finite Rokhlin
dimension are presented here.

Given a subset X of a Banach space E, we denote by [X ] the closure of the linear span of X inside E.

If A is a C*-algebra, then we let M(A) be its multiplier algebra, and by Ã its minimal unitization. We

canonically identify A with an essential ideal of M(A) and of Ã. We denote by ⊗ the injective tensor product
of Banach spaces, and the minimal tensor product of C*-algebras (which indeed coincides with the injective
tensor product as Banach spaces). The algebraic tensor product of complex algebras is denoted in this paper
by ⊙. A *-homomorphism π : A→ B between C*-algebras is said to be nondegenerate if [π(A)B] = B. Given a
nondegenerate *-homomorphism π : A → M(B), we also denote by π its unique extension to a (unital, strictly
continuous) *-homomorphism π : M(A) →M(B). We say that a C*-subalgebra A of B is nondegenerate if the
inclusion map from A to B is nondegenerate. We will frequently use in the following that if A is a C*-algebra,
and I is a dense two-sided ideal in A, then I contains an increasing approximate unit for A.

Given a Hilbert space H, we let B(H) be the space of bounded linear operators on H, and K(H) be the
space of compact operators on H. Given vectors ξ, η ∈ H we denote by φξ,η the corresponding vector linear
functional φξ,η(T ) := 〈η, T ξ〉. We will frequently use the leg notation for elements in a tensor product [47,
Notation 7.1.1]. For a Hilbert space H, we let Σ ∈ B(H ⊗H) denote the flip unitary. If T ∈ B(H⊗H), we let
T12, T23, T13 ∈ B(H⊗H⊗H) be defined by T12 = T ⊗ idH, T23 = idH ⊗ T , and T13 = Σ23T12Σ23 = Σ12T23Σ12.
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More generally, one can similarly define the operators Ti1...ik ∈ B(H ⊗ · · · ⊗ H) for any sequence of indices
i1, . . . , ik.

2. An axiomatization of discrete quantum group actions

2.1. Discrete quantum groups. A discrete quantum group G is a C*-algebra c0(G) which is a direct sum of
full matrix algebras endowed with a nondegenerate *-homomorphism ∆: c0(G) →M(c0(G) ⊗ c0(G)) (comulti-
plication) such that:

• (∆ ⊗ id) ◦ ∆ = (id ⊗ ∆) ◦ ∆;
• [(c0(G) ⊗ 1)∆(c0(G))] = [(1 ⊗ c0(G))∆(c0(G))] = c0(G) ⊗ c0(G).

The discrete quantum group G is said to be second countable if c0(G) is separable.
Let G be a discrete quantum group. Then there exist an index set Λ and finite dimensional Hilbert spaces

Hλ, for λ ∈ Λ, such that c0(G) is isomorphic to
⊕

λ∈Λ K(Hλ). Set c0(G)λ = K(Hλ) for λ ∈ Λ, and denotes its
unit by 1λ. We identify c0(G)λ with a subalgebra of c0(G), M(c0(G)) with

∏

λ∈Λ c0(G)λ, and M(c0(G)⊗c0(G))
with

∏

µ,ν∈Λ(c0(G)µ ⊗ c0(G)ν).

For λ, µ, ν ∈ Λ, we fix a homomorphism ∆λ
µ,ν : c0(G)λ → c0(G)µ ⊗ c0(G)ν satisfying

∆(x) = (∆λ
µ,ν(x))µ,ν∈Λ ∈

∏

µ,ν∈Λ

c0(G)µ ⊗ c0(G)ν

for every x ∈ c0(G)λ.

Remark 2.1. Let µ, ν ∈ Λ, and set Λµ,ν = {λ ∈ Λ: ∆λ
µ,ν 6= 0}. By [49, Proposition 2.2], the set Λµ,ν is finite.

Since ∆ is nondegenerate, we have
∑

λ∈Λµ,ν

∆λ
µ,ν(1λ) = 1µ ⊗ 1ν

for every µ, ν ∈ Λ. Therefore the canonical extension of ∆ to a unital *-homomorphism

∆:
∏

λ∈λ

c0(G)λ →
∏

µ,ν∈Λ

c0(G)µ ⊗ c0(G)ν

is defined by

∆((xλ)λ∈Λ) =





∑

λ∈Λµ,ν

∆λ
µ,ν(x)





µ,ν∈Λ

∈
∏

µ,ν∈Λ

c0(G)µ ⊗ c0(G)ν .

2.2. Discrete quantum group actions. Let G be a discrete group, and let A be a C*-algebra.

Definition 2.2. A (left) action of G on A is an injective nondegenerate *-homomorphism α : A→M(c0(G)⊗A)
such that:

(1) (∆ ⊗ id) ◦ α = (id ⊗ α) ◦ α (action condition);
(2) [(c0(G) ⊗ 1)α(A)] = c0(G) ⊗A (density condition).

We will refer to a C*-algebra A endowed with a distinguished action of G as a G-C*-algebra. If (A,α)
and (B, β) are G-C*-algebras, then a *-homomorphism φ : A → B is said to be G-equivariant if it satisfies
(id⊗φ)◦α = β ◦φ. It follows from the density condition that, if (ui) is an approximate unit for A, then (α(ui))
is an approximate unit for c0(G) ⊗A.

Let α : A→ M(c0(G)⊗A) be a nondegenerate injective *-homomorphism. For λ ∈ Λ, let αλ : A→ c0(G)λ⊗A
be the coordinate function for α, so that

α(a) = (αλ(a))λ∈Λ ∈
∏

λ∈Λ

c0(G)λ ⊗A.

The conditions from Definition 2.2 can be restated as

(1’) (idc0(G)µ ⊗ αν) ◦ αµ =
∑

λ∈Λµ,ν
(∆λ

µ,ν ⊗ idA) ◦ αλ for every µ, ν ∈ Λ;

(2’) [(c0(G)λ ⊗ 1)αλ(A)] = c0(G)λ ⊗A for every λ ∈ Λ.

In turn, by Cohen’s factorization theorem, (2’) is equivalent to the assertion that for every λ ∈ Λ, for every
a ∈ c0(G)λ ⊗ A of norm at most 1, and every ε > 0, there exist x ∈ c0(G)λ and b ∈ A of norm at most 1 such
that ‖(x⊗ 1)α(b) − a‖ < ε.
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Example 2.3. If G is a classical discrete group, then one can regard G as a discrete quantum group by
considering the C*-algebra c0(G) of functions from G to C vanishing at infinity. In this case, one has that
Λ = G and c0(G)λ = C for every λ ∈ G. The comultiplication function ∆: c0(G) → M(c0(G) ⊗ c0(G)) is
defined by setting ∆λ

µν(1) = δλ,µν for λ, µ, ν ∈ G.
Every discrete quantum group G such that c0(G) is a commutative C*-algebra arises from a classical discrete

group in this fashion.

2.3. Axiomatization. We continue to fix a discrete quantum group G. We now describe a natural (multi-
sorted) language LC*

G that has G-C*-algebras as structures. For comparison, one can refer to the language
considered in the axiomatization of operator systems from [24, Appendix B].

2.3.1. The language. The language LC*
G has, for every n ≥ 1, sorts S(n) and C(n) to be interpreted as Mn(C)⊗A

and Mn(C), respectively. For each of these, the domains of quantifications should be interpreted as the balls
with respect to the norm centered at the origin.

The function and relation symbols consist of:

(1) function and relation symbols for the C*-algebra operations and the C*-algebra norm on Mn(C) ⊗ A
and Mn(C) for every n ∈ N;

(2) function symbols for the Mn(C)-bimodule structure on Mn(C) ⊗A;
(3) constant symbols the elements of Mn(C);
(4) for any bounded linear map T : Mn(C) → Mm(C), function symbols C(n) → C(m) and S(n) → S(m) to

be interpreted as T and T ⊗ idA;
(5) function symbols for the canonical inclusions of each of the tensor factors in Mn(C) ⊗A;
(6) function symbols S → S(dλ) to be interpreted as the injective *-homomorphisms αλ : A → c0(G)λ ⊗ A

that define the action.

It is clear that any G-C*-algebra can be seen as an LC*
G -structure in a canonical way.

2.3.2. The axioms. We now describe axioms for the class of G-C*-algebras in the language LC*
G described above.

Such axioms are designed to guarantee the following:

(1) the interpretations of the sort S(n) and C(n) are C*-algebras;
(2) the domains of quantifications are interpreted as the balls (see [12, Example 2.2.1]);
(3) the sorts S(n) and C(n), the symbols for the canonical inclusions of each of the tensor factors inMn(C)⊗A,

the symbols for the maps T and T ⊗ idA for any bounded linear map T : Mn(C) →Mm(C), the symbols
for the Mn(C)-bimodule structure on Mn(C) ⊗ A, and the symbols for the elements of Mn(C), are
interpreted as they should be (see [24, Appendix C]);

(4) the interpretation of the symbols for the maps αλ that define the action are isometric *-homomorphisms;
(5) for every µ, ν ∈ Λ,

(idc0(G)µ ⊗ αν) ◦ αµ =
∑

λ∈Λµ,ν

(∆λ
µ,ν ⊗ idA) ◦ αλ;

(6) for every a ∈ c0(G)λ ⊗ A of norm at most 1, and every ε > 0, there exist x ∈ c0(G)λ and b ∈ A, both
of norm at most 1, such that ‖(x⊗ 1)α(b) − a‖ < ε.

It is clear from the discussion above that these axioms indeed axiomatize the class of G-C*-algebras. Fur-
thermore, it is easy to see that these axioms are all given by conditions of the form σ ≤ r where σ is a positive
primitive ∀∃-LC*

G -sentence and r ∈ R. Therefore, this shows that the class of G-C*-algebras is positively prim-

itively ∀∃-axiomatizable in the language LC*
G in the sense of Definition A.3. One can observe that, when G

is second-countable, the language LC*
G is separable for the class of G-C*-algebras; see Definition A.1. More

generally, the density character of LC*
G for the class of G-C*-algebras is equal to the size of Λ. It is not difficult

to verify that an LC*
G -morphism between G-C*-algebras is precisely a G-equivariant *-homomorphism, while an

LC*
G -embedding is an injective G-equivariant *-homomorphism.

2.3.3. Ultraproducts. Once G-C*-algebras are regarded as LC*
G -structures as described above, one can consider

ultraproducts of G-C*-algebras as a particular instance of ultraproducts in first-order logic for metric structures;
see [15]. It follows from  Los’ theorem that the ultraproduct of G-C*-algebras is again a G-C*-algebra.

More generally, one can consider reduced products with respect to an arbitrary filter F as defined in [23]. It
is easy to see that, in the particular case when F is the filter of cofinite subsets of N, then the reduced power
of a G-C*-algebra (A,α) with respect to F coincides with the G-C*-algebra (A∞, α∞) constructed in [2]. It
follows from the fact that the class of G-C*-algebras is positively primitively ∀∃-axiomatizable in the language
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LC*
G together with Corollary A.6 that the reduced product of G-C*-algebras is again a G-C*-algebra. This

recovers [2, Lemma 2.6] as a particular case.

2.3.4. Other languages. Occasionally, it is useful to consider C*-algebras as structures in a language other
than the standard language for C*-algebras LC*. These other languages are useful to capture properties that
are preserved by more general classes of morphisms, rather than just *-homomorphisms, such as for example
completely positive contractive maps or completely positive contractive order zero maps. Several languages
are considered in [22, Section 3]. For each such language L, one can consider a corresponding G-equivariant
language LG. This can defined as in Subsubsection 2.3.4, by starting with the language L rather than LC*.

3. An axiomatization of compact quantum group actions

3.1. Compact quantum groups. A (reduced, C*-algebraic) compact quantum group G is given by a unital
C*-algebra C(G) endowed with a unital *-homomorphism (comultiplication) ∆: C(G) → C(G) ⊗ C(G) and a
faithful state h : C(G) → C (the Haar state) satisfying

• (∆ ⊗ id) ◦ ∆ = (id ⊗ ∆) ◦ ∆,
• [∆(C(G))(1 ⊗ C(G))] = [∆(C(G))(C(G) ⊗ 1)] = C(G) ⊗ C(G), and
• (h⊗ id) ◦ ∆ = (id ⊗ h) ◦ ∆ = h

where in the last equation we identify C with the space of scalar multiples for the identity in C(G). The first
two conditions assert that C(G) endowed with the comultiplication ∆ is a unital Hopf C*-algebra [43, Definition
2.2]. A compact quantum group is said to be second countable if C(G) is separable.

A unitary representation of G on a Hilbert space H is a unitary u ∈M (C(G) ⊗K(H)) satisfying (∆⊗id)(u) =
u13u23. In the following we will only consider the case when H is finite-dimensional, in which case one has that
u ∈ C (G)⊗B (H). We also identify the unitary representation u of G on H with the linear map H → C(G)⊗H
given by η 7→ u(1 ⊗ η) for all η ∈ H. A subspace K ⊆ H is invariant if u(1 ⊗ K) ⊆ C(G) ⊗ K. Direct sum
and tensor product of unitary representations is defined in the usual way. A unitary representation is called
irreducible if it has no non-trivial invariant closed subspace. Every irreducible unitary representation of G is
finite-dimensional, and every unitary representation of G is equivalent to a direct sum of irreducible unitary
representations.

We let Rep(G) be the set of unitary representations of G on finite-dimensional Hilbert spaces. For λ ∈ Rep(G)
we let uλ ∈ C(G)⊗K(Hλ) be the associated representation, and we denote by dλ the dimension of Hλ. We also
define Irr(G) to be the set of equivalence classes of irreducible unitary representations of G. Given λ, µ ∈ Irr(G),
we set δλ,µ = 1 if λ and µ are equivalent, and δλ,µ = 0 otherwise. For λ ∈ Rep(G) and ξ, η ∈ Hλ, set
uλξ,η = (id ⊗ φξ,η)(uλ) ∈ C(G). These are called the matrix coefficients of the unitary representation λ. If

λ ∈ Irr(G), then we fix an orthonormal basis {eλk}
dλ
k=1 of Hλ and set uλjk = uλej ,ek for 1 ≤ j, k ≤ dλ. For an

arbitrary λ ∈ Rep(G), we write λ as a direct sum of irreducible unitary representations λ1 ⊕ · · · ⊕ λn, and then
we consider the orthonormal basis of Hλ = Hλ1 ⊕ · · · ⊕ Hλn

associated with the given orthonormal bases of
Hλ1 , . . . ,Hλn

.
Define O(G) to be the dense selfadjoint subalgebra of C(G) given by

O(G) =
{

uλξ,η : λ ∈ Rep(G), ξ, η ∈ Hλ

}

= span
{

uλij : λ ∈ Irr(G), 1 ≤ i, j ≤ dλ
}

,

and observe that it is invariant under the comultiplication. The induced *-bialgebra structure on O(G) turns
it into a Hopf *-algebra [47, Definition 1.3.24]. The counit map ǫ on O(G) is defined by ǫ(uλξ,η) = 〈ξ, η〉, while

the antipode map S is given byS(uλξ,η) = (uλη,ξ)
∗, for ξ, η ∈ Hλ and λ ∈ Rep(G).

Remark 3.1. The C*-algebra C(G) together with its comultiplication can be recovered from O(G) as the
closure of the image of O(G) in the GNS representation induced by the restriction of the Haar state to O(G).

By [6, Theorem 1.8], for every λ ∈ Irr(G) there is a positive invertible operator Fλ ∈ K(Hλ) satisfying:

h(uλξ,η(uλζ,χ)∗) =
〈ξ, ζ〉 〈χ, Fλη〉

dimq(λ)
and h((uλξ,η)∗uλζ,χ) =

〈

ξ, (Fλ)−1ζ
〉

〈χ, η〉

dimq(λ)
,

for all ξ, η ∈ Hλ, where dimq(λ) = Tr(Fλ) is the quantum dimension of λ. Furthermore, one has

h(uλξ,η(uµζ,χ)∗) = h((uλξ,η)∗uµζ,χ) = 0

whenever λ, µ are nonequivalent, for all ξ, η ∈ Hλ, and all ζ, χ ∈ Hµ. In particular, we deduce that

h(uλij(u
µ
kℓ)

∗) = δλµδik
Fλℓj

dimq(λ)
. (1)
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for λ, µ ∈ Irr(G), 1 ≤ i, j ≤ dλ, and 1 ≤ k, ℓ ≤ dµ. Similarly to the classical case, to each λ, µ ∈ Irr(G) there

corresponds a contragradient representation λIrr(G) (cf. [39, Section 6]).
For λ ∈ Rep(G), set

C(G)λ =
{

uλξ,η : ξ, η ∈ Hλ

}

= span
{

uλij : 1 ≤ i, j ≤ dλ
}

.

Then C(G)λ is a finite-dimensional subspace of C(G) which is invariant under the comultiplication. If λ, µ ∈
Irr(G), then C(G)λ and C(G)µ are orthogonal with respect to the inner product defined by the Haar state h.
It follows that O(G) is equal to the algebraic direct sum of C(G)λ for λ ∈ Irr(G). For λ, µ ∈ Rep(G), we have

C(G)λ + C(G)µ = C(G)λ⊕µ, span(C(G)λC(G)µ) = C(G)λ⊗µ, and (C(G)λ)∗ = C(G)λ.

Define O(Ĝ) to be the space of linear functionals on C(G) of the form x 7→ h(xy) for some y ∈ O(G). For

λ ∈ Rep(G) and 1 ≤ s,m ≤ dλ, let ωλsm ∈ O(Ĝ) be given by

ωλsm(x) = dimq(λ)

dλ
∑

k=1

(Fλ)−1
mkh(x(uλsk)∗).

It follows from Equation 1 that

ωλsm(uµln) = δµλδlsδmn and (ωλsm ⊗ ωµln) ◦ ∆ = δmlδµνω
µ
sn

for λ, µ ∈ Irr(G), 1 ≤ s,m ≤ dλ, and 1 ≤ l, n ≤ dλ. More generally, one can define

ωλξ,η = dimq(λ)

dλ
∑

k=1

〈

(Fλ)−1ek, η
〉

h(x(uλξ,ek)∗)

for ξ, η ∈ Hλ, and observe that(ωλξ,η ⊗ ωλζ,χ) ◦ ∆ = 〈η, ζ〉ωλξ,χ for every ξ, η, ζ, χ ∈ Hλ.

Set Pλks = (ωλks ⊗ id) ◦∆ for 1 ≤ k, s ≤ dλ. From the relations above, it follows that PλsmP
µ
ln = δλµδmlP

λ
sn for

λ, µ ∈ Irr(G), 1 ≤ s,m ≤ dλ, and 1 ≤ l, n ≤ dµ. Furthermore, Pλkk is a projection operator onto

C(G)λ,k := span
{

uλik : 1 ≤ i ≤ dλ
}

,

and Pλ :=
∑dλ

k=1 P
λ
kk is a projection onto C(G)λ.

3.2. The fundamental unitaries. We now recall the important concept of fundamental unitaries associated
with a given compact quantum group G.

Definition 3.2. The fundamental unitaries associated with G are the unitary operators V,W ∈ B(L2(G) ⊗
L2(G)) defined as follows.

• The operator W is the adjoint of the unitary operator induced by the linear map with dense image
C(G) ⊗ C(G) → C(G) ⊗ C(G) given by x⊗ y 7→ ∆(y)(x ⊗ 1).

• Similarly, V is the unitary operator induced by the linear map with dense image C(G) ⊗ C(G) →
C(G) ⊗ C(G) given by x⊗ y 7→ ∆(x)(1 ⊗ y).

Abbreviate K(L2(G)) to KG, and identify the Banach-space dual K∗
G with the predual of B(L2(G)). The

fundamental unitaries satisfy the pentagon equations

V12V13V23 = V23V12 and W12W13W23 = W23W12.

The C*-algebra C(G) ⊆ B(L2(G)) can be recovered as the left leg of W :

C(G) = [{(id ⊗ φξ,ξ′)W : ξ, ξ′ ∈ L2(G)}] = [{(id ⊗ ω)(W ) : ω ∈ K∗
G}].

Similarly, the group C*-algebra C∗(G) = c0(Ĝ) can be recovered as the right leg of W :

C∗(G) = [{(φξ,ξ′ ⊗ id) (W ) : ξ, ξ′ ∈ L2(G)}] = [{(ω ⊗ id)(W ) : ω ∈ K∗
G}].

One can recover C(G) as the right leg of V , and c0(Ĝ) as the left leg of V . Furthermore, W belongs to

M(C(G) ⊗ c0(Ĝ)) and V belongs to M(c0(Ĝ) ⊗ C(G)).

Define normal *-homomorphisms ∆, ∆̂ : B(L2(G)) → B(L2(G) ⊗ L2(G)) by

∆(x) = W ∗(1 ⊗ x)W and ∆̂(x) = Ŵ ∗(1 ⊗ y)Ŵ ,

for all x, y ∈ B(L2(G)). The restriction of ∆ to C(G) gives the comultiplication of C(G), while the restriction

of ∆̂ to c0(Ĝ) gives the comultiplication of c0(Ĝ).
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3.3. Compact quantum group actions. Let G be a (reduced, C*-algebraic) compact quantum group, and
let A be a C*-algebra.

Definition 3.3. A (left, continuous) action of G on A is an injective nondegenerate *-homomorphism α : A→
C(G) ⊗A satisfying the following conditions:

(1) (∆ ⊗ id) ◦ α = (id ⊗ α) ◦ α (action condition);
(2) [(C(G) ⊗ 1)α(A)] = C(G) ⊗ A, where C(G) ⊗ 1, α(G), and C(G) ⊗ A are canonically regarded as

subalgebras of M(C(G) ⊗A) (density condition).

If A is a C*-algebra endowed with a distinguished action α of G on A, then we refer to the pair (A,α) as a
G-C*-algebra. A canonical example of G-C*-algebra is C(G) endowed with the left translation action of G on
C(G) given by the comultiplication ∆.

Suppose now that λ ∈ Rep(G). An intertwiner between λ and α is a linear map v : Hλ → A such that

α(vξ) = (id ⊗ v)uλ(1 ⊗ ξ)

for every ξ ∈ Hλ. The space of intertwiners between λ and α is denoted by Int(λ, α). The λ-isotypical component
(or λ-spectral subspace) is the closed subspace

Aλ = {vξ : ξ ∈ Hλ, v ∈ Int(λ, α)} .

Define Eλks : A → Aλ as Eλks = (ωλks ⊗ id) ◦ α for 1 ≤ k, s ≤ dλ. It follows from the Schur orthogonality
relations (1) that EλsmE

µ
ln = δλµδmlEsn for λ, µ ∈ Irr(G). The proof of [45, Theorem 1.5] shows that Aλ is a

closed subspace of A. Indeed, one can alternatively describe Aλ as

Aλ = {a ∈ A : α(a) ∈ C(G)λ ⊗A} = {a ∈ A : α(a) ∈ C(G)λ ⊗Aλ} .

Furthermore Aλ +Aµ ⊆ Aλ⊕µ, AλAµ ⊆ Aλ⊗µ, and (Aλ)∗ = Aλ for every λ, µ ∈ Rep(G).

It is also shown in [45, Theorem 1.5] that Eλ =
∑dλ

k=1E
λ
kk is a projection onto Aλ. Moreover, Eλkk is a

projection onto a closed subspace Aλ,k of Aλ of dimension cα ∈ N ∪ {∞}. Such a dimension cα is called the
multiplicity of λ in the spectrum of α. Let (aλ1,i)

cλ
i=1 be a basis of Aλ,1. Then (Eλs1(aλ1,i))

cλ
i=1 is a basis of Aλ,s. For

s = 1, . . . , dλ, set aλs,i = Eλs1(aλ1,i). Then Eλsk(aλk,i) = aλs,i, and α(aλk,i) =
∑dλ

s=1 u
λ
ks⊗a

λ
s,i for every k = 1, 2, . . . , dλ.

From this it easily follows that (ǫ ⊗ id)α(c) = c for every c ∈ Aλ. Define O(A) = span {Aλ : λ ∈ Irr(A)}. It
is shown in [45, Theorem 1.5] that O(A) is a dense selfadjoint subalgebra of A, called Podleś subalgebra or
algebraic core of (A,α).

The spectral subspace Aα := At associated with the trivial representation t of G is a nondegenerate C*-
subalgebra of A, called the fixed point algebra. The projection Et onto Aα is a faithful conditional expectation,
and Aλ is an Aα-bimodule for every λ ∈ Rep(G). The formula 〈a, b〉 = Et(a∗b) defines a (right) full Hilbert
Aα-module structure on A [6, Lemma 3.8 and Lemma 3.19], and two spectral subspaces Aλ, Aµ associated with
nonequivalent λ, µ ∈ Irr(G) are orthogonal with respect to this C*-bimodule structure.

Lemma 3.4. Let λ ∈ Rep(G). For a =
∑

ij u
λ
ij ⊗ aij ∈ C(G)λ ⊗A, one has

‖a‖C(G)⊗A = sup







‖
∑

ij

µijaij‖A : µij ∈ C, ‖
∑

ij

µiju
λ
ij‖C(G) ≤ 1







.

Proof. It is enough to observe that C(G)λ ⊗A is endowed with the injective Banach space tensor product, and
that

{

uλij : 1 ≤ i, j ≤ dλ
}

is a basis for C(G)λ.

We close this subsection with the following lemma.

Lemma 3.5. Let λ ∈ Irr(G).

(1) Let 1 ≤ i, j ≤ dλ. Then (Pλij ⊗ id) ◦ α = α ◦ Eλij . Thus, (Pλ ⊗ id) ◦ α = α ◦ Eλ.

(2) Set Eλ =
∑dλ

j=1 E
λ
jj . For a ∈ A, one has

1 ⊗ Eλ(a) =
∑

1≤s,t≤dλ

((uλst)
∗ ⊗ 1)(α ◦ Eλst)(a).

Proof. Part (1) is straightforward, so we show (2). By linearity, we can assume that a has the form a = aλk,i for

some 1 ≤ i ≤ cλ and 1 ≤ k ≤ dλ. Using the fact that O(G) is a Hopf *-algebra, we have

(m ◦ (S ⊗ id) ◦ ∆)(x) = ε(x)1
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for every x ∈ O(G). Therefore

1 ⊗ aλk,i = (ǫ ⊗ id)α(aλk,i) = (m⊗ id)(S ⊗ id ⊗ id)(∆ ⊗ id)α(aλk,i)

=
∑

1≤j≤dλ

(m⊗ id)(S ⊗ id ⊗ id)(∆ ⊗ id)(ukj ⊗ aλj,i)

=
∑

1≤j,s≤dλ

(m⊗ id)(S ⊗ id ⊗ id)(uλks ⊗ uλsj ⊗ aλj,i)

=
∑

1≤j,s≤dλ

(

(

uλsk
)∗
uλsj ⊗ aλj,i

)

=
∑

1≤s≤dλ

(

(

uλsk
)∗

⊗ 1
)





dλ
∑

j=1

uλsj ⊗ aλj,i





=
∑

1≤s≤dλ

(

(

uλsk
)∗

⊗ 1
)

α
(

aλs,i
)

=
∑

1≤s≤dλ

(

(

uλsk
)∗

⊗ 1
)

(

α ◦ Eλsk
) (

aλk,i
)

=
∑

1≤s,t≤dλ

(

(

uλst
)∗

⊗ 1
)

(

α ◦ Eλst
) (

aλk,i
)

.

This concludes the proof.

3.4. Axiomatization. Throughout this subsection, we fix a compact quantum group G. Our goal is to show
that there is a natural language LC*

G in the logic for metric structures that allows one to regard G-C*-algebra

as LC*
G -structures, in such a way that the class of G-C*-algebra is axiomatizable. We begin by describing the

language, and then present the axioms for the class of G-C*-algebras.

3.4.1. The language. The language LC*
G has the following sorts:

• a sort S, to be interpreted as the C*-algebra A where G acts;
• a sort S(0) to be interpreted as C(G);
• a sort S(1) to be interpreted as C(G) ⊗ A;
• a sort C to be interpreted as the algebra of complex numbers.

For each of the sorts above, the domains of quantifications are as follows:

• S has domains of quantification Dλ
n for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of radius

n of Aλ ⊆ A centered at the origin;

• S(0) has domains of quantification D
(0),λ
n for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of

radius n of C(G)λ ⊆ C(G) centered at the origin;

• S(1) has domains of quantification D
(1),λ
n for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of

radius n of C(G)λ ⊗Aλ ⊆ C(G) ⊗A centered at the origin;
• C has domains of quantification Dn of n ∈ N, to be interpreted as the balls of radius n of C centered at

the origin.

The function and relation symbols consist of:

• function and relation symbols for the C*-algebra operations and C*-algebra norm of A, C(G), C(G)⊗A,
and C;

• constant symbols for the elements of C and for the elements of O(G);
• function symbols for the O(G)-bimodule structure of C(G) ⊗A;
• for every λ ∈ Rep(G) and u ∈ C(G)λ, a function symbol S → S(1) for the canonical map A→ C(G)⊗A;
• for every bounded linear map T : C(G) → C(G) that maps O(G) to itself, a function symbol S(1) → S(1)

to be interpreted as T⊗ idA : C(G)⊗A→ C(G)⊗A and a function symbol S(0) → S(0) to be interpreted
as T : C(G) → C(G);

• for every ω ∈ O(Ĝ), a function symbol S(1) → S to be interpreted as the map ω ⊗ idA : C(G) ⊗A→ A
(slice maps) and a function symbol S(0) → C to be interpreted as ω : C(G) → C;

• a function symbol S → S(1) for the *-homomorphisms α : A→ C(G) ⊗A defining the action.
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3.4.2. Axioms. We now describe axioms for the class of G-C*-algebras in the language LC*
G described above. We

will use the notation introduced in Subsection 3.1 and Subsection 3.3. Particularly, we set Eλij := (ωλij ⊗ id) ◦ α

for λ ∈ Rep(G) and 1 ≤ i, j ≤ dλ, and Eλ :=
∑dλ

i=1E
λ
ii. We also set Pλ ⊗ id :=

∑dλ
i=1 P

λ
ii ⊗ id and Pλ ⊗ Eλ :=

(Pλ ⊗ id) ◦ Eλ. The axioms are designed to guarantee the following:

(1) the interpretations of the sort S, S(0), and S(1) are C*-algebras;
(2) the interpretation of the symbol for α is an isometric *-homomorphism;
(3) the sort C is interpreted as the complex numbers, and its domains are interpreted correctly;
(4) the interpretation of the domains Dλ,S

n is the ball of radius n of the range of Eλ centered at the origin
(see also [12, Example 2.2.1]);

(5) the interpretation of the domain Dλ,S
n is the ball of radius n of the range of Pλ ⊗ Eλ centered at the

origin;
(6) the interpretation of the sort S(0) is isomorphic to C(G) as a C*-algebra;
(7) the interpretation of the sort S(1) is isomorphic to C(G) ⊗A as a C(G)-bimodule;
(8) the norm on S(1) is the minimal (injective) tensor product norm (see Lemma 3.4);
(9) the function symbols for T : C(G) → C(G) and T ⊗ idA : C(G)⊗A→ C(G)⊗A, where T is a bounded

linear map sending O(G) to itself, are interpreted correctly;
(10) the function symbols for the slice maps ωλij ⊗ idA : C(G) ⊗A→ A are interpreted correctly;

(11) the interpretations of the symbols for Eλij satisfy

EλijE
µ
sn = δλµδisδjn

for λ, µ ∈ Irr(G), 1 ≤ i, j ≤ dλ, and 1 ≤ s, n ≤ dµ;
(12) the interpretations of the symbols for Eλ satisfy Eλ = Eλ1 + · · · + Eλn whenever λ ∈ Rep(G) is the

direct sum of irreducible unitary representations λ1 ⊕ · · · ⊕ λn, and the fixed orthonormal basis on
Hλ = Hλ1 ⊕ · · · ⊕ Hλn is obtained from the fixed orthonormal bases of Hλ1 , . . . ,Hλn ;

(13) the interpretations of the symbols for Eλ and Pλ satisfy

(Pλij ⊗ id) ◦ α = α ◦ Eλij

for every λ ∈ Irr(G) and 1 ≤ i, j ≤ dλ (see part (1) of Lemma 3.5);
(14) for every λ ∈ Irr(G), we have

1 ⊗ Eλ =
∑

1≤s,t≤dλ

((uλst)
∗ ⊗ 1)(α ◦ Eλst).

Next, we show that the axioms (1)–(14) indeed axiomatize the class of G-C*-algebras.

Proposition 3.6. If G is a compact quantum group, then an LC*
G -structure satisfies (1)–(14) above if and only

if it is given by a G-C*-algebra.

Proof. The discussion in Subsection 3.3 shows that any G-C*-algebra (A,α), when regarded as an LC*
G -structure,

satisfies the axioms (1)–(14) above. We prove the converse, by showing that (13) implies that the action condition
from Definition 3.3 holds, and that (14) implies that the density condition from Definition 3.3 holds.

For every λ ∈ Irr(G) and 1 ≤ i, j ≤ dλ, in view of the axioms from (13) we have

(ωλij ⊗ id ⊗ id) ◦ (id ⊗ α) ◦ α = (id ◦ α) ◦ (ωλij ⊗ id ⊗ id) ◦ α

= (id ◦ α) ◦ (Pλij ◦ id) ◦ α

= (ωλij ⊗ id ⊗ id) ◦ (∆ ⊗ id) ◦ α.

Since this is true for every λ ∈ Irr(G) and 1 ≤ i, j ≤ dλ, we conclude that (id ⊗ α) ◦ α = (∆ ⊗ id) ◦ α, which is
exactly the action condition from Definition 3.3.

For the density condition, let λ ∈ Irr(G) and a ∈ Aλ. Then

1 ⊗ a =
∑

1≤s,t≤dλ

((uλst)
∗ ⊗ 1)(α ◦ Eλst)(a) ∈ [(C(G) ⊗ 1)α(Aλ)].

Since this holds for every λ ∈ Irr(G), we have that [(C(G) ⊗ 1)α(A)] = C(G) ⊗A, as desired.

Remark 3.7. One similarly checks that an LC*
G -morphism between G-C*-algebra is precisely a G-equivariant

*-homomorphism, while an LC*
G -embedding is an injective G-equivariant *-homomorphism.
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It is easy to see that the axioms above are given by conditions of the form σ ≤ r, where σ is a positive primitive
∀∃-LC*

G -sentence and r ∈ R. Therefore, the class of G-C*-algebras is positively primitively ∀∃-axiomatizable in

the language LC*
G , in the sense of Definition A.3.

3.4.3. Freeness. We continue to fix a compact quantum group G. We recall here the notion of freeness for a
G-C*-algebra A from [10].

Definition 3.8. A G-C*-algebra (A,α) is free if [(1 ⊗A)α(A)] = C(G) ⊗A.

It is proved in [10, Theorem 2.9] that such a definition recovers the usual notion of freeness in topological
dynamics when G is a classical compact group and A is an abelian C*-algebra.

Example 3.9. The left translation action of G on C(G) is free. More generally, if A is any C*-algebra, then
the G-action on C(G) ⊗A given by ∆ ⊗ idA is free as well.

The following equivalent reformulation of freeness is an easy consequence of the fact that O(A) is a dense
*-subalgebra of A, the fact that O(G) is a dense *-subalgebra of C(G), and part (1) of Lemma 3.5.

Lemma 3.10. A G-C*-algebra (A,α) is free if and only if [(1 ⊗O(A))α(Aλ)] is equal to C(G)λ ⊗A, for every
λ ∈ Irr(G). It follows that the class of free G-C*-algebras is definable by a uniform family of positive existential
LC*
G -formulas.

3.4.4. Ultraproducts. Regarding G-C*-algebras as structures in the language LC*
G described above provides a

natural notion of ultraproduct of G-C*-algebras, as a particular instance of the notion of ultraproduct in the
logic for metric structures. Since the class of G-C*-algebras is axiomatizable in the language LC*

G , it follows
that the ultraproduct of G-C*-algebras is a G-C*-algebra.

More generally, one can consider reduced products of G-C*-algebras with respect to an arbitrary filter F
as particular instances of reduced products of metric structures as defined in [23]. Concretely, suppose that
F is a filter on a set I, and let (Ai, αi) be an I-sequence of G-C*-algebras. For λ ∈ Rep(G), let Aλ be the
Banach space obtained as the vector space of bounded sequences (ai) ∈

∏

i∈I(Ai)λ endowed with the seminorm
‖(ai)‖ = lim supF ‖ai‖. (This is just the reduced product

∏

F(Ai)λ of the I-sequence of Banach spaces (Ai)λ.)
One can regard Aλ as a closed subspace of Aµ whenever λ, µ ∈ Rep(G) and λ is contained in µ. Therefore, the
union

⋃

λ∈Rep(G)Aλ has a natural normed vector space structure. Let A denote its completion. We will write

[ai]F for the element of A corresponding to the bounded sequence (ai)i∈I in
∏

i∈I Ai.
Multiplication and involution on A are induced by pointwise operations (it is important to notice here that

(aibi) is automatically a bounded sequence in
∏

i∈I(Ai)λ⊗µ and (a∗i ) is a bounded sequence in
∏

i∈I(Ai)λ).
Finally, since C(G)λ is finite-dimensional for every λ ∈ Rep(G), one can isometrically identify C(G)λ ⊗ Aλ
with the reduced product of Banach spaces

∏

F (C(G)λ ⊗ (Ai)λ); see for instance [26, Lemma 7.4], where
the case of ultraproducts is considered. Therefore, the assignment (ai)i∈I 7→ (α(ai))i∈I , induces a function
α : Aλ →

∏

F (C(G)λ ⊗ (Ai)λ) = C(G)λ ⊗ Aλ for every λ ∈ Rep(G). The induced function α : A → C(G) ⊗ A
is easily seen to be an action of G on A. In the following, we will denote such an action by αF .

Remark 3.11. In view of [2, Proposition 2.13], considering such an explicit construction of the reduced product
shows that it coincides with the continuous part of the sequence algebra as defined in [2, Definition 2.11] when
F is the filter of cofinite subsets of N and G is a second countable coexact compact quantum group (which is
the only case considered in [2, Definition 2.11]).

We now show that, when G is a classical compact group, the reduced product of G-C*-algebras as LC*
G -

structures agrees with the continuous part of the sequence algebra of a G-C*-algebra considered in the C*-
algebra literature; see, for example, [22].

Proposition 3.12. Let G be a compact group. Suppose that F is a filter on an index set I, and let {(Ai, α
(i)) : i ∈

I} be G-C*-algebras. Denote by αF the (not necessarily continuous) action of G on
∏

F Ai given by pointwise

application of the actions α(i). Then the reduced ultraproduct
∏G

F Ai agrees with the subalgebra of
∏

F Ai where
αF is continuous.

Proof. For convenience, denote by B the subalgebra of
∏

F Ai where G acts continuously. Regard
∏G

F Ai as a

C*-subalgebra of
∏

F Ai, in such a way that the inclusion
∏G

F Ai ⊆
∏

F Ai is G-equivariant. Since the action of

G on
∏G

F Ai is continuous, one has
∏G

F Ai ⊆ B. On the other hand, since the action of G on B is continuous,
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the *-subalgebra O(B) =
⋃

λ∈Rep(G)Bλ consisting of the spectral subspaces for B, is dense in B. For every

λ ∈ Rep(G), and using the projections onto the spectral subspaces, one can see directly that

Bλ =
∏

F
(Ai)λ ⊆

∏G

F
Ai.

Since this holds for every λ ∈ Rep(G), we have O(B) ⊆
∏G

F Ai and hence B ⊆
∏G

F Ai.

In particular, it follows from these observations that the (positive) existential theory of a G-C*-algebras
as defined in [22, Subsection 2.2] coincides with the (positive) existential theory of a G-C*-algebras as an
LC*
G -structure.

3.4.5. Other languages. As for the case of discrete quantum group actions, it is sometimes useful to consider
C*-algebras and G-C*-algebras as structures in a language that is different from the standard language for
C*-algebras. These other languages allow one to capture properties that are preserved under not necessarily
multiplicative maps. Several such languages are considered in [22, Section 3]. If L is such a language, one can
define its corresponding G-equivariant analogue LG as above, so that G-C*-algebras can also be regarded as
LG-structures.

4. Crossed products and reduced products

4.1. The dual of a compact quantum group. The dual Ĝ of a compact quantum group G is the discrete
quantum group defined as follows. By assumption, the GNS representation associated with the Haar state h on
C(G) defines a faithful representation of C(G). We denote by L2(G) the corresponding Hilbert space, and we
identify C(G) with a subalgebra of B(L2(G)). We let x 7→ |x〉 be the canonical map from C(G) to L2(G), so that

x |y〉 = |xy〉, and 〈x, y〉 = h(x∗y) for all x, y ∈ C(G). For λ ∈ Rep(G), set L2(G)λ =
{

uλξ,η : ξ, η ∈ Hλ

}

⊆ L2(G).

Recall that O(Ĝ) denotes the space of linear functionals on C(G) of the form x 7→ h(xa) for some a ∈ O(G).
It coincides with the space of linear functionals on C(G) of the form x 7→ h(ax) for some a ∈ O(G), and it is also
equal to the linear span of ωλij for λ ∈ Irr(G) and 1 ≤ i, j ≤ dλ. This is an algebra with respect to convolution.

The antipode map S of O(G) defines an involution on O(Ĝ) by setting φ∗ = φ(S(x)∗). For λ ∈ Rep(G), set

c0(Ĝ)λ = span
{

ωλξ,η : ξ, η ∈ Hλ

}

,

and observe that ωλξ,η 7→ Tξ,η is a *-homomorphism from c0(Ĝ)λ onto K(Hλ), where Tξ,η is the usual rank-one

operator. Furthermore O(Ĝ) is isomorphic to the algebraic direct sum of c0(Ĝ)λ for λ ∈ Irr(G). One can

define an injective *-representation of O(Ĝ) on L2(G) by setting ω |x〉 = |(id ⊗ ω)∆(x)〉 for x ∈ C(G) and

ω ∈ O(Ĝ). We will identify O(Ĝ) with its image inside B(L2(G)), and let C∗(G) = c0(Ĝ) be the closure of

O(Ĝ) inside B(L2(G)). For λ ∈ Rep(G), the subspace L2(G)λ is invariant under c0(Ĝ)λ, and the inclusion

c0(Ĝ)λ ⊆ B(L2(G)λ) is isometric. The C*-algebra C∗(G) = c0(Ĝ) is also called the group C*-algebra of the
compact quantum group G.

The multiplication operation on C(G) defines a nondegenerate *-homomorphism ∆̂: O(Ĝ) → M(O(Ĝ) ⊙

O(Ĝ)) such that (ω1 ⊗ 1)∆̂(ω2) belongs to O(Ĝ) ⊙O(Ĝ) for every ω1, ω2 ∈ O(Ĝ), and

(ω1 ⊗ 1)∆̂(ω2) : x⊗ y 7→ (ω1 ⊗ ω2)(∆(x)(1 ⊗ y))

∆̂(ω2)(1 ⊗ ω1) : x⊗ y 7→ (ω2 ⊗ ω1)((x⊗ 1)∆(y)).

Such a nondegenerate *-homomorphism extends to c0(Ĝ) and defines a *-homomorphism ∆̂: c0(Ĝ) →M(c0(Ĝ)⊗

c0(Ĝ)) which is also nondegenerate. This defines a discrete quantum group Ĝ, which is the dual of G.
For the purpose of defining the dual of a given action, it is convenient to consider the opposite discrete group

Ǧ of Ĝ.

Definition 4.1. Let G be a compact quantum group. Following the notation of [2], we define Ǧ to be the

discrete group such that c0(Ǧ) is equal to c0(Ĝ) as a C*-algebra, but endowed with the opposite comultiplication

∆̌(ω) = Σ ◦ ∆̂(ω) ◦ Σ.

The Hopf *-algebra O(Ǧ) is equal to O(Ĝ) but endowed with the opposite comultiplication.
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4.2. The crossed product of a compact quantum group action. We fix a compact quantum group G
and a G-C*-algebra (A,α). We proceed to define the associated (reduced) crossed product.

Definition 4.2. (See [6, Definition 5.28] and [6, Proposition 5.32]). Fix a nondegenerate faithful *-representa-
tion A → B(H), under which we regard α(A) ⊆ C(G) ⊗A as a subalgebra of B(L2(G) ⊗H) and similarly for

c0(Ĝ) ⊗ 1. The reduced crossed product G⋉α,r A is defined as

[(c0(Ĝ) ⊗ 1)α(A)] ⊆ B(L2(G) ⊗H).

The crossed product is canonically endowed with an action α̌ of Ǧ, called the dual action, which is defined by
setting

α̌((ω ⊗ 1)α(a)) = (∆̌(ω) ⊗ 1)(1 ⊗ α(a)) ∈M(c0(Ǧ) ⊗G⋉α A) ⊆ B(L2(G) ⊗ L2(G) ⊗H).

We will regard G⋉α,r A as a Ǧ-C*-algebra endowed with such an action of Ǧ. Given ω ∈ c0(Ǧ) and a ∈ A,
we denote by ω ⋉ a the element (ω ⊗ 1)α(a) of G ⋉α,r A. It is shown in [6, Theorem 5.31] that the reduced
crossed product G⋉α,r A as defined above coincides with the full crossed product in the sense of [6, Definition
5.27], and therefore can also be denoted by G ⋉α A. It follows from the universal property of the full crossed
products that, if (B, β) and (C, γ) are G-C*-algebras, then a G-equivariant *-homomorphism φ : B → C induces
a Ǧ-equivariant *-homomorphismG⋉φ : G⋉β,rB → G⋉γ,rC by setting (G⋉φ)(ω⋉a) = ω⋉φ(a). Furthermore,
if φ is nondegenerate, then G⋉ φ is nondegenerate [47, Theorem 9.4.8]. Recall that a completely positive order
zero map φ : A → B between C*-algebra is order zero if, whenever a, b are positive elements of A satisfying
ab = ba = 0, then φ (a)φ (b) = φ (b)φ (a) = 0 [50, Definition 2.3]. One can then easily deduce from this and the
structure theorem for completely positive order zero maps the following lemma; see also [18, Proposition 2.3].

Lemma 4.3. Suppose that (A,α), (B, β), (C, γ) are G-C*-algebras. Assume that A ⊆ B and A ⊆ C are
G-invariant subalgebras. Let θ : B → C be a G-equivariant completely positive order zero A-bimodule map.
Then the assignment

ω ⋉ b 7→ ω ⋉ θ(b)

defines a completely positive Ǧ-equivariant order zero (G ⋉α A)-bimodule map G ⋉ θ : G ⋉β B → G ⋉γ C. If
furthermore θ is a (nondegenerate) *-homomorphism, then G⋉ θ is a (nondegenerate) *-homomorphism.

Suppose now that F is a filter on some index set I. For every ℓ ∈ I, let (Aℓ, αℓ) be a G-C*-algebra. Fix also,
for every ℓ ∈ I, a nondegenerate faithful *-representation Aℓ → B(Hℓ). Consider the corresponding reduced

product of G-C*-algebras
∏G

F Aℓ ⊆
∏

F B(Hℓ) ⊆ B(
∏

F Hℓ), which is a G-C*-algebra endowed with the action

αF . Then the crossed product G ⋉αF

∏G
F Aℓ can be naturally represented on L2(G) ⊗

∏

F Hℓ. On the other
hand, one can also consider, for every ℓ ∈ I, the crossed product G ⋉αℓ

Aℓ ⊆ B(L2(G) ⊗ H), and then the
reduced product of Ǧ-C*-algebras

∏Ǧ

F
(G⋉αℓ

Aℓ) ⊆
∏

F
B(L2(G) ⊗Hℓ) ⊆ B(

∏

F
(L2(G) ⊗Hℓ)).

These algebras do not coincide in general, but there is always a canonical map in one direction, as we show
next.

Proposition 4.4. Let the notation be as in the discussion above. Then the assignment θ⋉ [a(ℓ)]F 7→ [θ⋉a(ℓ)]F ,

for λ ∈ Rep(G), for θ ∈ c0(Ǧ)λ, and a ∈ (
∏G

F Aℓ)
λ, determines an injective Ǧ-equivariant *-homomorphism

G⋉αF

∏G

F
Aℓ →

∏Ǧ

F
(G⋉αℓ

Aℓ).

Proof. To simplify the notation, we drop the subscript F when denoting elements of a reduced product via their
representative sequences. Suppose that

aij = [a
(ℓ)
ij ] ∈ (

∏G

F
Aℓ)λ

for 1 ≤ i, j ≤ dλ, and set

z =
∑

ij

ωλij ⋉ [a
(ℓ)
ij ] ∈ G⋉αF

∏G

F
Aℓ ⊆ B(L2(G) ⊗

∏

F
H).

Let pλ ∈ B(L2(G)) be the orthogonal projection onto L2(G)λ. Then z(pλ ⊗ 1) = (pλ ⊗ 1)z(pλ ⊗ 1) and
‖z‖ = ‖(pλ ⊗ 1)zpλ‖.
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For ℓ ∈ I, set

z(ℓ) =
∑

ij

ωλij ⋉ a
(ℓ)
ij ∈ G⋉α A ⊆ B(L2(G) ⊗H),

and

[z(ℓ)] ∈
∏Ǧ

U
(G⋉αℓ

Aℓ) ⊆
∏

F
B(L2(G) ⊗H) ⊆ B(

∏

F
(L2(G) ⊗H)).

Then [z(ℓ)]F (pλ ⊗ 1) = (pλ ⊗ 1)[z(ℓ)](pλ ⊗ 1) and ‖[z(ℓ)]‖ = ‖(pλ ⊗ 1)[z(ℓ)](pλ ⊗ 1)‖. Since pλ is a finite-rank
projection with range L2(G)λ, we have

(pλ ⊗ 1)[z(ℓ)](pλ ⊗ 1) ∈ (pλ ⊗ 1)B(
∏

F
(L2(G) ⊗H))(pλ ⊗ 1) = B(L2(G)λ ⊗

∏

F
H).

We conclude that

‖[z(ℓ)]‖ = ‖(pλ ⊗ 1)[z(ℓ)](pλ ⊗ 1)‖ = lim sup
F

‖(pλ ⊗ 1)z(ℓ)(pλ ⊗ 1)‖

= ‖(pλ ⊗ 1)z(pλ ⊗ 1)‖ = ‖z‖.

This shows that the assignment θ ⋉ [a(ℓ)] 7→ [θ ⋉ a(ℓ)] yields a well-defined isometric linear map

Φ: G⋉αF

∏G

F
Aℓ →

∏Ǧ

F
(G⋉α Aℓ).

The fact that Φ is a Ǧ-equivariant *-homomorphism can be verified directly by means of the expression for
the multiplication and involution in the crossed product, together with the definition of the dual action. This
finishes the proof.

Suppose now that α is a continuous action of Ǧ on a C*-algebra A. Fix a nondegenerate faithful *-
representation A→ B(H). One defines the reduced crossed product Ǧ⋉α,r A to be

Ǧ⋉α,r A = [(C(G) ⊗ 1)α(A)] ⊆ B(L2(G) ⊗H),

As before, we denote the element (x ⊗ 1)α(a) of Ǧ ⋉α,r A by x ⋉ a. The reduced crossed product is endowed

with a canonical action of G (dual action) defined by the *-homomorphism α̌ : Ǧ⋉α,r A→ C(G) ⊗ (Ǧ⋉α,r A),
x ⋉ a 7→ (∆(x) ⊗ 1)(1 ⊗ a). The reduced crossed product construction is functorial, and a (nondegenerate)
Ǧ-equivariant *-homomorphism φ induces a (nondegenerate) G-equivariant *-homomorphism Ǧ ⋉ φ between
the reduced crossed products. This allows one to prove the analogue of Lemma 4.3 in this context. It is clear
that, for λ ∈ Rep(G), the corresponding spectral subspace of Ǧ⋉α,r A is just

(Ǧ⋉α,r A)λ = span{ω ⋉ a : ω ∈ C(G)λ, a ∈ A}.

Lemma 4.5. Suppose that G is a compact quantum group, F is a filter on a set I, and (Aℓ, αℓ) is a Ǧ-C*-algebra
for every ℓ ∈ I. The assignment of

u⋉ [a(ℓ)]F 7→ [u⋉ a(ℓ)]F

for λ ∈ Rep(G), θ ∈ C(G)λ, and a ∈
∏Ǧ

F Aℓ defines an injective G-equivariant *-homomorphism

Ǧ⋉αF,r

∏Ǧ

F
Aℓ →

∏G

F
(Ǧ⋉αℓ,r Aℓ).

Proof. This is easy to see directly, using the fact that C(G)λ is finite-dimensional for every λ ∈ Rep(G).

Remark 4.6. Consider the particular case of Lemma 4.5 when (Aℓ, αℓ) is equal to a fixed Ǧ-C*-algebra (A,α)

for every ℓ ∈ I. Then the G-equivariant *-isomorphism θ : Ǧ ⋉αF,r

∏Ǧ
F A →

∏G
F (Ǧ ⋉α,r A) has the property

that

θ ◦ (Ǧ⋉ ∆A) = ∆Ǧ⋉α,rA
,

where ∆A : A→
∏Ǧ

F A and ∆Ǧ⋉α,rA
: Ǧ⋉α,r A→

∏G
F (Ǧ⋉α,r A) are the diagonal embeddings.
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4.3. Stabilizations. We continue to fix a compact quantum group G. Let (A,α) is a G-C*-algebra. Fix a

nondegenerate faithful representation A→ B(H). Let V ∈M(c0(Ĝ) ⊗ C(G)) ⊆ B(L2(G) ⊗ L2(G)) denote the

multiplicate unitary associated with G, and set X = Σ ◦ V ◦ Σ ∈M(C(G) ⊗ c0(Ĝ)) ⊆ B(L2(G) ⊗ L2(G)).

Definition 4.7. ([43, Section 2]). Adopt the notation from the discussion above. The stabilization of (A,α) is
the G-C*-algebra (KG ⊗A,αK), where αK : KG ⊗A→ C(G) ⊗KG ⊗A is the *-homomorphism given by

αK(T ⊗ a) = X∗
12(1 ⊗ T ⊗ 1)α(a)13X12 ∈ C(G) ⊗KG ⊗A ⊆ B(L2(G) ⊗ L2(G) ⊗H).

In the following, given a G-C*-algebra (A,α), we regard KG ⊗A as a G-C*-algebra with respect to αK.

When G is a classical compact group, αK is just the diagonal action, where KG is endowed with the action
of G by conjugation induced by the left regular representation.

The assignment (A,α) 7→ (KG ⊗ A,αK) is functorial, in the sense that any *-homomorphism φ : (A,α) →
(B, β) induces a *-homomorphism id⊗φ : (KG ⊗A,αK) → (KG ⊗B, βK).

Proposition 4.8. Let F be a filter on a set I, and let (Aℓ, α
(ℓ))ℓ∈I be G-C*-algebras. Then the assignment

T ⊗ [a(ℓ)]F 7→ [T ⊗ a(ℓ)]F defines a G-equivariant *-homomorphism

KG ⊗
∏G

F
Aℓ →

∏G

F
(KG ⊗Aℓ).

Proof. Observe that tensor product KG ⊗
∏G

F Aℓ coincides with the maximal tensor product. Therefore the

assignment in the statement gives a well-defined *-homomorphism ψ : KG⊗
∏G

F Aℓ →
∏G

F(KG⊗Aℓ) in view of
the universal property of the maximal tensor product. A straightforward computation shows that such a map

is G-equivariant when KG ⊗
∏G

F Aℓ is endowed with the stabilization of the reduced product action αF , and
∏G

F(KG ⊗Aℓ) is endowed with the reduced product of the stabilizations (α
(ℓ)
F )ℓ∈I .

Denote by 1 ∈ C(G) the unit, and let |1〉 ∈ L2(G) be the corresponding vector, and |1〉 〈1| ∈ KG the
corresponding rank one projection.

Lemma 4.9. The C*-subalgebra |1〉 〈1| ⊗ A ⊆ KG ⊗ A is a G-invariant C*-subalgebra of (KG ⊗ A,αK), and
the injective *-homomorphism a 7→ |1〉 〈1| ⊗ a is G-equivariant.

Proof. The invariance property of the Haar state h can be written as h(y)1 =
∑

i h(y0,i)y1,i =
∑

i h(y1,i)y0,i
where ∆(y) =

∑

i y0,i ⊗ y1,i. We claim that (1 ⊗ |1〉 〈1|)X = 1 ⊗ |1〉 〈1|. Indeed for every x, y ∈ C(G) we have
that

(1 ⊗ |1〉 〈1|)X |x⊗ y〉 = (1 ⊗ |1〉 〈1|)ΣV |y ⊗ x〉 = (1 ⊗ |1〉 〈1|)Σ |∆(y)(1 ⊗ x)〉

= (1 ⊗ |1〉 〈1|) |∆op(y)(x ⊗ 1)〉 =
∑

i

(1 ⊗ |1〉 〈1|) |y1,ix⊗ y0,i〉

=
∑

i

h(y0,i) |y1,ix⊗ 1〉 = h(y) |x⊗ 1〉 = (1 ⊗ |1〉 〈1|) |x⊗ y〉 .

Henceforth

αK(|1〉 〈1| ⊗ a) = X12(1 ⊗ |1〉 〈1| ⊗ 1)α(a)13X12 = X12(1 ⊗ |1〉 〈1| ⊗ 1)α(a)13(1 ⊗ |1〉 〈1| ⊗ 1)X12

= (1 ⊗ |1〉 〈1| ⊗ 1)α(a)13(1 ⊗ |1〉 〈1| ⊗ 1) = (1 ⊗ |1〉 〈1| ⊗ 1)α(a)13.

This concludes the proof.

In the following lemma, we consider the ordered selfadjoint operator space language Losos as introduced in
[22, Subsection 3.1], as well as its A-bimodule version Losos,A-A as introduced in [22, Subsection 3.5]. Recall
that the language Losos,A-A does not have a distinguished relation symbol for the metric. Instead, for every
finite subset F of A, the language Losos,A-A contains a distinguished pseudometric symbol dF , to be interpreted
in KG ⊗A as the pseudometric

dAF (x, y) = sup {‖(1 ⊗ a)(x− y)‖, ‖(x− y)(1 ⊗ a)‖ : a ∈ F} .

Given a compact or discrete quantum group G, one can add symbols for the G-action to obtain languages

Losos
G and Losos,A-A

G . If A is a G-C*-algebra, then KG ⊗ A can be regarded as structure in the language of

LC*,KG⊗A-KG⊗A
G .
Fix an increasing approximate unit (uj)j∈J for A contained in Aα. Suppose now that B is a G-C*-algebra

containing A as a nondegenerate G-C*-subalgebra. In particular the approximate unit (uj)j∈J for A is also
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an approximate unit for B. The notion of positively quantifier-free definable substructure in a language L is
recalled in Definition A.14.

Lemma 4.10. Adopt the notation and assumptions from the discussion above. The G-C*-subalgebra |1〉 〈1|⊗B

of KG ⊗ B is a positively quantifier-free Losos,KG⊗A-KG⊗A
G -definable substructure relative to the class of G-C*-

algebras of the form KG ⊗B.

Proof. We have already observed that |1〉 〈1| ⊗ B is indeed a G-C*-subalgebra of KG ⊗ B. The fact that it is

positively quantifier-free Losos,KG⊗A-KG⊗A
G -definable is witnessed by the formulas ϕj,F (x) defined by

sup
a∈F

‖a((|1〉 〈1| ⊗ uj)x(|1〉 〈1| ⊗ ui) − x)‖

where (uj)j∈J is the fixed approximate unit for Aα, and F ranges among the finite subsets of KG ⊗A.

In the statement of Lemma 4.10, it is important that the G-C*-algebra KG⊗B is regarded as a structure in

the language Losos,KG⊗A-KG⊗A
G , rather than a structure in the language Losos

G .

Remark 4.11. A similar discussion as above can be done when (A,α) is a Ĝ-C*-algebra. Fix a nondegenerate

faithful representation A → B(H). Set X̂ = V ∗ ∈ M(c0(Ĝ) ⊗ C(G)). We define the stabilization of (A,α) as

the Ĝ-C*-algebra (KG ⊗A,αK), where the action αK is defined by

αK(T ⊗ a) = X̂∗
12(1 ⊗ T ⊗ 1)α(a)13X̂12 ∈ c0(Ĝ) ∈ KG ⊗A ⊆ B(L2(G) ⊗ L2(G) ⊗H).

5. Existential embeddings and the Rokhlin property

5.1. Existential embeddings. Let G be either a compact or discrete quantum group. Considering G-
C*-algebras as LC*

G -structures gives the notion of positively LC*
G -existential *-homomorphism between G-C*-

algebras; see Definition A.10. When the algebras are separable, and the group is second countable and either
compact and coexact or discrete and exact (which is the only case considered in [2]), a G-equivariant homo-
morphism is positively LC*

G -existential if and only if it is sequentially split in the sense of [2, Definition 3.1]; see
A.11. In this section, we show that the results from [2], phrased in terms of positive existential embeddings,
can be obtained without any assumptions on the algebras or the group.

Positive existential *-homomorphisms are preserved by functors under general assumptions. If G is a com-
pact or discrete quantum group, we regard G-C*-algebras as the objects of a category with G-equivariant

*-homomorphisms as morphisms. In the following proposition, we denote by ∆A : A →
∏G

U A the canonical

diagonal LC*
G -embedding of a G-C*-algebra into the corresponding ultrapower.

Proposition 5.1. Let G0 and G1 be either compact or discrete quantum groups, let F be a functor from the
category of G0-C*-algebras to the category of G1-C*-algebras. Assume that for any index set I, for any countably
incomplete ultrafilter U over I, and for any G0-C*-algebra A, there exists a G1-equivariant *-homomorphism

θ : F (
∏G0

U A) →
∏G1

U F (A) such that θ ◦ F (∆A) = ∆F (A). Then F maps LC*
G0

-existential *-homomorphisms to

LC*
G1

-existential *-homomorphisms.

Proof. This is immediate using the semantic characterization of positively existential morphisms from Proposi-
tion A.11.

Let φ : (A,α) → (B, β) be an injective nondegenerate *-homomorphism. We identify A with a G-invariant
subalgebra of B via φ. Suppose that A0 is a G-C*-subalgebra of A. Both A and B have a natural A0-bimodule

structure, and hence can be regarded as structures in the language LC*,A0-A0

G [22, Subsection 3.5]. Recall that
this is obtained from the language of G-C*-algebras by adding function symbols for the A0-bimodule structure,
and replacing the distinguished relation symbol for the metric with pseudometric function symbols dF where F
ranges among the finite subsets of A0. Then dF is interpreted in B as the pseudometric

dF (x, y) = sup {‖a(x− y)‖, ‖(x− y)a‖ : a ∈ F} .

Proposition 5.2. Let G be a compact or discrete quantum group, let (A,α) and (B, β) be G-C*-algebras, and
let φ : A → B be a nondegenerate injective G-equivariant *-homomorphism. Fix a G-C*-subalgebra A0 of A

containing an approximate unit for A. Then φ is LC*
G -existential if and only if it is LC*,A0-A0

G -existential.

Proof. As remarked above, one can assume that φ : A → B is the inclusion map. The forward implication is
obvious. The converse implication is easily shown using an increasing approximate unit for A contained in A0,
which is also an approximate unit for B since the inclusion A ⊆ B is nondegenerate by assumption.
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A reason to consider the notion of positive LC*
G -existential *-homomorphism is that it allows one to conclude

that several properties pass from the target algebra to the domain algebra; see also [1]. The following proposition
is just a special instance of Proposition A.12.

Proposition 5.3. Let G be a compact or discrete quantum group. Suppose that C is a class of G-C*-algebras
that is definable by a uniform family of positive existential LC*

G -formulas. Suppose that (A,α) and (B, β) are

G-C*-algebras, and φ : (A,α) → (B, β) is an LC*
G -existential *-homomorphism. If (B, β) belongs to C, then

(A,α) belongs to C.

The following result is established in [2, Proposition 3.3] when G is compact and coexact or discrete and
exact, and second countable. Here, we remove these assumptions.

Proposition 5.4. Let G be a compact or discrete quantum group, and let (A,α) and (B, β) be G-C*-algebras.
Suppose that φ : A → B is a nondegenerate G-equivariant *-homomorphism. If φ is positively LC*

G -existential,

then G⋉ φ : (G⋉α,r A, α̌) → (G⋉β,r B, β̌) is positively LC*
Ǧ

-existential.

Proof. When G is compact, this is a consequence of Proposition 5.1 and Proposition 4.4. When G is discrete, this
follows from Lemma 4.5 and Remark 4.6, together with the semantic characterization of positively existential
embeddings from Proposition A.11.

The following result is established in [2, Proposition 3.6, Proposition 3.7, Proposition 3.8] when G is coexact,
and second countable. Here, we remove these assumptions, and provide a simpler proof.

Proposition 5.5. Let G be a compact quantum group, let (A,α) and (B, β) be G-C*-algebras, and let φ : A→ B
be a nondegenerate G-equivariant *-homomorphism.

(1) If φ is positively LC*
G -existential, then φ|Aα : Aα → Bβ is positively LC*-existential.

(2) φ : (A,α) → (B, β) is positively LC*
G -existential if and only if id ⊗ φ : (KG ⊗ A,αK) → (KG ⊗ B, βK) is

positively LC*
G -existential.

(3) φ is positively LC*
G -existential if and only if G ⋉ φ : (G ⋉α,r A, α̌) → (G ⋉β,r B, β̌) is positively LC*

Ǧ
-

existential.

Proof. (1): This is an immediate consequence of Proposition A.15, after observing that the fixed point algebra
of a G-C*-algebra is an LC*

G -definable G-C*-subalgebra.
(2): We can assume that A ⊆ B and φ : A → B is the inclusion map. The forward implication is a

consequence of Proposition 5.3 and Proposition 4.8. For the converse, observe that we can identify A with the
G-C*-subalgebra |1〉 〈1| ⊗ A of KG ⊗ A. A similar observation applies to B, so we identify id ⊗ φ with the
inclusion map KG ⊗ A ⊆ KG ⊗ B, and φ with the restriction of id ⊗ φ to |1〉 〈1| ⊗ A. We can regard KG ⊗ A

and KG ⊗ B as KG ⊗ A-bimodules, and hence as structures in the language LC*,KG⊗A-KG⊗A
G . Observe that

id ⊗ φ is nondegenerate. It follows from Proposition 5.2 that id ⊗ φ is positively LC*,KG⊗A-KG⊗A
G -existential.

Furthermore, by Lemma 4.10, |1〉 〈1| ⊗ A ⊆ KG ⊗ A and |1〉 〈1| ⊗ B ⊆ KG ⊗ B are positively quantifier-

free LC*,KG⊗A-KG⊗A
G -definable. Therefore φ is positively LC*,KG⊗A-KG⊗A

G -existential by Proposition A.15. In

particular, φ is positively LC*,A-A
G -existential. Since φ is nondegenerate, a further application of Proposition 5.2

shows that φ is positively LC*
G -existential. This concludes the proof.

(3): The forward implication is a consequence of Proposition 5.4. The converse implication follows from the
other implication and Item (2) above, in view of the Baaj–Skandalis–Takesaki–Takai duality for compact and
discrete quantum groups; see [2, Theorem 1.20], [47, Chapter 9], [6, Theorem 5.33].

5.2. The Rokhlin property. A generalization of the Rokhlin property for actions of classical compact groups
on separable C*-algebras has been considered in [2, Section 4] for coexact second countable compact quantum
groups. Here, we remove all separability and coexactness assumptions. We fix a compact quantum group G
throughout the rest of this section.

Definition 5.6. A G-C*-algebra (A,α) is said to have the (spatial) Rokhlin property if the map α : (A,α) →
(C(G) ⊗A,∆ ⊗ idA) is positively LC*

G -existential.

It follows from [2, Lemma 1.24] and Proposition A.11 that Definition 5.6 agrees with [2, Definition 4.1] in the
particular case when G is coexact and second countable, and A is separable (which is the only case considered
in [2, Definition 4.1]).

The following result generalizes [2, Proposition 4.5], with a simple and conceptual proof.
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Proposition 5.7. Suppose that G is a compact quantum group, and (A,α) is a G-C*-algebra with the Rokhlin
property. Then (A,α) is free.

Proof. Observe that (C(G)⊗A,∆⊗ idA) is a free G-C*-algebra. If (A,α) has the Rokhlin property, then (A,α)
is free in view of this observation and Proposition 5.3.

The main result of [2] asserts that, whenever G is a coexact second countable compact quantum groups and
(A,α) is a separable G-C*-algebra, then several properties of A are preserved under taking crossed products or
passing to the fixed point algebra. One can deduce the natural generalization of such a statement to arbitrary
compact quantum groups from the properties of positively existential embeddings established above.

Theorem 5.8. Let (A,α) be a G-C*-algebra with the Rokhlin property. Then the canonical nondegenerate
inclusion Aα →֒ A is positively LC*-existential, and the canonical Ǧ-equivariant nondegenerate inclusion G⋉α
A →֒ KǦ ⊗ A is positively LC*

Ǧ
-existential. Here KǦ ⊗ A is regarded as a Ǧ-C*-algebra endowed with the

stabilization of the trivial action of Ǧ on A.

Proof. If (A,α) has the Rokhlin property, then by definition α : (A,α) → (C(G) ⊗ A,∆ ⊗ idA) is positively
LC*
G -existential. By part (1) of Proposition 5.5, the restriction of α to the fixed point algebras is positively

LC*-existential. Observing that the fixed point algebra of (C(G) ⊗A,∆ ⊗ idA) is equal to 1 ⊗ A ⊆ C(G) ⊗ A,
we deduce that the embedding Aα →֒ 1 ⊗ A is positively LC*-existential. This concludes the proof of the first
assertion.

By Proposition 5.4, the positively LC*
G -existential *-homomorphism α : (A,α) → (C(G)⊗A,∆⊗ idA) induces

a positively LC*
Ǧ

-existential *-homomorphism G⋉α : G⋉αA→ G⋉∆⊗idA
(C(G)⊗A). A particular instance of

the Baaj–Skandalis–Takesaki–Takai duality for compact quantum groups—see [2, Theorem 1.20], [47, Chapter
9], [6, Theorem 5.33]—gives that there exists a Ǧ-equivariant *-isomorphism ρ : G⋉∆⊗idA

(C(G)⊗A) → KG⊗A
such that ρ ◦ (G ⋉ α) : G ⋉α A → KG ⊗ A is the canonical inclusion. Therefore we conclude that the latter
*-homomorphism is positively LC*

Ǧ
-existential as well.

As an application, we extend several preservations results for crossed products by actions with the Rokhlin
property; see [17] and [1]. When G is coexact and second countable, this recovers the main result of [2], although
the assertions concerning real rank and stable rank are new even in this case.

Corollary 5.9. Let (A,α) be a G-C*-algebra with the Rokhlin property. If A satisfies any of the following
properties, then so do the fixed point algebra Aα and the crossed product G⋉α A:

(1) being simple;
(2) being separable, nuclear, and satisfying the UCT;
(3) being separable and D-absorbing for a given strongly self-absorbing C*-algebra D or for D = K(H);
(4) being expressible as a direct limit of certain weakly semiprojective C*-algebras (see Theorem 3.10 in [17]

for the precise statement). This includes UHF-algebras (or matroid algebras), AF-algebras, AI-algebras,
AT-algebras, countable inductive limits of one-dimensional NCCW-complexes, and several other classes.

(5) having nuclear dimension at most n;
(6) having decomposition rank at most n;
(7) having real rank at most n;
(8) having stable rank at most n.

Proof. In view of Theorem 5.8, the canonical inclusions Aα →֒ A and G ⋉α A →֒ KG ⊗ A are positively
LC*
G -existential. Items (1),(3),(4),(5),(8),(9) can be obtained by observing that the corresponding properties

are definable by a uniform family of LC*
G -formulas as shown in [12, Theorem 2.5.1, Theorem 2.5.2] and [22,

Proposition 4.3]; see also [22, Remark 3.2]. The items (2), (6), (7) can alternatively be obtained by applying the

fact that the corresponding properties are definable by a uniform family of LC*,nuc
G -formulas as shown in [12,

Section 5]; see also [22, Remark 3.5]. The language LC*,nuc
G is the nuclear language for C*-algebras introduced

in [22, Subsection 3.3].

Finally, the K-theory formula for fixed point algebras of Rokhlin actions of finite groups from [29] generalizes
to the setting of Rokhlin actions of compact quantum groups. This has been shown in [2, Theorem 5.11] for
separable coexact compact quantum groups, but the proof applies equally well in general.

Theorem 5.10. Let G be a compact quantum group, and (A,α) be a G-C*-algebra. If (A,α) has the Rokhlin
property, then the canonical inclusion Aα →֒ A induces an injective morphism K∗(Aα) →֒ K∗(A) in K-theory,
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whose range is

{x ∈ K∗(A) : K∗(α)(x) = K∗(ιA)(x)} ,

where ιA : A→ C(G) ⊗A, a 7→ 1 ⊗ a is the trivial action of G on A.

In fact, under the assumptions of Theorem 5.10, one can conclude that the inclusion of K0(A
α) into K0(A)

is positively existential. Here we regard K0-group as structures in the language of dimension groups (G,+, u)
endowed with domains of quantifications to be interpreted as the subsets {x ∈ G : − nu ≤ x ≤ nu} for n ∈ N.
This corresponds to the notion of ultrapower of dimension groups considered in [46].

5.3. Rigidity. Suppose that G is a compact quantum group, and (B, β) is a G-C*-algebra. Let B̃ be the

minimal unitization of B. Then the G-action β has a unique extension to a G-action β on B̃. It is easy to
see that if a *-homomorphism φ : A → B is positively LC*

G -existential, then its unique extension to a unital

*-homomorphism φ : Ã → B̃ is positively LC*,1
G -existential, where LC*,1

G is the language obtained from LC*
G by

adding a constant symbols for the multiplicative unit. The following definition is introduced in the setting of
compact quantum group actions in [2, Definition 5.1].

Definition 5.11. Let G be a compact quantum group, (A,α), (B, β) be two G-C*-algebras, and φ1, φ2 : A →
B be G-equivariant *-homomorphisms. Then φ1, φ2 are approximately G-unitarily equivalent, in formulas
φ1 ≈u,G φ2, if there exists a net (vi) of unitary elements of the fixed point algebra B̃β such that φ2 is the limit
of Ad(vi) ◦ φ1 is the topology of pointwise norm convergence.

When B is separable, one can replace nets with sequences in Definition 5.11. In the case when G is the
trivial group, Definition 5.11 recovers the usual notion of approximate unitary equivalence φ1 ≈u φ2 for the
*-homomorphisms φ1, φ2.

A rigidity result for Rokhlin actions of coexact second countable compact quantum groups, generalizing
results for finite and compact from [20, 22, 29, 42] and for finite quantum groups from [33], has been obtained
in [2, Theorem 5.10]. In the rest of this section, we observe here that such a result holds for arbitrary (not
necessarily coexact) second countable compact quantum groups.

Theorem 5.12. Let G be a second countable compact quantum group, let A be a separable C*-algebra, and let
α(0), α(1) be G-actions on A. If (A,α(0)) and (A,α(1)) have the Rokhlin property, then α(0) ≈u α

(1) if and only
if α(0) ≈u,G α

(1).

One can deduce from Theorem 5.12 the following corollary, similarly as Proposition [2, Proposition 6.4] is
deduced from [2, Theorem 5.10].

Corollary 5.13. Let G be a second countable compact quantum group, and D be a strongly self-absorbing
C*-algebra. Then there exists at most one conjugacy class of G-actions on D with the Rokhlin property.

The rest of this subsection is dedicated to the proof of Theorem 5.12.
We fix separable G-C*-algebras (A,α) and (B, β), and homomorphisms φ, φ1, φ2 : (A,α) → (B, β). We will

use tacitly the fact that the unitary group of a unital C*-algebras is positively quantifier-free LC*,1-definable
with respect to the class of unital C*-algebras. Indeed, it is the zeroset of the stable positive quantifier-free
LC*,1-formula max {‖xx∗ − 1‖, ‖x∗x− 1‖}.

Lemma 5.14. Suppose that β ◦ φ ≈u (id ⊗ φ) ◦ α, and that β has the Rokhlin property. Then for every finite
subset F of A and every ε > 0, there exists a unitary v in the unitization of C(G) ⊗B such that

sup
x∈F

‖(β ◦ Ad(v) ◦ φ− (id ⊗ (Ad(v) ◦ φ)) ◦ α)(x)‖ < ε

and

sup
x∈F

(‖[φ(x), v]‖ − ‖(β ◦ φ− (id ⊗ φ) ◦ α)(x)‖) < ε.

Proof. Fix a finite subset F of A and ε > 0. By [2, Lemma 5.4], there exists a unitary v in the unitization of
C(G) ⊗B such that

sup
x∈F

‖((∆ ⊠ β) ◦ Ad(v) ◦ (1 ⊠ φ) − (id ⊗ (Ad(v) ◦ (1 ⊠ φ))) ◦ α)(x)‖ < ε (2)

and

sup
x∈F

(‖[(1 ⊠ φ)(x), v]‖ − ‖(β ◦ φ− (id ◦ φ) ◦ α)(x)‖) < ε. (3)



MODEL THEORY AND ROKHLIN DIMENSION FOR COMPACT QUANTUM GROUP ACTIONS 19

Since β has the Rokhlin property, the map

1 ⊠ idB : (B, β) → (C(G) ⊠B,∆ ⊠ β)

is positively LC*
G -existential. Therefore its unique unital extension

1 ⊠ idB : (B̃, β) → (C(G) ⊠ B̃,∆ ⊠ β)

is positively LC*,1
G -existential. Since the conditions from Equation 2 and Equation 3 can be expressed by positive

quantifier-free LC*,1
G -formulas, we conclude that there exists a unitary v ∈ B̃ as wanted.

Lemma 5.15. Suppose that β ◦ φ ≈u (id ⊗ φ) ◦ α, and β has the Rokhlin property. Then there exists a
G-equivariant *-homomorphism ψ : (A,α) → (B, β) such that ψ ≈u φ.

Proof. One replaces [2, Lemma 5.5] with Lemma 5.14 in the proof [2, Proposition 5.6].

We prove the following lemma directly using the definition of positively LC*
G -existential G-equivariant *-

homomorphism.

Lemma 5.16. Suppose that (C, γ) is a G-C*-algebra, and ψ : (B, β) → (C, γ) is positively LC*
G -existential

G-equivariant *-homomorphism. If ψ ◦ φ1 ≈u,G ψ ◦ φ2 then φ1 ≈u φ2.

Proof. Observe that the unital extension ψ : (B̃, β) → (C̃, γ) is a positively LC*,1
G -existential G-equivariant *-

homomorphism. Fix ε > 0 and a finite subset F of A. Since by assumption ψ ◦ φ1 ≈u,G ψ ◦ φ2, there exists

v ∈ C̃γ such that

sup
x∈F

‖v(ψ ◦ φ1)(x)v∗ − (ψ ◦ φ2)(x)‖ < ε.

Since ψ is a positively LC*
G -existential G-equivariant *-homomorphism, there exists a unitary u ∈ B̃β such that

supx∈F ‖vφ1(x)v∗ − φ2(x)‖ < ε. This concludes the proof.

The following proposition in the case when G is coexact is [2, Corollary 5.9]. The proof is analogous, where
one replaces [2, Proposition 5.8] with Lemma 5.16.

Proposition 5.17. Suppose that G is a second countable compact quantum group, and (A,α) and (B, β) are
separable G-C*-algebras. Let φ1, φ2 : (A,α) → (B, β) be G-equivariant *-homomorphisms. If φ1 ≈u φ2 and
(B, β) has the Rokhlin property, then φ1 ≈u,G φ2.

Finally, using Proposition 5.17 instead of [2, Corollary 5.9], and Lemma 5.15 instead of [2, Corollary 5.6],
one can prove Theorem 5.12 reasoning as in the proof of [2, Theorem 5.10].

As fruitful as the Rokhlin property is, it is also very rare. In fact, there are many very interesting C*-
algebras that do not admit any Rokhlin action of a nontrivial compact quantum group. For example, we have
the following result. For θ ∈ R \Q, we denote by Aθ the irrational rotation algebra. Also, we write O∞ for the
Cuntz algebra on infinitely many generators.

Proposition 5.18. Let G be a nontrivial finite quantum group and let θ ∈ R \ Q. There do not exist any
actions of G on either Aθ or O∞ with the Rokhlin property.

Proof. For classical finite groups, this is well known; see, for example, Section 3 in [19]. Suppose that G is not
classical finite quantum group. Then C(G) is a finite dimensional C*-algebra which is not commutative. Find
n ∈ N, with n > 1, and orthogonal projections p1, . . . , pn ∈ C(G) which add up to 1C(G) and are unitarily
equivalent in C(G).

Let A be either Aθ or O∞. Suppose that α is an action of G on A, and assume by contradiction that α has
the Rokhlin property. Therefore α : (A,α) → (C (G) ⊗A,∆ ⊗ idA) is positively LC*

G -existential. By considering
the projections pj⊗1A ∈ C(G)⊗A, we deduce that there exist orthogonal projections q1, . . . , qn ∈ A which add
up to 1A and are unitarily equivalent in A. In the case of O∞, this would imply that the class of unit of O∞

in its K0-group is divisible by n > 1, which is not true. For the case of Aθ, and denoting its unique trace by τ ,
we would get 1 = τ(1Aθ

) =
∑n

j=1 τ(qj) = nτ(q1), since unitarily equivalent projections have the same value on
traces. The range of τ on traces is known not to contain any rational which is not an integer, so this is again a
contradiction. This finishes the proof.

Nonexistence results like the one just explained are the main motivation for introducing a more flexible
notion, the Rokhlin dimension, which is the content of the next section. Despite not admitting any Rokhlin
action, the algebras O∞ and Aθ have many actions with finite Rokhlin dimension; see, for instance, [19].
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6. Order zero dimension and Rokhlin dimension

6.1. Order zero dimension. The notion of positive LC*
G -existential G-equivariant *-homomorphism admits

a natural generalization, which has been introduced in the classical setting in [22, Section 5]. We consider
here its natural extension to compact quantum groups. In the following definition, given a *-homomorphism
θ : A→ B, we consider B as an A-bimodule, with respect to the A-bimodule structure defined by a · b = θ(a) b
and b · a = b θ(a) for every a ∈ A and b ∈ B.

Definition 6.1. Let G be either a discrete or a compact quantum group, let (A,α) and (B, β) be G-C*-algebras.
Fix a cardinal number κ larger than the density characters of A, B, and L2(G), and a countably incomplete
κ-good filter F . We say that a *-homomorphism θ : (A,α) → (B, β) has G-equivariant order zero dimension at

most d, written dimG
oz(θ) ≤ d, if there exist G-equivariant completely positive contractive order zero A-bimodule

maps ψ0, . . . , ψd : (B, β) → (
∏G

F A,αF ) such that the sum ψ = ψ0 + · · · + ψd is a contractive linear map such
that the following diagram commutes

A

θ
��❂

❂❂
❂❂

❂❂
❂

∆A //
∏G

F A

B

ψ

==③③③③③③③③

The G-equivariant order zero dimension dimG
oz(θ) of θ is the least d ∈ N such that dimG

oz(θ) ≤ d, if such a d
exists, and ∞ otherwise. The order zero dimension of a *-homomorphism between C*-algebras can be obtained
as the particular instance of Definition 6.1 when G is the trivial group.

Remark 6.2. Definition 6.1 does not depend on the choice of the countably incomplete κ-good ultrafilter F .
This can be seen, for instance, by considering the syntactic characterization presented in Remark 6.3 below.
Furthermore, when G is second countable, and A,B are separable, one can choose F to be any countably
incomplete filter, such as the filter of cofinite subsets of N.

Remark 6.3. One can give a syntactic reformulation of the notion of G-equivariant order zero dimension.
To this purpose, one can consider the ordered operator space language Losos introduced in [22, Subsection
3.1], and the order zero language Loz introduced in [22, Subsection 3.2]. Adding function symbols for the
A-bimodule operations give the A-bimodule ordered operator space language Losos,A-A and the A-bimodule
order zero language Loz,A-A. In both these languages, the distinguished symbol for the metric is replaced by
pseudometric symbols dF for F ranging among the finite subsets of A, to be interpreted as the pseudometric

dF (x, y) = max {‖a(x− y)‖, ‖(x− y)a‖ : a ∈ F} .

One can consider the G-equivariant version Losos,A-A
G and Loz,A-A

G for each of these languages, which are

defined starting from these languages by adding symbols for a G-action as in Subsection 3.4. The Losos,A-A
G -

morphisms between G-C*-algebras are precisely the G-equivariant completely positive contractive A-bimodule

maps, while the Loz,A-A
G -morphisms are precisely the G-equivariant completely positive contractive order zero

A-bimodule maps. One can then rephrase Definition 6.1 by asserting that the order zero dimension of a
nondegenerate *-homomorphism θ : (A,α) → (B, β) is at most d if and only if for every positive quantifier-free

Loz,A-A
G -formula ϕ(z, y), for every positive quantifier-free Losos,A-A

G -formula ψ(x, z, y), where the variables z have

finite-dimensional C*-algebras as sorts, for every tuples a in A, b in B, and w in finite-dimensional C*-algebras,
and for every ε > 0, there exist tuples c0, . . . , cd in A such that

ψ(a, w, c0 + · · · + cd) ≤ ψ(θ(a), w, b) + ε and ϕ(w, cj) ≤ ϕ(w, b) + ε for j = 0, 1, . . . , d.

If A0 is a G-C*-subalgebra of A containing an approximate unit for A, then one can replace Losos,A-A
G and

Loz,A-A
G with Losos,A0-A0

G and Loz,A0-A0

G in the discussion above.

Remark 6.4. Suppose that θ : (A,α) → (B, β) is a nondegenerate *-homomorphism. Fix a countably incom-
plete κ-good ultrafilter U , where κ is larger than the density character of A, B, and L2(G). Let also A0 be a
G-C*-subalgebra of A containing an approximate unit for A. In the case when G is compact, assume furthermore
that A0 is contained in the fixed point algebra (which is a nondegenerate C*-subalgebra of A). Following [30,

Section 1] and [1, Remark 1.3], we consider the G-C*-subalgebra A0 ·
∏G

U A · A0 of
∏G

U A. It is easy to see that

A0 ·
∏G

U A ·A0 can be identified with the ultrapower of (A,α) regarded as an LC*,A0-A0

G -structure. It follows

from the observations above that if dimG
oz(θ) ≤ d, then there exist G-equivariant completely positive contractive



MODEL THEORY AND ROKHLIN DIMENSION FOR COMPACT QUANTUM GROUP ACTIONS 21

order zero A-bimodule maps ψ0, . . . , ψd : B → A0 ·
∏G

U A · A0 such that ψ := ψ0 + · · · + ψd is contractive and

ψ ◦ θ is the diagonal embedding from A to A0 ·
∏G

U A · A0.

Recall that a unital completely positive order zero map is a *-homomorphism. Next, we prove a similar result
with ‘unital’ being replaced by ‘nondegenerate’. If α is a G-action on A, then α admits a unique extension to
a G-action on Ã, which we still denote by α.

Lemma 6.5. Let φ : A→ B be a completely positive order zero map between C*-algebras. If φ is nondegenerate,
then it is a *-homomorphism.

Proof. If A is unital, then φ : A→ B ⊂M(B) is unital, and the conclusion follows from the structure theorem

for completely positive order zero maps from [50]. Suppose that A is not unital, and let Ã be its unitization.
We let B∗∗ be the second dual of B, which we identify with the enveloping von Neumann algebra of B. Fix
an increasing approximate unit (uj)j∈J for A, and set g = supj∈J φ(uj) ∈ B∗∗. By [50, Proposition 3.2], the

(unique) linear map φ̃ : Ã → B∗∗ extending φ with φ(1) = g, is completely positive of order zero. Since φ is

nondegenerate, we must have g = 1 ∈ B∗∗. Therefore φ̃ is a *-homomorphism, and hence so is φ.

Lemma 6.6. Suppose that G is a compact or discrete quantum group, and (A,α) is a G-C*-algebra. The

inclusion map (A,α) →֒ (Ã, α) is positively LC*,A-A
G -existential.

Proof. Consider an approximate unit (uj)j∈J for A. Fix a quantifier-free LC*,A-A
G -formula, ϕ (x̄, ȳ), and a tuple

a in A. If (bk + λk1)
n
k=1 is a tuple in Ã satisfying the condition ϕ(a, ȳ) < r, then, for a suitable j ∈ J ,

(bk + λkuj)
n
k=1 is a tuple in A satisfying the same condition.

Proposition 6.7. Let G be either a compact or discrete quantum group, and let θ : (A,α) → (B, β) be an
injective *-homomorphism between G-C*-algebras.

(1) If (C, γ) is a G-C*-algebra, and ψ : (B, β) → (C, γ) is a *-homomorphism, then

dimG
oz(ψ ◦ θ) + 1 ≤ (dimG

oz(ψ) + 1)(dimG
oz(θ) + 1).

(2) If D is any C*-algebra, then dimG
oz(θ ⊗ idD) ≤ dimG

oz(θ).
(3) Let I be a directed set, and let ((Ai, αi), θij)i,j∈I be a direct system of G-C*-algebras. For every

i ∈ I, let θi∞ : (Ai, α) → (lim
−→

Ai, lim−→
αi) be the canonical *-homomorphism. Then dimG

oz(θi∞) ≤

lim supj dimG
oz(θij).

(4) Let I be a directed set, and for k = 0, 1, let ((A
(k)
i , α

(k)
i ), θ

(k)
ij )i,j∈I be a direct system of G-C*-algebras.

Let (ηi : (A
(0)
i , α

(0)
i ) → (A

(1)
i , α

(1)
i )) be a compatible family of *-homomorphism. Then dimG

oz(lim−→ηi) ≤

lim supi∈I dimG
oz(ηi).

(5) Suppose that S is a positively quantifier-free Losos,A-A
G -definable G-C*-subalgebra relative the class C of

G-C*-algebras that contain (A,α). Then θ maps S(A,α) to S(B,β), and dimG
oz(θ|S(A,α)) ≤ dimG

oz(θ).

Proof. (1)–(4) can be proved similarly as for classical groups; see [22, Proposition 5.4]. (5) is an easy consequence
of the definition.

The following is one of our main results regarding order zero dimension. In the proof of part (5), we will
use the fact that if ψ : A→ B is a completely positive contractive order zero map, then ψ(a)ψ(bc) = ψ(ab)ψ(c)
for all a, b, c ∈ A. This fact follows easily by considering the induced *-homomorphism C0((0, 1]) ⊗A→ B [50,
Corollary 4.1].

Theorem 6.8. Let G be either a compact or discrete quantum group, and let θ : (A,α) → (B, β) be a nonde-
generate injective *-homomorphism. Then:

(1) dimG
oz(θ) = 0 if and only if θ is positively LC*

G -existential.

(2) The G-equivariant order zero dimension of θ̃ : (Ã, α) → (B̃, β) is equal to dimG
oz(θ).

(3) The Ǧ-equivariant order zero dimension of G⋉ θ : (G ⋉α,r A, α̌) → (G ⋉β,r B, β̌)) is less than or equal

to dimG
oz(θ).

(4) If (B, β) is free, and dimoz
G (θ) < +∞, then (A,α) is free.

Proof. We prove the theorem for compact G, since the case of discrete G is analogous.
(1): It is obvious that if θ is positively LC*

G -existential, then dimG
oz(θ) = 0. Conversely, suppose that

dimG
oz(θ) = 0. Fix a countably incomplete κ-good ultrafilter U , where κ is larger than the density character of A,
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B, and L2(G). Then by Remark 6.4, there exists a completely positive contractive order zero A-bimodule map

ψ : B → A ·
∏G

U A · A such that ψ◦φ : A→ A ·
∏G

U A ·A is the diagonal inclusion. Since φ is nondegenerate and
ψ is an A-bimodule map, ψ is nondegenerate. Therefore ψ is a *-homomorphism, witnessing that θ is positively
LC*
G -existential.

(2): We can assume that θ : A → B is the inclusion map. Suppose that dimG
oz(θ) ≤ d. By Lemma 6.6 and

Remark 6.4, there exist G-equivariant completely positive order zero A-bimodule maps

ψ0, . . . , ψd : B̃ → Aα ·
∏G

U
A · Aα ⊆ Aα ·

∏G

U
Ã · Aα

such that ψ = ψ0 + · · · + ψd is contractive and ψ ◦ θ̃|A : A → Aα ·
∏G

U A · Aα is the diagonal embedding. Since
ψ0, . . . , ψd are A-bimodule maps, given a ∈ Aα we have

aψ(1) = ψ(a1) = ψ(a) = a,

and similarly ψ(1)a = a. This shows that ψ(1) = 1 and that

ψ ◦ θ̃ : Ã→ Aα ·
∏G

U
Ã · Aα ⊆

∏G

U
Ã

is the diagonal embedding. We also have, for j = 0, 1, . . . , d.

(a+ λ1)ψj(b + µ1) = aψj(b + µ1) + λψj(b + µ1) = ψj(ab + µa+ λb+ λµ1) = ψj((a+ λ1)(b + µ1)).

Therefore ψj is an Ã-bimodule map. Hence ψ0, . . . , ψd witness that dimG
oz(θ̃) ≤ d, so dimG

oz(θ̃) ≤ dimG
oz(θ).

Conversely, suppose that dimG
oz(θ̃) ≤ d. Observe that Aα is a closed two-sided ideal of the fixed point algebra

of (Ã, α). Therefore, by Remark 6.4, there exist G-equivariant completely positive contractive order zero A-

bimodule maps ψ0, . . . , ψd : B̃ → Aα ·
∏G

U Ã ·Aα. Note that Aα ·
∏G

U Ã ·Aα = Aα ·
∏G

U A · Aα. Therefore the

restriction of the maps ψ0, . . . , ψd to B witness that dimG
oz(θ) ≤ d, so dimG

oz(θ) ≤ dimG
oz(θ̃), as desired.

(3): Suppose that dimG
oz(θ) = d. Let us first consider the case when A,B are unital C*-algebras, in which

case θ is a unital *-homomorphism. Fix a cardinal κ larger than the density characters of A, B, and L2(G),

and a countably incomplete κ-good ultrafilter U . Let ψ0, . . . , ψd : B →
∏G

U A be maps as in the definition of

dimG
oz(θ) ≤ d. Consider the following maps:

• the Ǧ-equivariant completely positive contractive A-bimodule maps G ⋉ ψj : G ⋉β B → G ⋉α (
∏G

U A)
for j = 0, . . . , d obtained as in Lemma 4.3;

• the Ǧ-equivariant *-homomorphism G⋉ θ : G⋉α A→ G⋉β B; and

• the Ǧ-equivariant injective *-homomorphism Ψ: G⋉α (
∏G

U A) →
∏Ǧ

U A from Proposition 4.4.

Then G⋉ ψ =
∑d

j=0G⋉ ψj is a Ǧ-equivariant completely positive A-bimodule map satisfying

Ψ ◦ (G⋉ ψ) ◦ (G⋉ θ) = ∆A : A→
∏Ǧ

U
A.

Since G⋉ ψ is completely positive, we have ‖G⋉ ψ‖ = ‖(G⋉ ψ)(1)‖ = 1. Therefore dimǦ
oz(G⋉ θ) ≤ d.

Consider now the case when A and B are not necessarily unital. Then dimG
oz(θ̃) ≤ d by (2). By applying the

result to the unital case, we have dimĜ
oz(G⋉ θ̃) ≤ d. Observe now that G⋉α A ⊆ G⋉α Ã and G⋉β B ⊆ G⋉ B̃

are positively quantifier-free LA
α-Aα

Ǧ
-definable with respect to the class of Ǧ-C*-algebras of the form G ⋉γ C

for some G-C*-algebra (C, γ) such that (A,α) embeds equivariantly into (C, γ). Therefore, by part (5) of
Proposition 6.7, the restriction G⋉ θ : G⋉αA→ G⋉βB also has Ǧ-equivariant order zero dimension at most d

in view of the semantic characterization of Ǧ-equivariant order zero dimension from Remark 6.3. We conclude

that dimǦ
oz(G⋉ θ) ≤ dimG

oz(θ).
(4): We can assume that A ⊆ B is a nondegenerate G-C*-subalgebra, and θ : A → B is the inclusion map.

Let x ∈ C(G) ⊗A, and ε > 0. Using freeness for β, find n ∈ N, and tuples b1, . . . , bn, c1, . . . , cn ∈ B with

‖x−

n
∑

k=1

β(bk)(1 ⊗ ck)‖ < ε/2.

Set M = maxk=1,...,n ‖bk‖ and d = dimG
oz(θ) <∞. Since A ⊆ B is nondegenerate, choose u ∈ A+ satisfying

‖x(1 ⊗ u) − x‖ < ε/3, and ‖cku− ck‖ < ε/(3(d+ 1)nM)

for all k = 1, . . . , n.
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Let κ be a cardinal larger than the density characters of A, B, and L2(G). Find G-equivariant completely

positive order zero maps ψ0, . . . , ψd : B →
∏G

U A as in the definition of order zero dimension. For j = 0, . . . , d,

let πj : B →
∏G

U A be the completely positive contractive order zero map given by πj = ψ
1/2
j , using functional

calculus for order zero maps (see [50, Corollary 3.2]). It is easily checked that πj is again a G-equivariant
A-bimodule map.

For j = 0, . . . , d and k = 1, . . . , n, set bj,k = πj(bk) and cj,k = ψj(ck). For j = 0, . . . , d, denote by φj : C(G)⊗

B → C(G) ⊗
∏G

U A the G-equivariant completely positive order zero A-bimodule map φj = idC(G) ⊗ πj . In the
rest of this proof, for elements e and f in some C*-algebra and δ > 0, we write e ≈δ f to mean ‖e− f‖ < δ. By
the comments before this proposition, we have

φj(β(bk)(1 ⊗ ck))φj(1 ⊗ u) = φj(β(bk))φj(1 ⊗ cku)

= αU(bj,k)(1 ⊗ cj,ku)

≈ε/(3(d+1)n) αU (bj,k)(1 ⊗ cj,k).

In the following computation, we use the observation above at the first step; the definition of the elements bk
and ck at the third; the fact that u has a square root at the fourth, together with the comments before this
proposition regarding order zero maps; the fact that φj is a (C(G)⊗A)-bimodule map at the fifth; the definition
of φj at the seventh; and the properties of the maps ψj at the eighth:

d
∑

j=0

n
∑

k=1

αU (bj,k)(1 ⊗ cj,k) ≈ε/3

d
∑

j=0

n
∑

k=1

φj(β(bk)(1 ⊗ ck))φj(1 ⊗ u) =
d
∑

j=0

φj

(

n
∑

k=1

β(bk)(1 ⊗ ck)

)

φj(1 ⊗ u)

≈ε/3

d
∑

j=0

φj(x)φj(1 ⊗ u) =

d
∑

j=0

φj(x(1 ⊗ u1/2))φj(1 ⊗ u1/2)

= x

d
∑

j=0

φj(1 ⊗ u1/2)φj(1 ⊗ u1/2) = x

d
∑

j=0

φ2j (1 ⊗ u)

= x

d
∑

j=0

(idC(G) ⊗ ψ)(1 ⊗ u) = x(1 ⊗ u) ≈ε/3 x.

We conclude that ‖x −
∑d

j=0

∑n
k=1 αU (bj,k)(1 ⊗ cj,k)‖ < ε. Since the diagonal embedding of A →

∏G
U A is

positively LC*
G -existential, we conclude that there exist b̃j,k, c̃j,k ∈ A satisfying

‖x−

n
∑

k=1

d
∑

j=0

α(b̃j,k)(1 ⊗ c̃j,k)|| < ε.

This shows that (A,α) is free.

Theorem 6.9. Let G be a compact quantum group, and let θ : (A,α) → (B, β) be a nondegenerate injective
*-homomorphism. Then:

(1) The G-equivariant order zero dimension of idKG
⊗θ : (KG⊗A,αK) → (KG⊗B, βK) is equal to dimG

oz(θ).

(2) The Ǧ-equivariant order zero dimension of G⋉ θ : (G⋉α,r A, α̌) → (G⋉β,r B, β̌) is equal to dimG
oz(θ).

(3) The G-equivariant order zero dimension of θ|Aα is less than or equal to dimG
oz(θ).

Proof. (1): The proof of this fact is identical to the proof of part (2) of Proposition 5.5.
(2): One inequality follows from Theorem 6.8. As in the proof of part (3) of Proposition 5.5, one can now

deduce that in fact equality holds using Item (1) above and the Baaj–Skandalis–Takesaki–Takai duality for
compact quantum groups.

(3): This is a particular instance of part (5) of Proposition 6.7 in the case of the fixed point subalgebra,
which is an Losos

G -definable G-C*-subalgebra relative to the class of G-C*-algebras when G is a compact quantum
group.

The following preservation result for *-homomorphisms with finite order zero dimension has been established
in [22, Proposition 5.22]. Given a C*-algebra A, we let dimnuc(A) be the nuclear dimension of A [51], and dr(A)
be the decomposition rank of A [31, Definition 3.1].
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Proposition 6.10. Let A,B be C*-algebras, and θ : A→ B be a *-homomorphism. Then

dimnuc(A) + 1 ≤ (dimoz(θ) + 1)(dimnuc(B) + 1)

and
dr(A) + 1 ≤ (dimoz(θ) + 1)(dr(B) + 1).

More generally, Proposition 6.10 applies to any dimension function for (nuclear) C*-algebras that is (nucle-
arly) positively ∀∃-axiomatizable in the sense of [22, Definition 5.15, Definition 5.16.].

6.2. Rokhlin dimension. In this subsection we fix a compact quantum group G. We consider C(G) ⊗A as a
G-C*-algebra with respect to the action given by ∆ ⊗ idA.

Definition 6.11. The Rokhlin dimension dimRok(A,α) of a G-C*-algebra (A,α), is the G-equivariant order
zero dimension of α : (A,α) → (C(G) ⊗A,∆ ⊗ idA).

It follows from [2, Lemma 1.24] and [22, Lemma 5.13] that when G is classical, Definition 6.11 recovers the
usual notion of Rokhlin dimension for G-C*-algebras from [21, Definition 3.2].

The following is the main technical fact for actions with finite Rokhlin dimension.

Theorem 6.12. Let (A,α) be a G-C*-algebra. Then

dimoz(A
α →֒ A) ≤ dimRok(A,α) = dimǦ

oz(G⋉α A →֒ KǦ ⊗A).

Here KǦ ⊗A is regarded as a Ǧ-C*-algebra endowed with the stabilization of the trivial action of Ǧ on A.

Proof. Let d be the Rokhlin dimension of (A,α). We consider α as a G-equivariant *-homomorphism α :
(A,α) → (C (G) ⊗A,∆ ⊗ idA). We thus have that d is equal to the G-equivariant order zero dimension of α.

By part (3) of Theorem 6.9, dimG
oz (α|Aα) ≤ dimG

oz (α) = dimRok (A,α). The restriction α|Aα is the embedding
Aα →֒ 1 ⊗A ⊆ C(G) ⊗A, so this proves the first equality.

By part (2) of Theorem 6.9, the Ǧ-equivariant *-homomorphismG⋉α : G⋉αA→ G⋉∆⊗idA
C(G)⊗A induced

by α is equal to d. A particular instance of the Baaj–Skandalis–Takesaki–Takai duality for compact quantum
groups yields a Ǧ-equivariant *-isomorphism ρ : G⋉∆⊗idA

(C(G)⊗A) → KG⊗A such that ρ◦(G⋉α) : G⋉αA→
KG ⊗A is the canonical inclusion. This shows the Ǧ-equivariant *-homomorphism G⋉α A →֒ KG⊗A also has
Ǧ-equivariant order zero dimension d.

Corollary 6.13. Suppose that G is a compact quantum group, and (A,α) is a G-C*-algebra. Then

dimnuc(A
α) + 1 ≤ (dimRok(A,α) + 1)(dimnuc(A) + 1)

and
dr(G⋉α A) + 1 ≤ (dimRok(A,α) + 1)(dr(A) + 1).

Proof. This is an immediate consequence of Theorem 6.12 and Proposition 6.10.

Remark 6.14. Let θ : (A,α) → (B, β) be a G-equivariant *-homomorphism. Using part (1) of Proposition 6.7
at the fourth step, we get

dimRok(A,α) + 1 = dimG
oz(α) + 1 ≤ dimG

oz((id ⊗ θ) ◦ α) + 1 = dimG
oz(β ◦ θ) + 1

≤ (dimG
oz(β) + 1)(dimG

oz(θ) + 1) = (dimRok(B, β) + 1)(dimG
oz(θ) + 1).

The following dimensional inequalities follow from the remark above and [22, Theorem 5.40 and Theorem
4.41]. We denote by Z the Jiang-Su algebra, and by O2 and O∞ the Cuntz algebras on two and infinitely many
generators, respectively.

Theorem 6.15. Let (A,α) be a G-C*-algebra, and let U be UHF-algebra of infinite type. Then

dimRok(A⊗Z, α⊗ idZ) ≤ 2 dimRok(A⊗ U, α⊗ idU ) + 1

and
dimRok(A⊗O∞, α⊗ idO∞

) ≤ 2 dimRok(A⊗O2, α⊗ idO2) + 1.

Finally, we show that actions with finite Rokhlin dimension are free. This result is new even for actions
of classical finite groups. Previous partial results were considerably more technical, and the quantum group
perspective makes the argument significantly more transparent.

Theorem 6.16. Let (A,α) be a G-C*-algebra. If dimRok(α) <∞, then α is free.

Proof. By Example 3.9, the G-C*-algebra C(G) ⊗ A is free. Since α : A → C(G) ⊗ A has finite G-equivariant
order zero dimension, the result follows from part (4) of Theorem 6.8.
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6.3. Duality. One can isolate a notion of dimension for actions of discrete quantum groups, which is dual to
the notion of Rokhlin dimension for actions of compact quantum groups. Suppose that G is a compact quantum
group, and let (A,α) be a Ǧ-C*-algebra. Consider the reduced crossed product Ǧ ⋉α,r A, and the canonical

inclusion ιC(G) : C(G) →M(Ǧ⋉α,r A). Denote by V the fundamental unitary of G. Consider now the unitary

Vα := (idc0(Ǧ) ⊗ ιC(G))(V ) ∈M(c0(Ǧ) ⊗ (Ǧ⋉α,r A)).

Then the map Ad(V ∗
α ) turns M(Ǧ⋉α,r A) into a Ǧ-C*-algebra.

Definition 6.17. Let (A,α) be a Ǧ-C*-algebra. The representation dimension dimrep(A,α) of (A,α) is the

Ǧ-equivariant order zero dimension of the canonical embedding (A,α) → (Ǧ⋉α,r A,Ad(V ∗
α )).

In the case of dimension zero, and when G is coexact and A is separable, Definition 6.17 recovers the notion
of spatial approximate representability from [2, Definition 4.7]. The following result generalizes [2, Theorem
4.12], which is then the case of dimension zero.

Theorem 6.18. Let G be a compact quantum group and let (A,α) be a G-C*-algebra. Then

dimRok(A,α) = dimrep(G⋊α,r A, α̌).

Proof. Using the identifications from [2, Proposition 4.10, Proposition 4.11], the conclusion follows from part (2)
of Theorem 6.9 applied to α : A→ C(G) ⊗A.

Appendix

We recall here the fundamental notions concerning first order logic for metric structure. A good introduction
to this subject can be found in [3]. The systematic study of C*-algebras from the perspective of model theory
has been undertaken in [12]. We will consider the framework of languages with domains of quantification as
introduced in [15], which is particularly suitable for dealing with structures from functional analysis. In fact,
we will consider a slightly more general setting, which is necessary for our purposes, where the interpretation of
the domains of quantifications of a given sort are only required to be dense in the interpretation of the sort. We
will also consider the situation where, rather than a single distinguished metric single, the language contains an
upward directed collection of pseudometric symbols. This is useful when considering structures such as modules
and bimodules. It is clear that all the results of [15] go through in this slightly more general setting.

A.1. Syntax. A language L is given by:

• a collection of sorts S,
• a collection of function symbols f ,
• a collection of relation symbols R,
• for each sort S, an ordered, upward directed collection of domains of quantification D for S,
• for each sort S, a collection of variables of sort S,
• for each sort S, an ordered, upward directed collection of pseudometric symbols dS of arity 2 with input

sorts all equal to S,
• for each function and relation symbol B, a natural number nB (its arity),

• for each function symbol f , a distinguished tuple Sf1 , . . . ,S
f
nf

of input sorts and an output sort Sf ,

• for each relation symbol R, a distinguished tuple SR1 , . . . ,S
R
nR

of input sorts,

• for each function symbol f and for each tuple D1, . . . , Dnf
of domains of quantifications for Sf1 , . . . ,S

f
nf

,

and for each tuple of pseudometric symbols d1, . . . , dnf
of sort S1, . . . ,Snf

, distinguished domains of

quantification Df
D1,...,Dnf

and a distinguished pseudometric symbol dfD1,...,Dnf
,d1,...,dnf

for the output

sort Sf of f , and a distinguished continuity modulus ̟f
D1,...,Dnf

,d1,...,dnf
;

• for each relation symbol R and for each tuple D1, . . . , DnR
of domains of quantifications for SR1 , . . . ,S

R
nf

,

and for each tuple of pseudometric symbols d1, . . . , dnf
of sort S1, . . . ,Snf

, a distinguished compact

interval DR
D1,...,DnR

in R and a distinguished continuity modulus ̟R
D1,...,Dn

.

A function symbol f is allowed to have arity nf = 0, in which case it is called a constant symbol. Given a
language L, one can define the notion of L-term by recursion. Formally, one declares that variables are terms,
and if t1, . . . , tn are L-terms and f is an n-ary function symbol in L, then f(t1, . . . , tn) is an L-term. If t is an
L-term and x1, . . . , xk are the variables that appear in t, then one also writes t as t(x1, . . . , xk).
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Formulas are defined starting from terms by recursion. A basic L-formula in the free variables x = (x1, . . . , xk)
is an expression ϕ(x) of the form R(t1, . . . , tn) where t1(x), . . . , tn(x) are L-terms and R is an n-ary relation
symbol in L. A quantifier-free L-formula is an expression ϕ(x) of the form

q(ψ1(x), . . . , ψn(x))

where ψ1, . . . , ψn are basic L-formulas in the free variables x and q : Rn → R is a continuous function. Such
a quantifier-free formula is positive if q : Rn → R has the property that si ≤ ti for i = 1, 2, . . . , n implies
that q(s1, . . . , sn) ≤ q(t1, . . . , tn). If furthermore q is of the form q(z1, . . . , zn) = max {u1(z1), . . . , un(zn)}
where u1, . . . , un : R → R are continuous nondecreasing functions, then we say that ϕ(x) is a positive primitive
quantifier-free L-formula.

A (positive/positive primitive) existential L-formula in the free variables x1, . . . , xk is an expression of
the form ϕ(x1, . . . , xk) = infy1 · · · infyℓ ψ(x1, . . . , xk, y1, . . . , yℓ) where ψ(x, y) is a (positive/positive primitive)
quantifier-free L-formula. A (positive/positive primitive) ∀∃-L-formula in the free variables x1, . . . , xk is an ex-
pression ϕ(x1, . . . , xk) of the form supz1 · · · supzm infy1 · · · infyℓ ψ(x1, . . . , xk, y1, . . . , yℓ, z1, . . . , zm) where ψ(x, y)
is a (positive/positive primitive) quantifier-free L-formula. Finally, arbitrary (positive/positive primitive) L-
formulas are defined similarly as above, but allowing an arbitrary finite number of alternations between sup
and inf. A (positive/positive primitive) L-sentence is a (positive/positive primitive) L-formula with no free
variables.

For each L-formula ϕ(x1, . . . , xk), for each choice D1, . . . , Dk of domains of quantification for the sorts of
x1, . . . , xk, and for each choice of pseudometric symbols d1, . . . , dk for the sorts x1, . . . , xk one can define by
recursion on the complexity of the formula, a uniform continuity modulus ̟ϕ

D1,...,Dk,d1,...,dk
for ϕ, as well as

a compact interval Dϕ
D1,...,Dk

in R where ϕ takes values. A collection F of formulas in the free variables
x1, . . . , xk is uniformly equicontinuous if for any choice D1, . . . , Dk of domains of quantification for the sorts of

x1, . . . , xk, the continuity moduli
{

̟ϕ
D1,...,Dk,d1,...,dk

: ϕ ∈ F
}

are uniformly bounded, and the compact intervals
{

Dϕ
D1,...,Dk

: ϕ ∈ F
}

are all contains in a common compact interval in R.

A.2. Semantics. An L-structure M if given by:

• for each sort S, a set SM ,
• for each sort S, and for each pseudometric symbol dS of sort S, dMS is a pseudometric on S, such that

the uniformity defined by these pseudometrics [44, Definition 2.1] is complete [44, Definition 1.14], and
such that the assignment dS 7→ dMS is order preserving (where the order for pseudometric is pointwise
comparison);

• for each domain of quantification D for S, a closed subset DM of SM such that the assignment D 7→ DM

is order preserving (where the collection of closed subsets of SM is ordered with respect to inclusion),
and such that the union of DM when D ranges among the domains of quantification for S is dense in
SM with respect to the uniformity described above,

• for each function symbol f with input sorts Sf1 , . . . ,S
f
nf

and output sort Sf , a function fM : (Sf1 )M×· · ·×

(Sfnf
)M → (Sf )M (the interpretation of f in M) such that, for any choice of domains of quantification

D1, . . . , Dnf
and pseudometric symbols d1, . . . , dnf

for the sorts Sf1 , . . . ,S
f
nf

, the restriction of fM to

DM
1 ×· · ·×DM

nf
is a uniformly continuous map with continuity modulus ̟f

D1,...,Dnf
,d1,...,dnf

with respect

to the metrics max{d1, . . . , dnf
} and dfD1,...,Dnf

,d1,...,dnf
, and its range is contained in (Df

D1,...,Dnf
)M ;

• for each relation symbol R with input sorts SR1 , . . . ,S
R
nf

and output sort SR, a function RM : (SR1 )M ×

· · · × (SRnR
)M → R (the interpretation of R in M) such that, for any choice of domains of quantification

D1, . . . , Dnf
and pseudometric symbols d1, . . . , dnf

for SR1 , . . . ,S
R
nR

, the restriction of fM to DM
1 ×

· · · ×DM
nf

is a uniformly continuous map with continuity modulus ̟R
D1,...,Dnf

,d1,...,dnf
and its range is

contained in DR
D1,...,DnR

.

Suppose now that t(x1, . . . , xk) is an L-term in the variables x1, . . . , xk of sorts S1, . . . ,Sk, and that M
is an L-structure. Then one can define by recursion on the complexity of t the output sort S of t and the
interpretation tM of t in M , which is a function tM : SM1 × · · · × SMk → SM . Similarly, for any L-formula
ϕ(x1, . . . , xk) in the free variables x1, . . . , xk of sorts S1, . . . ,Sk, one can defined by recursion on the complexity
of ϕ its interpretation ϕM in M , which is a function ϕM : SM1 × · · · × SMk → R. For any choice of domains
of quantification D1, . . . , Dk for the sorts of x1, . . . , xk, the restriction of ϕM to DM

1 × · · · ×DM
k is uniformly
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continuous with the continuity modulus ̟ϕ
D1,...,Dk

as in the previous section, and takes values in the compact

interval Dϕ
D1,...,Dk

of R.
Suppose now that C is a class of L-structures. Then C defines a metric in the class of L-formulas by setting,

for every L-formulas ϕ(x1, . . . , xk), ψ(x1, . . . , xk),

dC(ϕ, ψ) = sup |ϕ(a) − ψ(a)|

where M ranges among all the L-structures in C, and a ranges among all the tuples in M of the correct sorts.

Definition A.1. The language L is separable for a class of L-structures C if the space of L-formulas endowed
with the metric associated with C as above is separable. More generally, we define the density character of L
for C to be the density character of the space of L-formulas with respect to the metric dC .

Definition A.2. A class C of L-structures is axiomatizable in the language L if there exists a collection A of
L-conditions of the form σ ≤ r (axioms) where σ is an L-sentence and r ∈ R, such that for any L-structure M ,
M belongs to C if and only if σM ≤ r for any condition in A.

Definition A.3. A class of L-structures is (positively/positively primitively) ∀∃-axiomatizable in the language
L if it is axiomatizable by a collection of L-conditions of the form σ ≤ r where σ is a (positive/positive primitive)
∀∃-L-sentence and r ∈ R.

The following notion has been essentially introduced in [12, Definition 5.7.1].

Definition A.4. A class C of L-structures is definable by a uniform collection of positive existential L-formulas
if for every choice of sorts S1, . . . ,Sk in L and domains of quantification D1, . . . , Dk for S1, . . . ,Sk, there exist
and a uniformly equicontinuous family F(D1, . . . , Dk) of positive existential L-formulas in the free variables
x1, . . . , xk of sorts S1, . . . ,Sk such that, for every L-structure M , the following assertions are equivalent:

(1) M belongs to C;
(2) for every choice of sorts S1, . . . ,Sk in L, of domains of quantification D1, . . . , Dk for S1, . . . ,Sk, of

elements ai ∈ DM
i for i = 1, 2, . . . , k, and for every ε > 0, there exists a formula ϕ(x1, . . . , xk) in

F(D1, . . . , Dk) such that M |= ϕ(a1, . . . , ak) ≤ ε.

It is clear that, if a class of L-structures is positively ∀∃-axiomatizable in the language L, then in particular
it is definable by a uniform collection of positive existential L-formulas.

A.3. Reduced products and ultraproducts. Reduced products and ultraproducts are a fundamental con-
struction in model theory. We recall here these notions and their basic properties. Suppose that L is a language
as above, I is an index set, Mi for i ∈ I is an L-structure, and F is a filter over I. One can define the reduced
L-product

∏

F Mi of the I-sequence (Mi)i∈I with respect to F as follows. For each sort S in L and domain
of quantification D for S, and for each pseudometric symbol d of sort S, consider the pseudometric dM on
∏

iD
M
i defined by d((xi), (yi)) = lim supF d

Mi(xi, yi). The collection of such pseudometrics, when d ranges
among the pseudometric symbols of sort S, defines a uniformity on

∏

iD
M
i , and then one can define DM to be

the Hausdorff completion of such a uniform space, endowed with the canonical pseudometrics induces by the
pseudometrics on

∏

iD
M
i . We will denote by [xi]F the element of DM associated with the sequence (xi)i∈I ,

and we will call (xi) a representative sequence for [xi]F .
If D1, D2 are domains of quantification for S with D1 ≤ D2, then one can canonically identify DM

1 as a
closed subspace of DM

2 . Since the collection of domains of quantification for S is directed, the union of DM ,
where D ranges among all the domains of quantifications for S, is a (possibly incomplete) metric space. Define
then SM to be the completion of such a metric space. One can regard DM as a closed subspace of SM . Clearly,
by definition of SM , the union of DM , where D ranges among all the quantifications for S, is dense in SM .

For any function symbol f in L with input sorts Sf1 , . . . ,S
f
nf

and output sort Sf , one can then define a function

fM : (Sf1 )M × · · · × (Sfnf
)M → (Sf )M by setting, for every choice of domains of quantification D1, . . . , Dn for

Sf1 , . . . ,S
f
nf

, and elements [a1i ]F , . . . , [a
n
i ]F of DM

1 , . . . , DM
n ,

f([a1i ]F , . . . , [x
n
i ]F) = [f(a1i , . . . , a

n
i )]F ∈ (Df

D1,...,Dn
)M .

Similarly, for any relation symbol R in L with input sorts SR1 , . . . ,S
R
nf

and output sort SR, one can define a

function RM : (SR1 )M × · · · × (SRnR
)M → R by setting, for every choice of domains of quantification D1, . . . , Dn

for SR1 , . . . ,S
R
nR

, and elements [a1i ]F , . . . , [a
n
i ]F of DM

1 , . . . , DM
n ,

R([a1i ]F , . . . , [a
n
i ]F ) = lim sup

F

R(a1i , . . . , a
n
i ).
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One obtains in this way an L-structure M , which is called the reduced L-product of the I-sequence of L-
structures (Mi)i∈I with respect to the filter F , and denoted by

∏

F Mi. In the case when F is an ultrafilter,
then

∏

F Mi is called L-ultraproduct of the I-sequence (Mi)i∈I . The function that maps an element a of M
to the element of

∏

F Mi with representative sequence constantly equal to a defines the canonical diagonal
L-embedding of M into

∏

F Mi. The fundamental properly of reduced L-products is the following result, known
as  Los’ theorem; see [15, Proposition 4.3].

Proposition A.5. Suppose that F is a filter on a set I, (Mi)i∈I is an I-sequence of L-structures, and
ϕ(x1, . . . , xk) is a formula in the free variables x1, . . . , xn. If either ϕ is positive primitive quantifier-free,
or F is an ultrafilter, then for any [a1i ], . . . , [a

k
i ] in

∏

F Mi one has

ϕ
∏

F
Mi([a1i ], . . . , [a

k
i ]) = lim sup

F

ϕMi(a1i , . . . , a
k
i ).

Corollary A.6. Suppose that C is a class of L-structures that is axiomatizable in the language L. Then C is
closed under L-ultraproducts. If C is furthermore positively primitively ∀∃-axiomatizable in the language L, then
C is closed under reduced L-products.

A.4. Types and saturation. A (closed) L-condition is an expression of the form ϕ(x) ≤ r for some L-formula
ϕ in the free variables x = (x1, . . . , xk) and r ∈ R. An L-type p(x1, . . . , xk) in the free variables x1, . . . , xk
is a collection of L-conditions ϕ(x) ≤ r. Such a type p is quantifier-free if all the conditions that appear in
it involve quantifier-free L-formulas, and positive quantifier-free if all the conditions that appear in it involve
positive primitive quantifier-free L-formulas. A realization of the L-type p(x) in an L-structure M is a tuple
a = (a1, . . . , ak) in M such that each ai belongs to the interpretation of the sort of xi, and ϕM (a) ≤ r for every
condition ϕ(x) ≤ r in p(x). In this case, we also write M |= ϕ(a) ≤ r and M |= p(a). An L-type is realized in
an L-structure M if it admits a realization in M . It is approximately realized in M if for any finite subset p0(x)
of p(x) and for any ε > 0, the type pε0(x1, . . . , xk) consisting of the conditions ϕ(x) ≤ r + ε for any condition
ϕ(x) ≤ r in p0(x1, . . . , xk), is realized in M .

Suppose that M is an L-structure, and A is a subset of M . Then one can consider the language L(A)
obtained by adding to L a constant symbol for each element of A. Then M or any L-structure containing M
can be canonically regarded as an L(A)-structure.

Definition A.7. Suppose that κ is an uncountable cardinal. An L-structure M is L-κ-saturated if for every
subset A of M of density character less than κ and for any L(A)-type p, if p is approximately realized in M , then
it is realized in M . Replacing arbitrary types with positive quantifier-free types gives the notion of positively
quantifier-free L-κ-saturated structure.

In the particular case when κ = ℵ1, L-ℵ1-saturation is also called countable L-saturation, and positive
quantifier-free L-κ-saturation is also called positive quantifier-free countable L-saturation. The fundamental
property of ultrapowers of structures with respect to nonprincipal ultrafilters over N is that they are countably
saturated; see [15, Proposition 4.11].

Proposition A.8. Suppose that F is a countably incomplete filter. Let C be a class of L-structures such that L is
separable for C. If M is an L-structure in C, then the reduced power

∏

F M is countably positively quantifier-free
L-saturated. If F is a countably incomplete ultrafilter, then the ultrapower

∏

U M is countably L-saturated.

Proposition A.8 admits a generalization to an arbitrary uncountable cardinal κ. In this more general setting,
one needs to consider (ultra)filters that are moreover κ-good. The definition of κ-good is given in [5, Section 6.1]
for ultrafilters, but it applies equally well to filters. Every countably incomplete filter is ℵ1-good. In particular,
every nonprincipal ultrafilter over N is ℵ1-good. The same proof as [5, Theorem 6.1.8] gives the following.

Proposition A.9. Let κ be an uncountable cardinal, and let F be a countably incomplete κ-good filter. Let C
be a class of L-structures such that L has density character less than κ for C. If M is an L-structure, then the
reduced power

∏

F M is positively quantifier-free L-κ-saturated. If U is a countably incomplete κ-good ultrafilter,
then the ultrapower

∏

U M is L-κ-saturated.

A.5. Existential embeddings. Suppose that L is a language in the logic for metric structures as above, M,N
are L-structures, and T : M → N is a function. Then T is an L-morphism if, for every sort S in L and for every
domain of quantification D for S, T maps SM to SN and DM to DN , and for any atomic formula ϕ(x1, . . . , xk)
one has that ϕN (T (a1), . . . , T (ak)) ≤ ϕM (a1, . . . , ak) for any a1, . . . , an of the same sorts as x1, . . . , xk. An
L-morphism is an L-embedding if for any atomic formula ϕ(x1, . . . , xk) one has that ϕN (T (a1), . . . , T (ak)) =
ϕM (a1, . . . , ak) for any a1, . . . , an of the same sorts as x1, . . . , xk. Suppose that T : M → N is an L-embedding,
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and A is a subset of M . Recall that L(A) is the language obtained from L by adding a constant symbols ca for
any element a of A. Then one can regard both M and N as L(A)-structures, by interpreting ca as a in M and
as T (a) in N . We recall here the notion of (positively) L-existential L-embedding.

Definition A.10. Suppose that M,N are L-structures, and T : M → N is an L-embedding. Then T is a
(positively) L-existential if for every (positive) quantifier-free L(M)-condition ϕ(x1, . . . , xn) ≤ r satisfied in N
and for every ε > 0, then L(M)-condition ϕ(x1, . . . , xn) ≤ r + ε is satisfied in M .

The following characterization of L-existential L-embeddings is an immediate consequence of  Los’ theorem
and saturation of reduced powers. Recall that any countably incomplete filter is ℵ1-good.

Proposition A.11. Fix an uncountable cardinal κ, a class C of L-structures, and structures M,N in C of
density character less than κ. Suppose that F is a countably incomplete κ-good filter. Let T : M → N be an
L-morphism. The following assertions are equivalent:

(1) T is a positively L-existential L-embedding;
(2) there exists an L-morphism S : N →

∏

F M such that S ◦ T is the diagonal L-embedding M →
∏

F M .

Furthermore, if F is an ultrafilter, then the following assertions are equivalent:

(1) T is an L-existential L-embedding;
(2) there exists an L-embedding S : N →

∏

U M such that S ◦ T is the diagonal L-embedding M →
∏

U M .

The following preservation result for positively L-existential L-embedding can be easily verified directly.

Proposition A.12. Suppose that C is a collection of L-structures that is definable by a uniform collection
of positive existential L-formulas. Suppose that A and B are L-structures, and T : A → B is a positively
L-existential L-embedding. If B belongs to C, then A belongs to C.

A.6. Definability. Suppose that C is a class of L-structures. Fix domains of quantifications D1, . . . , Dn for L
of sorts S1, . . . ,Sn. A uniform assignment S in D1×· · ·×Dn relative to the class C is an assignment M 7→ SM ,
where M ranges among the L-structures in C and SM is a closed subset DM

1 × · · · ×DM
k ; see [12, Definition

3.2.1]. The following definition is equivalent to the one given in [12, Definition 3.2.1]; see [12, Theorem 3.2.2].

Definition A.13. Suppose that S is a uniform assignment in D1 × · · · ×Dn relative to the class C. Then S is
an L-definable set in D1 × · · · ×Dn relative to the class C if for every ε > 0, for every choice of pseudometric
symbols d1, . . . , dn of sorts S1, . . . ,Sn there exists an L-formula ϕ(x1, . . . , xk) in the free variables x1, . . . , xn of
sorts S1, . . . ,Sn such that, for every L-structure M in C and for every (a1, . . . , an) ∈ D1 × · · · ×Dn,

∣

∣

∣

∣

ϕM (a1, . . . , an) − inf
(b1,...,bn)∈SM

max
1≤i≤n

di(ai, bi)

∣

∣

∣

∣

< ε.

We say that S is positively existentially L-definable in the L-formulas ϕ above can be chosen to be positive
existential.

Observe that, every choice of pseudometric symbols d1, . . . , dn of sort S1, . . . ,Sn defines a pseudometric ρ on
the space of L-definable sets in D1 × · · · ×Dn relative to the class C , obtained by setting

ρ(S, S′) = sup
M∈C

ρM (SM , S′M ),

where ρM is the Hausdorff metric on the space of closed subsets of DM
1 × · · · ×DM

n associated with the metric
d(a, b) = max1≤i≤n di(ai, bi) on DM

1 × · · · ×DM
n . The collection of such pseudometrics ρ, obtaining by letting

d1, . . . , dn range among all the pseudometric symbols of sort S1, . . . ,Sn, define a uniform structure on the space
of L-definable sets in D1 × · · · × Dn relative to the class C . It is clear from the definition that the space of
(positively existentially) L-definable sets is complete with respect to such a uniform structure.

Suppose now that M is an L-structure, and C is a class of L-structures as above. Then one can consider
the class C(M) of L-structures in C that contain a distinguished copy of M . Then one can naturally regard the
structures in C(M) as L(M)-structures. We consider a natural notion of L-definable substructure. Suppose as
above that C is a class of L-structures.

Definition A.14. A positively existentially L-definable substructure relative to the class C is an assignment
(M,D) 7→ SD,M whereM ranges among the L-structures in C andD ranges among the domains of quantification
in L such that:

• SD,M is a closed subset of DM ,
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• setting S(M)D := SD,M for every sort S and every domain of quantification D of sort S defines an
L-substructure S(M) of M ,

• for every domain D, the assignment M 7→ SD,M is a positively existentially L-definable set in D relative
to the class C.

The following proposition is an easy consequence of the definition of positive existential L-embedding.

Proposition A.15. Suppose that M,N are L-structures, and T : M → N is a positively L-existential L-
embedding. Suppose that S is a positively existentially L(M)-definable substructure relative to a class C of
L(M)-structures containingM and N . Then T maps S(M) to S(N), and the restriction T |S(M) : S(M) → S(N)
is a positively L-existential L-embedding.
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