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The starting point for the evaluation of forces is the
general form of the ground-state expectation value of the
Hamiltonian operator,

E(R) =

∫
dΦdΨ ρm,n(Φ,Ψ)W (Φ,Ψ;R)Eloc(Φ,Ψ;R)∫

dΦdΨ ρm,n(Φ,Ψ)W (Φ,Ψ;R)
.

(1)

The Slater determinant |Ψ〉 =
∏
σ

∏Nσ
l=1 ψ

†
lσ|∅〉 has Nσ

(σ =↑ or ↓) fermions occupying orbitals |ψlσ〉 ≡ ψ†lσ|∅〉 =∑
i (CΨ,σ)il |χi〉, where {|χi〉, i = 1 . . .M} are the basis

functions and CΨ,σ is a M × Nσ matrix that contains

the orbital coefficients. The Slater determinant |Φ〉 is
similarly defined in terms of orbitals |φlσ〉 and matrix
CΦ,σ. In Eq. (1), the overlap is given by

W (Φ,Ψ;R) ≡ 〈Φ|Ψ〉

=
∏
σ

det
(
C†Φ,σS(R)CΨ,σ

)
≡
∏
σ

det (Ωσ(R)) , (2)

where S(R)ij = 〈χi|χj〉 is the overlap matrix of the AO
basis set. The local energy is given by

Eloc(Φ,Ψ;R) = H0(R) +
∑
σ

Tr[h(R)Gσ(R)] +
∑
γ

(∑
σ

Tr[Lγ(R)Gσ(R)]
)2

−
∑
γσ

Tr[Lγ(R)Gσ(R)Lγ(R)Gσ(R)] ,

(3)

where H0(R) is a constant from the internuclear re-
pulsion, the matrix h(R) is the one-body part of the
Hamiltonian in the AO basis (h(R)ij = 〈χi|h1(R)|χj〉),
the matrices Lγ(R) arise from decomposing the two-
body part of the Hamiltonian (e.g., via the Cholesky
or density-fitting decomposition [1, 2], (ik|jl) =∑
γ L

γ(R)ikL
γ(R)jl), and the (spin-dependent) one-

electron Green’s function is

Gσ(R) = CΨ,σΩσ(R)−1C†Φ,σ , (4)

which obeys the idempotence relation

Gσ(R) = Gσ(R)Sσ(R)Gσ(R) . (5)

The gradient of W can be obtained from Jacobi’s for-
mula for the derivative of the determinant,

∂RαW (Φ,Ψ;R)

W (Φ,Ψ;R)
=
∑
σ

Tr (∂RαS(R)Gσ(R)) . (6)

The gradient of Eloc(Φ,Ψ;R) is readily computed by re-
calling the cyclicity of the trace, and that differentiation
of (4) yields

∂RαGσ(R) = −Gσ(R) ∂RαSσ(R)Gσ(R) , (7)

complying with the idempotence relation (5) [3]. The
gradient ∂RαGσ(R) incorporates Pulay’s corrections in
the framework of AFQMC, which are important for an
accurate evaluation of forces when atom-centered Gaus-
sian orbitals are used as basis for the one-electron Hilbert
space. The presence of Pulay’s corrections is reminiscent
of the covariant derivatives that appear in fiber bundle
theory and differential geometry [4]. This reminiscence
is not accidental: the purpose of corrective terms in co-
variant derivatives is to preserve some properties of the
space on which they act. For example, in gauge the-
ories corrections preserve the gradient of the wavefunc-
tion under gauge transformations and, on Riemann man-
ifolds, connections preserve parallelism. In this frame-
work, Pulay’s correction preserve the idempotency (5) of
the one-particle reduced Green’s function under changes
in molecular geometries.

The gradient of Eloc(Φ,Ψ;R) thus reads



2

∂RαEloc(Φ,Ψ;R) = ∂RαH0(R) +
∑
σ

Tr[∂Rαh(R)Gσ(R)] +
∑
σ

Tr[h(R) ∂RαGσ(R)]

+2
∑
γ,σσ′

Tr[Lγ(R)Gσ(R)] Tr[∂RαL
γ(R)Gσ′(R)]− 2

∑
γ,σ

Tr[∂RαL
γ(R)Gσ(R)Lγ(R)Gσ(R)]+

+2
∑
γ,σσ′

Tr[Lγ(R)Gσ(R)] Tr[Lγ(R) ∂RαGσ′(R)]− 2
∑
γ,σ

Tr[Lγ(R)Gσ(R)Lγ(R) ∂RαGσ(R)] .

(8)

Computing the local energy requires O(Nγ(M3 + M +
M2)) operations, while computing all components of the
force requires O(Nγ(3M3 + M + M2 + 4NRαM

2)) op-
erations, with NRα being the number of force compo-
nents. Thus the cost for computing all force components

is about a factor (3 + 4
Np
M ) of that of the local energy.

The ratio is of course bounded by 7 and should be ap-
proximately 3 in most situations, which was confirmed
in our studies. It should be possible to exploit the struc-
ture of the components of L and possibly regroup terms
in Eq. (8) to further speed up the computation. The
AFQMC estimator of the force is then given by

Fα(R) =

∫
dΦdΨ ρm,n(Φ,Ψ)W (Φ,Ψ;R)

(
∂RαEloc(Φ,Ψ;R) +

∂RαW (Φ,Ψ;R)
W (Φ,Ψ;R)

(
Eloc(Φ,Ψ;R)− E(R)

))∫
dΦdΨ ρm,n(Φ,Ψ)W (Φ,Ψ;R)

. (9)

When m = n = 0, ρm,n(Φ,Ψ) = δ(Φ−ΨT )δ(Ψ−ΨT ), so
that E(R) = Eloc(ΨT ,ΨT ;R) and the estimator reduces
to the familiar Hartree-Fock expression [3].

In this work, the derivatives ∂RαS, ∂Rαh and ∂RαL
γ

were all obtained by numerical differentiation. A finite
difference step size of 10−4 a.u. was used, and it was
verified that using a smaller step does not change the
results within statistical error bars.
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