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Coupling  Coefficients for Coupled-Cavity Lasers 

ROBERT J.  LANG AND AMNON  YARIV 

Abstract-We derive simple, analytic formulas for the field coupling 
coefficients in a two-section coupled-cavity laser using a local field rate 
equation treatment. We show that there is a correction to the heuristic 
formulas based on power flow calculated by Marcuse; the correction is 
in agreement with numerical calculations from a coupled-mode ap- 
proach. 

C OUPLED-CAVITY  lasers  are  of interest  both as  sin- 
gle-mode  sources  and  as  examples of optical feed- 

back  into  a  laser.  In  analytic  treatments  which  treat  the 
system  as  two  interacting  cavities,  the  coupling  coeffi- 
cients  between  the  cavities  are  of  paramount  importance. 
Thus  far,  they  have  been  derived  in  one of two  ways, 
either  heuristically,  from considerations of power  flow,  or 
numerically,  within  the  framework  of a coupled-mode 
analysis [ 11, [2]. In  this letter,  we  calculate  simple  ana- 
lytic  formulas  for  the intercavity coupling  coefficients 
using  local field theory [3] and  compare  them to  heuristic 
and  coupled-mode  theories. 

THEORY 
In  a  previous  work [3], we  showed  how to derive rate 

equations  for  traveling-wave  field  amplitudes  from  steady- 
state  relations derived  from continuity conditions.  The 
method  can  be  summarized  briefly  as  follows.  Given  a  set 
of N field amplitudes Ei measured  at fixed points  within a 
resonator  system,  one  can  assume  exp ( j Q t )  dependence 
and  write a set 'of N Q-dependent  linear  equations  linking 
the field amplitudes. By treating  the different  amplitudes 
Ei as  components  of  an  N-vector I?, the  equations  can  be 
put  into  matrix  form  as 

Q Q ) E  = 6 ( 1 )  

where  the  elements of the N x N matrix f' are  the  coef- 
ficients  of the  equations  and 6 is  the  zero  vector. 

Given  this  system,  a  set  of  rate  equations  for  the  am- 
plitudes Ej of  a field oscillating at  frequency Qo, valid for 
fluctuations on  a  time  scale  longer  than  that  corresponding 
to  the  longitudinal mode  spacing (in single-mode  lasers, 
this  covers  all  frequencies of interest),  is 

E $'/ dQ, and Qo is  close  to  a root  of the  equation 
det r (Q)  = 0. 
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Fig. 1 .  Schematic of a  two-section  coupled-cavity  laser.  The  gap is char- 
acterized by reflectivities r l I  and r,, and  transmissivities t,, and t,,. The 
reflectivities  at  the  ends  are r, and r3. The lengths  are L,  and L,, and  the 
(complex)  indexes of refraction  (incorporating  gain or loss)  are pI and 
pz.  All fields  are  measured  at  the  gap in each  laser  cavity.  Primed  fields 
are  the  amplitudes  of  the  waves  traveling  away  from  the  gap;  unprimed 
fields  are  the  amplitudes  of  the waves traveling  toward  the  gap. 

For the  two-section  coupled-cavity  laser  illustrated in 
Fig. 1, we  choose the  field  amplitudes El and E2 measured 
at the  gap.  The continuity conditions  can  be  written  as [4] 

where 'pl E -2jQp,L, / c ,  p2 = -2jQp2L2 / c ,  and pi 
and Li are  the  index  of refraction and  length of the i th 
cavity, respectively. The  index  can  be  complex to  accom- 
modate  gain  and  loss. tI2,  tZl, rl and r22 are  the trans- 
mission  and  reflection  coefficients of the  gap.  Since typ- 
ical  gaps are  only  a  few  wavelengths  long,  we will assume 
that the gap  scattering  parameters  are  constant  over  the 
frequencies of interest.  The  secular  equation  determining 
Qo is 

Application  of (2) yields the  set  of  coupled  rate  equations 

with  the  self-coupling  and cross-coupling coefficients 
given by 
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Note  that  the  rate  equations  are  for  field  amplitudes  at  the 
mirrors;  they  could  be  normalized  to  some  other  quantity 
(e.g.,  the  average  photon  density  in  each  cavity),  which 
would  alter the  cross-coupling  coefficients.  However,  the 
only  change  would  be  to  multiply  one  and  divide  the  other 
by  the  same  constant  quantity;  their  product  would  remain 
fixed. We point  out  that  these  relations  are  fully  valid  fol 
complex pi (Le., the  presence of  gain  and  loss)  and  for 
lossy gaps. 

DISCUSSION 
Ei are  the  amplitudes of  a  field  oscillating at  frequency 

!lo. If !lo is not’exactly a  root  of  the  dispersion  equation 
(4), then El and E2 will also  be  oscillatory.  If,  however, 
!lo is  exactly  a  root  of  the  dispersion  equation,  then  the 
field amplitudes  will be stationary  and  their  time  deriva- 
tives  will  be  zero. In that  case,  we  can  relate  the  intensi- 
ties  at  the  mirrors  of  the  light  in  each  cavity  from ( 5 ) :  

Obviously,  the  self-coupling coefficients  cannot be ne- 
glected [2] ;  in  fact,  we  see  in  (6a),  (6b)  that  the  paren- 
thetical  quantity  cannot  be  zero  unless  the  right-hand  side 
of the  dispersion  equation  (in  which  it  also  appears)  goes 
to  zero.  This  right-hand  side, t12t21 / r I1  r22, is  in  some 
fashion  a  measure of the  “strength” of  the  coupling. If 
the  gap  disappears,  the  coupling  is  perfect  (and  the RHS 
of the  dispersion  equation  diverges);  only if the  transmis- 
sion  goes  to  zero  does  the  RHS  go  to  zero;  then, as we 
would expect,  the  two  cavities  operate  independently  and 
the ratio of intensities  either  diverges or  goes  to  zero. 

Let us look  at  the  particular  case of two nearly  identical 
cavities. We  take p ,  L1 = p2L2 and ro = r3 = 1. We will 
absorb  any  slight  differences  in  length  into  an  imaginary 
phase  constant 6 so that p1 5 p, but cp2 = p + 6 .  We 
can  define  our  reference  planes  around  the  gap so that rl 

equation 
- - -r22 = r and  r is  positive  real. In this  case,  the  secular 

(e-v - r)(e-VP8 + r)  = t21t12 (8) 

can  be  solved  analytically  to  get 

The  coupling coefficients are 

Allowing  for  the  differences  in field normalizations,  these 
are  the  same  as  Marcuse’s  heuristic  formulas,  except  for 
the  correction  factors  exp (p) and  exp (cp + 6 ) .  Let us 

examine  the first  correction  factor.  For  a  lossless  cavity, 
it is a  well-known  result of microwave  theory  that  the  fac- 
tor t I2  t21 / rl r22 must  be  negative  real.  Consequently,  as 
we have defined r,  the  product t12  t2 ,  must  be  positive  real; 
thus,  since I r j 2  + 1 t 1 = 1, the  correction  factor  reduces 
to 

(11) 
(There  are  two  choices  of  sign  because  there  are  two 
nearly  degenerate  longitudinal  modes,  one  from  each  cav- 
ity.)  For  the  case 6 = 0, the  correction  simply  reduces  to 
k 1, and  the  heuristic  formulas  are  correct.  On  the  other 
hand, if the  two  cavities  differ by a quarter  wavelength, 
i.e.,  6 = j r ,  then  we find that  the  correction  term  is 

which  still  has  magnitude 1, but  a  different  phase  from 
that  predicted by the  heuristic  formulas. 

However,  for  lossy  gaps,  numerical  calculations show 
that  the  heuristic  formulas  fall  short  by  a  factor  “close  to 
one  half” [2] .  For a  lossy  gap, 1 r l 2  + 1 tI2 < 1; conse- 
quently,  the  correction  factor is going  to  increase.  How 
large  will  it  get?  As  the  gap  losses  increase,  the  transmis- 
sion  will become  negligibly  small  compared  to  the reflec- 
tivity,  which  will  approach  the  dielectric reflectivity of 
one  surface of the  gap.  In  this  limit,  then,  we find that  the 
correction  term  simply  reduces  to 

eP = r-’ or -r-’e-’ ( 1 3 )  

(depending on  the  choice of sign),  both of which  have 
magnitude r-l;  as  the transmission  disappears, r simply 
approaches  the  dielectric  reflectivity  of  the  first  surface of 
the  gap.  For a GaAs/air  interface,  that  reflectivity  is r = 
0.55, which  exactly  accounts  for  the  discrepancy. 

It  is  important to note  that  the  correction  term  was  real 
only for  the  cases  of  equal  optical  path  length,  equal  gain, 
and  equal  reflectors on  both  lasers  with a  lossless  gap. 
These  are  rather  specialized  circumstances,  and  are  un- 
likely  to  occur  in  a  particular  device.  In  general,  one  must 
use  the  exact  formulas  (6a)-(6d)  to  be  assured  of  the  cor- 
rect  coupling  coefficients. 

For  cavities  of  unequal  length,  not  only will  the  cou- 
pling  coefficients  differ from  the  heuristic  formulas,  but 
as  we  can  see  from  (6), they will,  in  general,  be different 
for  different  longitudinal  modes of the  resonator  system. 
This  becomes  apparent  by  considering  the  case  of  a 
“master-slave’’  combination  wherein one  laser is pumped 
much  harder  than  the  other  and  the  coupling is weak.  Take 
laser  number 1 as  the  master,  with  laser  number 2 biased 
well  below  threshold.  Then  roots  of  the  dispersion  equa- 
tion occur  for  values  of Qo near  those  where  exp ( - p1 ) 
- r l l  ro = 0. While  one  coupling coefficient K~~ differs 
only by a  factor 1 / rI from  the  heuristic  formula 
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K21 = --, 
-c  t21. The  need  for  rate  equations  above  and  beyond  the 

2 j d 1  TI 1 ( 14) steady-state  dispersion  equation (2)  arises in considera- 
tions  of the  dynamics of the  device.  Both  the  self-  and 
cross-coupling  coefficients  depend  upon  the  carrier  den- 

( 15) for  a  small-signal  analysis.  Because  of  their  accuracy  and 
simplicity,  the  formulas in (6) are  more  suitable  to  such 

the  other, 

-C sity;  knowledge of their  dependence  thereon is necessary 
K12 = - t12r3e-(P?, 

2jcc2L2 

is far  smaller,  and  of  a  completely  different  Phase  froin  treatments  than  either heuristic or numerical  formulas. 
that  predicted  by  the  heuristic  formulas.  The  longitudinal 
modes of the  device  are  determined  when  the  imaginary 
part  of pi is  nearly an integral  multiple of 2j7r; however, 111 
if the  two  cavities  are  of different lengths,  the  imaginary 
part of p2 will  be 1) nowhere  near  an  integral  multiple of [21 

2j,, and 2) different for  each longitudinal  mode. Hence, [31 
in contrast to one’s  intuition,  different  longitudinal  modes 
of the  coupled  system  “see” different  coupling coeffi- 
cients . 

[41 
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