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Using a simple liquid-state theory, we study the phase behaviors of concentration-asymmetric mix-
tures of polycation and polyanion solutions. We construct a three-dimensional (3D) phase diagram in
terms of the concentrations of the three independent charged components: polycation, polyanion, and
small cation (ρp+−ρp−−ρ+), for a given Bjerrum length. This phase diagram yields rich and complex
phase-separation scenarios. To illustrate, we sequentially examine the following three systems that are
directly relevant to experiments: a symmetric mixture, an asymmetric mixture with one type of small
ions, and an asymmetric mixture with both types of small ions. We re-express the information in the
3D phase diagram using three experimentally more easily controllable parameters—the asymmetry
factor r, the initial extra-salt concentration ρs ,0, and the initial polyelectrolyte (PE) concentration ρp,0

of both solutions prior to mixing. We construct three reduced phase diagrams in the ρp,0−r, r−ρs ,0,
and ρs ,0−ρp,0 planes, respectively, and examine the evolution of the volume fraction of the coexist-
ing phases, concentration of the PE and small-ion species in each phase, and the Galvani potential
ΨG, as functions of these experimental controlling parameters. We rationalize our findings in terms
of the key thermodynamic factors, namely, the translational entropy of the small ions, the electro-
static correlation energy, and the requirement for charge neutrality. Published by AIP Publishing.
https://doi.org/10.1063/1.5028524

I. INTRODUCTION

Many biological systems and technological applications
involve complexation between oppositely charged macro-ions
such as colloidal particles, polyelectrolytes (PEs), and ionic
surfactants. Examples include PE multilayer films,1,2 micro-
capsules in drug delivery,3,4 and underwater bioadhesives such
as mussels and sandcastle worms.5–7 Theoretical understand-
ing of the phase behaviors of such systems is one of the key
steps for improving the physical properties of the charge com-
plex in technological applications. As a prototypical exam-
ple, aqueous solutions of polycation and polyanion mixtures
have been studied extensively.8–14 For such mixtures, under
appropriate conditions, electrostatic attraction between oppo-
sitely charged PE chains can cause the system to undergo
a macroscopic phase-separation into a dilute (in PE) super-
natant phase and a denser PE-rich phase. When the PE-rich
phase is in the liquid state, it is called “coacervate” and the
liquid-liquid phase-separation is referred to as complex coac-
ervation; when the PE-rich phase is in the solid state, it usu-
ally precipitates out from the solution and the phenomenon
is referred to as complex precipitation. In the present study,
we do not distinguish between the coacervate and precipitate
states since the mechanism of transition between the two is
currently unknown; we will therefore use the general term

a)Electronic mail: zgw@caltech.edu

“PE-rich phase” to describe the more concentrated phase and
use the term “PE-poor phase” to denote the dilute supernatant
phase.

Theoretical investigation on the phase behavior of oppo-
sitely charged PE mixture solutions was pioneered by Voorn
and Overbeek15,16 about six decades ago. The free energy in
the Voorn-Overbeek (VO) theory combines the Flory-Huggins
mixing entropy with the Debye-Hückel correlation energy.17

The VO theory is able to qualitatively capture phase behav-
iors of symmetric polycation and polyanion mixtures15,16,18–21

and is still used in recent studies.22,23 However, since the
DH correlation energy17 is only valid for simple ionic solu-
tions in the dilute limit, several advanced theories24–37 have
been proposed to incorporate the effects of chain connectiv-
ity, ion-paring, and counterion release; we refer readers to two
recent reviews on some of these developments.12,13 In spite
of the large number of theoretical studies, most previous pub-
lications focus on symmetric mixtures,16,25–27,30–36 in which
polycations and polyanions are assumed to have the same chain
length, flexibility, charge fraction, and concentration. Exper-
imentally, asymmetry in one or more of these parameters is
nearly unavoidable.22,38–45 However, apart from a few theoret-
ical or simulation studies20,28,37,46–50 that have examined some
specific asymmetry effects in these parameters, a comprehen-
sive picture of how asymmetry affects the phase behavior is
still lacking.

Consider the simplest asymmetric mixture: suppose ini-
tially, we have a polycation solution and a symmetric

0021-9606/2018/149(16)/163303/15/$30.00 149, 163303-1 Published by AIP Publishing.

https://doi.org/10.1063/1.5028524
https://doi.org/10.1063/1.5028524
mailto:zgw@caltech.edu
http://crossmark.crossref.org/dialog/?doi=10.1063/1.5028524&domain=pdf&date_stamp=2018-07-06


163303-2 Zhang et al. J. Chem. Phys. 149, 163303 (2018)

polyanion solution both in the homogeneous phase and having
the same parameters (including the chain length, PE concen-
tration, charge fraction, and salt concentration). The volume
of the polycation solution is V1 and that of the polyanion
solution is V2. We wish to determine the final state of the sys-
tem when these two solutions are mixed together; see Fig. 1.
The asymmetry here thus refers to the asymmetry in the over-
all concentrations between polycations and polyanions in the
mixture. This concentration-asymmetry is more conveniently
represented by the volume difference between the two initial
solutions; we thus define an asymmetry factor r ≡ (V1 − V2)/
(V1 + V2) such that r = 0 corresponds to a symmetric mix-
ture, while r = −1 (or 1) corresponds to a pure polyanion (or
polycation) solution. Even for this simplest asymmetric mix-
ture, the phase behavior is still rather complex. For instance, a
mean-field RPA analysis predicted that there can be a variety of
mesoscopic structures such as spherical, cylindrical, or lamel-
lar complexes for weakly asymmetric solutions.46 We will not
be concerned with such mesoscopic complex structures in this
work. Instead, we focus on the general macroscopic phase
behavior by studying the global phase diagram and exploring
its experimental implications.

We note that some aspects of the phase behavior of
concentration-asymmetric mixtures have been studied by the
VO theory,20 and several interesting phenomena have been
obtained. For example, phase-separation can be inhibited when
the mixture is sufficiently asymmetric. However, a system-
atic investigation on the global features of the phase diagram
and the influence of various parameters (such as the asym-
metry factor r, the initial PE concentration, and the extra-
salt concentration) is still missing. Moreover, since the VO
theory completely neglects chain connectivity in the treat-
ment of the electrostatic correlation, it is unable to capture
some interesting experimental phenomena, such as the closed-
loop phase diagram for a single species PE solution with

FIG. 1. Schematic for the phase behavior of a concentration–asymmetric
polycation and polyanion mixture. In this work, we consider the concentra-
tion asymmetry to be controlled by the different volumes V1 and V2 for the
initial polycation and polyanion solutions, respectively, which are otherwise
completely symmetric (i.e., the same chain length, charge fraction, and con-
centration for each component). x and 1 − x refer to the volume fractions of
the PE-poor phase and the PE-rich phase, respectively.

monovalent salt.51,52 In view of the success of a simple liquid-
state (LS) theory53,54 in describing the phase behavior of a
PE solution with simple salt, as demonstrated in our recent
work,52 here we adopt the same theory to investigate the phase
behavior of concentration-asymmetric mixtures described
above.

Like many analytical theories for bulk solutions, the
LS theory is unable to accurately describe the thermody-
namics when the PE concentration is low, both because it
neglects the chain connectivity correlations beyond the adja-
cent monomers along the chain backbone and because it
does not account for strong correlation effects such as the
polycation-polyanion pair formation32 and counterion con-
densation in the supernatant phase. Nevertheless, we adopt
it here in this work because it is a more refined theory than
the VO theory in that it captures some leading order correc-
tions due to chain connectivity and electrostatic correlations
beyond Debye-Hückel, and it has an analytical expression for
the free energy, which greatly facilitates the construction of
the multidimensional phase diagrams. This last feature is par-
ticularly attractive since our main purpose here is to obtain
a global picture of the phase behavior of the concentration-
asymmetric mixtures and to explore possible experimental
implications. For the questions of interest in this work, we
believe that the quantitative inaccuracy in its treatment of the
dilute phase does not alter the qualitative physics we wish to
elucidate.

Using this LS theory, we systematically study phase
behaviors of a polycation and polyanion mixture. In partic-
ular, we construct the three-dimensional (3D) polycation–
polyanion–cation concentration phase diagram at a fixed Bjer-
rum length lB. This 3D phase diagram in principle contains the
complete information on the phase behavior at the specified
lB and yields rich and complex phase-separation scenarios.
To illustrate, we examine the following three systems sequen-
tially: 1. a symmetric polycation and polyanion mixture, 2. an
asymmetric polycation and polyanion mixture with one type
of small ions, and 3. an asymmetric polycation and polyanion
mixture with both types of small ions. For the first system,
the LS theory predicts that, except for mixtures with very
low overall salt concentration, the concentration of small ions
is slightly higher in the PE-poor phase, contrary to the VO
results. The second system can be interpreted as an asym-
metric polyacid and polybase mixture; we thus examine the
titration behavior of a polyacid with a polybase. One simple
experimental setup for the third system is already depicted
schematically in Fig. 1. For the third system, there are three
parameters—the asymmetry factor r, the initial PE concen-
trations ρp,0, and the extra-salt concentrations ρs ,0—that gov-
ern the phase behaviors. We thus investigate their effects in
turn.

The paper is organized as follows. In Sec. II, we briefly
recapitulate the key features in the model and the key equations
in the LS theory. In Sec. III, we discuss the 3D phase diagram
for the concentration-asymmetric polycation and polyanion
mixture and explore the different phase-separation scenarios
for the three systems specified above. In Sec. IV, we summa-
rize the key results and present a brief outlook along with some
open questions.
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II. THEORETICAL FORMULATION
A. Liquid-state theory

The theoretical model and LS theory53,54 used in this study
are similar to those reported in our previous work.52 Here, for
completeness, we briefly recapitulate the key ingredients of
the model and the key equations.

We consider a mixture of polycation and polyanion solu-
tions with small ions. For simplicity, we assume that the cations
and anions from the salts are identical to the counterions of the
polyanions and polycations, respectively. We thus have a total
of four charged species—polycation, polyanion, small cation,
and small anion; henceforth we will refer to the small cation
and small anion simply as cation and anion, respectively. We
use the primitive model17 to describe the system: the solvent
is treated as a dielectric continuum with a dielectric constant
ε r , the cations (anions) are modeled as positively (negatively)
charged hard spheres with diameter σ+ (σ−), and a polycation
(polyanion) chain is assumed to consist of Np+ (Np−) tangen-
tially connected positively (negatively) charged hard spheres
with diameter σp+ (σp−). Denoting the concentration and the
valency of component i as ρi and zi, respectively (i = p+, p−,
+, −), global charge neutrality requires that

∑
i ρizi = 0, where

obviously the density and valency for the PE chains refer to
those of the monomers. In order to highlight the effect of elec-
trostatic interaction, we assume no other interactions besides
the electrostatic interaction and the hard-core excluded volume
repulsion.

We write the Helmholtz free energy density as a sum of
an ideal part and an excess part, f = f id + f ex. The ideal part
describes the translational degrees of freedom for all explicit
components and is known exactly,

βf id =
∑
j=p±

ρj

Nj

[
ln

(
ρj

Nj
Λ

3
j

)
− 1

]
+

∑
i=±

ρi(ln ρiΛ
3
i − 1), (1)

where β ≡ 1/kBT with kB being the Boltzmann constant
and T being the absolute temperature, Λj and Λi are length
scales arising from integration over the momentum degrees
of freedom, which have no consequence for the phase
behavior.

In the framework of Wertheim’s first-order thermody-
namic perturbation (TPT1) theory,55–57 the excess Helmholtz
free energy density can be decomposed into three terms f ex

= f hs + f el + f ch, where the first term represents the hard-
core excluded volume repulsion of uncharged hard spheres,
the second term describes the electrostatic correlation correc-
tion for disconnected charged hard spheres, and the last term
accounts for the free energy change in connecting charged
hard spheres into chains. The excluded volume repulsion
of uncharged hard spheres can be accurately described by
the Boublı́k-Mansoori-Carnahan-Starling-Leland (BMCSL)
excess free energy density58,59

βfhs = −n0 ln(1 − η) +
n1n2

1 − η

+
n3

2

36πη3

[
η ln(1 − η) +

η2

(1 − η)2

]
, (2)

with n0 ≡
∑

i ρi, n1 ≡ (
∑

i ρiσi)/2, n2 ≡ π
∑

i ρiσ
2
i , and

η ≡ (π/6)
∑

i ρiσ
3
i . When the diameters for all hard spheres

are equal, Eq. (2) reduces to the well-known Carnahan-
Starling excess free energy density βf hs = 6η2 (4 − 3η)/
[πσ3(1 − η)2].60,61

The electrostatic correlation for charged hard spheres
can be taken into account by solving the Ornstein-Zernike
equation under various closures such as hypernetted chain
(HNC) approximation61 and mean spherical approximation
(MSA).62–65 Here we choose MSA both because it affords a
simple analytical expression and because it yields qualitatively
or even quantitatively correct results at low to intermediate
ionic concentrations for a wide range of electrostatic correla-
tion strength. Under the MSA, the excess free energy density
due to electrostatic correlation is65

βfel = −lB
∑

i

ρizi

1 + Γσi

[
Γzi +

πPnσi

2(1 − η)

]
+
Γ3

3π
, (3)

where the Bjerrum length lB ≡ βe2/4πε0ε r , with e being
the elementary charge and ε0 being the vacuum permittiv-
ity, characterizes the length at which the electrostatic inter-
action between two unit charges in the dielectric contin-
uum is equal to the thermal energy kBT ; Γ and Pn are,
respectively, the screening parameter and the size asymme-
try factor, and their respective expressions can be found
in Ref. 52. For the equal-size systems, invoking charge
neutrality, one gets Pn = 0 and Eq. (3) reduces to βf ex

el
= −Γ3(2/3 + Γσ)/π,62,63 where Γ satisfies Γ(1 + Γσ) = κ/2

with κ ≡
√

4πlB
∑

i ρiz2
i being the inverse of the Debye screen-

ing length.17 In the dilute limit ρi → 0, 2Γ → κ and βf el

→ −κ3/12π; we thus recover the DH electrostatic correlation
free energy.

As a simple method to treat the excess Helmholtz free
energy due to chain connectivity, the first-order thermody-
namic perturbation theory (TPT1) was originally proposed by
Wertheim for neutral hard-sphere chain systems55–57 and later
generalized by Jiang et al. to PE solutions.53,54 TPT1 accounts
for the correlation effect due to chain connectivity only at the
pair level for the connected spheres; the excess free energy
contribution is

βf ex
ch =

∑
i=p±

ρi

(
1
Ni
− 1

)
ln

gi(σi) exp*

,

lBz2
i

σi

+
-


, (4)

where gi(σi) is the contact value of the radial distribution func-
tion of the collection of disconnected charged hard-spheres
comprising the PE chains. The MSA theory provides a simple
analytical form for gi(σi), i.e.,

gMSA
i (σi) =

1
1 − η

+
n2σi

4(1 − η)2

−
lB

σi(1 + Γσi)2


zi −

πPnσ
2
i

2(1 − η)



2

, (5)

where the sum of the first and the second terms on the right-
hand side is the contact value of the monomer-monomer radial
distribution function for disconnected neutral hard spheres
from the Percus-Yevick equation,61,68 denoted as gHS

i (σi) here-
after, and the last term is due to the electrostatic correla-
tion. For larger lB, however, gMSA

i (σi) can become negative,
which is unphysical. This unphysical feature can be avoided
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by making the exponential approximation,66 which has been
shown to give more accurate predictions in their comparison
with Monte Carlo simulation results.66,67 In the exponential
approximation, we have

gEXP
i (σi) = gHS

i (σi) exp
[
gMSA

i (σi) − gHS
i (σi)

]

=

[
1

1 − η
+

n2σi

4(1 − η)2

]

× exp


−

lB
σi(1 + Γσi)2


zi −

πPnσ
2
i

2(1 − η)



2


. (6)

Substituting gEXP
i (σi) into Eq. (4), we have the excess free

energy density due to chain connectivity as

βfch =
∑
i=p±

ρi

(
1
Ni
− 1

)


ln

[
1

1 − η
+

n2σi

4(1 − η)2

]
+

lBz2
i

σi

−
lB

σi(1 + Γσi)2


zi −

πPnσ
2
i

2(1 − η)



2


. (7)

B. Construction of phase diagram

From the Helmholtz free energy density f, we compute the
chemical potential of each component as µi ≡ ∂f /∂ρi |ρj,i and
the (osmotic) pressure as P =

∑
i ρiµi − f. Note that for the PE,

the chemical potential here refers to that of the monomer, i.e.,
the chemical potential of the PE chains divided by the chain
length N. At a given lB and N, phase equilibrium between the
PE-poor phase (denoted as phase I) and its coexisting PE-rich
phase (denoted as phase II) is determined by equality of the
(osmotic) pressure PI = PII and equality of the electrochem-
ical potential for all components µI

i = µII
i + eziΨG, where

the Galvani potential ΨG denotes the electric potential differ-
ence between the PE-rich phase and its coexisting PE-poor
phase52,69 and arises from the asymmetry between oppositely
charged components in each of the coexisting phases. For
the concentration-asymmetric mixture of oppositely charged
PE solutions, there are four explicit charged components—
polycation, polyanion, cation, and anion; by invoking charge
neutrality, only three of them are independent and we here-
after choose them as polycation, polyanion, and cation without
loss of generality. The Gibbs phase rule implies that there are
two degrees of freedom for such mixtures with two coexisting
phases at a given lB. Therefore, the coexisting concentrations
form a binodal surface in the three-dimensional ρp+−ρp−−ρ+

phase diagram, as elaborated later. The analysis based on the
Gibbs phase rule and the numerical details are presented in Sec.
I A of the supplementary material. In addition, we present an
alternative way to construct the phase diagram in Sec. I B of
the supplementary material.

To reduce the huge parameter space {ρi, N i, zi, σi, lB}
(i = p±, ±), in the following, we assume that all charged
spheres have the same diameter σ and are monovalent (zp+

= z+ = −zp− = −z− = 1); both PE chains have the same
chain length (Np+ = Np− = N) and we take N = 100 for
most cases. For notational simplicity, we define dimension-
less quantities—reduced Bjerrum length l̃B ≡ lB/σ, reduced
concentration ρ̃i ≡ ρiσ

3, reduced chemical potential µ̃ ≡ βµ,

and reduced Galvani potential Ψ̃G ≡ βeΨG. In particular, l̃B
serves to quantify the strength of the electrostatic interaction,
which can be adjusted by changing either the temperature T,
the dielectric constant ε r , or the hard-sphere diameter σ. To
further simplify the notation, henceforth we drop the tilde
∼ sign in these quantities. Most of our calculations are per-
formed using the LS theory; VO calculation is only performed
for the symmetric mixture to highlight the importance of
chain connectivity contribution to the excess thermodynamic
properties.

III. RESULTS AND DISCUSSION
A. 3D phase diagram

As stated earlier, for a general concentration-asymmetric
polycation and polyanion mixture at fixed lB, coexistence
between the PE-poor phase with (ρI

p+, ρI
p−, ρI

+) and the PE-
rich phase with (ρII

p+, ρII
p−, ρII

+ ) forms a surface in the 3D
ρp+−ρp−−ρ+ phase diagram. Moreover, due to symmetry
between oppositely charged components, the binodal surface
is symmetric under the exchange ρp+ ↔ ρp− and ρ+ ↔ ρ−.
Therefore, we restrict to the half space with ρp+ ≥ ρp−.
In Fig. 2, we show several representative curves on the bin-
odal surface at fixed concentration differences between the
polycation and polyanion in the PE-rich phase, i.e., ρII

p+−ρ
II
p−

= 0, 0.01, 0.015, 0.02, 0.03, 0.04, 0.05, 0.0623, respectively, for
lB = 1.785 and N = 100. (This value of the dimensionless Bjer-
rum length corresponds to aqueous solutions of PE monomer
diameter about 4 Å.) The binodal surface separates the single-
phase region (above) from the two-phase region (below). The
tie lines, connecting concentrations of the coexisting phases,
are shown as the magenta dashes; the red curve denotes the
critical curve at which the coexisting phases merge together
(i.e., ρI

i = ρII
i ). Although not shown here, as lB increases,

the binodal surface moves upwards, indicating broadening of
the two-phase region, while with decreasing lB, the binodal
surface shifts downwards and disappears at some Bjerrum
length lB ≈ 0.2, defined as the critical Bjerrum length lB ,c here-
after. We note that a similar binodal surface was constructed,
respectively, by using VO theory10 and by a transition matrix

FIG. 2. Phase diagram of a concentration-asymmetric polycation and polyan-
ion solution mixture with small ions for lB = 1.785 and N = 100. See the main
text for details.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
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TABLE I. Components for the three systems examined.

System Components

1a p+, p�, +, �
2b p+, p�, + (or �)
3 p+, p�, +, �

aBecause of symmetry, ρp+ = ρp� and ρ+ = ρ
�

.
bIn such systems, only one type of small ions exists and its type depends on which PE is
in excess.

method in a more recent publication.48 However, the experi-
mental implications of this 3D phase diagram have not been
explored.

The 3D phase diagram contains the complete information
on the phase behavior of a concentration-asymmetric poly-
cation and polyanion mixture. There are many potentially
interesting experimental systems, corresponding to different
intercepts/paths in the phase diagram. In the following, we
focus on three representative systems that are directly rele-
vant to experiments: 1. a symmetric polycation and polyanion
mixture, 2. an asymmetric polycation and polyanion mixture
with one type of small ions, and 3. an asymmetric mixture
of polycation and polyanion solutions with both types of
small ions. In Table I, we list the charged components in
each system. Since the symmetric mixture has been exten-
sively studied in the literature, here we mainly focus on the
two asymmetric systems. Nevertheless, we briefly discuss the
symmetric case, not only because it can be directly com-
pared with existing theoretical predictions but also because
it provides a starting point for investigating the asymmetry
effects.

B. System 1—Symmetric polycation
and polyanion mixture

The intercept between the binodal surface in Fig. 2 and
the diagonal surface ρp+ = ρp− in the 3D phase diagram yields
the binodal curve for a symmetric polycation and polyanion
mixture. Three such binodal curves are shown in Fig. 3(a). The
abscissa denotes the polycation (or polyanion) concentration,
and the ordinate denotes the small cation (or anion) concen-
tration. The tie lines shown by the dashes indicate that the
small ion concentration in the PE-poor phase is slightly higher

than in its coexisting PE-rich phase, i.e., ρI
± > ρII

±. The two-
phase region disappears above a critical point at (ρp+,c, ρ+,c).
Moreover, the phase-separated region shrinks with decreas-
ing lB and vanishes at a critical value lB ,c ≈ 0.2. Because of
the intrinsic symmetry between oppositely charged compo-
nents in this system, the Galvani potential ΨG is identically
zero.

Because of its simplicity, the VO theory has been exten-
sively used to study the phase behavior of symmetric polyca-
tion and polyanion mixtures.16,19,22,23 Different values of the
parameters including the PE charge fraction f c and reduced
Bjerrum length lB are used. For instance, in Refs. 16 and 23,
f c is taken to be equal to or smaller than 0.3 for both PE chains
and lB ≈2.123 is used; in Ref. 22, a much higher charge fraction
f c = 0.95 but a much smaller lB ≈ 0.883 are used for quanti-
tative fitting with experimental data. In order to quantitatively
compare with our LS results, in this study we assume that
both types of PEs are fully charged (i.e., f c = 1). In Fig. 3(b),
we show the binodals calculated by the VO theory for the
same set of lB values as in Fig. 3(a). We see that both the
VO and LS theories predict qualitatively similar binodals. A
key difference, however, is the opposite slopes for the tie lines
between these two results—the VO theory predicts that the
PE-rich phase has a higher small ion concentration (φI

+ < φII
+ ).

Related to the opposite slopes is the observation that the criti-
cal point from the LS theory lies to the right of the maximum
on the binodal curve, while the critical point from the VO the-
ory lies slightly to the left of the maximum. We suspect that
this difference arises from the chain connectivity correlation,
which is completely ignored in the VO theory. We note that the
lower small ion concentration in the PE-rich phase predicted
by the LS theory is qualitatively consistent with a PRISM-
LS theory study,33 with an RPA study in a wide parameter
space,26 with a more recent renormalized Gaussian fluctuation
theory,70,71 and with recent experiments.14,49 Another differ-
ence is that at a same lB, the phase-separated region predicted
by the VO theory is much larger (in both the PE concen-
tration and the small ion concentration) than that by the LS
theory. This is most likely due to the overestimate of electro-
static correlation in the DH correlation energy used in the VO
theory.

The intercepts of the binodal in Fig. 3 with the
abscissa correspond to the coexisting concentrations for the

FIG. 3. Phase diagram of symmetric
polycation and polyanion mixtures with
small ions predicted by (a) the liquid-
state theory and (b) the Voorn-Overbeek
theory. Chain length N = 100 is used.
The dashed curves represent the tie
lines. φ in the VO theory can be approx-
imately related to ρ in the LS theory by
φ = (π/6)ρσ3.
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symmetric mixture without small ions. In experiment, such
mixtures can be realized by stoichiometrically mixing a poly-
acid and a symmetric polybase. Ignoring the trace amount of
protons (cations) and hydroxyls (anions) due to dissociation of
water molecules,72 the system only contains polycations and
polyanions, which act as counterions to each other. In Fig. 4,
we show the binodal curves in the ρp+−lB phase diagram for
such systems with three different values of N. For each N,
the phase-separated region lies above the binodal. The crit-
ical point, as marked by the solid circle, corresponds to the
critical PE concentration ρp+,c and the critical Bjerrum length
lB ,c. The phase-separated region expands with increasing N
due to the decreased translational entropy for both PE chains.
For large N, the critical Bjerrum length and the critical con-
centration follow the scaling behavior lB ,c ∼ N−1/3 and ρp+,c

∼N−1, respectively (data not shown). The exponent−1 is iden-
tical to predictions from both VO theory23 and RPA theory
with a fixed Gaussian chain structure;34 the scaling exponent
−1/3, however, is only consistent with that from VO theory
but different from that from RPA.34 Importantly, these scal-
ing relations qualitatively differ from those for the salt-free
single-species PE solution (polyanions + small cations), where
both lB ,c and ρp+,c are found to be only weakly dependent
on N.52

C. System 2—Polycation and polyanion mixtures
with one type of small ions
1. Phase diagram

The intersection between the coexistence surface and the
ρ+ = 0 plane in Fig. 2 results in the binodal curve for a polyca-
tion and polyanion mixture with small anions, on the half plane
ρp+ > ρp−; the case of ρp+ < ρp− can be obtained by symme-
try. Experimentally, this system can be viewed as a solution
of a polycation-polyanion salt plus a PE solution (either poly-
cation or polyanion with its own counterion). Alternatively,
we may interpret this system as an asymmetric mixture of a
polyacid and a polybase, under the approximation that pro-
tons and hydroxyls fully associate into water molecules.72 For
such mixtures, we have three explicit components. Because
of charge neutrality, only two of the three components are
independent, and we choose the polycation and polyanion

FIG. 4. Binodal curves for the symmetric polycation and polyanion mixture
without small ions for different chain lengths. The solid circles denote the
critical points.

as the independent components without loss of generality.
While the 3D phase diagram in Fig. 2 only shows the bin-
odal in the half space ρp+ > ρp−, in Fig. 5 we show the full
binodal in the polycation–polyanion concentration (ρp+−ρp−)
phase diagram for such mixtures at lB = 1.785 (black) and
0.5 (magenta). Because both PEs have the same chain length,
all binodals are symmetric with respect to the diagonal. At
a given lB, the phase-separated region lies inside the binodal
and the homogeneous region is outside. The tie line (dotted
line), connecting compositions in the coexisting phases, is
roughly parallel to the diagonal line and shortens with increas-
ing the degree of asymmetry. The critical points (ρp+,c, ρp−,c)
are marked by the solid circles. The intersection between the
binodal and the diagonal corresponds to the coexisting con-
centrations (ρI

p±, ρII
p±) for the fully symmetric mixture without

small ions (i.e., Fig. 4). While ρI
p± are usually very small, ρII

p±
remain finite and are shown by the open circles. With decreas-
ing lB, the phase-separated region decreases and disappears at
lB ,c ≈ 0.2.

2. Titration of a polyacid with a polybase

While there are several possible experimental implemen-
tations for system 2, in the following, we interpret it as a
mixture of a polyacid with a polybase since such systems
are most commonly studied in experiments.38,42 On the basis
of the binodal in Fig. 5, we predict the titration behavior of
a polyacid with a polybase. For simplicity and clarity, we
assume both initial solutions have the same PE concentration
ρp,0. After mixing volume V1 of polybase with volume V2

of polyacid, the overall polycation (p+) and polyanion (p−)
concentrations in the final mixture are ρ̄p+ = (1 + r)ρp,0/2
and ρ̄p− = (1 − r)ρp,0/2, respectively, where we remind the
readers of the definition of the asymmetry factor r ≡ (V1

− V2)/(V1 + V2). When r > 0 (r < 0), the polybase (poly-
acid) is in excess and thus the small ions are anions (cations)
with an overall concentration ρ̄−(+) = |r |ρp,0. Experimentally,
increasing r from −1 to 1 corresponds to the gradual titration
of a polyacid with a polybase. In the phase diagram shown in
Fig. 5, this corresponds to a path that starts on the ordinate
and ends on the abscissa in a direction perpendicular to the
diagonal line. Differentiating by relative location with respect
to the critical point (ρp+,c, ρp−,c), we expect two scenarios of

FIG. 5. Phase diagram of a salt-free concentration-asymmetric polyacid and
polybase mixture with N = 100. The solid circles denote the critical points.
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phase-separation behaviors. In the following, taking the bin-
odal at lB = 0.5 (the magenta curve in Fig. 5) as an example, we
examine the evolution of the phase behavior along two typical
paths (shown by the dashed arrows in Fig. 5). Along each path,
the mixture will undergo phase separation once it enters the
phase-separated region, with the concentrations of the coex-
isting phases determined by the lever rule ρ̄i = xρI

i +(1−x)ρII
i

where x is the volume fraction of the PE-poor phase.
In Fig. 6(a), we show the evolution of the volume frac-

tion of the PE-poor phase, x, along these two paths. Due to
the symmetry of the binodal, x is symmetric with respect
to r = 0. For the path with ρp,0 = 0.02 (upper curve), with
increasing r from −1, x starts to decrease from unity at some
finite−r∗1 , indicating the emergence of the PE-rich phase from
the homogeneous solution. The volume fraction of this phase,
1 − x, grows as r increases towards zero, i.e., as the mixture
becomes less asymmetric. At r = 0, the polyacid is completely
neutralized by the polybase. With further addition of the poly-
base, the process is reversed, i.e., the volume fraction of the
PE-rich phase decreases until this phase disappears at r∗1 . For
the path with ρp,0 = 0.03 (lower curve), with increasing r, x
starts to increase from 0 at some −r∗2 , suggesting that now it is
the PE-poor phase that emerges from the homogeneous solu-
tion. The volume fraction of the PE-poor phase x increases
monotonically up to the neutralization point r = 0. With fur-
ther increasing r, x decreases monotonically and becomes 0
at r∗2 . These two different scenarios reflect the location of the
two paths with respect to the critical point. Moreover, the fact
that r∗2 < r∗1 indicates that the amount of polybase required to
cause the phase separation is larger for systems with higher
ρp,0. For sufficiently large ρp,0, no phase separation is possible
at any mixing ratio.

While x can exhibit two distinct behaviors along the two
different titrating paths, the concentrations of each component
in the coexisting phases show qualitatively similar behaviors
for the different paths. In Sec. II of the supplementary mate-
rial, taking the titrating path 1 in Fig. 5 as an example, we
illustrate the concentration evolution for each component in
the coexisting phases.

The Galvani potential ΨG, defined as the electric poten-
tial difference between the PE-rich phase and its coexisting
PE-poor phase, is uniquely determined by the concentration
of each component in both phases. While ΨG is exactly 0 for
the symmetric mixture, it is generally finite for asymmetric

mixtures. Along a specified titrating path, ΨG exhibits inver-
sion symmetry, i.e., ΨG(−r) = −ΨG(r), as shown in Fig. 6(b),
so we only discuss the behavior for r ≥ 0, taking the ρp,0 = 0.02
path as an example. First, ΨG is positive for r > 0, meaning
that the PE-rich phase has a higher electric potential. In other
words, ΨG takes the same sign as the major PE chain. This
is consistent with the result from the early VO study.16 Sec-
ond, ΨG has a sharp peak at |r| ≈ 10−3. On the scale of the
plot in Fig. 6(b), these peaks appear nearly as a discontinuity
across r = 0. On closer examination, in the narrow region from
r = 0 to the peak, ΨG exhibits two different scaling behav-
iors: when r . 10−9, ΨG ∝ r (this is difficult to see on the
scale of the figure), as expected from the symmetry property
of ΨG and its analyticity near r = 0. In the range 10−9 . r
. 10−3, ΨG ∼ ln r [note the linear-log scale in the inset of
Fig. 6(b)]. We note that ΨG is inversely proportional to N (see
below). With increasing lB, the location of the peak shifts to
smaller r but the magnitude increases significantly; the bound-
ary differentiating the two distinct scaling regions also shift
leftwards.

To understand the behavior of ΨG, we return to the phase
equilibrium condition µI

i = µII
i + ziΨD. After re-writting

µi as a sum of an ideal part and an excess part, we have
ρI

i/ρ
II
i = exp

[
Ni

(
µII

i,ex − µ
I
i,ex + ziΨG

)]
. Applying this expres-

sion to both PE components and taking the ratio between the
two resulting equations, we get

ΨG =
1

2N
ln*
,

ρI
p+/ρ

I
p−

ρII
p+/ρ

II
p−

+
-

+
1
2

[
(µI

p+,ex − µ
I
p−,ex) − (µII

p+,ex − µ
II
p−,ex)

]
. (8)

For the symmetric mixture, ρI
p+ = ρI

p−, ρII
p+ = ρII

p−, µI
p+,ex

= µI
p−,ex, and µII

p+,ex = µII
p−,ex, so obviously ΨG = 0. For an

asymmetric mixture, in the PE-rich phase, ρII
p+/ρ

II
p− ∼ O(1)

and µII
p+,ex ≈ µII

p−,ex to a first approximation; in the PE-poor
phase, both ρI

p± are small and thus µI
p+,ex ≈ µ

I
p−,ex ≈ 0. We thus

have ΨG ≈ ln(ρI
p+/ρ

I
p−)/2N . When r > 0, ρI

p+ is larger than
ρI

p− and this directly leads to ΨG > 0. In particular, the sharp
peak in ΨG for weakly asymmetric mixtures with r slightly
larger than 0 is a reflection of ρI

p+/ρ
I
p− � 1, a consequence of

the extreme dilution of the polyanions in phase I and the par-
tition of the added polycations in that phase (which, although

FIG. 6. (a) Volume fraction of the PE-
poor phase x vs. the asymmetry factor
r along the two titrating paths specified
in Fig. 5; (b) The Galvani potential ΨG
vs. r along the titrating path with ρp ,0
= 0.02; the inset shows the linear-log
plot. lB = 0.5 for all cases.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
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small in absolute quantity, can increase the polycation con-
centration by many orders of magnitude). For example, when
r = 0.0023, ρI

p+/ρ
I
p− is as large as 1010. The scaling behavior

for very small r can be understood as follows: when r . 10−9,
we can expand ρI

p+ and ρI
p− around the symmetry point r = 0

as ρI
p+ ≈ c + a1r and ρI

p− ≈ c − b1r, respectively, where c
is the polycation (polyanion) concentration for the symmetric
mixture and a1 > 0 and b1 > 0 are two constants. Thus, ΨD

∝ r. For 10−9 . r . 10−3, we still have ρI
p+ = c + a1r ≈ a1r,

but ρI
p− decreases with added polycation solution as a result of

the partition of the small anions into phase I. From Fig. 1(b)
of the supplementary material, we find ρI

p− ≈ b2/r. Thus ΨG

≈ ln(a1r2/b2)/2N ≈ (ln r)/N + ln(a1/b2)/2N, as observed in the
inset of Fig. 6(b). For larger r (in this case r & 10−3), ρI

p−
increases with further addition of polycations—some of the
polyanions are transferred from phase II to phase I, and this
increase is faster than ρI

p+ (see also Fig. 1(b) of the supplemen-
tary material); ΨG thus starts to decrease monotonically with
r. While both ρI

p± are usually too small to be observed accu-
rately in experiments, ΨG is sufficiently large to be accurately
measured.74,75

To briefly summarize the above discussions, the behavior
of an asymmetric mixture with r > 0 can be understood as
follows. In the initial solution (with r = 0), there are no small
ions and ρI

p+ = ρ
I
p− ≈ 0. Adding some extra polybase brings in

the small counter anions which tend to distribute uniformly in
the coexisting phases for the sake of translational entropy, i.e.,
ρI
− ≈ ρ

II
−. To maintain charge neutrality in the PE-poor phase,

there must be approximately the same amount of extra polyca-
tions partitioned in this phase, i.e., ρI

p+ ≈ ρ
I
−. When the added

concentration of the polycations is less or comparable to the
PE concentration in the supernatant phase (phase I), the effect
is a small perturbation, resulting in the linear behavior of ΨG

with r. With a significant (relative to the supernatant concen-
tration) amount of polybase added to the mixture, the added
polycations are primarily partitioned into the PE-poor phase,
while the polyanions in this phase is further depleted due to
displacement by the small anions, leading to the logarithmic
regime in ΨG vs. r. This directly leads to a huge ratio between
ρI

p+ and ρI
p− and then a large ΨG. However, with further addi-

tion of polybase, most of the added polybase goes into phase I.
On the other hand, its accompanying anions tend to distribute
nearly evenly between the two phases; therefore polyanions
are transferred from phase II to phase I to maintain charge
neutrality. With a sufficiently large r, the degree of phase-
separation weakens until the system enters the homogeneous
state.

D. System 3—Asymmetric polycation and polyanion
mixtures with both types of small ions

We now consider the asymmetric mixture depicted in
Sec. I, where both initial PE solutions have the same PE
concentration ρp,0, coion concentration ρs ,0, and counterion
concentration ρp,0 + ρs ,0, where the subscript s in ρs ,0 is
for “salt” since we envision the coions to be due to added
salt (extra salt). After mixing volume V1 of the polycation
solution with volume V2 of the polyanion solution, the total
volume of the mixture is V = V1 + V2 and the overall

concentrations of polycation, polyanion, cation, and anion
are, respectively, ρ̄p+ = (1 + r)ρp,0/2, ρ̄p− = (1 − r)ρp,0/2,
ρ̄+ = (1 − r)ρp,0/2 + ρs,0, and ρ̄− = (1 + r)ρp,0/2 + ρs,0,
where the asymmetry factor r ≡ (V1 − V2)/V again charac-
terizes the degree of asymmetry of the mixture. When r = 0,
the mixture reduces to system 1 discussed in Sec. III B, while
the case r = 1 (or −1) corresponds to a pure polycation (or
polyanion) solution, which we studied in Ref. 52. For the gen-
eral case, the final mixture is globally characterized by three
parameters—r, ρs ,0, and ρp,0. When the point ( ρ̄p+, ρ̄p−, ρ̄+),
which is specified by the parameter set (r, ρs ,0, ρp,0)—falls
within the phase-separated region of Fig. 2, the system will
phase-separate into a PE-poor phase and a PE-rich phase, with
the volume fraction of each phase and the concentrations of
each component in the coexisting phases determined by the
lever rule

ρ̄i = xρI
i + (1 − x)ρII

i , (9)

where again we use x to refer to the volume fraction of the
PE-poor phase. While the phase diagram is given in terms of
the overall concentrations ( ρ̄p+, ρ̄p−, ρ̄+), experimentally the
more easily controllable parameters are the asymmetry factor
r, the extra salt concentration ρs ,0, and the initial PE concen-
tration ρp,0. Therefore, in the following, we will examine the
effects of these parameters in turn, on the phase behavior of an
asymmetric polycation and polyanion mixture with both types
of small ions.

1. Effect of the asymmetric factor r

First we study the effect of the asymmetry factor r for mix-
tures at fixed ρp,0 and ρs ,0. Physically, varying r corresponds
to varying the mixing ratio between the two initial solutions.
Because the compositions in both initial solutions are symmet-
ric, the behavior for the mixture (r, ρp,0, ρs ,0) is identical with
the mixture (−r, ρp,0, ρs ,0), with the role of anions and cations
exchanged. We thus only discuss the case r ∈ [0, 1], where
the polycation is the major PE species and the anion is the
major small ion. Since the solution with r = 0 denotes a sym-
metric mixture (i.e., system 1), the solution with r > 0 can be
interpreted as adding extra polycation and small anion solution
into the initially symmetric mixture. We now examine how the
extra polycations and anions partition in the coexisting phases
and how their addition affects the phase behavior of the initial
mixture.

Without extra salt. We first consider the mixture with-
out extra salt (i.e., ρs ,0 = 0) at fixed ρp,0. In Fig. 7(a), we
show the volume fraction of the PE-poor phase x as a func-
tion of the asymmetry factor r for four different values of
ρp,0 (e.g., ρp,0 = 0.006, 0.04, 0.07 and 0.08). Note that for
all four systems, the mixtures are phase separated at r = 0.
For the three lower values of ρp,0, as extra polycation solu-
tion is added to the system, x first decreases slightly at small
r ∈ [0, 0.02], but tends to increase at large r and becomes
unity at some special r∗, where the PE-rich phase disappears.
On the other hand, for the larger ρp,0 = 0.08, x decreases
monotonically and becomes 0 at another r∗, meaning it is
the PE-poor phase that vanishes. Physically, r∗ quantifies
the boundary mixing ratio beyond which the system enters
the single-phase state. Taking ρp,0 = 0.08 as an example,

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
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FIG. 7. (a) Volume fraction of the PE-
poor phase x vs. the asymmetry factor
r in the range r ∈ [0, 1] for the mix-
tures without extra salt at different initial
PE concentration ρp ,0. (b) Phase dia-
gram in the ρp ,0−r plane for mixtures
at different ρs ,0; see the main text for
details.

r∗ ≈ 0.6 indicating that, when the volume ratio between the
initial solutions is either larger than 4: 1 or smaller than 1:
4, the mixture is in a homogeneous state; otherwise, the mix-
ture undergoes a phase separation. Moreover, for systems with
small ρp,0 (e.g., 0.006 and 0.04), r∗ is very close to 1, implying
that phase-separation can still take place even for highly asym-
metric mixtures if both initial solutions are sufficiently dilute.
Viewed in another way, addition of a small amount of polyan-
ion solution into a pure polycation solution can induce phase
separation, when both solutions are dilute (but still denser than
the supernatant concentration in a phase-separated system,
which is usually exceedingly dilute). With increasing ρp,0,
r∗ decreases monotonically, signifying the shrinkage of the
phase-separated region along r. In Fig. 7(b), we show the r∗ vs.
ρp,0 phase diagram; the black curve is for the case without extra
salt. The dotted and solid segments, respectively, represent that

it is the PE-rich phase and the PE-poor phase that vanishes at r∗;
the black circle is a critical point differentiating these two seg-
ments. Clearly, the single-phase region corresponds to higher
initial PE concentration ρp,0 and/or the larger asymmetric
parameter r.

Accompanying the evolution of the volume fraction, the
concentration of each component in the two phases also adjusts
to satisfy mass conservation, Eq. (9). We recall that for the
mixture without extra salt, increasing r corresponds to adding
a polycation solution. Therefore, the overall polycation and
anion concentrations increase linearly with r ( ρ̄p+ = ρ̄−
= (1+r)ρp,0/2), while the overall polyanion and cation concen-
trations decrease linearly ( ρ̄p− = ρ̄+ = (1 − r)ρp,0/2). Taking
ρp,0 = 0.006 as an example, in Fig. 8(a) we show, respec-
tively, the concentration for the polycation (blue) and for the
polyanion (red) in the PE-poor phase ρI

p± as a function of r.

FIG. 8. Polycation and polyanion con-
centrations (a) in the PE-poor phase,
ρI

p±, and (b) in the PE-rich phase, ρII
p±,

vs. the asymmetry factor r ∈ [0, 1]. Inset
of part (b) shows the ratio ρII

p±/ρ̄p±. (c)
Small ion concentrations in both phases
ρ I/II
± vs. r ∈ [0, 1]. All three figures are

for the system without extra salt and at
fixed ρp ,0 = 0.006. It is worth noting that
all curves terminate at r∗, whose value
for the chosen set of parameters is very
close to but not equal to 1.
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First, we see that ρI
p− remains very close to 0 in the entire

phase-separated region, i.e., there are very few minor PEs in
the PE-poor phase. A log-log plot actually shows that ρI

p−
exhibits a minimum at some r (data not shown), indicating that
increasing r will initially make the PE-poor phase even more
depleted of the minor PE chain. The polycation concentra-
tion in this phase ρI

p+, however, exhibits two distinct regimes.

For r . 0.02, ρI
p+ ≈ 0 (due to the exceedingly low PE con-

centration in the supernatant phase), signifying that initially
nearly all the added polycations (the major PE component) go
to the PE-poor phase (and dragging some polyanion chains
away from the PE-poor phase). For 0.02 . r < r∗, ρI

p+ ≈ rρp,0

and approaches ρp,0 at r∗ (where the PE-rich phase disap-
pears). The above results suggest that, for weakly asymmetric
mixtures, the concentration of both PEs in the PE-poor phase
is very low. For slightly more asymmetric mixtures, while
the minor PE concentration remains very low in the PE-poor
phase, adding the major PE species (in this case the polyca-
tion) results in an appreciable amount of this species in this
phase. Furthermore, while both ρI

p± for weakly asymmetric
mixtures (0 < r � r∗) are too small to be accurately mea-
sured in experiments, the ratio between them can be very large
which results in a large Galvani potential ΨG (see the results
later).

Next, in Fig. 8(b), we show both PE concentrations in the
PE-rich phase ρII

p±. Because both the polycation and polyan-
ion concentrations are exceedingly low in the PE-poor phase,
before a significant amount of the added major PE goes to the
dilute phase, by Eq. (9), we have ρII

p± ≈ ρ̄p±/(1−x). Therefore,
in this regime, the PE concentration is determined primarily
by the overall ρ̄p± and the volume fraction of the PE-rich phase
1− x. Since ρ̄p+ = ρ̄− = (1+r)ρp,0/2, the initial decrease in ρII

p+
is caused by the initial slight increase in the volume fraction
of the PE-rich phase with r. (With a different initial ρp,0, the
increase in the volume fraction of the PE-rich phase can be
slower than the increase in ρ̄p+, leading to a slight increase in
ρII

p+). On the other hand, ρII
p− can only decrease in this regime

since the numerator ρ̄p− decreases with r, while the denomi-
nator 1 − x increases with r. Moreover, since in this regime,
ρII

p± ≈ ρ̄p±/(1− x), we have ρII
p+/ρ̄p+ ≈ ρ

II
p−/ρ̄p− [see the inset

of Fig. 8(b)].
For 0.02 . r < r∗, we enter the regime where a significant

amount of the added polycations are partitioned into the PE-
poor phase, so the first term in the right-hand side of the lever
rule Eq. (9) for the polycations can no longer be ignored. The
resulting ρII

p+ can either decrease [as shown in Fig. 8(b)] or
increase (data not shown), depending on the initial PE con-
centration ρp,0. The magnitude of the change, however, is
small (a few percent) in the entire range of r for all the cases
we have examined. On the other hand, for the polyanions,
xρI

p− remains negligible in most cases (except near the crit-

ical region); therefore, ρII
p− ≈ ρ̄p−/(1 − x) decreases, mainly

because of the decrease of ρ̄p− with r. We remark that, ρII
p−

remains finite in the entire range of the two-phase region; it
is only the amount of the PE-rich phase that decreases and
eventually disappears at the phase boundary r∗ whose value
is very close to 1 for the set of chosen parameters in the
figure.

For the symmetric mixtures, the LS theory predicts that
in most cases, the small ions have slightly higher concentra-
tion in the PE-poor phase [see Fig. 3(a)]. In particular, for
the system with ρp,0 = 0.006 and ρs ,0 = 0 specified here,
ρI

+ = ρI
− = 0.003 01 and ρII

+ = ρII
− = 0.002 54. For the

asymmetric mixtures, however, the situation is quite differ-
ent. In Fig. 8(c), we show cation and anion concentrations in
the coexisting phases ρI/II

± as a function of the asymmetric fac-
tor r. Because ρ̄− increases with r, the anion concentration in
both phases, ρI/II

− , goes up with r. Likewise, the cation con-
centration in both phases, ρI/II

+ , decreases with r, following the
behavior of ρ̄+. Moreover, except for very small r, the cation
concentration in the PE-poor phase is larger than that in the PE-
rich phase, i.e., ρI

+ > ρII
+ , while the opposite trend is observed

for the anion ρI
− < ρII

−; this is qualitatively different from the
symmetric mixture. Furthermore, similar to PE concentrations,
ρI/II
± likewise exhibit different behaviors in two r regimes. (1)

For 0 ≤ r . 0.02, since the polycation and polyanion con-
centrations in the PE-poor phase are nearly zero, ρI

+ ≈ ρI
− to

maintain charge neutrality, and both are roughly independent
of r (see the solid red and black curves at small r). In the
PE-rich phase, however, ρII

+ (the red dashed curve) decreases
abruptly, while ρII

− increases rapidly; this rapid variation is
strongly related to the fact that nearly all extra polycations are
partitioned into the PE-rich phase in this r regime. Although
one might expect that the extra anions should also go pre-
dominantly to the PE-rich phase to maintain charge neutrality,
such a partition is disfavored by the translational entropy of
anions. This translational entropy drives a significant frac-
tion of the added anions into the PE-poor phase, with the
accompanying transfer of cations from the PE-rich phase into
the PE-poor phase to maintain charge neutrality. (2) For 0.02
. r < r∗, since the PE-poor phase occupies most of the system
volume (i.e., x is very close to 1), we have ρI

− ≈ ρp,0(1 + r)/2
(the blue solid line) and ρI

+ ≈ ρp,0(1 − r)/2 (the red solid
line). For the PE-rich phase, both ρII

± change almost lin-
early with r, with the increase in ρII

+ outpacing the decrease
in ρII

−.
From the above discussion, we conclude the following

physical picture on the partition of the added polycations and
small anions in the coexisting phases. For very weak asym-
metry (i.e., 0 < r . 0.02, corresponding to adding only a
small amount of polycation solution), the added polycations
tend to accumulate in the PE-rich phase to lower the electro-
static energy. The extra anions, however, are partitioned in both
phases and some cations in the PE-rich phase transfer into the
PE-poor phase to minimize the translational entropy penalty as
well as to maintain charge neutrality in the coexisting phases.
While this partition results in increased concentration differ-
ences for both the cations and anions between the coexisting
phases, the gain in the overall electrostatic energy is still large
enough to lower the total free energy. This scenario is schemat-
ically shown in Fig. 9(a). For the asymmetric mixtures with
0.02 < r < r∗, however, the gain in the electrostatic energy
can no longer compensate for the loss in the translational
entropy for the small ions if the extra polycations stay pre-
dominantly in the PE-rich phase, and consequently, these extra
polycations and anions are distributed in both phases in a way
such that the overall free energy is minimized. Figure 9(b)



163303-11 Zhang et al. J. Chem. Phys. 149, 163303 (2018)

FIG. 9. Schematics for the partition of the newly added polycation solutions
in the initially symmetric mixture, part (a) is for a small amount of extra
polycation solution and part (b) is for a large amount of extra polycation
solution.

schematically shows the partition of extra components for such
mixtures.

Our discussion on the partition of the components in the
coexisting phases has been based on a particular value of the
initial PE concentration ρp,0 = 0.006. For other values of ρp,0,
the evolution of the volume fraction can be completely dif-
ferent [see the black and the blue curves in Fig. 7(a), for
example]. However, the concentrations of the different com-
ponents in the coexisting phases exhibit overall qualitatively
similar behaviors, and we thus do not show the data here. In
Sec. III of the supplementary material, we briefly discuss some
of the main differences, taking the case with ρp,0 = 0.08 as an
example.

Next, we discuss the Galvani potential ΨG vs. r for the
mixture without extra salt with ρp,0 = 0.006. First, we note
ΨG has the inversion symmetry ΨG(−r) = −ΨG(r) and ΨG

has the same sign as r in the entire phase-separated regime.
For the r > 0 cases we have been discussing in this sec-
tion, this again means that the PE-rich phase always has a
higher electric potential since polycations are the major PE
species. Second, ΨG exhibits sharp peaks around |r| = 0.02.
This maximum is again strongly related to the huge concentra-
tion asymmetry between the major PE and minor PE species in
the PE-poor phase, similar to the behavior observed in Fig. 6(b)
for system 2. Third, at small r, ΨG is approximately propor-
tional to r, and it can be rationalized by similar argument
as for system 2. However, since now there are two small-
ion species, the depletion of the minor PE species from the
PE-poor phase is not as substantial as in system 2, and conse-
quently we do not find the logarithm scaling relation observed
there.

With extra salt. For asymmetric mixtures with finite ρs ,0,
the evolution of the phase behavior (the volume fraction of
each phase and the concentration of the different ion species
in each phase) along r is discussed in Sec. IV of the supplemen-
tary material. In particular, we find that the phase-separation

window along r shrinks for systems with finite ρs ,0. In
Fig. 7(b), we summarize the phase diagram in r∗ vs. ρp,0 for
systems with ρs ,0 = 0.01 and 0.04 (the blue and red curves),
respectively, in analogy to the extra-salt–free case (the black
curve). It is obvious that the phase-separation region becomes
narrower for mixtures with larger ρs ,0. With increasing ρs ,0,
the two different regimes along r observed for the salt-free
case shown in Fig. 8 become less distinct and become indis-
tinguishable for sufficiently large ρs ,0. Correspondingly, the
blue curve in Fig. 10 shows that the peaks in ΨG become
much weaker and shift to larger values of |r| for systems with
finite ρs ,0.

2. Effect of extra-salt concentration ρs,0

It is well-known that salt plays an important role in deter-
mining phase behaviors of PE solutions; a prominent example
is the salting-out and salting-in phenomena.51,52,73 Experi-
mentally, increasing the extra-salt concentration ρs ,0 can be
simply achieved by adding pure salt into an initial mixture.
For an asymmetric polycation and polyanion mixture at fixed
r and ρp,0, with increasing ρs ,0, the degree of phase separation
always becomes weaker and the system enters the single-phase
region at the salting-in point ρ∗s,0. This is qualitatively differ-

ent from a single PE solution with salt,52 where adding salt
initially broadens the miscibility gap. Moreover, for a mix-
ture with smaller ρp,0 or larger |r|, it is the PE-rich phase
that is “salted-in”, while for mixtures with smaller r or larger
ρp,0, it is the PE-poor phase that is “salted-in.” Following the
same procedure used in constructing the ρp,0−r phase diagram
(in Fig. 7), we likewise construct the phase boundary in the
ρs ,0−r phase diagram, as shown by Fig. 11. For each ρp,0, the
phase-separated region lies below the phase boundary and the
single-phase region is above it. Again, the solid and the dot-
ted curve/segment, respectively, represent the phase boundary
at which the PE-poor phase and the PE-rich phase vanish. It
is obvious that the phase-separated region shrinks with larger
ρp,0.

We now examine the effect of ρs ,0 on the concentra-
tion of each component in the coexisting phases. First we
note that the overall concentrations of both PEs ρ̄p± remain
invariant with ρs ,0. Taking the mixture with ρp,0 = 0.006 as
an example, Fig. 12(a) shows that both PE concentrations

FIG. 10. Galvani potential ΨG vs. the asymmetric factor r for the mixture
with ρp ,0 = 0.006. Inset shows the log-log plot of the behavior for r > 0.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
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FIG. 11. Phase diagram in the r−ρs ,0 plane for mixtures at several values of
ρp ,0. The dotted and the solid curve/segment means the vanishing phase is the
PE-rich phase and PE-poor phase, respectively.

in the PE-poor phase ρI
p± exhibit two different behaviors.

In a wide range of ρs ,0, for the symmetric case (the black
curve), both ρI

p± ≈ 0, indicating that the PE-poor phase is
very dilute in both PEs. For asymmetric mixtures (the blue
and red curves), while the minor PE concentration ρI

p− ≈ 0,
the major PE concentration ρI

p+ remains nearly constant and
its value is larger for the more asymmetric mixtures. Since
the volume of the PE-poor phase in this regime decreases
with ρs ,0 (data not shown), the constant ρI

p+ implies that
adding salt drives some major PEs (polycations for r > 0)
to move from the PE-poor phase to the PE-rich phase. As ρs ,0

approaches the phase boundary, both ρI
p± increase rapidly with

ρs ,0; this indicates that there is a significant amount of both
PEs transferring from the PE-rich phase back to the PE-poor
phase.

In contrast to the behavior of the PE concentrations in the
PE-poor phase, Fig. 12(b) shows that both PE concentrations in
the PE-rich phase ρII

p± decrease monotonically with ρs ,0. The
initial decrease is primarily due to the increase in the volume of
the PE-rich phase, while for ρs ,0 close to the phase boundary,
the decrease of ρI/II

p± is again mainly due to the transfer of
both PE chains to the PE-poor phase. In addition, we find
that, at a given ρs ,0, the PE concentrations (ρII

p±) are nearly
independent of r although the minor PE concentration (ρII

p−)
is slightly smaller for the more asymmetric system. For the
small ions, for the asymmetric mixture, the concentration of
the minor ion species is always higher in the PE-poor phase,

FIG. 13. Phase diagram in the ρs ,0−ρp ,0 plane at fixed r; see the main text
for details.

but the concentration of the major ion species is higher in the
PE-rich phase at small ρs ,0 and is higher in the other phase at
large ρs ,0 (data not shown). Finally, the Galvani potential ΨG

decreases monotonically with ρs ,0 for a mixture at fixed r > 0
and ρp,0 (data not shown).

3. Effect of initial PE concentration ρp,0

In this section, we turn to examine how the initial PE
concentration ρp,0 affects the phase behavior of an asymmet-
ric mixture. Experimentally, decreasing ρp,0 at fixed r and
ρs ,0 corresponds to diluting the mixture with a simple elec-
trolyte solution with the same ρs ,0. Generally, for a mixture at
fixed r and ρs ,0, phase-separation only occurs in the range of
ρ∗p,0 < ρp,0 < ρ∗∗p,0, where ρ∗p,0 and ρ∗∗p,0, respectively, denote
the lower and the upper boundaries of this range. (We empha-
size that these values are not to be confused with the coexisting
concentrations of the PE-poor and PE-rich phases since ρp,0

refers to the initial PE concentration.) With increasing ρp,0,
the volume fraction of the PE-poor phase x decreases from
1 at ρ∗p,0, i.e., it is the PE-rich phase that emerges; on the
other hand, except for mixtures with large ρs ,0, generally x
decreases to 0 at ρ∗∗p,0, implying that it is mostly the PE-poor
phase that vanishes upon increasing ρp,0. Moreover, ρ∗p,0 is
very close to 0 except for the cases with large ρs ,0, i.e., phase
separation usually occurs even for very dilute mixtures. In
Fig. 13, we show ρ∗p,0 and ρ∗∗p,0 in the ρs ,0−ρp,0 phase dia-
gram. For each r, the phase-separated region lies inside the

FIG. 12. Polycation and polyanion
concentrations (a) in the PE-poor phase,
ρI

p±, and (b) in the PE-rich phase, ρII
p±

vs. the extra-salt concentration ρs ,0
for both symmetric and asymmetric
mixtures with ρp ,0 = 0.006. The black
solid and dashed curves in both figures
overlap due to the symmetry of the
mixtures.
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FIG. 14. Polycation and polyanion
concentrations (a) in the PE-poor phase,
ρI

p± and (b) in the PE-rich phase, ρII
p±

vs. the initial PE concentration ρp ,0 for
mixtures with ρs ,0 = 0. The blue solid
and dashed curves in (a) and (b) overlap
due to the symmetry of the mixtures.
(c) Galvani potential ΨG vs. ρp ,0 for
the asymmetric systems with r = 0.5
and different ρs ,0.

curve, while the homogeneous one-phase region outside. Each
curve consists of two branches—the lower branch denotes
ρ∗p,0 and the upper branch represents ρ∗∗p,0. With increasing
ρs ,0, these two branches approach each other and merge at
a special point marked by the open circle. Moreover, the upper
branch of ρ∗∗p,0 consists of two segments; the solid and dotted
segments, respectively, represent the cases where the vanish-
ing phases are the PE-poor phase and the PE-rich phase, and
the solid circle denotes the critical point differentiating these
two segments. It is obvious that the phase-separated region in
the ρs ,0−ρp,0 phase diagram becomes narrower for the more
asymmetric system.

In Figs. 14(a) and 14(b), we show the PE concentrations
in the PE-poor phase ρI

p± and in the PE-rich phase ρII
p±, respec-

tively. First we recall that, at fixed r and ρs ,0, the overall
concentration for both PE species increases linearly with ρp,0,
i.e., ρ̄p+ = rρp,0 and ρ̄p− = (1 − r)ρp,0. From Fig. 14(a), we
see that, for the symmetric mixture, both ρI

p± ≈ 0 in the entire
phase-separated region. For the asymmetric mixture, only the
minor PE concentration is close to 0, while the major PE con-
centration increases approximately linearly with ρp,0. On the
other hand, Fig. 14(b) shows that both ρII

p± decrease monoton-
ically, in spite of the linear increase in the overall ρ̄p± with
ρp,0. This seeming paradox can be rationalized by noticing
that the volume fraction of the PE-rich phase increases with
ρp,0. Moreover, ρII

p+ (the major PE species) is weakly depen-
dent on r, consistent with the observation in Fig. 8(b). For
the small ion concentrations, for an asymmetric mixture with
r > 0, the minor small ion (cation) concentration is always
higher in PE-poor phase, but the major small ion concentra-
tion in the PE-rich phase has a non-monotonic behavior: it is
higher (than in the PE-poor phase) when ρp,0 is very small

and r is large, and it is lower when ρp,0 is large or r is small.
Finally, Fig. 14(c) shows the Galvani potential ΨG vs. ρp,0

for the asymmetric mixture (r = 0.5) with different ρs ,0. For
ρs ,0 = 0, ΨG decreases monotonically with ρp,0; for mixtures
with finite ρs ,0, however, ΨG exhibits a maximum at some
ρp,0 where ρI

p+/ρ
I
p− approximately reaches a peak. In addition,

at given ρp,0, ΨG decreases with ρs ,0 because of the weaker
degree of phase-separation.

IV. SUMMARY AND CONCLUSIONS

Using a simple liquid state (LS) theory, we have sys-
tematically studied the phase behaviors of a concentration-
asymmetric mixture of polycation and polyanion solutions,
taking the simplest case where both polycation and polyan-
ion have the same chain length and are fully charged, and
all charged species are monovalent. A three-dimensional (3D)
polycation–polyanion–cation concentration (ρp+−ρp−−ρ+)
phase diagram at a fixed Bjerrum length lB has been con-
structed. This phase diagram contains the complete phase
behavior information at the specified lB and yields rich and
complex phase-separation scenarios that are directly relevant
to experiments. As Sec. III has given a detailed exposition
of the results, here we briefly recapitulate the main find-
ings of our work, in ascending order of complexity of the
system specification: a symmetric polycation and polyan-
ion mixture, an asymmetric mixture with one type of small
ions, and an asymmetric mixture with both types of small
ions.

For the symmetric mixture, the LS theory predicts that
small ion concentration is higher in the PE-poor phase under
most conditions; this is consistent with previous theoretical
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work using PRISM-LS,33 RPA,26,27 and a renormalized Gaus-
sian fluctuation theory71 and with recent experiments,14,49 but
is in stark contrast to the VO theory calculation,16,23 which
predicts small ion enrichment in the PE-rich phase under all
conditions.

The binodal of the asymmetric mixture with one type of
small ions corresponds to the intercept between the 2D bin-
odal surface of the 3D phase diagram and the bottom surface
(i.e., ρ+ = 0), and one possible experimental interpretation
(realization) is the titration of a polyacid with a symmetric
polybase. We predict two different scenarios of phase separa-
tion, according to the evolution in the volume fraction of each
phase along the titrating path, i.e., whether it is the PE-rich
or PE-poor phase that first appear or disappear. Moreover, we
find that the Galvani potential ΨG—the electrostatic poten-
tial difference between the PE-rich phase and its coexisting
PE-poor phase—exhibits two sharp peaks of opposite sign on
either side of the symmetry point, giving the appearance of a
nearly discontinuous jump between these two peaks across the
point of symmetry; these sharp peaks arise from the very large
disparity between polycation and polyanion concentrations in
the PE-poor phase near the symmetry point. While the concen-
trations of different species (especially in the PE-poor phase)
may be difficult to measure accurately in experiments, both
the volume fraction of each phase and the Galvani potential
ΨG can be readily and accurately determined.74,75

For asymmetric mixtures with both types of small ions,
we have re-expressed the information in the three-dimensional
ρp+−ρp−−ρ+ phase diagram by relating to the experimentally
more easily controllable parameters: the asymmetry factor r,
the extra-salt concentration ρs ,0, and the initial PE concen-
trations ρp,0. For any fixed two of the three parameters, we
have calculated the evolution in the volume fraction of each
phase and the variation of the concentrations of each charged
species in the coexisting phases with the third parameter.
Importantly, we have constructed three ρp,0−r, r−ρs ,0, and
ρs ,0−ρp,0 phase diagrams [see Figs. 7(b), 11, and 13, respec-
tively]; compared with the original 3D phase diagram, these
phase diagram represent a simple means to experimentally
determine the general phase behavior in coacervate systems
in the easy-to-control set of variables r, ρs ,0, and ρp,0. In par-
ticular, we find that for systems with small ρp,0 and ρs ,0, a
minute amount of polycation solution into a polyanion solu-
tion can lead to phase separation, and the phase separation
window along r shrinks with increasing ρp,0 or ρs ,0 and van-
ishes for sufficiently large ρp,0 or ρs ,0. Similar to that in the
titration of a polyacid with a symmetric polybase, the Gal-
vani potential ΨG

74,75 also exhibits two peaks near the sym-
metry point whose sharpness decreases with increasing salt
concentration.

For asymmetric mixtures (say r > 0 for definiteness)
without extra salts or with small ρs ,0, we find two distinct
r regimes for the partition of added PEs (polycations) and
small ions in the coexisting phases: starting from the sym-
metric mixture, upon adding a small amount of polycation
solution, the added polycations are partitioned almost entirely
in the PE-rich phase, due to the gain in the electrostatic cor-
relation energy; the extra small anions, however, are parti-
tioned in both phases, and some cations in the PE-rich phase

transfer into the PE-poor phase to maintain charge neutrality
[see Fig. 9(a)]. With further addition of polycation solutions
into the mixture, a substantial amount of extra polycations
goes to the PE-poor phase [see Fig. 9(b)], largely driven by
the translational entropy of the anions (in combination with
the charge neutrality requirement).

Additionally, we find that the minor PE concentration
in the PE-poor phase remains close to 0 under all condi-
tions except near the critical line; the major PE concentration
in this phase, however, is nearly independent of the extra-
salt concentration ρs ,0 but increases approximately linearly
with the initial PE concentration ρp,0 and the asymmetry
factor r. In the PE-rich phase, on the other hand, both PE
concentrations are only weakly dependent on the asymmet-
ric factor r but decreases monotonically with increasing ρs ,0

and ρp,0. We expect all these predictions to be observed in
experiments. Indeed, for the symmetric mixture, recent exper-
iment by Li et al.14 has shown the decrease of the PE con-
centration in the PE-rich phase with increasing initial PE
concentration ρp,0.

We end this article by making the following remarks.
First, in this work, we have only focused on effects of the
simplest asymmetry, i.e., the concentration-asymmetry, on the
phase behaviors of oppositely charged PE mixtures. Even for
this simplest case, our study reveals a wealth of interesting
and complex phase separations scenarios. Asymmetry in other
parameters, including chain length, charge fraction, sizes of
PE segment and small ions, and small ion valency, should
play a significant role and further enrich the phase behav-
ior.22,38–45 Studies of their effects along similar lines to this
work will provide the theoretical basis for controlling the sys-
tem behavior by tuning these parameters. Second, while the
present LS theory qualitatively captures the main physics gov-
erning the phase behavior in the coacervate-forming systems,
several important effects, for example, solvent quality effects
and strong electrostatic correlation effects (including the coun-
terion condensation effect76 and pairing between oppositely
charged PEs in the dilute phase32). Incorporation of these
effects will lead to quantitative improvements in the predicted
results; see Refs. 32, 34, 35, 48, and 71 for recent advances
in this direction. However, we expect the qualitative features
elucidated in our study to remain valid. Third, our study has
only examined the simple two-phase coexistence; at stronger
electrostatic strengths, multiple-phase coexistence may exist.
For example, the PE-poor phase for the asymmetric mixture,
which mainly consists of three charged components (the major
PE component, coion, and counterion—thus corresponding to
the system studied in Ref. 52) may further undergo another
liquid-liquid phase separation at sufficiently large lB. We will
pursue this possibility in the future. Finally, the bulk phase
behaviors examined in the work can serve as a starting point
for investigation of inhomogeneous systems, such as the inter-
facial tension of the coacervate phase and PE layer-by-layer
assembly, using the classical density functional theory.77

SUPPLEMENTARY MATERIAL

See supplementary material for the methods for con-
structing the phase diagrams, and it contains additional results

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-149-040898
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supporting the discussions in the main text. In Sec. I, we present
two different approaches to calculating the phase diagrams for
the four-component systems studied in this paper. In Sec. II,
we examine the evolution in the concentration of the various
species for a titrating path in a polycation and polyanion mix-
ture with one type of small ions. In Sec. III, we study the
effect of the asymmetry factor r for mixtures without extra
salt at large ρp,0 and highlight the difference with the other-
wise same system at small ρp,0 examined in the main text.
Finally, in Sec. IV, we show results of the effect of r on the
phase behavior for mixtures with finite ρs ,0.
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