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ABSTRACT

A cohesive fatigue-crack nucleation and growth model for ferroelectric materials under electro-mechanical loading
is presented. The central feature of the model is a hysteretic cohesive law which couples the mechanical and
electrical fields. This law can be used in conjunction with general constitutive relations of bulk behavior,
possibly including domain switching, in order to predict fatigue crack growth under arbitrary loading conditions.
Another appealing feature of the model is its ability to predict fatigue-crack nucleation. Despite the scarcity and
uncertainty of the experimental data, comparisons with PZT fatigue-life data are encouraging.
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1. INTRODUCTION

Ferroelectric materials are extensively used in a variety of sensor and actuator applications, as well as in non-
volatile ferroelectric memory devices. However, ferroelectrics are brittle, and their low fracture toughness (in
the order of 1 MPa m1/2) makes them susceptible to cracking. In particular, under cyclic electrical loading,
ferroelectric materials exhibit electrical fatigue (loss of switchable polarization) and, due to the strong electro-
mechanical coupling, mechanical fatigue as well. Thus, the propagation of fatigue cracks hinders the performance
of the devices and raises serious reliability concerns.

Ferroelectric fatigue is caused by a combination of electrical, mechanical and electrochemical processes, each
of which has been claimed to be responsible for fatigue.1 Electrochemical mechanisms include pinning of domain
walls by injected charges from the electrodes or oxygen vacancies. The role of the latter in ferroelectric fatigue
has been extensively studied.2 Purely mechanical mechanisms, such as microcracking, are also likely to play
some role. Thus, fatigued ceramic specimens often contain scattered microcracks of size comparable to that of
the grains.3, 4 Profuse microcrack clouds have been observed at the specimen edges and surrounding macroscopic
cracks.5 Macroscopic crack patterns are present in some fatigued ceramic specimens.6 Severe cracking was also
observed in barium titanate single crystals subjected to cyclic bipolar electric load7 (cf Fig. 1). Modelling work
suggests that microcracking is indeed a cause of loss of polarization.8 Despite these advances, the precise chain
of events leading to fatigue in ferroelectrics has not been elucidated to date.

Experiments on crack propagation have been reported for samples loaded electrically, mechanically, or under
combined loading, cyclic or static.9–12 It is not uncommon for different experiments to lead to apparently
contradictory conclusions,13 a testament to the complexity of the phenomenon of ferroelectric fatigue. The
fracture toughness has been shown to be anisotropic with respect to the poling direction.12 The apparent
toughness observed in ferroelectrics has also been shown to strongly depend on the direction of the applied
electric field with respect to poling and crack orientation.13, 14 Localized domain switching at the crack tip has
been suggested as a basic mechanism that controls the fracture toughness of ferroelectrics. Thus, the concentrated
stress or electric field at the crack tip induces local switching that can either shield or promote crack growth
depending on the loading conditions.15–18 Other conditions or features that have been shown to have a strong
effect on the crack propagation are the electrical conditions of the crack faces, the grain size, and porosity, to
name a salient few.
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Figure 1. Pictures of damaged barium titanate crystals after repeated electrical cycling.7

Some early models of fracture of ferroelectrics were based on linear piezoelectric fracture mechanics.19 How-
ever, this approach results in predictions contrary to observation, e. g., as regards the effect of the applied electric
field on crack propagation, or the fatigue crack growth under cyclic electrical loading.20 It is now accepted that
the nonlinearity in the response of ferroelectrics plays an essential role in determining their fracture proper-
ties.13, 21, 22 In an effort to account for such nonlinearity, Zhu and Yang15–17 developed a theory of fracture
based on the concept of small scale switching. In this theory, the constitutive relation is assumed to be linear
and, following Hwang and coworkers,23 and nonlinearity is introduced by means of an ad hoc switching criterion.
The effective behavior of the small-scale switched regions is then estimated by means of a Reuss-type approxima-
tion. This theory has successfully overcome some of the shortcomings of linear piezoelectric fracture mechanics.
An alternative approach is provided by the so-called strip saturation model of Gao and coworkers.24–26 This
phenomenological model assumes that the crack is mechanically brittle but electrically ductile, and adopts a
Dugdale-like model for the electric displacement. Although this model explains a number experimental observa-
tions, its physical basis has been called into question.22 The effect of the electrical boundary conditions on the
crack faces is also a subject of controversy, and it has been suggested that it may strongly influence the fracture
behavior.20, 22

Cohesive theories provide an effective means of modelling fatigue-crack nucleation and growth for arbitrary
crack and specimen geometries and loading histories.27, 28 In particular, cohesive models of fatigue account for
deviations from Paris’ law such as are observed for short cracks and overloads.27 Cohesive models of fatigue
are also capable of predicting fatigue-crack nucleation in smooth-surfaced components.27 The appealing feature
of cohesive models of fatigue is that a single mechanistic, albeit empirical, model applies to nucleation and
propagation, short and long cracks, and arbitrary loading histories. In this note we present an extension of the
fatigue model of Nguyen et al.27 to fatigue of ferroelectrics under electro-mechanical loading. The present note
is extracted and condensed from Ref. 29.

The organization of the note is as follows. In Section 3 the proposed cohesive fatigue law is presented, and
some properties of this law under cyclic loading are derived. In Section 4 the model is applied to crack nucleation
and the calculated fatigue diagrams are compared with experiment. We sum up and close in Section 5.
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2. THE MECHANICS OF DECOHESION IN FERROELECTRICS

The essential structure of cohesive laws in ferroelectrics may be elucidated by recourse to a conventional Coleman-
Noll argument (cf Ref. 30 for an application to mechanical decohesion). In particular, the pairing between
stress-like and deformation-like variables is determined by the internal-power identity or, equivalently, by the
virtual-work identity. For a dielectric solid, this identity is19, 31, 32

∫
Ω

(σ : δε − D · δE)dV =
∫

Ω

(b · δu − ρδφ)dV +
∫

∂Ω

(t · δu − ωδφ)dS, (1)

where Ω is the spatial domain occupied by the solid and ∂Ω is its boundary; σ is the stress; ε is the strain; D
is the electric displacement; E = −∇φ is the electric field; b is the body force; u is the displacement; ρ is the
free charge density; φ is the electric potential; t is the surface traction; and ω = −D ·n is the surface charge per
unit area. For a solid with a surface of discontinuity Γ, or cohesive surface, we have

δWext =
∫

Ω

(b · δu − ρδφ)dV +
∫

∂Ω

(t · δu − ωδφ)dS

=
∫

Ω

(b · δu − ρδφ)dV +
∫

∂Ω

[(n · σ) · δu + (n · D)δφ]dS

=
∫

Ω

(b · δu − ρδφ)dV +
∫

Ω±
[∇ · (σ · δu) + ∇ · (Dδφ)]dV +

∫
Γ

[(n · σ) · [[δu]] + (n · D)[[δφ]]]dS

and consequently

δWint =
∫

Ω±
(σ : δε − D · δE)dV +

∫
Γ

[(n · σ) · δ[[u]] + (n · D)δ[[φ]]]dS (2)

For monotonic loading of the cohesive surface, these work-conjugacy relations naturally suggest a free energy
per unit surface, or cohesive potential, or the form Φ([[u]], [[φ]], q) such that

t =
∂Φ

∂[[u]]
(3a)

−ω =
∂Φ
∂[[φ]]

(3b)

where q is some suitable set of internal variables. A possible additional dependence of Φ on temperature is
omitted for notational convenience. Thus, Φ depends both on the displacement and electric potential jumps
across Γ and acts as a potential jointly for the mechanical tractions and the surface charge density.

As already mentioned, some of the preceding ideas are partially present in the strip saturation model of
Gao,24–26 which adopts a Dugdale-like model for the electric displacement. The present formulation allows for
arbitrary decohesion laws and, in particular, for the coupling of the mechanical and electrical fields. It should
also be carefully noted that the cohesive potential Φ([[u]], [[φ]]) represents the physics of decohesion of a surface
of discontinuity, and it does not presume a particular form of the constitutive laws governing the behavior in the
bulk. In particular, it is possible to apply the cohesive model in conjunction with Landau-Ginzburg-Devonshire
models of domain switching (cf, e. g., Ref. 33). As already noted, the detailed boundary conditions on the crack
faces are thought to greatly affect the fracture behavior of electrically driven crack growth.20 In particular,
partial discharge or charge separation effects have been suggested to play an important role in the vicinity of the
crack tip by McMeeking.22 The cohesive law provides a useful framework for accounting for these phenomena.

3. COHESIVE LAWS FOR CYCLING LOADING

As noted by Nguyen et al.,27 reversible cohesive laws such as (3a) and (3b) do not predict crack advance under
cyclic loading and, therefore, are insufficient for modelling fatigue. Instead, for a cohesive law to predict fatigue
it must be irreversible and account for loading-unloading hysteresis. Loading-unloading irreversibility may be
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Figure 2. Cyclic behavior predicted by the model and conventional definition of fatigue initiation. σc and δc are the
critical traction and opening displacement, respectively. Numbers refer to the number of cycle.

built into a cohesive law by means of the internal variable formalism (cf, e. g., Ref. 30). The loading-unloading
hysteresis model presented here follows that proposed by Nguyen et al.27 for mechanical fatigue.

Following Ref. 30, we begin by introducing an effective opening displacement of the form

δ =
√

δ2
n + β2δ2

t + γ2ψ2 (4)

where we write

δn = [[u]] · n (5a)

δt =
√

| [[u]] |2 − δ2
n (5b)

ψ = [[φ]] (5c)

for the normal and tangential components of the opening displacement and the electric potential jump, respec-
tively. The parameters β and γ assign different relative weights to normal and tangential opening displacements,
thus differentiating between mode I and modes II and III of fracture; and to opening displacements and the
electric potential jump, thus differentiating between mechanical and electrical fatigue. The modelling process
is greatly simplified by the assumption that the cohesive potential Φ depends on the displacement and electric
potential jumps through the effective opening displacement δ only, i. e., by assuming

Φ = Φ(δ, q) (6)

An effective traction may also be defined as

σ =
∂Φ
∂δ

(7)

Using the chain rule, (3a) and (3b) evaluate to

t =
σ

δ
[(1 − β2)δnn + β2δ] (8a)

−ω =
σ

δ
γ2ψ (8b)

Next we further specialize the preceding framework along the lines of the cohesive model of fatigue crack
nucleation and growth proposed by Serebrinsky and Ortiz28 and by Nguyen et al..27 The essential feature to
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include in the model is loading-unloading hysteresis. The specific scheme chosen to build hysteresis into the model
is illustrated in Fig. 2. Monotonic loading is characterized by a cohesive law σ(δ), referred to as the monotonic
envelop, with or without an initial threshold. Unloading takes place from the unloading point (δu, σu) towards
the origin of the (δ, σ) plane. The unloading slope is, therefore, Ku = σu/δu, and is kept constant during each
unloading step for simplicity. Upon reloading, we assume that the reloading slope Kl = dσ/dδ decreases with
increasing opening displacement as a result of interfacial degradation mechanisms occurring at the microscale.
For definiteness we assume

K̇l = −Kl
δ̇

L
(9)

during loading, i. e., while δ̇ > 0. In the second of these equations L is an intrinsic length of the material. Thus,
the internal variables of the model are δu, σu and Kl, namely, the unloading opening displacement and traction
and the reloading slope, respectively. The type of cyclic behavior predicted by the model is illustrated in Fig. 2.

For cycling between constant maximum and minimum tractions, σmax and σmin, a straightforward calculation
gives

δn+1 = R δn − L log[1 − (1 − R) δn/L] (10)

where in this relation n is cycle number, δn denotes the value of δu after cycle n, and R ≡ σmin/σmax. Eq. 10
can now be applied recursively to determine the evolution of δn. It is interesting to note that, the evolution law
does not depend on σmax and σmin individually, but only on the ratio R.

4. APPLICATION TO FATIGUE NUCLEATION

An appealing feature of cohesive models of fatigue, such as just described, is that they are capable of describing
fatigue-crack initiation. In this framework, initiation is understood to take place when the trajectory of the
system in the (δ, σ) plane reaches the monotonic envelop σ(δ), Fig. 2. Suppose that this envelop is as shown
in the figure, i. e., for every value of σ there are exactly two values of δ, which we denote δ−(σ) ≤ δ+(σ).
An example of such law is the Universal Binding Energy Relation (UBER) of Rose et al..34 Note that, in a
continuum framework, binding relations must be corrected to have an infinite slope at the origin in order to avoid
double counting of the elasticity of the material. The procedure for effecting this correction has been described
in detail by Rice.35 An asymptotic analysis28 of eq. 10 and its iterates then gives the number of cycles N to
nucleation as

N ∼ 2L

(1 − R)2

(
1

δ−(σmax)
− 1

δ+(σmax)

)
= N(σmax, R, δc/L) (11)

The model thus predicts the number of cycles to nucleation to be a function of three parameters: the maximum
effective traction σmax; the ratio R ≡ σmin/σmax; and the ratio of the critical effective opening displacement δc

at which the maximum cohesive strength of the material is attained and the characteristic length L. We note
from (11) that increasing R shifts the σmax – N curves to higher N , whereas decreasing δc has the same effect.
It is interesting to note that relation (11) can predict threshold behavior. Thus, suppose that the monotonic
envelop σ(δ) exhibits a threshold traction σ0, i. e., δ− = 0 for σ ≤ σ0. Then, it follows from (11) that N = ∞
for σmax ≤ σ0, i. e., nucleation requires that σmax exceed the threshold value σ0.

Common total life fatigue plots are Wöhler plots, namely, stress amplitude S = σmax − σmin vs. cycles to
failure Nf , for constant mean stress σ̄ = (σmax + σmin)/2, also known as S-N plots. Two variants of these plots
are often found in the literature, namely S vs. Nf (or possibly log Nf) at constant R, and σmax vs. Nf at constant
R (e. g., Ref. 37). A comparison between the predictions of the model and experimental data for PZT is shown in
Fig. 3. More detailed and extensive comparisons may be found in Ref. 29. Unfortunately, a thorough validation
of the model is hampered by the scarcity and low quality of the data. In order to make contact with experiment,
we assume that the number of cycles N to initiation is close to the entire fatigue life Nf of the specimen. This
assumption is plausible for smooth-surface specimens in the absence of pre-cracks. The adjustable parameters
of the model are: the cohesive strength σc, the critical opening displacement δc, the characteristic fatigue length
L, the threshold traction σ0 and γ. Figure 3a corresponds to zero applied mechanical stress and cyclic bipolar
applied electric load (ω). Since in the experiments6 the controlled variable is the cyclic applied voltage between
the electrodes ∆φ, which varies between ±∆φmax, we have run additional simulations to obtain the value of
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Figure 3. Computed number of cycles to fatigue-crack nucleation vs experiment for PZT. a) Commercial PZT PIC151,6

σ0/σc = 0.54, δc/L = 0.08, electrical loading. b) Commercial PZT,36 σ0/σc = 0.18, δc/L = 0.008, mechanical loading
(τmax is the maximum applied traction).

ωmax from ±∆φmax. These followed the scheme proposed in Ref. 33 . A value of γσc = 0.52C/m2 was used.
Figure 3b corresponds to cyclic mechanical loading at zero applied electric field,36 and σc = 250 MPa, which is
of the order of the tensile strength of PZT, was used.

In view of the scatter and uncertainties in the data, the agreement between theory and observation is en-
couraging.

5. CONCLUDING REMARKS

We have presented an extension of the fatigue model of Nguyen et al.27 to fatigue of ferroelectrics under electro-
mechanical loading. The central feature of the model is a hysteretic cohesive law which couples the mechanical and
electrical fields. This law can be used, e. g., in finite-element calculations, in conjunction with general constitutive
relations of bulk behavior, possibly including domain switching, in order to predict fatigue crack growth under
arbitrary loading conditions. In metals, cohesive theories of fatigue-crack growth have demonstrated a remarkable
ability to effect predictions beyond Paris-like behavior and capture the effect of small-crack sizes, overloads,
and other ‘anomalous’ behaviors.27 Another appealing feature of cohesive theories of fracture is that they can
predict fatigue-crack nucleation. Again, in the context of metals such predictions capture the salient experimental
trends.28

The present extension of this approach couples the mechanical and electrical fields by the simple device of
introducing an effective opening displacement which combines, with different weights, the normal and tangential
opening displacements and the electric potential jump. Despite the scarcity and uncertainty of the experimental
data, the comparisons with experiment presented in this note, and other more extensive comparisons presented
in Ref. 29, are encouraging. Of course, the model presented in this note is phenomenological in nature and many
of its details owe to simple convenience. In addition, the parameters of the model must be determined from
experiment, either by fitting fatigue data or by devising special tests to measure the parameters individually.
It is possible that some of the response functions of the model and the attendant parameters thereof might be
determined by means of atomistic or mixed continuum/atomistic analysis of crack tips under cyclic loading.
Work to this effect is presently underway and will be reported in the near future.
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