Stochastic gravitational-wave background from spin loss of black holes
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Although spinning black holes are shown to be stable in vacuum in general relativity, there exists exotic
mechanisms that can convert the spin energy of black holes into gravitational waves. Such waves may be very
weak in amplitude, since the spin-down could take a long time, and a direct search may not be feasible. We
propose to search for the stochastic background associated with the spin-down, and we relate the level of this
background to the formation rate of spinning black holes from the merger of binary black holes, as well as the
energy spectrum of waves emitted by the spin-down process. We argue that current LIGO-Virgo observations
are not inconsistent with the existence of a spin-down process, as long as it is slow enough. On the other hand,
the background may still exist as long as a moderate fraction of spin energy is emitted within Hubble time. This
stochastic background could be one interesting target of next generation GW detector network, such as LIGO
Voyager, and could be extracted from total stochastic background.

Introduction.– Spinning black holes are known to contain energy that can be extracted — even with classical physical processes (e.g. Penrose process [1] and Blandford-Znajek process [2]). The area theorem dictates a limit of extraction energy ∆E ≤ M − Mirr , given by the difference between the mass
M of the black hole, and its irreducible mass Mirr defined by:
s
Mirr =

1+

p

1 − (a/M)2
M,
2

(1)

where a is the spin of the black hole [3]. This extraction is
believed to be powering highly energetic astrophysical processes (e.g. [2]). More mathematically speaking, near spinning black holes, perturbations which enter the horizon that
are co-rotating with the black hole, with a slower angular velocity, carries negative energy down the black hole, thereby
transferring positive energy toward infinity.
This superradiance [4] effect causes perturbations to be unstable in some cases: (i) photons acquire mass due to dispersion when propagating through plasma [5, 6], (ii) for a massive scalar field [7], such as the axion and possibly other ultralight bosons [8–10], and (iii) if Kerr black hole transitions into
an ultracompact object, or a gravastar [11, 12]. If a spinning
black hole/gravastar were to form anyway, then this linear instability should lead to a Spin-Down (SD). In cases (ii) and
(iii), this will lead to the conversion of spin energy into gravitational waves, through the re-radiation of gravitational waves
by an axion or boson cloud in (ii), and through direct emission
of gravitational waves in (iii).
The possibility of spin-down does not necessarily mean that
isolated Kerr black holes, or spinning gravastars, do not exist
in nature, since the instability rate can be low and the spin energy can take a long time to radiate away. In fact, significantly
spinning black holes do form, e.g., due to binary black hole
mergers, as so far have been detected by Advanced LIGO and
Virgo [13–17], which estimates a local merger rate of 12-213
Gpc−3 yr−1 [15]. For equal-mass binaries, the final black hole
has a/M ≈ 0.7, with around 7% of its rest mass stored in spin

energy, which is larger than the gravitational-wave energy radiated during the Inspiral, Merger and Ringdown (IMR) processes combined, which is roughly 5% [18]. In this way, if a
non-trivial fraction of the spin energies of these newly formed
black holes can be radiated away in the form of gravitational
waves during Hubble time, such radiation will form a nontrivial, or even stronger, gravitational-wave background. We
note that spin-down of Kerr black holes at a long time scale is
consistent with current observations, since for the three pairs
of merging black holes detected by Advanced LIGO and Advanced Virgo, the individual merging black holes may all have
low or zero spins [15]. Since the IMR background is already plausible for detection in second-generation detector
networks [19], and Advanced LIGO will be updated to Advanced LIGO + (AL+), LIGO Voyager (Voyager) [34], this
additional background is well worth studying. We note that
such a background from mechanism (ii) mentioned above has
already been studied extensively in by Brito et al. [9, 10], but
analysis here is intended for broader types of sources, and we
directly attach our background to BBH mergers.
In this paper, we shall first set up models for the emission
spectrum of a single BH merger remnant. We then compute
the stochastic background using population models for binary
coalescence throughout the age of the universe, and finally
estimate whether the additional background can be detectable.
Emission from a single remnant.– For a binary of
Schwarzschild black holes with masses M1,2 and mass ratio
q ≡ M1 /M2 , the spin a0 and final mass M0 of the new-born
merged black hole has the following dependence on the symmetric mass ratio η ≡ M1 M2 /(M1 + M2 )2 [20]:
√
a0
= 2 3η − 3.454η2 + 2.353η3 .
(2)
M0
Assuming that all spin energy is radiated as gravitational
waves, we obtain the spin-down energy :
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where both M and fQNM are written in terms of Mirr and α :
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FIG. 1: Energy stored in the spin of the final merger product (solid
line), in comparison with energy radiated during the entire coalescence (dashed line).
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q
√
−1
fQNM (Mirr , α) = 1 + 1 − α2 Mirr
F(α).
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For a new-born merged black hole with mass M0 and dimensionless spin α0 , we first compute Mirr , which remains fixed
during the spin-down, then obtain both f and dE/d f as functions of α, with α decreasing from α0 to 0. In Fig. 2, we plot
M0−2 (dE SD /d f )QNM as functions of M0 f , for Kerr black holes
that form from binaries with q =1, 3 and 10, with α =0.69,
0.54 and 0.26, respectively.
Stochastic Background.– By using knowledge about cosmology and binary black-hole merger rate throughout ages of the
universe, the energy spectrum of the spin-down of the final
black hole produced by a single binary merger can be converted into the energy density spectrum of the stochastic background, which we express in terms of the energy density per
logarithmic frequency band, normalized by the closing energy
density of the universe [19, 23]:
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FIG. 2: Radiation spectrum during the spin decay process, assuming that radiation is predominantly at the first QNM of the merger
product, for mass ratio q = 1 (solid), 3 (dashed) and 10 (dotted).

where α ≡ a/M is the dimensionless spin. As indicated by
Fig. 1, for comparable masses (with mass ratio q close to
SD
IMR
unity), ∆Etot
is always significantly larger than ∆Etot
[21].
In the following, we shall make two different models for the
frequency spectrum dE SD /d f . The simplest model would be
a Gaussian,
!
"
#
∆E SD
dE SD
( f − fc )2
= √ tot exp −
,
(4)
d f Gauss
2( fc /Q)2
2π fc /q
where fc is the central frequency, which we will prescribe to
be fc = β/M, with β a (mass- and spin-independent) constant,
and Q is a constant quality factor. We shall refer to this as the
Gaussian model.
As another model, let us assume that at any given moment,
the emission is only at the lowest quasi-normal mode (QNM)
frequency of the Kerr black hole,
fQNM (M, a) = M F(a/M) ,
−1

(5)

where F is given by, e.g., Eq. (4.4) of Ref. [22]. We shall refer
to this as the QNM model, and it will be part of our fiducial
model. Assuming that Mirr remains the same throughout the
spin-down process, we obtain
!
"
# ,"
#
∂ fQNM
dE SD
∂M
=
,
(6)
d f QNM
∂α Mirr
∂α Mirr

=



ΩGW ( fobs ) ≡ ρc −1 dρ( f )/d log f f = fobs
#
"
dE( f, θ)
Z
Z zmax fobs Rm (z, θ)
df
f =(1+z) fobs
.
dθ
dz
(1 + z)ρc H0 E(Ω M , ΩΛ , z)
0

(9)

Here we assume a family of sources parametrized by θ
(e.g., masses and spins), with Rm (z, θ) the event rate density per θ volume,p per co-moving volume at redshift z, and
E(Ω M , ΩΛ , z) = Ω M (1 + z)3 + ΩΛ [24]. We use H0 = 70
km s−1 Mpc−1 , Ω M = 1 − ΩΛ = 0.28 in this paper [25]. For
each z, one can define
Z
Rm (z) =
Rm (z, θ) dθ , p(z, θ) = R(z, θ)/Rm (z)
(10)
with Rm (z) the total rate per unit co-moving volume at redshift
z, and p(z, θ) the distribution density of source parameter θ at
redshift z.
Detectability.– The optimal signal-to-noise ratio (SNR) for the
the total background energy density spectrum is given by
Z

X γi2j ( f )Ω2GW ( f ) 1/2
3H02 √  ∞
 ,
2T 
SNR =
df

j
6 i
10π2
0
i> j f S h ( f )S h ( f )

(11)

for a network of detectors i, j = 1, 2, · · · , n, where S hi ( f ) is the
one-sided strain noise spectral density of detector i; γi j ( f ) is
the normalized isotropic overlap reduction function between
the i and j detectors, and T is the accumulated coincident observation time of detectors. To detect a stochastic background
with 90% and 99.7% confidence, the SNR should be larger
than 1.65 and 3, respectively [23]. Note that this SNR is only
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TABLE I: The network SNR for fiducial IMR alone, spin-down
alone, and both combined, for networks combining AL+, Voyager.
The first and third lines show the optimal SNR. The second and forth
lines show the SNR with 100-200 Hz band-pass filter.

achievable when our template for the shape of ΩGW ( f ) is optimal.
As we see from Eq. (9), the total energy density spectrum ΩGW mainly depends on the merger rate of one class
of source Rm , source population properties (such as mass distribution) p(z, θ) and the spectral energy density of a single
source dE/d f . The detail effects of merger rate and source
mass distribution are discussed in [19, 26]. These two ingredients have weak effects on the background spectrum shape,
especially in the Advanced LIGO- Advanced Virgo network
band 10-50 Hz, where the spectrum is well approximated by a
power law ΩGW ∼ f 2/3 (see detail discussion and references in
[19, 27]). Note that, the spectral energy density (dE/d f )IMR
of single source adopted in most literature is only the leading harmonic of the GW signal (e.g.[19, 28]), which is reasonable for current ground detectors, since the overlap reduction function modified the most sensitive band to 10-50 Hz.
Our fiducial QNM model is constructed as follows: (i) we assume Rm (z) to be proportional to the cosmic star formation
rates ([29]) with a constant time delay (3.65 Gyr) between the
star formation and binary black hole merger [30] and normalized to Rm (0) = 28 Gpc−3 yr−1 (see detail in [31]). (ii) we
adopt a uniform distribution for 10M < M1,2 < 30M for
θ = (M1 , M2 ), (iii) we adopt (dE/d f )IMR [28] for the IMR
parts of the waveform superimpose (dE SD /d f )QNM directly as
an additional contribution.
The detection ability of a background of a detector network
also depends on the overlap reduction function. In Fig. 3, we
plot contributions to ΩGW from inspiral, merger, ringdown, as
well as from spin-down, in comparison with
s
S hAdvLIGO f 3
1 10π2
,
(12)
Ω∗ ≡
γHL
2∆ f T 3H02
which sets 1-σ sensitivity to ΩGW in each frequency bin [32].
Here γHL is the overlap reduction function between the Hanford and Livingston sites of LIGO.
In Table I, we show the 1-year optimal SNR for Advanced
LIGO+ (first row) and LIGO Voyager (third row), assuming
a stochastic background from IMR, SD and IMR+SD, and an
optimal filter that corresponds to each case; the fiducial QNM
model is used. Even though the SD component does contain
more energy than the IMR component, and the emissions are
within the detection band of ground-based detectors, the existence of an addition SD only leads to a small increase in SNR
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FIG. 3: We present a set of potential spectra for a BBH background
using the flat mass distribution model with the local rate inferred
from the O1 and O2 detections. The thick red line represents the fiducial QNM model of the spindown mechanism. The blue dashed line
represents the inspiral, merger and ringdown mechanism and blue
line present the total IMR background. The alternative models of
the spin-down mechanism are shown in green dashed lines assuming different predominant central frequency (from let to right are the
Gaussian model with Q = 3 and β= 0.01, 0.02, 0.03, 0.05, 0.1, 0.2).
The thin red and black curve shows the one year sensitivity Ω∗ of designed Advanced LIGO network and two co-located and co-aligned
Advanced LIGO like detectors, respectively (see Eq. (12)).

of around 3% — because γHL significantly decreases above
∼50 Hz.
Extracting the SD background.– To see that the additional SD
background is in fact detectable, we apply a bandpass filter
between 100 Hz and 200 Hz, and the corresponding SNRs are
listed on the second and fourth rows of Table I. In this band,
the gap is more significant. For LIGO Voyager, the IMR+SD
background has a SNR greater than 3, which makes it detectable with greater than 99.7% confidence, while the SNR
for IMR alone is under the 90% detectability threshold.
More quantitatively, we can use a Fisher Matrix formalism
to obtain the parameter estimation error for the amplitude of
the SD background. Suppose the output of each detector is
given by xi ( f ) = ni ( f ) + hi ( f ) where ni is the noise and hi
the gravitational-wave signal, we construct the correlation between each pair of detectors: zi j ( f ) = xi∗ ( f )x j ( f ) . The expectation value of zi j is given by
hzi j ( f )i = hh∗i ( f )h j ( f )i =

3H02 T γi j ( f ) GW
Ω ( f ) ≡ ci j ( f ) (13)
20π2 f 3

The covariance matrix is given by
hz∗i j ( f 0 )zlm ( f )i − hz∗i j ( f 0 )ihzlm ( f )i
≈ hni ( f 0 )n∗j ( f 0 )n∗l ( f )nm ( f )i
1
= (δil δ jm + δim δ jl )T S l ( f )S m ( f )δ( f − f 0 )
4

(14)

In fact, we only need to consider zi j with i > j, which means

4
2

the zi j ( f )’s all have independent noise, and the likelihood
function for a particular zi j ( f ) is given by [33]
+∞

0

4|zi j ( f ) − ci j ( f )|2
df
T S i ( f )S j ( f )

1

#
(15)

If we only consider the SNR, we will simply sum all the frequencies and detector pairs by quadrature, and take the square
root, and obtain
1/2


X Z +∞
c2i j


(16)
SNR =  8
df

T
S
(
f
)S
(
f
)
i
j
0
i> j

0
Log10 (∆αSD )

" Z
p[zi j ( f )|S h ( f )] ∝ exp −

 2 √ 2
γi2j ∂ΩGW ∂ΩGW
 3H0 2T  X Z +∞


df 6 h h
Γαβ = 
.

10π2  i> j 0
f S i S j ∂θα ∂θβ
(17)
Suppose we have a simple model with
X
ΩGW =
αJ ΩJ
(18)
J

(19)

and the estimation error is given by

−1
∆αSD = ΓSD,SD − Γ2SD,IMR /ΓIMR,IMR

(20)

In Fig. 4, we plot ∆αSD for Gaussian models with different
values of β and Q, and fiducial models. The estimation of
the amplitude SD models depends on the predominant central
frequency. When the SD model and IRM model have spectra
that are well separated
q in the frequency domain, the ΓSD,IMR ∼

0, then SNRS D ∼ ∆α−1
SD . The dominant central frequency
of the fiducial model is quite different from the IRM model
(see Fig. 3), therefore ∆αSD = 0.0513 is consistent with the
SNR (Eq. (11)) shown in Table. I. In the most sensitive band,
the spectra shape of Gaussian models (e.g. β < 0.1) is quite
distinguishable from the power law shape of the IMR model.
In this case, the estimation error of the amplitude of the SD
background is < 10%.
Conclusion and outlook.– In this paper, we argued that spinning black holes, or ultracompact objects, can spin down without being inconsistent with LIGO observations — as long as
the spin-down rate is much longer than the dynamical time
scales of the black holes. Because spinning black holes (or
ultracompact objects) do form, as indicated by LIGO observations, and because spinning black holes carry significant
amount of spin energy such spin down can give rise to a
detectable stochastic gravitational-wave background. Since
the mechanisms of such spin-downs can be quite speculative,
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which agrees with Eq. (11). Suppose ΩGW depends on a set of
parameters θα , then we can obtain the Fisher matrix

where in our case J is for IMR and SD. We obtain
 2 √ 2
 3H 2T  X Z +∞ γi2j Ω J ΩK
df 6 h h
Γ JK =  0 2 
10π
f Si S j
i> j 0
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FIG. 4: The estimation error ∆αSD for one year Voyager observation
for SD models. Q1, Q3 and Q10 represent Gaussian model with
quality factor Q=1, 3 and 10, respectively.

with details of the waveforms uncertain, searching for such
a stochastic background seems the most appropriate way to
look for their existence. The search’s strategy could be to
measure the contributions of models to measured SNR with
band-pass filters. This BH spin-down stochastic background
could be one interesting target of next generation GW detector network, such as Voyager. The parameter estimation error
for the amplitude of the detectable SD backgrounds is < 10%
for 1-year observation of Voyager estimated by our proposed
Fisher Matrix formalism approach.
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