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We construct a new class of three-dimensional topological quantum field theories (3d TQFTs) by
considering generalized Argyres-Douglas theories on S 1 × M3 with a non-trivial holonomy of a discrete global symmetry along the S 1 . For the minimal choice of the holonomy, the resulting 3d TQFTs
are non-unitary and semisimple, thus distinguishing themselves from theories of Chern-Simons and
Rozansky-Witten types respectively. Changing the holonomy performs a Galois transformation on
the TQFT, which can sometimes give rise to more familiar unitary theories such as the (G2 )1 and
(F4 )1 Chern-Simons theories. Our construction is based on an intriguing relation between topologically twisted partition functions, wild Hitchin characters, and chiral algebras which, when combined
together, relate Coulomb branch and Higgs branch data of the same 4d N = 2 theory. We test our
proposal by applying localization techniques to the conjectural N = 1 UV Lagrangian descriptions
of the (A1 , A2 ), (A1 , A3 ) and (A1 , D3 ) theories.

by T and γ,

Introduction

In this letter we propose a new link between two subjects, both of which have a certain degree of mystery
associated to them. One subject is the study of 3- and 4manifolds via topological twists of 4d N = 2 theories [1].
The other subject involves Argyres-Douglas theories [2, 3]
whose spectrum of superconformal operators and their
correlation functions remain as a challenge even 20 years
after the discovery of such interacting 4d SCFTs.
The interplay between these two subjects leads to yet
another mystery observed in [4] — a non-trivial relation
between spectra of Higgs and Coulomb branch operators
in the same Argyres-Douglas theory. One of the goals of
the present letter is to generalize this observation, which
we believe will be a useful step toward a deeper conceptual understanding of spectra of SCFTs and their relation
to quantum invariants of 3- and 4-manifolds.
In practice, for a (generalized) Argyres-Douglas theory T , we construct a 3d TQFT by choosing the fourdimensional spacetime to be
M4 = S 1 × M3 .

(1)

A general feature of an Argyres-Douglas theory is that
it possesses a ZN global symmetry, which can be used to
turn on a non-trivial holonomy γ ∈ ZN along the S 1 in
the above geometry. Further, the theory is topologically
twisted along M3 by identifying the Riemannian holonomy group Spin(3) with SU (2)R ⊂ SU (2)R × U (1)r of
the R-symmetry of the 4d N = 2 Argyres-Douglas theory, and by a standard argument the partition function
is expected to be a topological invariant of M3 .
When the holonomy is co-prime to N , i.e. γ ∈ Z×
N , the
3d TQFT is expected to be semisimple, and as in the
famous Turaev’s construction [5], this 3d TQFT is associated to a modular tensor category (MTC) determined

CTγ .

(T , γ)

(2)

This MTC, in turn, can be determined either from the
geometry of the wild Hitchin moduli space [4] or from
the chiral algebra of [6]. Furthermore, the multiplicative
action of Z×
N on γ gives the action of the Galois group
γ
Gal Q(e2πi/N )/Q ≃ Z×
N on CT .
Our proposal in this paper is closely related to several recent developments which also express topologically
twisted partition functions on 3-manifolds in terms of
the SCFT data. For example, it was conjectured in [7]
that the Coulomb branch index of a 4d N = 2 theory,
Lagrangian or not, is equal to the topological partition
function on S 1 × S 3 ,
Z(S 1 × S 3 ) = ICoulomb (t),

(3)

where t is the holonomy for a U (1) subgroup of Rsymmetry along the S 1 . This is the diagonal subgroup,
which we will denote as U (1)t , of U (1)r × U (1)R with
the second factor being the Cartan of SU (2)R . Similarly,
in [8] it was noted that partially twisted partition functions of 3d N = 2 theories are conveniently encoded in
the data of an MTC associated to that theory. For example, a twisted partition function on S 1 × Σg has the
form
X
Z3d (S 1 × Σg ) =
(S0λ )2−2g ,
(4)
λ

where the sum is over isomorphism classes of simple objects in the MTC, 0 stands for the unit object, and S0λ
are entries of the modular S matrix which are proportional to quantum dimensions of the objects labeled by
λ. When twisted partition functions are computed via
localization — which, of course, is only possible in Lagrangian theories — the sum on the right-hand side of (4)
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can be interpreted as a sum over Bethe vacua [9], and
S = “handle gluing operator.”

(5)

The T matrix in the MTC can also be computed via
localization, by considering a non-trivial fibration of S 1
over Σg ,
T = “fibering operator.”

(6)

This interpretation was used in [7, 8] to compute simple
topological partition functions in Lagrangian and nonLagrangian theories (see also [10–15]).
In our present context, the MTC associated to a 4d
N = 2 Argyres-Douglas theory also comes equipped with
S and T matrices. Using these S and T matrices, we can
conveniently write the topological partition function on
a 4-manifold of the form (1), where M3 is defined by an
arbitrary plumbing graph, as
X Y
Y
2−deg(v) av
ZAD (S 1 × M3 ) =
Tλv λv
S0λv
Sλv λ′v .
λv vertices

edges

(7)
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For example, the modular tensor category C(A
asso1 ,A2 )
ciated to the simplest Argyres-Douglas theory (A1 , A2 )
with the minimal Z5 holonomy is that of the (2, 5) Virasoro minimal model (a.k.a. Lee-Yang model), with S
and T matrices given by


 11πi

2 − sin 2π
0
e 30
sin π5
5
, T =
S=√
. (8)
πi
sin π5 sin 2π
0 e− 30
5
5
The Lee-Yang model has c = − 22
5 and two primaries
of scaling dimensions h = 0, − 51 . Although it is one of
the simplest non-unitary MTCs, it still contains interesting structures, such as a non-abelian anyon and a non4
trivial associator. With γ = 4, the category C(A
is
1 ,A2 )
expected to be the complex conjugate of the Lee-Yang
2
3
MTC, while C(A
and C(A
are respectively the
1 ,A2 )
1 ,A2 )
unitary Fibonacci MTC and its conjugate, which can be
realized by (G2 )1 and (F4 )1 Chern-Simons theories. They
all have the same fusion rules, and the F and R matrices
can be found, e.g., in [16, Sec. 5.3].
MTCs from wild Hitchin moduli spaces

Generalized Argyres-Douglas theories can be constructed by compactifying 6d (2,0) theory on CP1 with
an irregular singularity — or “wild ramification” — and
possibly another regular singularity [17–20]. The moduli space of Coulomb branch vacua of such a theory on
S 1 × R3 is identified with the moduli spaces MH of wild
Higgs bundles on CP1 .
MH has many interesting properties (see e.g. [4, Sec. 2]
for a review from the viewpoint of Argyres-Douglas theories). Most importantly for us,
• it is generically a smooth hyper-Kähler manifold;

• it admits a Hamiltonian S 1 -action, analogous to
the familiar Hitchin action on the moduli space of
unramified or tamely ramified Higgs bundles [21];
• it has a projection onto an affine variety B, identified with the 4d Coulomb branch,
π:

MH 7→ B;

(9)

• the S 1 also acts on B, and π is S 1 -equivariant.
We will denote the three independent complex structures on MH as I, J and K, and the three corresponding
Kähler forms as ωI , ωJ , ωK . The S 1 -action is holomorphic in I, but acts non-trivially on ΩI := ωJ + iωK as
θ ∈ S1 :

ΩI 7→ eN ·iθ ΩI ,

(10)

where N is expected to be the number of Stokes rays
centered at the irregular singularity. Without wild ramification, N equals one, and, as a consequence, the S 1 action is not a global symmetry of the theory but instead
an R-symmetry. A special feature of the wild Hitchin
moduli space is that now N > 1, and a ZN subgroup
of S 1 preserves the hyper-Kähler structure of MH and
becomes a discrete global symmetry. We will further assume that the action of ZN on B has no extra fixed points
besides the origin 0 ∈ B. This is equivalent to the condition that no generators of the Coulomb branch spectrum have integral scaling dimensions, which is obeyed
by all Argyres-Douglas theories studied in [4, 29]. In
fact, most results in this paper apply to more general 4d
N = 2 SCFTs that satisfy this “non-integrality” condition, even if their Coulomb branches cannot be realized
as wild Hitchin moduli spaces.
As the ZN global symmetry plays a crucial role in our
construction, we now pause to make a few remarks about
it.
• The ZN fixed points are all isolated. This is because
the nilpotent cone π −1 (0) is Lagrangian, while connected components of the fixed locus are symplectic
as ZN preserves Ω. By assumption, all components
of the ZN fixed locus belong to the nilpotent cone
π −1 (0), so they all have to be zero-dimensional.
• This further implies that the S 1 fixed points are
exactly ZN fixed points, as otherwise we would
have a continuous S 1 -orbit of ZN fixed points. The
wild Higgs bundles corresponding to fixed points in
several infinite families of MH are explicitly constructed in [4, 29].
• This S 1 isometry group of MH can be viewed as a
covering of the U (1)r subgroup of the R-symmetry
group of the Argyres-Douglas theory, and ZN acts
via deck transformations. This discrete global symmetry is used to turn on a holonomy in (1) without
breaking the supersymmetry. If the holonomy instead was not in the ZN subgroup, it would not be
possible to preserve supersymmetry along arbitrary
three-manifolds, and would not lead to a TQFT.
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• After twisting a 4d N = 2 theory on a Seifert manifold, the U (1)t becomes a flavor symmetry for the
N = 2 quantum mechanics in the remaining spacetime direction. As we expect states that contribute
to the topological index to transform trivially under
SU (2)R , counting the U (1)r charge is the same as
counting the U (1)t charge. We will follow the convention in [4] for the fugacity t of U (1)t . Namely,
t takes values in the N -fold covering of the complex plane, branched at the origin. On this covering space, t = e2πiγ is different from t = 1 as long
as γ 6≡ 0 (mod N ), and represents a non-trivial
discrete holonomy. This is precisely the type of
holonomies that we will turn on.
• In the rest of the paper, when we encounter fractional powers of t and make the substitution t =
e2πiγ , it will be understood that we stay on the
first sheet, and tγ/N will be replaced with e2πiγ/N .
One might want to instead define t′ := t1/N to get
rid of fractional powers and branch cuts, but the
normalization we use has several benefits. For example, in this normalization, the powers of t can be
interpreted as scaling dimensions of operators, and
having fractional scaling dimensions is a characteristic feature of Argyres-Douglas theories.
• One consequence of the compactness of the ZN
fixed point set is that the substitution tγ/N =
e2πiγ/N does not lead to divergences if γ ∈ Z×
N is
coprime to N . We restrict to such γ henceforth.

The low energy effective theory

Without the discrete holonomy, the low energy effective theory of a generalized Argyres-Douglas theory on
S 1 × M3 is described by a sigma-model into MH . Therefore, after the topological twist, one would naively expect to have a Rozansky-Witten theory with the target
MH [22]. However, it has several undesirable properties:
• as MH is non-compact and not asymptotically flat,
it is not clear whether the theory is well-define;
• when b1 (M3 ) is large, one expects the partition
function to vanish;
• the action of the mapping class group MCG(Σ) on
the Hilbert space associated with Σ factors through
the group Sp(2g, Z), making it less interesting.
We expect that all of these problems are gone with the
discrete holonomy turned on:
• non-compactness is not a problem as the set of ZN
fixed points is compact;
• the partition function no longer vanishes even when
b1 (M3 ) is large, as can be seem in examples below;

• we now expect more interesting “quantum representations” of the mapping class group to appear,
since many chiral algebras associated with generalized Argyres-Douglas theories can be constructed
from quantum groups [23, 24].
Then, what is the true low-energy effective theory with
the discrete holonomy turned on? Using Morse theory,
MH can be decomposed into copies of affine spaces glued
together, each identified with the normal bundle of an S 1
fixed point. Therefore, the low energy effective theory
can be viewed as a collection of free theories coupled together. After topological twist and factoring out a tower
of states, which will be explained more precisely later
in the case of M3 = L(p, 1), each affine space will contribute one vacuum state to the TQFT. Therefore, one
expects that the (isomorphism classes of) simple objects
in the MTC are in 1-to-1 correspondence with the S 1
fixed points, and that structures of the MTC such as
fusion rules, braiding, S and T matrices can be deduced
from how the normal bundles to the fixed points are glued
together to form MH , or equivalently how the free theories are coupled together to form the true low-energy
effective theory. The study of the low energy effective
theory in the presence of discrete holonomy may be related to the discrete gauging of the ZN symmetry briefly
discussed in [25]. See also [26] for a discussion in the case
without holonomy.
The case of M3 = L(p, 1)

When M3 is the lens space L(p, 1), supersymmetry can
be preserved for generic values of t, and the partition
function is expected to compute the equivariant index of
a line bundle on the Coulomb branch [27]. For generalized Argyres-Douglas theories, such quantities are sometimes referred to as the “wild Hitchin characters.” For
the (A1 , A2 ) theory, it is given by
Z(A1 ,A2 ) (t) =

p

1

3
5

(1 − t )(1 − t )

+

t5

1 ,
(1 − t )(1 − t− 5 )
(11)
where the two terms come from the two S 1 fixed points
(A ,A )
in the wild Hitchin moduli space MH 1 2 . This theory
has Z5 symmetry, and we can turn on a non-trivial holonomy by setting t = e2πi . After this substitution, as one
can easily verify, Z(A1 ,A2 ) indeed agrees with (ST p S)0,0
with S and T of the Lee-Yang model given by (8), up to
a phase factor. In fact, such agreement was checked for
three infinite families of generalized Argyres-Douglas theories in [4]. For example, we have the following equality
for (A1 , A2n ) theories,
2
5

6
5

(ST p S)0,0 = e2πipµ0 Z(A1 ,A2n ) (t = e2πi ),

(12)

if one uses the S and T matrices of the (2, 2n+3) minimal
model, which was conjectured to be the chiral algebra
associated with the (A1 , A2n ) theory [28]. Here µ0 =

4
1
− 8(2n+3)
is independent of p and can be eliminated
by shifting the S 1 moment map.
There is evidence that this relation also holds for
(Am−1 , An−1 ) theories with n co-prime to m > 2. For example, the values of the S 1 moment map at fixed points
are related to the eigenvalues of the T matrix in the corresponding chiral algebras [29].
In the next section, we check our proposed relation between MTC and partition functions of Argyres-Douglas
theories by testing it on a much larger class of 3manifolds. Before that, we emphasize again the importance of the discrete holonomy γ ∈ Z×
N by explaining the
role it played in the case of M3 = L(p, 1).
For more general Argyres-Douglas theories, it is still
true that the normal bundle to a fixed point λ will contribute to the Floer-like homology (i.e. the Q-cohomology
of the twisted 4d theory on L(p, 1)) a vacuum with a
tower of states Tλ+ attached to it. The U (1)t character
of every such tower has the form
1
24

χt (Tλ+ ) =

tnλ
Eλ (t)

(13)

where nλ is the charge of the vacuum and Eλ (t) is a
polynomial of degree dimC MH . What makes ArgyresDouglas theories special is that (13) has a finite value
at t = e2πiγ , which can be regarded as a regularization
of the power series in t that encodes the graded dimensions of Tλ+ . Therefore, while states |λi in our 3d TQFT
on R × T 2 are in 1-to-1 correspondence with S 1 fixed
points on MH , the normal bundles to the fixed points
and the corresponding towers Tλ+ do play an important
role; namely, their regularized U (1)t character encodes
information about the S and T matrices.

of 4d N = 1 theories that flow to the desired ArgyresDouglas theories. In this case, the general formula (7)
reduces to [42]
X
p
ZAD (T 2 × Σg ) =
(S0λ )2−2g Tλλ
,
(14)
λ

where we have used the fact that the T matrix is diagonal in the basis given by simple objects of the MTC.
Once the left-hand side is computed by standard localization techniques in the UV theory, we can easily extract
the S and T matrices using (5) and (6) combined with
modularity.
Lagrangians of 4d N = 1 theories that we use all have
a U (1)F flavor symmetry, which at the IR fixed point is
embedded into the N = 2 R-symmetry as F = R − r,
with r a generator of U (1)r , and R a Cartan generator of SU (2)R . It plays a crucial role in our computations: turning on holonomy for this U (1)F implements
the desired holonomy for U (1)t in the IR. This works
for M3 = Lg (p) and, possibly, for other Seifert manifolds. Different methods are required to compute partition functions on more general M3 . One practical way
(which relies on the TQFT existence) is to use the MTC,
instead of applying localization to the 4d N = 1 Lagrangian theory.
(A1 , A2 ) theory

We use the N = 1 Lagrangian of [30–35] that flows
to the (A1 , A2 ) theory. The UV description is an SU (2)
gauge theory with the matter content summarized in Table I, along with a superpotential
W = qφq + uq ′ φq ′ .

RG flows from 4d N = 1 theories

While most Argyres-Douglas theories are believed to
be non-Lagrangian, one might reach them by RG flows
starting from 4d N = 1 Lagrangian theories. In many
examples, candidates for such UV N = 1 Lagrangians
(modulo decoupling of free fields that can be easily accounted for) were conjectured in [30–35].
As topologically twisted partition functions Z(S 1 ×
M3 ) are RG invariant, the N = 1 Lagrangian description suffices to compute them for a particular class of 3manifolds, such as M3 = S 1 × Σ or more general Seifert
manifolds. In a related context, such computations were
done in [10–15], which we closely follow here.
To keep the presentation simple, we will consider three
Argyres-Douglas theories: the (A1 , A2 ), (A1 , A3 ), and
(A1 , D3 ) theories. The latter two theories are conjectured
to be identical, and indeed we find that their partition
functions always agree and give rise to the same MTC.
Denote the total space of a degree-p circle bundle over
a genus-g Riemann surface as Lg (p). We use localization
to compute the S 1 × Lg (p) twisted partition functions

(15)

This N = 1 theory has a flavor symmetry U (1)F that will
become the U (1)t subgroup of the N = 2 R-symmetry in
the infrared. So we use t for the holonomy of this flavor
symmetry.

SU (2)gauge
U (1)R
U (1)F

q q′ φ
u
  adj 1
1 1 0
0
1
7
2
12
−
−
5
5
5
5

TABLE I: Field content of the 4d N = 1 Lagrangian theory
that flows to the (A1 , A2 ) Argyres-Douglas theory.

In the localization computation, one has an additional
parameter τ coming from the complex structure of a T 2
whose longitude and meridian are, respectively, the S 1
in (1) and the Seifert fiber of M3 . The topologically
twisted partition function does not depend on τ and is
conveniently recovered in the τ → 0 limit (which is also
equivalent to the τ → i∞ limit by modular invariance).
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After a straightforward but technical computation that
involves solving the Bethe ansatz equation in this limit
(and taking care of the “holonomy saddles” [36, 37]), we
find the following result.
For M3 = Lg (p), the partition function is given by
Z(A1 ,A2 ) (S 1 × Lg (p); t) =

X

(Hi )g−1 (Fi )p .

(16)

i

Here the sum goes over the solutions to Bethe equations,
while Hi and Fi are the VEVs of the “handle-gluing”
operator and the “fibering” operator at the i-th Bethe
vacuum respectively. They all are functions of t.
For the N = 1 theory flowing to (A1 , A2 ), there are
two Bethe vacua, and we have
H1 = t1/10 + t−1/10 − t1/2 − t−1/2 ,

H2 = t7/10 + t−7/10 − t1/2 − t−1/2 ,
F1 = t−1/60 ,

F2 = t11/60 .

(17)

They can be assembled into “t-dependent S and T matrices,”
T (t) =

F2 0
0 F1

!

−1/2

,

S(t) =

−H2
−1/2
H1

−1/2

H1
−1/2
H2

!

(19)

λ=0,1

We would like these S and T to be modular matrices.
Namely, they should obey S 2 = (ST )3 = C, where C
is the charge conjugation matrix in the MTC satisfying
C 2 = 1. A computation shows that
S(t)2 = −
3

t1/5

We will now check our proposal for the (A1 , A3 ) and
(A1 , D3 ) theories. They have an additional SO(3) flavor
symmetry, for which we can turn on a fugacity s. The
field contents of the N = 1 UV descriptions are given in
Tables II and III. Although the two theories are conjectured to be identical in the IR, two UV descriptions given
here are different. For example, only a U (1)B ⊂ SO(3)
flavor symmetry is visible in the UV Lagrangian of the
(A1 , A3 ) theory.
Each of the two theories has three Bethe vacua, and
hence three VEVs of the handle-gluing operator Hi (t, s),
i = 1, 2, 3 and three VEVs of the fibering operator
Fi (t, s), i = 1, 2, 3, all of which are functions of t and
s. They determine some entries of the modular matrices S and T , while other entries should be fixed using
S 2 = (ST )3 = C, with C 2 = 1.
q qe φ
u
SU (2)gauge   adj 1
1 −1 0
0
U (1)B
U (1)R
1 1
0
0
4
4
U (1)F
− 32 − 83
3
3

. (18)

Let us enumerate rows and columns by λ = 0, 1. Then
the partition function on Lg (p) can be written as
Z(A1 ,A2 ) (t) = (H1 )g−1 (F1 )p + (H2 )g−1 (F2 )p
X
=
(S0λ (t))2−2g (Tλλ (t))p .

(A1 , A3 ) and (A1 , D3 ) theories

t1/2
× 12×2 ,
+
+ t3/5 + t4/5 + t + 1

t1/5 − 1 t13/20
t2/5

(S(t)T (t)) = √
t7/10 + t−7/10 − t1/2 − t−1/2
1
× 12×2 .
× 1/5
2/5
3/5
t + t + t + t4/5 + t + 1
(20)
It is easy to verify that they are modular precisely at
t = e2πiγ with γ ∈ Z×
5 . For γ = 1, they indeed agree
with the expressions in (8).
A one-parameter family of S and T matrices is also
constructed in [38], which is related to our S(t) and T (t)
by overall factors. Although the entire family is modular,
due to Ocneanu rigidity, one doesn’t expect an MTC to
exist for generic members of this family.

TABLE II: Field content of 4d N = 1 Lagrangian theory that
flow to the (A1 , A3 ) Argyres-Douglas theory. The
superpotential is W = uqe
q.

q qe φ
u
SU (2)gauge   adj 1
SO(3)flavor 3 1 1
1
1 1 0
0
U (1)R
1
5
2
8
U (1)F
−
−
3
3
3
3
TABLE III: Field content of a 4d N = 1 Lagrangian theory that
flows to the (A1 , D3 ) Argyres-Douglas theory. The
superpotential is W = qφq + ue
q φe
q.

For generic values of s [43] (which in practice can be
chosen to be any values besides ±1 and ±i), the modularity holds again at t = e2πi . We find for both theories [44]
H1 = H2 = H3 = 3,
F1 = eiπ/2 ,

F2 = F3 = e−iπ/6 .

(21)

Such values give answers that perfectly agree with modular matrices acting on three admissible representations of
su(2)−4/3 , which is conjectured to be the chiral algebra
corresponding to the (A1 , D3 ) theory. Namely,
Z(A1 ,D3 ) (T 2 × Σg ) = 3g =

2
X

(S0λ )2−2g ,

λ=0

(22)

6
and
Z(A1 ,D3 ) (S 1 ×Lg (p)) = 3g−1 (epiπ/2 +e−piπ/6 +e−piπ/6 )
=

2
X

(S0λ )2−2g (Tλλ )p , (23)

λ=0

where


1 −1
1 
S = − √ −1 ǫ2
3
1 −ǫ

eiπ/2
0

T =  0 e−iπ/6
0
0


1

−ǫ with ǫ = e2πi/3 ,
ǫ2

0

0 .
e−iπ/6

(24)

One interesting feature of this MTC is that it is not related to a unitary MTC via action of the Galois group Z×
3.
1
2
Instead, C(A
and
C
are
non-unitary
MTCs
(A1 ,D3 )
1 ,D3 )
that are complex conjugate to each other. However, if
one “flips the sign” for the object labeled by λ = 1, one
can get the Z3 MTC, which can be realized by either the
SU (3)1 or (E6 )1 Chern-Simons theory [16].
Future directions

It would be interesting to explore twisted partition
functions on S 1 × M3 for more general M3 and more
general 4d N = 2 theories, to understand more fully the
structure of the MTCs proposed here, the Galois action,
and their interplay with physics of SCFTs.
The bijection between simple objects in the MTC
and S 1 -fixed points in MH [4, Sec. 5] reminds us the
bijection between simple modules in the category O of
a quantized Coulomb branch and S 1 fixed points in the
resolved Higgs branch for a 3d N = 4 gauge theory via
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