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ABSTRACT
Thermoacoustic tomography (TAT) is an emerging imaging technique with great potential for a wide range of
biomedical imaging applications. In this work, we propose and investigate reconstruction approaches for TAT
that are based on the half-time reflectivity tomography paradigm. We demonstrate that half-time reconstruction
approaches can produce images in TAT that possess better statistical properties than images produced by use
of conventional reconstruction approaches.

Keywords: Reflectivity tomography, thermoacoustic tomography, image reconstruction

1. INTRODUCTION
Reflectivity tomography is an ultrasonic imaging technique that has been investigated extensively and applied
to several biomedical13 and non-destructive testing4 imaging tasks. In reflectivity tomography, an ultrasonic
pulse is emitted from a point source into a weakly reflecting object. When the ultrasonic pulse interacts with
the object, reflected echos are produced that are measured at the source location as a function of time. Under
certain physical 56 the measured echo data can be related to two-dimensional (2D) integrals of
the object's reflectivity function over a family of spherical surfaces that are centered at the source-receiver point.
Consequently, the reconstruction problem in reflectivity tomography is equivalent to that of inverting a spherical
Radon transform, or a circular Radon transform in the 2D problem.

Exact and explicit inversion formulae have been derived for 2D and three-dimensional (3D) reflectivity
tomography assuming circular5 or scanning apertures, respectively. A common feature of these
inversion formulae is that require complete knowledge of the reflectivity tomography data function. This mdi-
cates that temporally-untruncated measurement data must be acquired at all source-receiver locations on the
circular or spherical scanning apertures. We have investigated recently the reduced-scan reconstruction problem
in reflectivity tomography, where measurements are only acquired over certain regions of the scanning aper-

9
Using a potato-peeler procedure, it was demonstrated that the reflectivity function was determined

uniquely from untruncated measurements that correspond to source-receiver locations that span at least half
of the circular or spherical scanning apertures. We have also investigated the so-called half-time reconstruc-
tion problem of reflectivity tomography. Using the previously proposed potato-peeler procedure8 and concepts
from microlocal analysis, we that an image could be reconstructed uniquely and stably from
measurement data, acquired at all source-receiver locations on the scanning aperture, that were truncated at
delay time Ttrun � Thaif . Here, Thaif represents twice the time it takes for the probing wavefleld to propagate
from the source to the center of the scanning aperture. In the language of tomography, at each view angle
( i.e. , source-receiver position) , half-time image reconstruction requires knowledge of the set of integrals over
spherical surfaces that have radii less than or equal to the radius of the scanning aperture. In this sense, the
half-time reconstruction problem of reflectivity tomography is analogous to the half-detector problem'2 of X-ray
tomography with a parallel-beam tomography.

Thermoacoustic tomography (TAT) is an emerging imaging technique with great potential for a wide range
of biomedical imaging applications.'3 In TAT, a short electromagnetic pulse (e.g., microwave or laser) is used to
irradiate a biological tissue. When the electromagnetic pulse is absorbed by the tissue, a thermoacoustic effect
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results in the emission of acoustic signals that can be measured by use of a wide-band ultrasonic transducer.
The objective of TAT is to produce an image that represents a map of the spatially variant electromagnetic
absorption properties of the tissue. Such an image may be of great value because a strong correlation ex-
ists between electromagnetic absorption in biological tissue and the pathological condition of the 15

Numerous exact13 and 7 reconstruction algorithms have been developed for TAT employing
spherical scanning apertures. Equivalently, exact image reconstruction can be accomplished through transfor-
mation of the TAT reconstruction problem into the reflectivity tomography reconstruction problem, followed by
application of an exact reflectivity tomography reconstruction algorithm. Therefore, TAT can benefit greatly
from advancements in reflectivity tomography reconstruction theory.

In this work, we propose and investigate reconstruction approaches for TAT that are based on the half-
time reflectivity tomography paradigm. We demonstrate that half-time reconstruction approaches can produce
images in TAT that possess better statistical properties than images produced by use of full-time reconstruction
approaches. We corroborate our theoretical results using simulated and experimental TAT measurement data.

2. BACKGROUND
Below we review the salient aspects of reflectivity tomography and describe how it is related to the imaging
model of TAT.

2.1. Review of reflectivity tomography
Imaging model and data function

Consider an acoustic medium that contains a compactly supported region R, residing completely inside a
sphere of radius R1 centered at the origin. The region R is characterized by an inhomogeneous compressibility
K(r) and density p(i). Outside of R, the background medium has a homogeneous compressibility ic and density
P0 and is assumed to be lossless. This implies a constant speed of sound in the background medium that is
denoted by cc. The reflectivity function of the medium, which is assumed to be a bounded and continuous
function on R., is defined as

f(i = 7k(i) — )'(f), (1)

where

#Yk(i1 IcO (2)

and
E=ê. .

yp(r) =
{ ; (3)

A spherical measurement aperture with radius Ro > R1 is centered at the origin and encloses the region R.
Let E 11o where 11o denotes the set of vectors in II that reside on the surface of the measurement sphere.
At time t = 0, an omni-directional acoustic point source located at position i on the measurement aperture
emits a spherical pulse into the region R. As the spherically-diverging pulse propagates into the inhomogeneous
region 1?, echos will be produced that propagate back to the source location and are recorded as a function of
time. From knowledge of this echo signal, a data function g(; t) can be defined,6 where =cot, that is related
to the reflectivity function f(i) as

g(b; ) = fd3i?f(?) 6(1- Ii?_ bl). (4)

This indicates that the data function g(i ; ) is equal to integrals of f(i') calculated over concentric spherical
surfaces with radii that are centered at the source-receiver location i. The goal of 3D reflectivity tomography
is to utilize knowledge of g(i; ) for ij E 1o and t E [0, R + R1] (i.e., temporally untruncated data acquired at
all source-receiver locations) to determine f(i') by inverting the spherical Radon transform given in Eqn. (4).
Exact inversion formulae have been derived6'7 for accomplishing this.
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Half-time reflectivity tomography

Consider half-time data functions g( ; ) and g(ij ; ) that are defined W 11 as

— -0• _fg(;) :g(ro _ : otherwise, (5)

and
: Ro<�Ro+Ri 6ght r0 , —
: otherwise. (

Existing reconstruction algorithms5 assume that the data are complete (un-truncated) ,and therefore will gen-
erally produce distorted images when applied directly to g(i ; )and g( ; t) . Previously, we have employed
a layer-stripping procedure,9" to explicitly identify redundant information in the (untruncated) data function
g(; ) and demonstrated that f(i) is determined uniquely from knowledge of the half-time data functions
g;;(ib; ) or g(ib; t). A similar result has been derived recently by Finch et a17 using a different mathemat-
ical approach. To date, exact and explicit inversion formulae for reconstruction of f(f) from knowledge of
the half-time data functions g%; ) or g(i; ) remain undiscovered. However, we have demonstrated that
accurate images can be reconstructed stably from knowledge of the half-time data functions by use of iterative
reconstruction

2.2. Review of TAT imaging model
Consider a microwave pulse with time dependence 6(t) that is used to irradiate a tissue sample. When the
microwave pulse is absorbed by the tissue, a thermoacoustic effect results in the generation of a pressure wavefield
pV, t) that can be measured by use of a wide-band ultrasonic transducer that is located on the surface of a
spherical measurement aperture 1o that encloses the sample. Assuming that the tissue has homogeneous acoustic
properties (but spatially varying microwave absorption properties), the pressure wavefield p(f ,t) measured as
a function of time at location i E 1l can be expresses as'3

d 5(to —

p(,to)=fdi?A(r- 4irVór ' (7)

where A(i) denotes the spatial energy absorption function, c is the velocity of sound in the homogeneous
background medium, and i is a known constant. The reconstruction problem of TAT is to invert Eqn. (7) for
determination of A(f) from knowledge of p(, t0) for i E 1l and t0 E [0, oo). An exact inversion formula has
been derived'3 that can accomplish this.

A mathematical relationship between the TAT and reflectivity tomography data functions can be derived
readily. Specifically, by acting J dt0 on both sides of Eqn. (7), one can show that

gA(ro,t= ct) E t: f dt0 p(i?o,t) fd3A(f) — Ii?o ii), (8)

where g ( , = ct) corresponds to the spherical Radon transform of A(i) . Consequently, image reconstruction
in TAT can be accomplished by inverting Eqn. (8) via. a reflectivity tomography reconstruction algorithm.

3. STATISTICAL MOTIVATION FOR HALF-TIME RECONSTRUCTION IN TAT
By use of Eqn. (8), the half-time reflectivity tomography data functions g(i; E) or g(; ) can be defined
from the TAT data function p(, to). To motivate the use of half-time reconstruction approaches in TAT, we
will investigate the statistical properties of the transformation given in Eqn. (8). We will treat gA(ri, t) and
p(ij, to) as stochastic quantities. Here and elsewhere, boldface and normal typefaces will denote a random
variable and its mean, respectively. Consider the variance of g (ib, t) that can be expressed as

/4 \2 (pt
Var{gA(i, = ct)} = ( — t) Var I dt0 p(fo, to) k\1 I (Jo )
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or equivalently,

Var{gA(o, = ct)} =( 2

fdtI fdt" Covar{p(o, t'), p(o, t")} , (9)

where Covar {p(o, t'), p(o, t")} denotes the covariance of p(o, t') and p(o, t"). Equation (9) describes how
the second order statistics of the TAT data function determine the variance of the reflectivity tomography data
function.

To proceed further, we will assume a stationary and uncorrelated noise model for the TAT data function
that is described by

Covar{p(i?,tl),p(f,thI)} = o(t') 6(t' — t") 5( — j), (10)

where (t') > 0 is the variance of P(fb ,t) . Such a stochastic model could account for randomness in the
pressure wavefleld or noises introduced during the act of measurement. Substitution from Eqn. (10) into Eqn.
(9) results in -

Var{gA(}= ()2fdt'a(t'). (11)

Because o-(t') > 0, Eqn. (11) indicates that Var{g(i?o, )} is a monotonically increasing function of 1. Therefore
the spherical Radon transform data g(ro , t) that correspond to large may be significantly corrupted by noise.
This observation suggests that a half-time reconstruction approach that utilizes the data function g(?o; t) may
be statistically favorable because an estimate of A(r') can be obtained without use of the measurement data that
are corrupted most by noise.

In the special case of stationary noise with o(t') = o, Eqn. (11) reduces to

/ — 34ir (t\ 2
Var{gA(ro,t)} =

I-;-) (—) o. (12)

Figure 1. (a) The mathematical phantom used in the simulation studies. (b) The 2D TAT measurement configuration.

4. NUMERICAL RESULTS
We performed numerical studies using simulation and experimental measurement data to investigate the half-
time reconstruction approach for 2D TAT.
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4.1. Numerical studies
Simulated TA T measurement data

The 2D mathematical phantom shown in Fig. 1-(a) was chosen to represent A(i'). From knowledge of A(i'),
which had a radius of R1 = 1, the (full-time) data function gA(çb, E) was calculated analytically by use of Eqn.
(8) assuming the 2D measurement geometry shown in Fig. 1-(b) with R0 = 1.01. Here, the angle çb replaces i
as the indicator of the ultrasound receiver position on the scanning aperture. The data function g (q5, t) was
determined at 360 equally spaced positions on the scanning aperture and at 256 equally spaced values of over
the interval [Ro + R, ho + R1J. A half-time data function g(çb, t) was defined as

gt(q5; ) — {
gA(cb; ) : 0 � ho—
0 otherwise. (13)

To generate noisy data functions, gt(q5; t) and gA(q5; ) were treated as realizations of uncorrelated Gaussian
stochastic processes with means of gt(; t) and gA(q; ), respectively. Motivated by Eqn. (12), the variances of
the distributions were determined according to the rule

= 0.025.

Figure 2. Top row: Images reconstructed using the EM algorithm with 40 iterations from the noisy (a) full-time and
(b) half-time data functions. Bottom row: Images reconstructed using the EM algorithm with 60 iterations from the
noisy (c) full-time and (d) half-time data functions. The matrix size of the reconstructed images is 256 x 256 pixels.

Experimental TAT measurement data

We also utilized experimental TAT measurement data that were acquired previously in the laboratory of
Professor Lihong Wang.13 The data were acquired using the measurement geometry shown in Fig. 1-(b) and
had a scanning radius R0 = 70 mm. Measurements were taken at 160 equally spaced positions on the scanning

(a) (b)

(c) (d)
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aperture and for each measurement the received pressure signal was sampled at 2000 points at a sampling
frequency of 50 MHz. A low-pass filter was applied to (temporally) smooth the measurement data at each
receiver location in order to remove white noise. Full- and half-time data reflectivity tomography data functions
were calculated from the filtered pressure signals by use of Eqn. (8).

Reconstruction procedure

Because the TAT data functions were converted to reflectivity tomography data functions via. Eqn. (8),
reconstruction of A(') could be accomplished by use of a reflectivity tomography reconstruction algorithm.
Analytic inversion formulae for reconstructing images from half-time data functions have not been identified.
However, because Eqn. (8) is a positive integral equation, the expectation maximization (EM) algorithm8 can
be employed for reconstruction of A(i') . Because it is applicable to both full- and half-time data functions, the
EM algorithm was used to reconstruct images from the simulated and experimental (full- and half-time) data
functions.

4.2. Reconstructed images
Figure 2 contains the images that were reconstructed from the noisy simulation data. Figures 2-(a) and 2-
(b) were reconstructed from the full- and half-time data functions, respectively, using 40 iterations of the EM
algorithm. Figures 2-(c) and 2-(d) were reconstructed from the full- and half-time data functions, respectively,
using 60 iterations of the EM algorithm. It is clearly evident that the images reconstructed from the half-
time data functions contain reduced noise levels compared to the corresponding images reconstructed from the
full-time data functions. This observation is consistent with our conjecture that, in certain cases, half-time
reconstruction approaches for TAT may have better statistical properties than conventional (full-time-based)
approaches.

Figure 3 contains the images that were obtained from the experimental TAT data by use of the (a) full-
time and (b) half-time reconstruction approaches. When reconstructing the images, the EM algorithm was
terminated after 100 iterations. Because the TAT pressure data were preprocessed by use of low-pass filter,
neither of these images have a very noisy appearance. However, the image reconstructed from the half-time data
function in Fig. 3-(b) has significantly better spatial resolution than the image reconstructed from the full-time
data function in Fig. 3-(a).

Figure 3. Images reconstructed using the EM algorithm with 100 iterations from the experimental (a) full-time and (b)
half-time data functions. The matrix size of the reconstructed images is 400 x 400 pixels.

5. SUMMARY
We have proposed and investigated a reconstruction approach for TAT that employs a half-time reconstruction
algorithm from reflectivity tomography. Using realistic assumptions regarding the statistical properties of TAT
measurement data, we demonstrated that the half-time reconstruction algorithm could produce images that
contained reduced noise levels compared to those in images produced by use of a full-time reconstruction

(a) (b)
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algorithm. If the TAT data function is smoothed explicitly to remove certain components of the data noise,
the use of a half-time reconstruction algorithm can improve the spatial resolution of the reconstructed image.
These observations suggest that half-time reconstruction algorithms for reflectivity tomography may be of
significant value for reducing image noise and improving the detectability oflow-contrast objects in TAT imaging
applications.
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