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Abstract. Accurate inference of cosmology from weak lensing shear requires an accurate
shear power spectrum covariance matrix. Here, we investigate this accuracy requirement
and quantify the relative importance of the Gaussian (G), super-sample covariance (SSC)
and connected non-Gaussian (cNG) contributions to the covariance. Specifically, we forecast
cosmological parameter constraints for future wide-field surveys and study how different
covariance matrix components affect parameter bounds. Our main result is that the cNG
term represents only a small and potentially negligible contribution to statistical parameter
errors: the errors obtained using the G+SSC subset are within . 5% of those obtained
with the full G+SSC+cNG matrix for a Euclid-like survey. This result also holds for the
shear correlation function, variations in survey specifications and for different analytical
prescriptions of the cNG term. The cNG term is that which is often tackled using numerically
expensive ensembles of survey realizations. Our results suggest however that the accuracy
of analytical or approximate numerical methods to compute the cNG term is likely to be
sufficient for cosmic shear inference from the next generation of surveys.
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1 Introduction

Ongoing (e.g. KiDS [1–3], DES [4, 5], HSC [6]) and future (e.g. Euclid [7], LSST [8],
WFIRST[9]) large imaging surveys have been and are expected to keep setting ever tighter
constraints on various competing cosmological models. The comparison between theory and
observations requires a likelihood function L(D|M(S)) to quantify the probability that the
observed data vector D is a statistical realization of some cosmological model with parame-
ters S and associated data vector prediction M(S). Under the common assumption that the
data vector is Gaussian distributed, we can write:

L(D|M(S)) =
1√

(2π)ddet(Cov)
exp

[
−1

2
(M(S)−D)t Cov−1 (M(S)−D)

]
,

(1.1)

where d is the size of the data vector D. The posterior probability distribution of cosmolog-
ical parameters is given via Bayes’ theorem as P(S|D) ∝ L(D|M(S))P(S), where P(S) is
some prior probability function on the parameters. In addition to the observed data vector
and theoretical prediction, parameter inference and goodness-of-fit analyses also require the
covariance matrix Cov, which at the end of the day is what controls the size of the error
bars on parameters. In this paper, we discuss the accuracy requirements for the covariance
matrix of two-point weak lensing statistics (cf. Eq. (2.4) below), or in other words, how well
do we need to know the covariance in order to meet a desired uncertainty on the uncertainty
of estimated parameters.

The covariance matrix of lensing two-point statistics can be organized into three phys-
ically distinct types of contributions which we refer to as the Gaussian (G), super-sample
covariance (SSC) and connected non-Gaussian (cNG) terms (we describe these terms more
carefully in Sec. 2.2). The G term is the minimal covariance contribution (technically, the
disconnected part of the four point function) and it would be the only contribution to the
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covariance if the noisy shear field itself was Gaussian distributed; this is approximately cor-
rect on sufficiently large scales. The SSC term [10–15] describes the correlation between the
two-point function on different scales that is induced by large scale density/tidal fluctuations
in which the entire surveyed region is embedded in. Finally, the cNG term [16–23] describes
the contribution to the covariance that is induced by nonlinear structure formation within
the survey volume, i.e., when the density fluctuations grow to order unity and the field be-
comes appreciably non-Gaussian distributed. The Gaussian term can be calculated given the
survey footprint and the nonlinear matter power spectrum, which cosmic emulators [24] can
now predict to close to 1% precision for a range of cosmological parameter values. The SSC
term can also be fully specified by the survey footprint and the power spectrum, as well as
the so-called first-order power spectrum responses to density and tidal fields [25], which can
be efficiently measured with separate universe simulations [11, 12, 26–31]. The cNG term is
controlled by the so-called parallelogram configuration of the nonlinear matter trispectrum
[16] (the Fourier transform of the matter four-point correlation function), which is difficult
to evaluate; the cNG term is thus the least well understood part of the covariance.

There are two main ways to tackle the calculation of the cNG term: analytical ap-
proaches and the so-called ensemble approach. Analytical approaches target the direct eval-
uation of the matter trispectrum. The simplest such example relies on standard or effective
perturbation theory [16, 19, 20, 32], but this comes with the drawback of being predictive
only on fairly large scales. Approaches based on the halo model [33] are another popular
way to evaluate the cNG term: the total matter trispectrum is split into 1-, 2-, 3- and 4-halo
contributions [18, 34]. Under the model assumptions, this yields a calculation that is valid
deep in the nonlinear regime of structure formation; the drawback, however, is that the as-
sumptions of the halo model are known to result only in a rough approximation to the power
spectrum, and presumably, to the trispectrum as well (see e.g. Ref. [35] for a discussion).
Recently, Ref. [23] used the so-called response approach to perturbation theory described in
Ref. [22] to calculate the parallelogram trispectrum. The response approach consists of an
extension of perturbation theory that is valid in the nonlinear regime of structure forma-
tion for the case of squeezed interaction vertices, i.e. it describes the coupling of large-scale
quasi-linear modes to two small-scale fully nonlinear ones. The work of Ref. [23] illustrated
that the trispectrum is dominated by such squeezed interactions, and in particular, that the
response approach can be used to capture the bulk (roughly 70%) of the total trispectrum.

The nontriviality of predicting the trispectrum accurately from first principles has mo-
tivated the implementation of an alternative and computationally highly intensive approach
based on ensembles. The main idea in this approach is to generate a sufficiently large number
of statistically independent realizations of the matter density field (or projected weak lensing
shear field), and then measure the power spectrum sample covariance across this ensem-
ble [11, 36–43]. Each realization of the nonlinear density field requires performing a (large
volume) N-body simulation, which makes these methods computationally very demanding.
This is especially so for the case of the analysis of future surveys, where the expected number
of data points requires ensemble sizes that are a few orders of magnitude larger than what
has been done to date in order to estimate sufficiently accurate covariance matrices (see
e.g. Ref. [44, 45] for a discussion). Recently, some efforts have been devoted to developing
approximate and fast N-body based methods to alleviate the computational burden [42, 46–
48], but these methods come with the price of reduced accuracy. Note also that analytical
approaches are effectively noise-free and computationally still much cheaper even than fast
N-body methods.
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The main result of this paper is that the cNG term represents only a small contribution
to the final errors on cosmological parameters inferred from cosmic shear. We demonstrate
this for the case of a cosmic-shear-only analysis with survey parameters similar to the speci-
fications expected for Euclid (case s01 in Table 1 below) and for LSST (case s02), as well as
for a number of variations around these configurations. We show in particular that, for all
the cases tested, the cNG term is only responsible for an increase in the size of the statistical
error bars of < 8% (this is the precision on the error bars, not on the parameters). In the
analysis presented in this paper, we always neglect any systematic uncertainties that one
would marginalize over in real-world analyses, and which would further increase the errors
on parameters. This means the estimates of the importance of the lensing cNG term pre-
sented here are rather conservative. Our results thus suggest that the accuracy of analytical
or approximate N-body based cNG calculations is likely sufficient for the analysis of future
cosmic shear data.

This paper is organized as follows. In Sec. 2, we describe the lensing convergence to-
mographic data vector and the corresponding expressions of the G, SSC and cNG covariance
terms. Section 3 displays our main results for the impact of using various covariance decom-
positions on the parameter constraints. We summarize and discuss the consequences of our
findings in Sec. 4.

2 Weak lensing data vector and covariance matrix

In this section, we describe the survey specifications and data vectors that we consider in our
forecast analyses, as well as the lensing covariance matrix contributions that we wish to test.

2.1 Lensing data vector

Throughout this paper, we take as observables two-dimensional maps of the weak lensing
convergence field estimated from source galaxies in some redshift bin i (see e.g. Refs. [49–52]
for lensing reviews):

κiW(θ) = W(θ)κi(θ), (2.1)

κi(θ) =

∫ ∞
0

dχgi(χ)δ(x = χθ, z(χ)), (2.2)

where δ denotes the total matter density contrast, θ is the angular coordinate on the sky,
z(χ) is the redshift at comoving distance χ and the lensing kernel is given by

gi(χ) =
3H2

0 Ωm

2c2
(1 + z(χ))χ

∫ ∞
χ

dχ′
niS(z(χ′))

n̄ieff

dz

dχ′
χ′ − χ
χ′

, (2.3)

where niS(z) is the redshift distribution of lensing source galaxies in bin i, n̄ieff the projected
effective source galaxy density in bin i, Ωm the present-day fractional total matter density and
H0 the present-day Hubble expansion rate. We label by Ntomo the number of source galaxy
redshift bins. In Eq. (2.1), W(θ) represents the survey window function (or mask/footprint;
we use these words interchangeably), which in this paper we consider to be contiguous, unity
inside the surveyed area and zero outside.

As a data vector, we consider the angle-averaged auto- and cross-power spectra of the
Ntomo lensing maps (tomographic power spectra), which can be obtained with the following
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estimator

Ĉijκ (`1) =
1

ΩW

∫
Ω`1

d2`

2π`1∆`1

κ̃iW(`)κ̃jW(−`), (2.4)

where κ̃iW(`) are lensing convergence Fourier amplitudes measured from the maps (a tilde
indicates a Fourier space quantity), the integration range Ω`1 is an annulus with width ∆`1

centered at `1 and ΩW = 4πfsky =
∫

d2θW(θ) is the survey area; fsky is the surveyed
total sky fraction. The theoretical prediction for the expectation value of the tomographic
convergence power spectrum can be obtained via

Cijκ (`) =

∫
dχ
gi(χ)gj(χ)

χ2
Pm(k`, z(χ)), (2.5)

where k` = (`+1/2)/χ. We evaluate the nonlinear three-dimensional matter power spectrum
Pm using the revised Halofit [53] fitting formula of Ref. [54]. Equation (2.5) assumes
the flat-sky and Limber’s approximations, which are sufficient for the multipoles ` & 20
considered in this analysis.

For the redshift distribution of the source galaxies nS(z) we consider both Euclid- and

LSST-like distributions. For Euclid, we follow Ref. [55] and take nS(z) = z2exp
[
− (z/z0)3/2

]
(z0 = zmean/1.412 and zmean = 0.9) with a projected effective source density of n̄eff =
30 arcmin−2. The LSST source distribution is based on the simulations of Ref. [56], including
updates described in the LSST Dark Energy Science Collaboration Science Requirement
Document [57], which yields n̄eff = 26 arcmin−2. These distributions are split into Ntomo

tomographic bins each with the same number of galaxies; for Ntomo = 3, 5, 10 the data vector
corresponds, respectively, to 6, 15 and 55 auto/cross-spectra. In each of these, we label
by N` the number of ` bins between some minimum and maximum values `min and `max,
respectively, equally spaced in log-scale.

In our results below, we consider both noise-free data vectors matching Eq. (2.5) evalu-
ated at the fiducial cosmology, as well as noisy realizations of the data vector with Eq. (2.5)
as the mean and with multivariate Gaussian noise drawn from one of the covariance matrices.

For completeness, we note that cosmic shear analyses are frequently carried out using
two-point shear correlation functions in configuration space. Here, we opt to perform our
analysis with the lensing convergence κ and in Fourier space for simplicity of calculation and
because it suffices to illustrate our main conclusions. The corresponding shear correlation
function predictions can be obtained from the lensing convergence via additional integrations
over Bessel functions

ξij+/−(θ) =

∫
d`

2π
`J0/4(`θ)Cijκ (`), (2.6)

where ξij+/−(θ) are the two shear cross-correlation functions between tomographic bins i and

j. Thus, the ξij+/−(θ) are effectively linear combinations of the Cijκ (`). The conclusions we

draw in this paper for Cκ(`) data vectors with ` ∈ [`min, `max] will thus hold for ξij+/−(θ)
on the range of angular scales θ that are accurately described by angular wavenumbers
` ∈ [`min, `max]. We will explicitly verify that our conclusions on the unimportance of the
cNG term from the power spectrum analysis hold also in the correlation function case.
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2.2 Lensing covariance decomposition

In lensing covariance related work (see e.g. Refs. [10, 25, 58] for a few recent examples), it
has become customary to decompose the total covariance matrix of the estimator of Eq. (2.4)
into three terms1 known as the Gaussian (G), connected non-Gaussian (cNG) and the super-
sample covariance (SSC, which is also of connected and non-Gaussian nature, but is restricted
to the effect of super-survey modes):

Covκ
ijmn(`1, `2) =

〈
Ĉijκ (`1)Ĉmnκ (`2)

〉
−
〈
Ĉijκ (`1)

〉〈
Ĉmnκ (`2)

〉
(2.7)

= Covκ
ijmn
G (`1, `2) + Covκ

ijmn
cNG (`1, `2) + Covκ

ijmn
SSC (`1, `2). (2.8)

Next, we briefly summarize the main equations associated with these three terms; we adopt
the same notation as in Ref. [25], to which (and references therein) we refer the reader for
more details about the calculation of the lensing covariance that we use in this paper.

2.2.1 The G term

The G covariance term is given by

Covκ
ijmn
G (`1, `2) =

4πδ`1`2
ΩW(2`1 + 1)∆`1

[(
Cimκ (`1) + δim

σ2
e

2n̄ieff

)(
Cjnκ (`1) + δjn

σ2
e

2n̄jeff

)

+

(
Cinκ (`1) + δin

σ2
e

2n̄ieff

)(
Cjmκ (`1) + δjm

σ2
e

2n̄jeff

)]
, (2.9)

where σe = 0.37 is the RMS ellipticity of the source galaxies (n̄ieff = n̄eff/Ntomo for all
tomographic bins). The Kronecker deltas δ`1`2 and δim ensure the Gaussian term is non-
vanishing only if `1 and `2 are in the same ` bin and the shape noise terms only contribute
for matching galaxy tomographic bins. For simplicity, we do not consider the effect of the
mask shape on shape noise [38, 59].

Eq. (2.9) receives its name because it is the only contribution that arises if the density
field is Gaussian distributed; at later stages in structure formation this is not the case,
but the functional form of Eq. (2.9) remains the same (with the power spectrum being the
nonlinear one). Overall, given its straightforward dependence on the theoretical prediction,
the Gaussian term is well understood and not a source of big concern in covariance studies
of angular power spectra. The survey footprint does not change the fundamental ingredients
in Eq. (2.9), although the covariance becomes non-diagonal on angular scales comparable to
the typical angular size of the footprint [60]. In this paper, we are interested in sufficiently
small angular scales, for which these (contiguous) mask convolution effects can be ignored.

2.2.2 The cNG term

The cNG term describes the correlations between different sub-survey modes that exist if the
density field is non-Gaussian distributed [16], which is the case at late times during nonlinear
structure formation or at all times in cosmologies with primordial non-Gaussianity. Under

1This decomposition is only strictly valid if we assume the Limber approximation for the sub-survey modes
involved (see Appendix D of Ref. [25] for a discussion). The Limber approximation is nonetheless valid for
the modes ` & 20 we consider in this paper.
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the Limber and flat-sky approximations (again, valid on ` & 20), this term can be written as

Covκ
ijmn
cNG (`1, `2) =

1

ΩW

∫
dϕ`1

2π

∫
dϕ`2

2π

∫
dχ
gi(χ)gj(χ)gm(χ)gn(χ)

χ6

×Tm(k`1 ,−k`1 ,k`2 ,−k`2 ; z(χ)), (2.10)

where Tm is the equal-time matter trispectrum (the subscript m in Tm should not be con-
fused with the tomographic bin superscript m), i.e., the Fourier transform of the equal-time
connected four-point matter correlation function:

〈δ(ka)δ(kb)δ(kc)δ(kd)〉c = (2π)3Tm(ka,kb,kc,kd)δD(ka + kb + kc + kd). (2.11)

In Eq. (2.10), ϕ` denotes the polar angle of the vector ` and we have trivially performed the
bin averages by assuming the trispectrum does not vary rapidly within each bin.

In the results below, we adopt two different recipes to evaluate the matter trispec-
trum. The first, which we consider as the default recipe (cf. Table 1), is that presented
in Ref. [23] based on the response approach to perturbation theory described in Ref. [22].
More specifically, we include the totality of the resummed trispectrum at tree-level, as well
as the resumation of the dominant terms at 1-loop level. We do not repeat the formulae
here, but the interested reader can find the final expressions in Eqs. (2.10), (3.3), (3.4) and
(4.5) of Ref. [23]; this is the same calculation of the cNG term used in Ref. [25]. In squeezed
configurations, e.g., k`1 � k`2 and with k`1 in the linear regime, the response prediction is
guaranteed to capture the totality of the matter trispectrum up to corrections that scale as
(k`1/k`2)2. When both modes are in the nonlinear regime, the response prediction captures
≈ 70% of Tm in the parallelogram configuration as measured in Ref. [40] using an ensemble
of over 12000 N-body simulations; as explained in more detail in Ref. [23], the accuracy of
the response approach can be improved in regimes when both k`1 ,k`2 are in the nonlinear
regime by including the rest of the 1-loop term with perturbation theory and including also
2-loop terms.

To guard against biased conclusions based on inaccuracies of the response calculation of
the cNG term (in the regime where both modes are nonlinear), we also compute a covariance
matrix using the halo model formalism [33] (cf. s08 case in Table 1). More specifically, we use
the recipe presented in Ref. [18] for the concrete application of lensing covariance matrices, on
which the cNG terms used in the real data analyses of the KiDS [1] and DES [5, 61] surveys
are also based. The details of our halo model implementation and modeling choices for the
halo model ingredients are described in Ref. [62]. The halo model has known deficiencies
that follow directly from the simplifying model assumptions (see e.g. Ref. [35] for a recent
discussion), and as a result, it is also not guaranteed to be an accurate description of the true
trispectrum. It is however a physically motivated framework whose regime of validity is not
the same as that of the response based calculation, and which we can thus use to cross-check
that our conclusions on the relative size of the cNG term are not peculiar to the response
calculation.

Before proceeding, we also point out the ensemble approach to the cNG term [11, 36–
41, 43], which, as discussed in Sec. 1, proceeds by estimating the cNG term using a large
ensemble of statistically independent realizations of the power spectrum2. Here, we do not
consider cNG contributions estimated in this way, but a take-away point of the results in the

2With the ensemble approach one also measures the Gaussian contribution as well, but not the SSC term
if the boxes where the power spectrum is measured are not embedded in larger-scale fluctuations.
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next section is that the cNG term has limited impact on parameter inference, which might
obviate the need for expensive ensembles dedicated to measuring it.

2.2.3 The SSC term

The super-sample covariance term3 describes the coupling between observed sub-survey and
unobserved super-survey modes, i.e., modes whose wavelengths are larger than the surveyed
volume. For flat-sky lensing applications in the Limber approximation, the derivation of this
term follows straightforwardly from matter trispectrum terms that get excited by the finite
size of the survey window function [10, 25]. Reference [25] presents a derivation of the lensing
SSC term that goes beyond the Limber approximation in the super-survey modes (for which
the approximation can be insufficient) and that is valid for general curved-sky masks (see
also Ref. [69]). For the case of the angle-averaged tomographic lensing convergence power
spectrum, this term is given by

Covκ
ijmn
SSC (`1, `2) =

1

Ω2
W

∑
LM

|bLM |2σL,ijmn`1,`2
(2.12)

σL,ijmn`1,`2
=

2

π

∫
dpp2PL(p, z = 0)fL,ij`1

(p)fL,mn`2
(p), (2.13)

where PL is the linear matter power spectrum and

fL,ij` (p) =

∫
dχ
gi(χ)gj(χ)

χ2
D(z)Pm(k`, z)

(
R1(k`, z) +

RK(k`, z)

6
+

1

2
RK(k`, z)∂

2
x

)
jL(x),

(2.14)

where D(z) is the linear growth factor (we assumed z ≡ z(χ) to ease the notation; also
the subscript L in PL should not be confused with the mask angular wavenumber L) and
x = pχ. In Eq. (2.12), the bLM are the spherical harmonic coefficients of the survey mask
(defined on the curved sky; we use Healpix4 to evaluate mask power spectra). The functions
R1(k`, z) and RK(k`, z) denote, respectively, the first-order power spectrum responses to
long-wavelength isotropic density and tidal field perturbations. The isotropic response has
been measured with separate universe simulations in Ref. [28] (and subsequently also in
Refs. [26, 30]); the tidal response has been measured only more recently in Ref. [31] using a
generalization of the separate universe technique to anisotropic cosmologies (see also Ref. [70]
for measurements of the tidal response for galaxy mocks using sub-volumes of a larger volume
simulation).

3 Results

In this section, we present our main results on the relative importance of the G, cNG and
SSC terms at the level of parameter constraints. Our main results correspond to the sur-
vey/analysis specifications labeled as s01 in Table 1 for Ntomo = 10 tomographic bins; these
results are discussed below in subsection 3.1. We also verify the robustness of our conclusions
against variations to these specifications; these are the s02 − s13 cases in Table 1 and the
results are discussed in subsection 3.2.

3This term encompasses the so-called beat coupling [18, 63–65] and halo sample variance [37, 66–68] con-
tributions discussed in previous literature.

4http://healpix.sf.net
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Table 1. Summary of the survey specifications considered in this paper. The case labeled as s01
corresponds to the expected specifications for a Euclid-like survey; the case s02 represents a LSST-like
survey with Ntomo = 5. The cases s03− s13 correspond to variations around the s01 setup (s03− s12
all have Ntomo = 5, s13 has Ntomo = 3). A star indicates that the value is the same as in the main
setup s01. The units of n̄eff are arcmin−2.

Setup fsky Mask Ntomo N` `min `max cNG n̄eff

s01 (Euclid-like) 0.36 Polar cap 10 20 20 5000 Responses 30

s02 (LSST-like) 0.44 ∗ 5 ∗ ∗ ∗ ∗ 26

s03 ∗ ∗ 5 ∗ ∗ ∗ ∗ ∗
s04 ∗ Equatorial band 5 ∗ ∗ ∗ ∗ ∗
s05 ∗ Two polar caps 5 ∗ ∗ ∗ ∗ ∗
s06 0.05 ∗ 5 ∗ ∗ ∗ ∗ ∗
s07 0.50 ∗ 5 ∗ ∗ ∗ ∗ ∗
s08 ∗ ∗ 5 ∗ ∗ ∗ Halo Model ∗
s09 ∗ ∗ 5 10 ∗ ∗ ∗ ∗
s10 ∗ ∗ 5 30 ∗ ∗ ∗ ∗
s11 ∗ ∗ 5 ∗ 500 10000 ∗ ∗
s12 ∗ ∗ 5 ∗ 500 10000 Halo Model ∗

s13 ∗ ∗ 3 ∗ ∗ ∗ ∗ ∗

We explore a 5 dimensional cosmological parameter space consisting of the present-day
total matter density Ωm, the RMS of the linearly extrapolated matter fluctuations σ8 at z = 0
smoothed on scales of 8 Mpc/h, a two-parameter parametrization of the time evolution of
the equation of state of dark energy w(a) = w0 + wa(1 − a) (with a = 1/(1 + z) the scale
factor), and the present-day dimensionless Hubble expansion rate h (H0 = 100h km/s/Mpc).
Our adopted fiducial values for these parameters are{

Ωm, σ8, w0, wa, h
}

=
{

0.3, 0.8315,−1, 0, 0.7
}
. (3.1)

All results are obtained with the CosmoLike package [62] and we assume a multivariate
Gaussian shape of the likelihood function (cf. Eq. (1.1)) with flat priors on the parameters.

3.1 The unimportance of the cNG term for future wide-field surveys

Figure 1 shows the covariance matrix for our main Ntomo = 10 setup (s01 in Table 1). The
upper left panel shows the total covariance matrix, while the upper right panel shows the
ratio of the cNG term to the total G+SSC+cNG matrix, as labeled. The lower panel shows
the distribution of the matrix elements shown in the upper right panel. Averaging over all
the 11002 elements of the covariance matrix, the cNG contribution amounts to ≈ 20% of the
total covariance matrix; the cNG term only contributes with ≈ 50% of the total in a very
small number of elements. The relevant way to assess the importance of the cNG term is
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Figure 1. Covariance matrix of the tomographic lensing convergence data vector of our main Euclid-
like setup (s01 in Table 1). This corresponds to Ntomo = 10 and N` = 20, and hence, the covariance
is a 1100× 1100 matrix. Each 20× 20 sub-block contains the covariance of ` bins for a pair of shear
tomography bins, Covijmn(`1, `2). The tomography bin indices (ij) increase from left to right/bottom
to top, with the ordering (00), . . . , (09), (11), . . . , (19), (22), . . . , (99). The upper left panel shows the
total G+cNG+SSC covariance; the upper right panel shows the ratio of the cNG term to the total
one. The lower panel shows the distribution of the element-by-element ratio of the cNG term to the
total G+SSC+cNG contribution.

however not at the level of the matrix elements, but instead at the level of final parameter
constraints, which we turn to next.

Figure 2 shows the constraints obtained on each cosmological parameter when all the
others are held fixed at their fiducial values. The result is shown for four covariance subsets:
G, G+cNG, G+SSC and G+SSC+cNG, as labeled. The lower right panel summarizes the
impact of the different covariance subsets on the unmarginalized 1σ confidence intervals for
the five parameters. As expected, of the four subsets shown, the one that contains only
the G term is that which yields the tightest constraints on parameters. Further, adding
the cNG term to the G term results in an appreciable increase in the size of the error bars
(≈ 35%). Taking this observation at face value, one might conclude that the cNG must
indeed be evaluated with high accuracy given its importance in setting the size of the error
on parameter constraints. This would however be a premature conclusion since it ignores the
contribution of the considerably more important SSC term. Indeed we see that adding the
cNG term to the G+SSC subset only increases the size of the error bars by . 5%.

Figure 3 shows the marginalized two-dimensional 2σ confidence contours on cosmological
parameters when all parameters are varied in the constraints. The take-away message from
Fig. 3 is the same as that from Fig. 2: the SSC dominates the degradation of the constraints
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Figure 2. Constraints on cosmological parameters obtained with the main Euclid-like setup (s01
in Table 1), for varying covariance matrix subsets, as labeled. The unmarginalized posteriors shown
here for each parameter correspond to constraints obtained with all other parameters held fixed at
their fiducial values. The lower right panel shows the ratio of unmarginalized 1σ confidence intervals
obtained with the different covariance subsets to that of the total covariance matrix G+SSC+cNG (the
grey band marks 10%). The data vector used here corresponds to a noise-free realization matching
the prediction of our fiducial cosmology.

relative to the G component, or in other words, the addition of the cNG to the G+SSC
covariance matrix results in negligible changes in parameter contours. The impact of the
cNG term on these marginalized two-dimensional constraints (as well as the corresponding
one-dimensional ones; not shown) is even smaller than that shown in Fig. 2. We can thus
regard the result depicted in Fig. 2 as an upper bound on the impact that the cNG term
will actually have in real analyses when several parameters (including nuisance systematic
parameters that we do not consider here) are simultaneously varied.

The results of Figs. 2 and 3 correspond to simulated analyses using a noise-free real-
ization of the data vector, i.e., the data vector matches exactly the theoretical prediction
(cf. Eq. (2.5)) at our fiducial cosmology. As another check of the importance of the cNG
term we analyze noisy realizations of the data vector. Specifically, we draw 1000 data vectors
from a multivariate Gaussian distribution with the G+SSC+cNG covariance matrix and with
mean given by the fiducial theoretical prediction. We analyze these noisy data vectors and
obtain simulated constraints on w0 (with the other parameters fixed) using varying covari-
ance subsets in the likelihood analysis. This analysis is intended to mimic a real-life analysis
in which we observe a data vector that is a realization of a “true” covariance matrix (here the
total G+SSC+cNG covariance), but choose to perform likelihood analyses with a “wrong”
covariance matrix. The result is summarized in the histograms of Fig. 4, which reveal no
clear indication that the use of the wrong covariance matrix introduces a bias in the resulting
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Figure 3. Marginalized two-dimensional 2σ confidence intervals on cosmological parameters ob-
tained with the main Euclid-like setup (s01 in Table 1), for varying covariance matrix sub-
sets, as labeled. These results were obtained with Multinest [71] sampling with all five
parameters varying and the resulting chains were processed with the ChainConsumer package
(https://samreay.github.io/ChainConsumer/index.html). The data vector used here corresponds to
a noise-free realization matching the prediction of our fiducial cosmology.

goodness-of-fit (χ2 evaluated at the best-fit cosmology; left panel, dof = 1099) or best-fitting
parameter value (right panel).

It is interesting to note that the same conclusion regarding the goodness of fit holds
also for the G and G+cNG covariance matrices, despite Fig. 2 showing that these covariance
subsets underestimate the statistical error on w0 by ≈ 50% and ≈ 30%, respectively. This
reflects the fact that changes in the structure of the covariance matrix, while having a large
impact on parameter errors, do not necessarily have a strong impact on the location of the
maximum of the posterior and on the overall goodness-of-fit.

In summary, the results discussed in this subsection tell us that owing to the dominance
of the G and SSC terms, the cNG term contributes only a marginal amount to the parameter
error bars in lensing tomography constraints, and neglecting it yields no visible changes to the
resulting best-fitting values and goodness-of-fit. These results are in line with the findings of
Ref. [18] who used a Fisher matrix analysis to study the impact on parameter constraints of
the cNG term and of an approximation to the SSC term (called “non-linear beat coupling”);
see also Refs. [25, 58], who presented further hints on the unimportance of the cNG term.
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Figure 4. Distribution of the best-fitting χ2 (left; dof = 1100 − 1 = 1099) and best-fitting w0

(right) values from the analysis of 1000 data vectors drawn from a multivariate Gaussian with the

total G+SSC+cNG covariance. These χ2 values are evaluated as χ2 = (M−D) Cov−1 (M−D)
−1

,
where D is the data vector of our main Euclid-like setup (s01 in Table 1) and M and Cov are the
corresponding model prediction and covariance matrix, respectively. Here, w0 is the only varied
parameter with the others held fixed at their fiducial values. The result is shown for constraints
obtained with the G, G+cNG, G+SSC and G+SSC+cNG covariance subsets, as labeled. This test
reveals the effect of a likelihood analysis that uses a different covariance than the one the data is drawn
from. The vertical dashed lines indicate the mean values of the distributions (same color code).

3.2 The unimportance of the cNG term for varying survey parameters

In this subsection, we discuss how the conclusion drawn in the last subsection for our main
Euclid-like setup holds for other survey/analysis specifications. Our findings are summarized
in Fig. 5, which shows the ratios of the 1σ limits obtained for the G+cNG, G and G+SSC
covariance subsets to that obtained using the total G+SSC+cNG covariance. With these
variations we can test the impact of:

1. Euclid vs. LSST. The case s02 corresponds to a case with Ntomo = 5, but with the
expected source galaxy distribution of the LSST survey, as well as its fsky value.

2. Number of tomographic bins. We tested three cases with Ntomo = 10, 5, 3, which are
labeled as s01, s03 and s13, respectively.

3. Mask shape. For Ntomo = 5, we ran constraints for three mask shapes: spherical polar
cap, equatorial band and two spherical polar caps. These are cases s03, s04 and s05,
respectively.

4. Sky fraction, fsky. For Ntomo = 5, the cases s03, s06 and s07 show constraints for
fsky = 0.36, 0.05, 0.50, respectively.

5. Type of cNG calculation. Comparing the results from the cases s03 and s08 shows the
differences between the response and the halo model calculation of the cNG term.

6. Number of ` bins. For Ntomo = 5, the cases s03, s09 and s10 show the differences
between N` = 20, 10, 30, respectively.
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Figure 5. Ratio of the 1σ limits obtained with the G+cNG, G and G+SSC covariance subsets to that
obtained with the total G+SSC+cNG covariance, for all the survey/analysis specifications listed in
Table 1, as labeled (the grey band marks 10%). We show ratios of unmarginalized parameter errors,
with all other parameters held fixed at their fiducial values. The data vector used here corresponds
to a noise-free realization matching the prediction at the fiducial cosmology. The various points are
hard to distinguish, but the main point is that the G+SSC ones (right most points in each panel) all
lie comfortably inside the 10% band.

7. Range of scales. We also restricted the analysis to smaller angular scales to reduce the
importance of the G contribution. In particular, compared to case s03, the minimum
multipole considered in s11 changes from `min = 20 to 500 and the maximum multipole
from `max = 5000 to 10000. The case s12 further switches from the cNG response
calculation to that of the halo model.

Naturally, these different setups can have a marked impact on the size of the error
bars themselves, but here we are interested in the relative differences for varying covariance
subsets. The result depicted in Fig. 5 shows that, for all parameters and for all of the
setups tested, the cNG covariance always contributes a marginal amount to the total error
on parameters: ignoring the cNG contribution still yields error bars that are within 8% of
those obtained with the total covariance matrix. This shows that the unimportance of the
cNG term for our main Euclid-like setup discussed in the previous section holds also for a
number of variations around it.

As an additional test, we have repeated the analysis of the setup s03, but using the real
space correlation function as data vector (and associated covariance matrix) . In this case,
we have further used 30 angular bins with θmax = π/`min, and θmin = π/`max for ξ+ and
θmin = 10π/`max for ξ−. For all five cosmological parameters, we have found that neglecting
the cNG contribution decreases the error bars by less than 5%. This is in accordance with
the power spectrum results, as expected.
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4 Summary and Discussion

We have examined the relative impact on parameter constraints of the three physical contri-
butions to the covariance matrix of weak lensing two-point statistics: Gaussian (G), super-
sample covariance (SSC) and connected non-Gaussian (cNG) terms (cf. Sec. 2.2). More
specifically, we focused on Euclid-like (s01 case in Table 1) and LSST-like (s02) survey speci-
fications, as well as variations around them, and have carried out forecast exercises for tomo-
graphic lensing convergence data vectors to analyze how various covariance subsets affect the
resulting size of the parameter error bars. We have explored constraints on five cosmological
parameters, {Ωm, σ8, w0, wa, h}, which we have separately and jointly constrained.

Our main results can be summarized as follows:

• At the level of one-dimensional parameter constraints in our main Euclid-like setup, the
error bars obtained with a G+SSC+cNG covariance matrix are only . 5% larger than
those obtained with a G+SSC covariance matrix (cf. Fig. 2). This demonstrates the rel-
ative unimportance of the cNG term in determining parameter error bars, which is also
manifest when all cosmological parameters are constrained simultaneously (cf. Fig. 3).

• Dropping the cNG term from the constraints of several realizations of the data vector
drawn from a multivariate Gaussian with the total G+SSC+cNG covariance did not
reveal any bias at the level of the overall goodness-of-fit nor best-fitting parameter
values (cf. Fig. 4).

• The unimportance of the cNG term prevailed in our results even after exploring a
number of variations in the analysis specifications including source redshift distribution,
number of tomographic bins, mask shape, fsky, range of scales, number of multipole
bins, configuration vs. Fourier space, as well as different analytical recipes to the cNG
term (response approach vs. halo model). In all cases, removing the cNG contribution
from the covariance resulted in a change in parameter errors of at most 8%.

• In our forecasts, we did not consider the impact of systematic errors, which would
increase the total error budget and hence further suppress the importance of the cNG
term. Our conclusions on the unimportance of the cNG term can thus be regarded as
conservative upper bounds.

The observation that the cNG contribution is much less important than that of the G
and SSC terms does not justify neglecting its contribution entirely, especially if it can be
straightforwardly calculated using the response approach. However, the relative unimpor-
tance of the cNG term does relax the accuracy and precision requirements on its evaluation.
As discussed in Sec. 2.2.2, a main concern about non-ensemble approaches to the cNG term
is that they can at most provide approximations to the true cNG contribution. The key
question to address, however, is: do these inadequacies matter at the level of parameter con-
straints? The results presented in this paper suggest that the answer is no: the difference
between using the response approach result or the “true” cNG contribution in constraints
with the total G+SSC+cNG covariance matrix is likely to result in nearly indistinguishable
parameter errors.

Another common worry about analytical approaches to the cNG term concerns the
difficulties in incorporating more detailed survey specifications such as non-contiguous masks
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(i.e., masks with holes) or varying survey depth (i.e. nS(z) becomes also a function of θ).
Indeed, the inclusion of these effects is not as straightforward as the calculation presented
here, but it is possible to conceive ways to take them into account. We note, however, that
the inclusion of these effects would represent corrections to a term that is responsible for an
already small (. 5%) contribution to parameter errors; these corrections would thus likely be
negligible. Investigating the size of these effects in the G and SSC terms remains an interesting
important task to carry out, but these terms are not as numerically demanding as the cNG
term. For instance, ensembles of Gaussian realizations can be generated inexpensively to
estimate the G term in such nontrivial survey specifications.5 It is also possible to conceive
of ways to generalize the SSC formulae of Sec. 2.2.3 to include these effects.

Another interesting issue in parameter inference using weak lensing data that has re-
cently become of interest concerns the shape of the likelihood function. In this paper, we
have assumed it to be a multivariate Gaussian, but the degree to which this is a valid approx-
imation should of course be put to test [72, 73]. Recently, Ref. [74] have taken a few steps in
this direction and found that the Gaussian likelihood approximation can indeed break down,
especially on large scales due to the small number of degrees of freedom involved in the
two-point function (which invalidates the Gaussian approximation). The full, correct shape
of the likelihood should nonetheless still be described by a generalized covariance matrix, for
which our conclusions on the size of the cNG term should equally apply.

In this paper, we devoted our attention to the two-point function of weak lensing observ-
ables, but two-point statistics of galaxy distributions (either spectroscopic or photometric),
and corresponding cross-correlations with lensing, are further important data vectors that
future wide field imaging surveys will measure. In these cases, the covariance matrix can
likewise be decomposed into the G, SSC and cNG terms, and hence, it is desirable to also
learn about their relative importance in order to pinpoint which contributions are worthy of
more or less attention in galaxy covariance estimation (similar lines of reasoning apply to
the case of higher-order N -point functions as well). A few interesting steps in this direction
were taken recently by Refs. [75, 76] who, taking the redshift-space dark matter halo power
spectrum and correlation function as data vectors (see also Ref. [77] for the halo bispectrum),
compared the parameter constraints obtained using G+cNG subsets evaluated with various
methods, including one that considers only the G term.
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