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We develop a general matrix method to analyze from a far field the dynamics of an accelerated

interface between incompressible ideal fluids of different densities with interfacial mass flux and

with negligible density variations and stratification. We rigorously solve the linearized boundary

value problem for the dynamics conserving mass, momentum, and energy in the bulk and at the

interface. We find a new hydrodynamic instability that develops only when the acceleration

magnitude exceeds a threshold. This critical threshold value depends on the magnitudes of the

steady velocities of the fluids, the ratio of their densities, and the wavelength of the initial

perturbation. The flow has potential velocity fields in the fluid bulk and is shear-free at the interface.

The interface stability is set by the interplay of inertia and gravity. For weak acceleration, inertial

effects dominate, and the flow fields experience stable oscillations. For strong acceleration, gravity

effects dominate, and the dynamics is unstable. For strong accelerations, this new hydrodynamic

instability grows faster than accelerated Landau-Darrieus and Rayleigh-Taylor instabilities. For

given values of the fluids’ densities and their steady bulk velocities, and for a given magnitude of

acceleration, we find the critical and maximum values of the initial perturbation wavelength at

which this new instability can be stabilized and at which its growth is the fastest. The quantitative,

qualitative, and formal properties of the accelerated conservative dynamics depart from those of

accelerated Landau-Darrieus and Rayleigh-Taylor dynamics. New diagnostic benchmarks are identi-

fied for experiments and simulations of unstable interfaces. Published by AIP Publishing.
https://doi.org/10.1063/1.5008648

I. INTRODUCTION

Hydrodynamic instabilities and interfacial mixing con-

trol a broad range of processes in nature and technology in

plasmas, fluids, and materials. These processes occur at

astrophysical and atomic scales, in high and low energy den-

sity regimes.1–3 Examples include supernovae explosions,

planetary convection, inertial confinement fusion, light-

material interaction, material transformation, and super-

critical fluids.4–10 In realistic environments, the material

transport is often characterized by sharp and rapid changes

in the flow fields and by relatively small effects of dissipa-

tion and diffusion. At macroscopic (i.e., continuous) scales,

these conditions lead to the formation of discontinuities

(referred to as fronts or interfaces) between the flow non-

uniformities (phases).11–13 Here, we consider from a far field

the evolution of a hydrodynamic discontinuity separating flu-

ids of different densities. The fluids are incompressible and

ideal. There is a mass flow across the discontinuity.3 We

study the dynamics conserving mass, momentum, and energy

in the fluids’ bulk and at the interface. We find that the accel-

erated conservative dynamics has potential velocity fields in

the fluid bulk and is shear-free at the interface and that it is

unstable only when the acceleration value exceeds a thresh-

old. This hydrodynamic instability has the new quantitative,

qualitative, and formal properties that unambiguously differ-

entiate it from those of other fluid instabilities.

For a far field observer, two types of hydrodynamic dis-

continuities are ordinarily considered—a front (with zero

mass transport across it) and an interface (with non-zero mass

transport).3 Their dynamics is analyzed at length and time

scales which are substantially greater than the characteristic

scales induced by stabilizing effects (i.e., dissipation and dif-

fusion) and is obtained as a solution of a boundary value prob-

lem at a freely evolving discontinuity.1–4 This approach is

applicable in a broad parameter regime, and serves to identify

reliable diagnostic benchmarks for experiments.

In the presence of acceleration, the front separating flu-

ids of different densities may be subject to the Rayleigh-

Taylor instability (RTI).1,4,11–13 A rigorous group theory

approach has been developed to solve the boundary value

problem and to describe Rayleigh-Taylor (RT) flows which

account for their non-local, anisotropic, and heterogeneous

dynamics.4,11,31 This approach captures the fundamental

properties of the RTI and RT mixing (such as the multi-scale

RT dynamics, and the order in RT mixing) and explains

experimental observations.4,11,31

Here, we study the effect of acceleration on dynamics of

interfaces. An interface is broadly defined as a phase
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boundary at which the fluid’s thermodynamic properties

change, and/or at which one fluid is transformed into the

other.1–4 The evolution of an accelerated interface with the

interfacial mass flux is a long-standing problem with a broad

range of applications.1 It is studied in plasmas (stability of

ablation fronts in inertial confinement fusion), astrophysics

(thermonuclear flashes on surface of compact stars), materials

science (material melting and evaporation), and industry

(scramjets).1,4–19 A classical theoretical framework for the

problem has been developed by Landau.20 By balancing at the

interface the fluxes of mass and momentum and by imple-

menting a special condition for the perturbed mass flux,

Landau has found that the interface is unconditionally unsta-

ble. This is known as the Landau-Darrieus instability (LDI).20

To connect the classical framework20 to realistic environ-

ments, several theoretical approaches have been developed. In

high energy density plasmas (HEDP), significant departures

have been detected between ablative Rayleigh-Taylor (RT)

and Landau-Darrieus (LD) instabilities in gravity field, as well

as between ablative Richtmyer-Meshkov (RM) and LD insta-

bilities.14–16,25–28 In reactive and super-critical fluids, the

interfacial dynamics has been found to be stabilized by dissi-

pation, diffusion, and finite thickness of the interface.10,17,21–23

Significant progress has been achieved toward understanding

the nonlinear stages of the LDI and modeling turbulent com-

bustion.17 For the conservative dynamics in strongly com-

pressible fluids, the theoretical framework has been elaborated

to study the stability of shocks.32,33 For incompressible fluids,

it has been recently found that the interface stability is highly

sensitive to energy fluctuations produced by the perturbed

interface.24,34

These theories and models successfully expanded the classi-

cal framework20,23 and explained experiments.15–17,21–23,25–28,31

Some fundamental challenges still remain. For instance: (i)

The general theoretical framework20 describes the evolu-

tion of a phase boundary and is relevant to a range of phe-

nomena far beyond the processes with gradually changing

flow fields. We are yet to understand whether the interface

is stable when the flow quantities experience sharp changes

and when the effects of dissipation and diffusion are

negligible. (ii) One usually observes the flow evolution

from a far field and at time scales and length scales

that are substantially greater than the characteristic scales

induced by, e.g., diffusion, dissipation, finite thickness,

and energy fluctuations. We need to better comprehend

what the qualitative influence is of the interfacial transport

at microscopic scales on flow fields at macroscopic

scales in the bulk. (iii) There are still unresolved funda-

mental aspects in the theory of hydrodynamic discontinu-

ities. In particular, we further need to quantify what

the flow sensitivity is to the boundary conditions at the

interface.

This knowledge is necessary to identify the mechanisms

of stabilization of an accelerated phase boundary, to apply it

in inertial confinement fusion (ICF) and supernova model-

ing, and to further improve the diagnostics of unstable inter-

facial dynamics in plasmas, fluids, and materials.1–34

In this work, we analyze from a far field the dynamics of

an accelerated interface between incompressible ideal fluids

of different densities with interfacial mass flux and negligi-

ble density variations and stratification. A two-dimensional

periodic spatially extended flow is considered. We develop

and apply a general matrix method to rigorously solve

the linearized boundary value problem. We find a new

hydrodynamic instability that develops only when the accel-

eration magnitude g exceeds a critical threshold value

gcr ¼ kV2
hðqh=qlÞðqh � qlÞ=ðqh þ qlÞ. The acceleration g is

directed from the heavy to the light fluid, g ¼ jgj; the sub-

script hðlÞ marks the heavy (light) fluid; the fluid densities

are qhðlÞ; the magnitudes of the steady velocities of the fluids

are VhðlÞ with qhVh ¼ qlVl; the wavevector is k ¼ 2p=k; and

the wavelength of the initial perturbation of the interface is

k. The dynamics conserves mass, momentum, and energy in

the fluid bulk and at the interface. The flow has potential

velocity fields in the fluid bulk and is shear-free at the inter-

face. The interface stability is set by the interplay of inertia

and gravity. For weak acceleration, g < gcr, the inertial

effects dominate, and the flow fields experience stable oscil-

lations. For strong acceleration, g > gcr , the gravity effects

dominate, and the dynamics is unstable. For strong accelera-

tions, this new hydrodynamic instability grows faster than

accelerated LDI and RTI. For given values of the fluids’ den-

sities and steady velocities, and for a given magnitudes of

gravity, we find the critical and maximum values of the ini-

tial perturbation wavelength at which this new instability can

be stabilized and at which its growth is the fastest. We find

that the quantitative, qualitative, and formal properties of

the accelerated conservative dynamics depart from those of the

accelerated Landau-Darrieus and the Rayleigh-Taylor dynam-

ics. Based on the obtained theoretical results, we identify new

diagnostic benchmarks for experiments and simulations study-

ing unstable interfaces, Tables I–III, Figs. 1–12.3,4,6–34,36

II. METHODS—GOVERNING EQUATIONS, LINEARIZED
DYNAMICS, AND FUNDAMENTAL SOLUTIONS

A. Governing equations

The dynamics of ideal fluids is governed by the conser-

vation of mass, momentum, and energy as

@q=@tþ @qvi=@xi ¼ 0;

@qvi=@tþ
X3

j¼1

@qvivj=@xi þ @P=@xi ¼ 0;

@E=@tþ @ Eþ Pð Þvi=@xi ¼ 0;

(1)

where xi are the spatial coordinates with ðx1; x2; x3Þ
¼ ðx; y; zÞ, t is time, ðq; v;P;EÞ are the fields of density q,

velocity v, pressure P and energy E ¼ qðeþ v2=2Þ, and e is

specific internal energy in its physics definition.3 That is, the

specific internal energy refers to energy per unit mass that is

contained within a system, excluding the kinetic energy of

motion of the system as a whole and the potential energy of

the system as a whole due to the external force fields.3,24 The

inertial frame of reference refers to the frame of reference

moving with a constant velocity ~V0 ¼ ð0; 0; ~V0Þ.3,34

We introduce a continuous local scalar function

hðx; y; z; tÞ, whose derivatives _h and rh exist (the dot marks
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a partial time-derivative), such that h ¼ 0 at the interface,

and the heavy (light) fluid is located in the region h > 0

(h < 0); its fields are ðq; v;P;EÞ ! ðq; v;P;EÞhðlÞ and are

marked with subscript hðlÞ hereafter.4,11,24,31 By using the

Heaviside step-function HðhÞ, we represent in the fluid fields

in the entire domain as ðq; v;P;EÞ ¼ ðq; v;P;EÞhHðhÞ
þðq; v;P;EÞlHð�hÞ.24,31 At the interface, the balance of

fluxes of mass and normal and tangential components of

momentum and energy obey the boundary conditions3,4,24,34

~j � n
� �

¼ 0; Pþ ~j � n
� �2

=q
� �

n

h i
¼ 0;

~j � n
� �

~j � s
� �

=q
� �

s
� �

¼ 0; ~j � n
� �

W þ ~j
2
=2q2

� �h i
¼ 0;

(2a)

where ½…� ¼ 0 denotes the jump of functions across the

interface; n and s are the unit vectors normal and tangential

at the interface with n ¼ rh=jrhj and ðn � sÞ ¼ 0; ~j
¼ qðn _h=jrhj þ vÞ is the mass flux across the moving inter-

face; W ¼ eþ P=q is the specific enthalpy in its physics

definition; particularly, the value W includes the enthalpy of

formation.3,24

Here, we provide (the first, to our knowledge) system-

atic discussion of the boundary conditions Eq. (2a), includ-

ing their direct derivation from the governing equations Eq.

(1) and their important particular case of the zero mass flux

at the interface, for revealing the full consistency of our

approach with the classic results.3

In particular, we provide some details on how the

boundary conditions Eq. (2a) are derived from the governing

equations Eq. (1). We consider only the first of these condi-

tions here; other conditions can be derived likewise.3,4,24,31,34

In particular, in the entire domain the fluid density is

q ¼ qhHðhÞ þ qlHð�hÞ,4,24,34 leading to

@q=@t ¼ @qh=@tð ÞH hð Þ þ @ql=@tð ÞH �hð Þ

þ d hð Þ qh � qlð Þ @h=@tð Þ; (2b)

where it is accounted for that @HðhÞ=@h ¼ dðhÞ and

dðhÞ ¼ dð�hÞ, with dðhÞ being the Dirac delta-function. By

calculating other terms, substituting these expressions in the

mass conservation equation in Eq. (1), and using

@h=@xi ¼ rh ¼ njrhj, we find

@q=@tþ @qvi=@xi ¼ @q=@tþ @qvi=@xið ÞhH hð Þ
þ @q=@tþ @qvi=@xið ÞlH �hð Þ

þ d hð Þjrhj ~j � n
� �

¼ 0 (2c)

and reduce further to the conditions in the bulk of the heavy

(light) fluid and at the interface

TABLE I. The growth-rates of the new conservative instability xCSG, the Landau-Darrieus instability xLDG, and the Rayleigh-Taylor xRT instability in a grav-

ity field G, G 2 ð0;þ1Þ, for incompressible ideal fluids with the density ratio R, R 2 ð1þ;þ1Þ. The values are xCSG ¼ i
ffiffiffi
R
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� G=Gcr

p
,

xLDG ¼ ð�Rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR3 þ R2 � RÞ þ GðR2 � 1Þ

p
Þ=ð1þ RÞ, xRT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðR� 1Þ=ð1þ RÞ

p
with Gcr ¼ RðR� 1Þ=ðRþ 1Þ, G� ¼ ðR2 � 1Þ=4 .

G! 0 0 < G < Gcr Gcr < G < G� G > G� G!1

Re½xCSG� 0 0 >0, xCSG < xLDG >0, xCSG > xLDG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðG=Gcr � 1Þ

p
Re½xRT � 0 >0 >0, xCSG < xRT >0, xCSG > xRT xRT

Re½xLDG� >0 >0 >0, xRT < xLDG >0, xRT > xLDG xRT

TABLE II. Properties of the accelerated conservative dynamics (CDG), accelerated Landau-Darrieus (LDG) dynamics, and Rayleigh-Taylor (RT) dynamics in

the linear regime.

CDG LDG RT

Conservation

properties

Conserves mass, momentum and energy at

the interface

Conserves mass and momentum and has

zero perturbed mass flux at the interface

Conserves mass and momentum and has

zero mass flux at the interface

Interface velocity of

the as a whole

Time-dependent Constant Zero

Flow field Potential velocity fields Vortical structures in the light fluid Potential velocity fields

Interfacial shear Shear-free Shear-free Interfacial shear

Formal properties Non-degenerate; 4 fundamental solutions

and 4 degrees of freedom

Degenerate; 3 fundamental solutions and 4

degrees of freedom

Degenerate; 2 fundamental solutions a

nd 3 degrees of freedom

Stability Stability is set by the interplay of effects

of inertia (reactive force) and gravity.

Stable for small gravity values below

threshold; unstable for large gravity value

above threshold; largest growth-rate for

large gravity values

Unstable for any gravity value, including

zero gravity value; largest growth-rate for

small gravity values; smallest growth-rate

for large gravity values

Unstable for any gravity value, neutrally

stable for zero gravity

TABLE III. For the accelerated conservative dynamics with fixed values of

Vh; g; r;qh;ql, the values of the critical wavevector kcr , at which the inter-

face is stabilized, and the maximum wavevector kmax at which the unstable

interface has the fastest growth. The ratio is ðkcr=kmaxÞ ¼ 2.

Critical wavevector
kcr ¼

g

V2
h

	 
 ql

qh

	 

qh þ ql

qh � ql

	 


Maximum wavevector
kmax ¼

1

2

g

V2
h

	 
 ql

qh

	 

qh þ ql

qh � ql
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@q=@tþ@qvi=@xið Þh ¼ 0; @q=@tþ @qvi=@xið Þl ¼ 0;

~j �n
� �

¼ 0:
(2d)

The boundary conditions Eq. (2a) are derived from the

governing equations Eq. (1) assuming that the mass flux is

conserved at the interface, ½~j � n� ¼ ½~jn� ¼ 0, with ~j ¼ qðn _h=
jrhj þ vÞ and ~jn ¼ ~j � n. There is the important particular

case, when the mass flux is conserved at the interface and when

it is zero at the interface, ~jnjh¼06 ¼ 0. As is seen from Eq. (2a),

this special condition leads to the continuity of the normal com-

ponent of velocity at the interface ½v � n� ¼ 0 and transforms

the condition for the conservation of the normal component of

momentum at the interface to the continuity of pressure at the

interface, ½P� ¼ 0. Moreover, for the zero mass flux at the inter-

face, ~jnjh¼06 ¼ 0, the condition of continuity of the tangential

component of momentum at the interface holds true for any

jump of the tangential velocity at the interface ½v � s� ¼ any,

whereas the condition of continuity of the energy flux at the

interface holds true for any jump of the enthalpy at the interface

½W� ¼ any. Therefore, in full consistency with the classic

results,3 in the case of zero mass flux at the interface,
~jnjh¼06 ¼ 0, the boundary conditions Eq. (2a) are transformed

to

~j �n
� �

¼0; v �n½ �¼0; Pn½ �¼0; v �s½ �¼any; W½ �¼any:

(2e)

The boundary conditions Eq. (2e) are applied to describe the

dynamics a so-called contact discontinuity.

Our results Eqs. (2a) and (2e) are fully consistent with

the classic results3 finding that there are two types of hydro-

dynamic discontinuities: (1) with the continuous mass flux,

the continuous tangential velocity component and the dis-

continuous normal velocity component at the interface and

(2) with the zero mass flux, the continuous normal velocity

component and the discontinuous tangential velocity compo-

nent at the interface. The classic results3 are derived in a

frame of reference that moves with the velocity of the inter-

face (see, e.g., Ref. 3 #84); they are valid only at times when

the interface velocity is constant. We derive the boundary

conditions Eqs. (2a) and (2e) in an inertial frame of refer-

ence; they are valid at any time and for any interface velocity

(and, given their covariant form, for any geometry).

In this work, we apply the conditions Eq. (2a) to study

the general case of the dynamics of the interface with the

interfacial mass flux in Secs. III A and III B, and the condi-

tions Eq. (2e) to study the dynamics of the interface with

zero interfacial mass flux in Sec. III C. Section III D com-

pares the results.

We consider a spatially extended two-dimensional flow

that propagates in the z direction, is periodic in the x direc-

tion, xþ k! x, and has no motion in the y direction, Fig. 1.

For the dynamics of the interface with the interfacial mass

flux, in the inertial frame of reference, the boundary condi-

tions at the outside boundaries of the domain are

vhjz!�1 ¼ Vh ¼ 0; 0;Vhð Þ; vljz!þ1 ¼ Vl ¼ 0; 0;Vlð Þ;
(3)

with constant VhðlÞ, Fig. 1. The initial conditions are the initial

flow fields at the interface and in the bulk. They set the charac-

teristic length-scale and time-scale of the dynamics.3,20,23,24,34

Note that Eqs. (1)–(3) are derived in an inertial frame of

reference that moves with a constant velocity ~V0. For the pla-

nar and steady interface, the velocity of this inertial frame of

reference can be the interface velocity ~V, as ~V0 ¼ ~V. In gen-

eral case of a non-steady non-planar interface, the interface

velocity ~V and the velocity of the inertial frame of reference
~V0 are distinct values, ~V 6¼ ~V0, and the interface velocity ~V
obeys the relation ~Vn ¼ �vnjh!0þ ¼ �ð~j=qÞnjh!0þ .3,4,17,24,34

FIG. 2. Dependence of eigenvalues xi, i ¼ 1; 2; 3; 4, on the density ratio R
at gravity value G ¼ G�, G� ¼ ðR2 � 1Þ=4, with G� > Gcr , Gcr ¼ RðR
�1Þ=ðRþ 1Þ, for the conservative dynamics.

FIG. 1. Schematics of the flow dynamics in a far field approximation (not to

scale). Blue color marks the planar (dashed line) interface and the perturbed

(solid line) interface.
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There is also an important particular case, for which the veloc-

ity ~V0 is the same as the velocity of the steady planar interface,

and for which the heavy fluid is at rest in the laboratory frame

of reference. These assumptions lead to ~V0 ¼ �Vh with
~V0 ¼ ð0; 0;�VhÞ.3,4,17,24,34 In our general framework, the

velocity ~V0 is understood as the velocity of the inertial frame

of reference in the governing equations.24,34 This velocity can

also be equal to the velocity of the unperturbed planar steady

interface. Hereafter, for simplicity, we set the velocity of the

inertial frame of reference equal to the velocity of the planar

steady interface.

B. Linearized dynamics

We define h¼�zþ z�ðx; tÞ, with rh¼ ð@z�=@x; 0;�1Þ,
jrhj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð@z�=@xÞ2

q
, _h ¼ @z�=@t. We slightly perturb the

flow fields as ~j ¼ Jþ j, P ¼ P0 þ p, W ¼ W0 þ w, with

jjj � jJj, jpj � jP0j, jwj � jW0j, and v ¼ Vþ u with

juj � jVj. We slightly perturb the interface as j _h=jrhjj � jVj
and j@z�=@xj � 1, leading to n ¼ n0 þ n1 and s ¼ s0 þ s1

with jn1j � jn0j and js1j � js0j, Eqs. (1) and (2).

To the zeroth order, the mass flux is J ¼ qV, and

the flow fields are uniform in the bulk, ðq; v;P;WÞhðlÞ

FIG. 3. Plots of the perturbed velocity vector fields uhðlÞ, the perturbed velocity streamlines shðlÞ, and the interface perturbation z� in the ðx; zÞ plane for funda-

mental solution r1 for the accelerated conservative dynamics at some density ratio and some acceleration value at some instance of time. Real parts of fields

and functions are shown. The velocity vortical component is r�Wl ¼ 0, and the vorticity is r� uhðlÞ ¼ 0. (a) i ¼ 1, the unstable regime; (b) i ¼ 1, stable

regime. Each plot has its own range of values to better present the plot’s features.

112105-5 Ilyin et al. Phys. Plasmas 25, 112105 (2018)



¼ ðq;V;P0;W0ÞhðlÞ and obey conditions Eq. (3) at the out-

side boundaries of the domain. The interface is planar,

h ¼ �z, n ¼ n0 and s ¼ s0 with n0 ¼ ð0; 0;�1Þ and

s0 ¼ ð1; 0; 0Þ. With Jn ¼ J � n0, the boundary conditions at

the interface are

Jn½ � ¼ 0; P0 þ J2
n=q

� �
n0

� �
¼ 0;

Jn J � s0ð Þ=qð Þs0½ � ¼ 0; Jn W0 þ J2=2q2
� �� �

¼ 0:
(4)

The boundary conditions Eqs. (2)–(4) are general and

are applicable for both compressible and incompressible

dynamics.3,24,34 In compressible flows, Eq. (4) are the

Rankine-Hugoniot conditions.

In this work, we consider the incompressible fluids, in

which the speed of sound is substantially greater than other

velocity scales, and the effects of density variations and

stratification are negligible. For ideal gases, the speed of

sound is c ¼
ffiffiffiffiffiffiffiffiffiffiffi
cP=q

p
, where c is the fluid’s adiabatic index.

For the leading order dynamics, in the limiting incompress-

ible case with ðc=VÞhðlÞ ! 1, the values approach ðP0

þJ2
n=qÞhðlÞ ! ðP0ÞhðlÞ and ðW0 þ J2=2q2ÞhðlÞ ! ðW0ÞhðlÞ, and

transform Eq. (4) to

FIG. 4. Plots of the perturbed velocity vector fields uhðlÞ, the perturbed velocity streamlines shðlÞ and the interface perturbation z� in the ðx; zÞ plane for funda-

mental solutions r3ð4Þ for the accelerated conservative dynamics at some density ratio and some instance of time. Real parts of fields and functions are shown.

(a) i ¼ 3; (b) i ¼ 4. Each plot has its own range of values to better present the plot’s features.
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Jn½ � ¼ 0; P0 n0½ � ¼ 0; Jn J � s0ð Þ=qð Þs0½ � ¼ 0;

JnW0½ � ¼ 0;
(5)

where the specific enthalpy is ðW0ÞhðlÞ ¼ ð �W0 þ cPTÞhðlÞ.
Here, ðcPÞhðlÞ is the specific heat at constant pressure, ðTÞhðlÞ
is temperature, and the values ð �W0ÞhðlÞ have a constant jump

at the interface ½ �W0� ¼ �Q, where �Q is the heat release per

unit mass. In reactive fluids, the value �Q is considered as the

specific heat release of a chemical reaction at the absolute

zero temperature.3,24,34

Note the difference between the definition of enthalpy

W0 in physics sense, which accounts for the formation

enthalpy, and the enthalpy �W0 applied in reactive fluids and

engineering. The difference is discussed in detail in Ref. 3.

In full consistency with this discussion,3 in the incompress-

ible limit the physics enthalpy W0 is continuous at the inter-

face ½W0� ¼ 0, whereas the enthalpy �W0 is discontinuous at

the interface and its jump at the interface is ½ �W0� ¼ �Q.

To the first order, the boundary conditions at the inter-

face are

jn½ � ¼ 0; pþ 2Jnjn=qð Þ n0½ � ¼ 0;

Jn J � s1 þ j � s0ð Þ=q
� �

¼ 0; Jn wþ J � jð Þ=q2
� �� �

¼ 0;

(6a)

where the first order perturbation of the mass flux is

j ¼ qðuþ n0
_hÞ; its normal component is jn ¼ j � n0. The first

order terms for the normal and tangential vectors of the inter-

face are n1 ¼ ð@z�=@x; 0; 0Þ and s1 ¼ ð0; 0; @z�=@xÞ.

FIG. 5. Plots of the perturbed velocity vortical component r�Wl, the perturbed vorticity r� ul, and the interface perturbation z� in the ðx; zÞ plane for fun-

damental solutions r3ð4Þ for the accelerated conservative dynamics at some density ratio and some instance of time. Real parts of fields and functions are

shown. Whiler�Wl 6¼ 0, the vorticity value is r� ul ¼ 0. (a) i ¼ 3; (b) i ¼ 4. Each plot has its own range of values to better present the plot’s features.

FIG. 6. Dependence of eigenvalues xi, i ¼ 1; 2; 3, on the density ratio R at

gravity value G ¼ G�, G� ¼ ðR2 � 1Þ=4, with G� > Gcr , Gcr ¼ RðR
�1Þ=ðRþ 1Þ, for accelerated Landau-Darrieus dynamics.
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In addition to the boundary conditions at the interface

Eq. (6a), to the first order, upon presuming the ideal incom-

pressible perturbed dynamics with neglected contributions of

density variations and stratification, the governing equations

in the bulk and at the outside boundaries take the form3,14,24

r � uh lð Þ ¼ 0; _uh lð Þ þ Vh lð Þ � r
� �

uh lð Þ þ rph lð Þ=qh lð Þ ¼ 0;

uhjz!�1 ¼ 0; uljz!þ1 ¼ 0; (6b)

whereas the enthalpy perturbations in Eq. (6a) are

wh lð Þ ¼ ph lð Þ=qh lð Þ: (6c)

The interface velocity ~V is ~V ¼ ~V0 þ ~v with the

zeroth and the first order terms ~V0 and ~v, with j~vj � j~V0j,
and with the first order term obeying the relations

~vn0 ¼ �ðu � n0 þ _hÞjh¼0þ .

C. Fundamental solutions

We seek solutions for the boundary value problem Eqs.

(5) and (6) in which the perturbed velocity of the heavy fluid

FIG. 7. Plots of the perturbed velocity vector fields uhðlÞ, the perturbed velocity streamlines shðlÞ, and the interface perturbation z� in the ðx; zÞ plane for funda-

mental solutions r1ð2Þ for accelerated Landau-Darrieus dynamics at some density ratio and some acceleration value at some instance of time. Real parts of

fields and functions are shown. (a) i ¼ 1; (b) i ¼ 2. Each plot has its own range of values to better present the plot’s features.
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is potential, and the perturbed velocity of the light fluid has

both potential and vortical components3,17,20,23,24,34

uh ¼ rUh; ul ¼ rUl þr�Wl: (7a)

This structure of the solution Eq. (7) is based on the follow-

ing rationale: In the sub-domain of the heavy fluid, the flow

is potential in accordance with the Kelvin theorem.3,20,23,24,34

In the sub-domain of the light fluid, the flow can be a super-

position of the potential and vortical components. The solu-

tion structure is applied in the theoretical framework,3,20 is

consistent with observations,3,17,23,24 and is expected to be

established for any initial conditions.17,23,24,34

The fluid potentials and the interface perturbation are

Uh ¼ U exp ikxþ kzþ Xtð Þ; Ul ¼ ~U exp ikx� kzþ Xtð Þ;
Wl ¼ 0;Wl; 0ð Þ; Wl ¼ W exp ikx� ~kzþ Xtð Þ;
z� ¼ Z exp ikxþ Xtð Þ: (7b)

Here, X is the growth-rate (the characteristic frequency, the

eigenvalue) of the system of linear differential equations in

Eq. (5); Fig. 1. Recall that the wavevector is k ¼ 2p=k and

the spatial period (wavelength) is k. For the pressure phðlÞ
perturbations and the length-scale ~k ¼ 2p=~k of the vortical

field, we obtain from Eq. (6)

r _Uh lð Þ þ Vh lð Þ @Uh lð Þ=@z
� �

þ ph lð Þ=qh lð Þ

� �
¼ 0;

@=@tþ Vl @=@zð Þð Þ r �Wlð Þ ¼ 0;
(7c)

FIG. 8. Plots of the perturbed velocity vortical component r�Wl, the counterplot of the perturbed vorticity r� ul, and the interface perturbation z� in the

ðx; zÞ plane for fundamental solutions r1ð2Þ for accelerated Landau-Darrieus dynamics at some density ratio and some acceleration value at some instance of

time. Real parts of fields and functions are shown; in the counterplots the red (blue) color marks positive (negative) values. (a) i ¼ 1; (b) i ¼ 2. Each plot has

its own range of values to represent the plots’ features.

FIG. 9. Dependence of eigenvalues xi, i ¼ 1; 2, on the density ratio R at

gravity value G ¼ G�, G� ¼ ðR2 � 1Þ=4, for the Rayleigh-Taylor dynamics.
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leading to

ph lð Þ ¼ �qh lð Þ _Uh lð Þ þ Vh lð Þ@Uh lð Þ=@z
� �

; ~k ¼ X=Vl: (7d)

In the systems of equations Eqs. (1)–(7), the initial conditions

set the characteristic length-scale 1=k and time-scale 1=kVh,

Fig. 1. In the presence of acceleration g directed from the

heavy to the light fluid, the pressure perturbations are modified

as phðlÞ ¼ �qhðlÞð _UhðlÞ þ VhðlÞ@UhðlÞ=@z� gzÞ. Hereafter, we

use dimensionless values for the growth-rate x ¼ X=kVh, the

density ratio R ¼ qh=ql with R � 1, and the gravity value

G ¼ g=kV2
h with G > 0. This leads to Vl=Vh ¼ R and

~k=k ¼ x=R.3,17,20,23,24,34

Traditionally, the linear system of differential equations

Eqs. (6) and (7) is solved by applying compatibility condi-

tions: some eigenvalues xi are derived, and stability or insta-

bility of associated solutions is identified by using the

criterion Re½xiðRÞ� < 0 or Re½xiðRÞ� > 0.2,3,17,20–23 We

develop and apply the general matrix method to analyze the

interfacial dynamics, Eqs. (1)–(7). We find the fundamental

solutions with their eigenvalues and eigenvectors and ana-

lyze the stability and the structure of the flow fields for each

of these solutions. This formal analysis is required to better

understand the interfacial dynamics.34

In particular, with expressions Eq. (7), the system of

differential equations governing the interface dynamics

Eqs. (5) and (6) is reduced to the linear system of ordinary

differential equations M r ¼ 0, where vector r is r ¼ ðUh;
Ul;Vhz�;WlÞT; and the matrix M is defined by the boundary

conditions at the interface. In the dimensionless form, its ele-

ments are the functions of the growth-rate (i.e., frequency,

eigenvalue) x, the density ratio R, and the gravity value G,

as M ¼ Mðx;R;GÞ.34 We derive the eigenvalues xi by using

the condition det Mðxi;R;GÞ ¼ 0, and further find the associ-

ated eigenvectors ~ei by reducing the matrix Mðxi;R;GÞ to

row-echelon form.34,35 Matrix M is 4� 4. For a non-

degenerate 4� 4 matrix its expected rank is 4, and the

expected number of eigenvalues xi and associated eigenvectors
~ei is 4, with i ¼ 1…4, corresponding to 4 degrees of freedom

and 4 independent variables obeying 4 equations, Eq. (6a).

Solution r for the system M r ¼ 0 is a linear combina-

tion of fundamental solutions ri

r ¼
X4

i¼1

Ciri (7e)

with ri ¼ ðUie
ikxþkzþxikVht; ~Uie

ikx�kzþxikVht;VhZie
ikxþxikVht;

Wie
ikx�~kzþxikVhtÞT in the dimensional units. In the dimension-

less units, by introducing /i ¼ Ui=ðVh=kÞ; ~/i ¼ ~Ui=ðVh=kÞ;
�z ¼ kZ; wi ¼ Wi=ðVh=kÞ and with kx! x; kz! z;
kVht! t, the solution is ri ¼ ð/ie

ixþzþxi t; ~uie
ix�zþxit;

�zie
ixþxi t;wie

ix�ð~k=kÞzþxi tÞT with Ci being integration con-

stants, which are set by, e.g., the initial conditions.24,34 The

fundamental solution is ri ¼ ~eie
xi t with ~ei ¼ ð/ie

ixþz;
~uie

ix�z; �zie
ix;wie

ix�ð~k=kÞzÞT, and ri ¼ riðxi; eiÞ with

ei ¼ ð/i;
~/i; �zi;wiÞ

T
.

FIG. 10. Plots of the velocity vector

fields vhðlÞ and the velocity streamlines

shðlÞ, ðdshðlÞ=dtÞ � vhðlÞ ¼ 0, and the

interface perturbation z� in ðx; zÞ plane

at some density ratio and some acceler-

ation value at some instance of time

for the Rayleigh-Taylor dynamics.

Real parts of fields and functions are

shown. The vorticity is r� vhðlÞ ¼ 0

in the bulk, and the shear can be pre-

sent at the interface. For solution r2,

the flow fields are similar to that for

solution r1. Each plot has its own

range of values to better present the

plot’s features.

FIG. 11. Dependence of the growth-rates xCSG, xLDG, xRT on gravity value

G. Density ratio R ¼ 3, square corresponds to G� ¼ ðR2 � 1Þ=4 ¼ 3=2, cir-

cle corresponds to Gcr ¼ RðR� 1Þ=ðRþ 1Þ ¼ 2.
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Note that the linear system M r ¼ 0 with M ¼ Mðx;
R;GÞ results from a linear system P _r ¼ Sr, where P; S are

4� 4 matrixes, with P ¼ PðR;GÞ; S ¼ SðR;GÞ, under an

assumption that vector r varies in time as r 	 ext.24,34,35

This leads to M ¼ ðS� xPÞ. In a non-degenerate case, the

inverse P�1 exists, and the system P _r ¼ Sr can be reduced to

a standard form _r ¼ P�1Sr. The eigenvalues xi of the

dynamics can then be found from the conditions detðP�1S

�xIÞ ¼ 0, x ¼ xif g, where the unit matrix is I, and index i
marks the degrees of freedom. Equations detðP�1S� xIÞ
¼ 0 and detMðx;RÞ ¼ 0 have the same eigenvalues xi

because linear combination of differential equations pre-

serves the dynamic properties.3,35

Our theoretical approach applies the general form of the

expansions, Eqs. (1)–(8) in order to conduct a detailed and

systematic study of the interplay of the interface stability

with the structure of the flow fields, and to reveal the linkage

of the stability of the interfacial dynamics to the flow vector

and scalar fields at the interface and in the fluid bulk.34

III. RESULTS

A. Accelerated conservative dynamics

First, we consider the conservative dynamics balancing the

fluxes of mass, momentum, and energy at the interface, Eq.

(6a). For this dynamics, the matrix M has the form M ¼ MG

MG ¼

�R �1 �xþ Rx i
1 �1 1� R ix=R

R� Rx Rþ x G R� 1ð Þ �2iR
x �x x� Rx iR

0
BB@

1
CCA: (8a)

Its determinant is detMG ¼ iððR� 1Þ2=RÞðx� RÞðxþ RÞ
ðx2 þ Rð1� G= GcrÞÞ, and xi and ei are

x1 2ð Þ ¼6i
ffiffiffi
R
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�G=Gcr

p
; e1 2ð Þ ¼ �;�;1;0ð ÞT;

x3 ¼ R; e3 ¼ 0;�;0;1ð ÞT; x4 ¼�R; e4 ¼ �;�;0;1ð ÞT ;
(8b)

where Gcr ¼ RðR� 1Þ=ðRþ 1Þ and asterisks mark functions

of R;G. Figure 2 illustrates the dependence of eigenvalues

xi on the density ratio R in Eq. (8) for G ¼ G�,
G� ¼ ðR2 � 1Þ=4, G� > Gcr .

For the accelerated conservative dynamics Eq. (8), fun-

damental solutions r1ðx1; e1Þ and r2ðx2; e2Þ depend on the

value G. For G < Gcr , the eigenvalues are imaginary, and

the solutions r1ð2Þ are stable, with x2 ¼ x�1 and e2 ¼ e�2. For

G > Gcr , x1 ¼
ffiffiffi
R
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G=Gcr � 1
p

and Re½x1� > 0, so the

solution r1 is unstable and describes exponential growth of

the interface perturbations, whereas x2 ¼ �
ffiffiffi
R
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G=Gcr � 1
p

and Re½x2� < 0, so the solution r2 is stable and describes

exponential decay of the perturbations. The critical value

Gcr ¼ RðR� 1Þ=ðRþ 1Þ approaches Gcr ! R for R!1
and approaches Gcr ! ðR� 1Þ=2 for R! 1þ. Fundamental

solutions r3ðx3; e3Þ and r4ðx4; e4Þ in Eq. (8) do not depend

on the value G. Solution r3 is unstable, x3 ¼ R and

Re½x3� > 0, whereas solution r4 is stable, x4 ¼ �R and

Re½x4� < 0.

Figures 3–5 illustrate the flow fields of fundamental sol-

utions riðxi; eiÞ for the accelerated conservative dynamics in

Eq. (8). Figure 3 presented for fundamental solutions r1 in

the unstable and stable regimes the plots of the perturbed

velocity vector fields uhðlÞ and the perturbed velocity stream-

lines shðlÞ, which are defined as ðdshðlÞ=dtÞ � uhðlÞ ¼ 0, and

the interface perturbation z� in the ðx; zÞ plane at some den-

sity ratio and some acceleration value at some instance of

time. Real parts of fields and functions are shown. For solu-

tion r1, the velocity fields are potential in the heavy and the

FIG. 12. Schematics of the flow

dynamics in a far field approximation

(not to scale) for the accelerated con-

servative dynamics (left) and acceler-

ated Landau-Darrieus dynamics (right)

in the inertial reference frame. Blue

color marks the planar interface

(dashed) and the perturbed interface

(solid). For the conservative dynamics,

the blue double arrows mark the oscil-

lations of the interface perturbations

(solid) and the interface velocity as a

whole (dashed) with the latter occur-

ring due to inertial effects and causing

the reactive force to occur. For the

accelerated Landau-Darrieus dynam-

ics, the single blue arrows mark the

growth of the interface perturbations;

the velocity of the interface as a whole

is postulated constant.
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light fluids, and the vorticity r� uhðlÞ ¼ 0. For solution

r2ðx2; e2Þ, the velocity fields are qualitatively similar to those

for r1ðx1; e1Þ. For these solutions, the transports of mass,

momentum, and energy are balanced at the interface, and the

conditions at the outside boundaries are obeyed, Eqs. (1)–(7).

Note that in the unstable regime, G > Gcr, the solutions r1ð2Þ
are standing waves with the growing (decaying) amplitude(s),

Fig. 3(a). In the stable regime, G < Gcr, the solutions r1ð2Þ are

traveling waves, and their interference results in the appearance

of standing waves experiencing stable oscillations, Fig. 3(b).

Note also the phase shifts of the perturbed velocity fields rela-

tive one another and relative the interface perturbation for solu-

tions r1ð2Þ, Fig. 3(b). These phase shifts are required to balance

the perturbed mass flux across the perturbed interface in the

incompressible approximation, Fig. 3.

Figure 4 presents for fundamental solutions r3ð4Þ the

plots of the perturbed velocity vector fields uhðlÞ and the per-

turbed velocity streamlines shðlÞ, with ðdshðlÞ=dtÞ � uhðlÞ ¼ 0,

and the interface perturbation z� in the ðx; zÞ plane at some

density ratio and some acceleration value at some instance of

time. The solutions r3ð4Þ are independent of the acceleration

value. For solution r3ðx3; e3Þ in Eq. (8), the fluids’ velocities

and the interface perturbation are identically zero

(uhðlÞ ¼ 0; z� ¼ 0) in the entire domain at any time for any

integration constant C3, Fig. 4(a). For solution r4ðx4; e4Þ in

Eq. (8), we must set the integration constant C4 ¼ 0, in order

for this solution to obey at any time the conditions

uljz!þ1 ¼ 0 in Eq. (6a); Fig. 4(b). This is because the veloc-

ity vortical component, r�Wl, while decaying in time,

increases away from the interface, Fig. 4(b). Figure 5 further

illustrates the properties of the vortical field Wl for funda-

mental solutions r3ð4Þ. Note that while the vortical compo-

nent is r�Wl 6¼ 0, the vorticity value is r� ul ¼ 0,

because ð~k=kÞ2 ¼ ðx=RÞ2 ¼ 1.

To study formal properties of the accelerated conserva-

tive dynamics, we find for matrix M ¼ MG the associated

matrices S ¼ SMG
and P ¼ PMG

SMG
¼

�R �1 0 i

1 �1 1� R 0

R R G R� 1ð Þ �2iR

0 0 0 iR

0
BBBB@

1
CCCCA;

PMG
¼

0 0 1� R 0

0 0 0 �i=R

R �1 0 0

�1 1 �1þ R 0

0
BBBB@

1
CCCCA:

(8c)

Solutions of equations detðP�1
MG

SMG
� xIÞ ¼ 0 and detMG

¼ 0 yield the same eigenvalues: x1ð2Þ ¼ 6i
ffiffiffi
R
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� G=Gcr

p
and x3 ¼ R; x4 ¼ �R. The accelerated conservative

dynamics has 4 eigenvalues, 4 fundamental solutions, and 4

independent degrees of freedom, and is thus non-degenerate.

B. Accelerated Landau-Darrieus instability

For classical accelerated Landau-Darrieus instability,

the dynamics balances the fluxes of mass, and normal and

tangential components of momentum, and employs the spe-

cial condition of the continuity of the normal component of

the perturbed velocity ½u � n0� ¼ 0 at the interface.3,20,23,24

This condition is equivalent to the constancy of the interface

velocity, ~V 
 ~V0.3,20,23,24 The Landau’s dynamics omits

from consideration the energy balance at the interface. The

classical Landau’s dynamics leads to

jn½ � ¼ 0; pþ 2Jnjn=qð Þ n0½ � ¼ p n0½ � ¼ 0;

Jn J � s1 þ j � s0ð Þ=q
� �

¼ 0; u � n0½ � ¼ 0:
(9a)

With these conditions, for the classical Landau’s system the

matrix M is M ¼ LG.

LG ¼

�R �1 �xþ Rx i
1 �1 1� R ix=R

R� Rx Rþ x G R� 1ð Þ �2iR
�1 �1 0 i

0
BB@

1
CCA: (9b)

Its determinant is det LG ¼ iððR� 1Þ=RÞðx �RÞððRþ 1Þx2

þ2Rx� ðR� 1ÞðRþ GÞÞ, and xi and ei are

x1 2ð Þ ¼ �R6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3 þ R2 � Rð Þ þ G R2 � 1ð Þ

q	 
�
1þ Rð Þ;

e1 2ð Þ ¼ �; �; �; 1ð ÞT; x3 ¼ R; e3 ¼ 0; �; 0; 1ð ÞT;
(9c)

where asterisks mark functions of R and G. In Eq. (9), the

solutions r1ð2Þðx1ð2Þ; e1ð2ÞÞ depend on G, and the solution

r3ðx3; e3Þ is independent of G and is identical to that in Eq.

(8). Figure 6 illustrates the dependence of eigenvalues xi on

the density ratio R in Eq. (9) at G ¼ G�, G� ¼ ðR2 � 1Þ=4,

G� > Gcr .

For the classical Landau’s dynamics Eq. (9), fundamen-

tal solution r1ðx1; e1Þ corresponds to accelerated Landau-

Darrieus instability in a gravity field and is unstable for any

G > 0.3,20 For solution r1, the transports of mass, momen-

tum, and perturbed mass flux are balanced at the interface

and the conditions at the outside boundaries are obeyed,

Eqs. (6a) and (9). The potential and vortical components of

the velocities and the interface perturbation are strongly

coupled; the length-scale of the vortical field is ~k
¼ kð�Rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR3 þ R2 � RÞ þ GðR2 � 1Þ

p
Þ=ðRð1þ RÞÞ. For

solution r2ðx2; e2Þ, the interface perturbation and the vorti-

cal and potential components of velocities are also coupled.

For this solution, we must set the constant C2 ¼ 0 in order to

obey at any time the condition uljz!þ1 ¼ 0 in Eq. (6a).

Solution r3ðx3; e3Þ in Eq. (9) is identical to that in Eq. (8)

and has zero velocity fields in the entire domain for any inte-

gration constant C3 and at any time.

Figures 7–8 illustrate the flow fields of fundamental sol-

utions r1ð2Þðx1ð2Þ; e1ð2ÞÞ for the accelerated Landau-Darrieus

dynamics in Eq. (9). The flow fields for solution r3ðx3; e3Þ
in Eq. (9) are identical to that in Eq. (8) and Figs. 3–5.

Figure 7 presents for fundamental solutions r1ð2Þ the plots of

the perturbed velocity vector fields uhðlÞ, the perturbed veloc-

ity streamlines shðlÞ, ðdshðlÞ=dtÞ � uhðlÞ ¼ 0, and the interface

perturbation z� in the ðx; zÞ plane at some density ratio and

some acceleration value at some instance of time. Real parts
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of fields and functions are shown. For solutions r1ðx1; e1Þ
and r2ðx2; e2Þ, the velocity fields have the potential compo-

nent in the heavy fluid and the potential and vortical compo-

nents in the light fluid that are coupled with the interface

perturbations.

Figure 8 further illustrates the properties of the vortical

fields Wl for fundamental solutions r1ð2Þ in Eq. (9). Note that

for solutions r1ð2Þ the vorticity value is r� ul ¼ ð0; ðk2

�~k
2ÞW; 0Þ andr� ul 6¼ 0. For solution r1, the vortical com-

ponent, r�Wl, and the vorticity r� ul, while increasing

in time as 	ex1t, decay away from the interface as 	e�
~kz.

For solution r2 the vortical component, r�Wl, while

decaying in time as 	e�jx2jt, increases away from the inter-

face as 	eþ
~kz. This leads to zero integration constant C2 ¼ 0

in order to obey at any time the boundary conditions at the

outside boundaries of the domain, Eq. (6b).

The accelerated Landau-Darrieus dynamics has smaller

than the expected number of fundamental solutions. To study

formal properties of the dynamics, we find for matrix

M ¼ LG the associated matrices S ¼ SLG
and P ¼ PLG

SLG
¼

�R �1 0 i

1 �1 1� R 0

R R G R� 1ð Þ �2iR

�1 �1 0 i

0
BBBB@

1
CCCCA;

PLG
¼

0 0 1� R 0

0 0 0 �i=R

R �1 0 0

0 0 0 0

0
BBBB@

1
CCCCA:

(9d)

In matrix PLG
, the fourth row only has null elements and

detPLG
¼ 0. Thus, the inverse matrix P�1

LG
does not exist.

This suggests the degeneracy of the classical Landau’s

dynamics, and a singular and ill-posed character of the accel-

erated Landau-Darrieus instability. We address detailed con-

sideration of this issue to future research.

C. Rayleigh-Taylor instability

For the classical Rayleigh-Taylor instability, the discon-

tinuity is the front (contact discontinuity), and the dynamics

has zero mass flux at the interface, as discussed in Eq. (2e).

It also has zero motion of the fluids away from the inter-

face.3,4,25,26 This leads to

~jn

� �
¼ 0; P n½ � ¼ 0; v � n½ � ¼ 0; v � s½ � ¼ any;

W½ � ¼ any; vhjz!�1 ¼ 0; 0; 0ð Þ; vljz!þ1 ¼ 0; 0; 0ð Þ:
(10a)

The unperturbed velocity field is zero in both fluids.

We slightly perturb the velocities with the potential

fields, vh ¼ rUh, Uh ¼ UeikxþkzþXt, and vl ¼ rUl,

Ul ¼ ~Ueikx�kzþXt, with jvj �
ffiffiffiffiffiffiffiffi
g=k

p
, and perturb the fluid

pressure, P ¼ P0 þ p, jpj � jP0j, with phðlÞ ¼ �qhðlÞð _UhðlÞ
þVhðlÞ@UhðlÞ=@z� gzÞ. We slightly perturb the interface

h ¼ �zþ z�ðx; tÞ, with z� ¼ Ze ikxþX t, j _h=jrhjj �
ffiffiffiffiffiffiffiffi
g=k

p
and j@z�=@xj � 1. Then system Eq. (10a) is reduced to a

linear system M r ¼ 0, where vector r is r ¼ ðUh;Ul;Vhz�ÞT
and 3� 3 matrix is M ¼ Mðx;R;GÞ. The solution is

r ¼
P

iCiri, where ri ¼ riðxi; eiÞ are the fundamental solu-

tions, Ci are the integration constants, and i ¼ 1; 2; 3 in the

non-degenerate case, similarly to Eq. (7e). For the RT

dynamics in Eq. (10a), matrix M is M ¼ TG

TG ¼
�R �1 �xþ Rx

�R� Rx �Rþ x G R� 1ð Þ
�1 �1 0

0
@

1
A: (10b)

Its determinant is detTG ¼ ðR� 1ÞððRþ 1Þx2 � GðR� 1ÞÞ,
and xi and ei are

x1 2ð Þ ¼ 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G R� 1ð Þ= Rþ 1ð Þ

q
; e1 2ð Þ ¼ �; �; 1ð ÞT; (10c)

where asterisks mark functions of R;G. Note that in RTI the

length-scale and the time-scale are 1=k and 1=
ffiffiffiffiffi
gk
p

. In order

to conduct a comparative study of the RT dynamics with the

accelerated conservative dynamics and accelerated Landau-

Darrieus dynamics, we scale the time with 1=kVh, where Vh

is now understood as some velocity scale. This leads to

G ¼ g=kV2
h , as before. For any G > 0, the solution r1ðx1; e1Þ

is unstable, whereas solution r2ðx2; e2Þ is stable. Figure 9

illustrates the dependence of eigenvalues xi on the density

ratio R in Eq. (10) at G ¼ G�, G� ¼ ðR2 � 1Þ=4, G� > Gcr .

Figure 10 illustrates the flow fields of fundamental solu-

tion r1ðx1; e1Þ for the Rayleigh-Taylor dynamics in Eq. (10)

representing the plots of the velocity vector fields vhðlÞ and

the velocity streamlines shðlÞ, with ðdshðlÞ=dtÞ � vhðlÞ ¼ 0, and

the interface perturbation z� in the ðx; zÞ plane at some den-

sity ratio and some acceleration value at some instance of

time. Real parts of fields and functions are shown. For solu-

tion r1, the velocity fields are potential, r� vhðlÞ ¼ 0, and

shear is present at the interface. For solution r2, the flow

fields are similar to those for solution r1.

The Rayleigh-Taylor dynamics has smaller than the

expected number of fundamental solutions. To study formal

properties of the dynamics, we find for matrix M ¼ TG the

associated matrices S ¼ STG
and P ¼ PTG

STG
¼

�R �1 0

�R �R G R� 1ð Þ
�1 �1 0

0
B@

1
CA;

PTG
¼

0 0 1� R

R �1 0

0 0 0

0
B@

1
CA:

(10d)

In matrix PTG
, the third row only has null elements, determi-

nant detPLG
¼ 0, and the inverse matrix P�1

TG
does not exist.

This suggests the degeneracy of RT dynamics, and a singular

and ill-posed character of the RTI. We address detailed con-

sideration of this issue to future research.

D. Comparative study

In each of the systems Eqs. (8)–(10), the solution

r1ðx1; e1Þ leads to the unstable dynamics. Yet, the
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conservative solution r1ðx1; e1Þ in Eq. (8), hereafter

rCSGðxCSG; eCSGÞ, the Landau-Darrieus solution r1ðx1; e1Þ in

Eq. (9), hereafter rLDGðxLDG; eLDGÞ, and the Rayleigh-Taylor

solution r1ðx1; e1Þ in Eq. (10), hereafter rRTðxRT ; eRTÞ, have

distinct quantitative, qualitative, and formal properties.

1. Quantitative properties

The growth-rate value xCSG¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðRþ1Þ=ðR�1Þ�R

p
indicates that the stability of the dynamics rCSG is defined

by the interplay of the two terms, 	G and 	R, i.e.,

the gravity and the inertia. In the ðG;RÞ plane, the stability

curve for the solution is f ¼0, with

f ¼G�RðR�1Þ=ðRþ1Þ, and for G>0 and R>1 the

region of the (un)stable dynamics rCSG is f <0 (f >0). At a

given G (R), there always exists the interval of values of R
(G), where the accelerated conservative dynamics is unsta-

ble. The dynamics rLDG with the growth-rate xLDG¼ð�R

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR3þR2�RÞþGðR2�1Þ

p
Þ=ð1þRÞ and the dynamics

rRT with the growth-rate xRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðR�1Þ=ðRþ1Þ

p
contains

no interplay of the gravity and inertia and are unstable for G>
0 and R>1.

We consider the dependence of the dynamics rCSG, rRT ,

and rLDG on the acceleration value G, G 2 ð0;þ1Þ, for a

given finite density ratio R, R 2 ð1þ;þ1Þ. For solution

rCSG, the instability develops only when the acceleration

value is greater than a threshold, G > Gcr, whereas for solu-

tions rLDG and rRT , the dynamics is unstable for any G > 0.

For G! 0, the dynamics rCSG is stable, xCSG ! i
ffiffiffi
R
p

,

the dynamics rLDG is unstable xLDG ! �Rð
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3 þ R2 � R
p

Þ=ð1þ RÞ; the dynamics rRT is neutrally sta-

ble, xRT ! 0. For G!1, the dynamics rCSG, rRT , and

rLDG are unstable; the growth-rates are xCSG !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RG=Gcr

p
,

xRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðR� 1Þ=ðRþ 1Þ

p
, and xLDG ! xRT . There exists

a special value of G ¼ G� at which all the growth-rates are

equal, xCSG ¼ xLDG ¼ xRT . This value is G� ¼ ðR2 � 1Þ=4,

G� > Gcr . For Gcr < G < G�, solution rCSG has the smallest

growth-rate, xCSG < xRT < xLDG. For G > G�, solution

rCSG has the largest growth-rate, xCSG > xRT > xLDG, Fig.

11. For G!1, the unstable conservative dynamics has the

fastest growth-rate and xRTðLDGÞ=xCSG ! ðR� 1Þ=ðRþ 1Þ,
Fig. 11. These properties are summarized in Table I.

We consider the properties for the dynamics rCSG, rRT ,

and rLDG in the limiting cases of fluids with very similar and

very different densities. For R! 1þ, the dynamics rCSG is

(un)stable for G < Gcr (G > Gcr), with Gcr ! ðR� 1Þ=2,

and the dynamics rLDG and rRT are unstable, with xLDG !
ð1þ GÞðR� 1Þ=2 and xRT !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
GðR� 1Þ=2

p
. At R 
 1, the

dynamics rCSG is neutrally stable conditional G=Gcr < 1 for

R! 1þ with Gcr ¼ ðR� 1Þ=2; the dynamics rLDG is neu-

trally stable for G � 0; the dynamics rRT is neutrally stable

conditional there is zero initial shear at the interface. For

R!1, the dynamics rCSG is (un)stable for G < Gcr

(G > Gcr) with Gcr ! R; the dynamics rLDG and rRT

are unstable, with xLDG !
ffiffiffi
R
p

and xRT !
ffiffiffiffi
G
p

, Fig. 11;

Table I.

2. Qualitative properties

Solutions rCSG, rLDG, and rRT have distinct flow fields in

the bulk and at the interface. In the bulk, solutions rCSG and

rRT have potential velocity fields, whereas for solution rLDG

the potential and vortical components of the velocity fields

are strongly coupled. At the interface, solutions rCSG and

rLDG are shear-free, whereas solution rRT has the interfacial

shear leading to the development of Kelvin-Helmholtz insta-

bility at the interface (and the roll-up of vortices in the non-

linear regime).4,11,29–31 These properties are discussed in the

foregoing Eqs. (8)–(10), and are illustrated by Figs. 3–5, 7,

8, and 10 and summarized in Table II.

3. Interfacial shear

To better understand the properties of the interfacial

shear for the accelerated conservative dynamics rCSG and

accelerated Landau-Darrieus dynamics rLDG, we consider in

more detail the condition of continuity of the tangential com-

ponent of momentum in Eq. (2a) for the interface with the

interfacial mass flux, as well as the zeroth and the first order

terms of the expansions of this condition in Eqs. (5), (6a),

and (9a).

In Eq. (2a), since ½~j � n� ¼ 0 and ~j ¼ qðn _h=jrhj þ vÞ,
the condition of continuity of the tangential component of

momentum at the interface ½ð~j � nÞðð~j � sÞ=qÞ s� ¼ 0 is equiv-

alent to the condition of continuity of the tangential compo-

nent of velocity at the interface ½v � s� ¼ 0, in full

consistency with the classic results.3 To the zeroth order in

Eq. (5), the condition ½JnððJ � s0Þ=qÞs0� ¼ 0 is transformed to

½V � s0� ¼ 0; it is identically zero due to V � s0 ¼ Vðn0 � s0Þ
¼ 0. To the first order in Eqs. (6a) and (9a), the condition

½JnðJ � s1 þ j � s0Þ=q� ¼ 0 is ½JnðV � s1 þ u � s0Þ� ¼ 0. Since

½Jn� ¼ 0, it is reduced to the condition ½V � s1 þ u � s0� ¼ 0.

The latter is the first order component of the tangential

velocity v ¼ Vþ u at the perturbed interface with the tan-

gential vector s ¼ s0 þ s1, where s0 ¼ ð1; 0; 0Þ and

s1 ¼ ð0; 0; @z�=@xÞ.
We see that while the tangential component of the per-

turbed velocity u � s0 may have a jump at the interface, the

tangential component of the velocity v is continuous at the

interface ½V � s1 þ u � s0� ¼ 0, and the dynamics is shear-free

at the interface for both the accelerated conservative dynam-

ics and accelerated Landau-Darrieus dynamics, Eqs. (6a) and

(9a); Figs. 3(a), 3(b), and 7(a).

To better understand the properties of the interfacial

shear for the Rayleigh-Taylor dynamics rRT , we consider in

some detail the important particular case of the zero mass at

the interface in Eq. (2e) and (10a). As discussed in Sec. II A

and in Eq. (2e), the condition of the zero mass flux leads to

the discontinuity of the tangential velocity component and

the discontinuity of enthalpy at the interface, ½v � s� ¼ any
and ½W� ¼ any. This case corresponds to the Rayleigh-

Taylor dynamics in Eq. (10a), for which the tangential com-

ponent of velocity has a jump at the interface, ½v � s� ¼ any,

and leads to the interfacial shear for solution rRT , Eq. (10)

and Fig. 10.

These properties of the interfacial shear are clearly illus-

trated by Figs. 3(a), 7(a), and 10 representing solutions rCSG,
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rLDG and rRT . Figures 3(a) and 7(a) [and, similarly, Fig. 3(b)

for the stable traveling wave r1] illustrate for solutions rCSG

and rLDG the field of the perturbed velocity u, whose tangen-

tial component u � s0 may have a jump at the interface, while

keeping continuous the tangential component of the fluid

velocity v, since ½V � s1 þ u � s0� ¼ 0, and the shear-free

interfacial dynamics, as prescribed by the boundary condi-

tions Eqs. (2a), (6a), and (9a). Figure 10 illustrates for solu-

tion rRT the field of the fluid velocity v, for which the

tangential component of the velocity has a jump at the inter-

face ½v � s� ¼ any, and leads to the interfacial shear, as pre-

scribed by the boundary conditions Eq. (10a).

We emphasize that while the accelerated conservative

dynamics and accelerated Landau-Darrieus dynamics are

shear-free at the interface, for the accelerated conservative

dynamics rCSG the velocity field is potential, Fig. 3(a),

whereas accelerated Landau-Darrieus dynamics rLDG has the

vortical field Wl 6¼ 0 and the vorticity r� vl ¼ r� ul 6¼ 0

in the light fluid bulk, Figs. 7(a) and 8(a). For accelerated

Landau-Darrieus dynamics rLDG the vorticity field achieves

extreme values at the interface and decays away from the

interface, Fig. 8(a). In Rayleigh-Taylor dynamics rRT the

velocity fields are potential in the fluids’ bulk, the vortical

structures are interfacial in nature and develop only at the

interface due to the shear caused by the discontinuity of the

tangential component of velocity at the interface, Fig. 10.

4. Formal properties

Solutions rCSG, rLDG, and rRT have distinct formal prop-

erties, as discussed in the foregoing. Physically, solution

rCSG conserves mass, momentum, and energy at the inter-

face; solution rLDG conserves mass, momentum, and per-

turbed mass flux at the interface; solution rRT conserves

mass and normal component of momentum at the interface,

Eqs. (8)–(10). Mathematically, the conservative dynamics is

non-degenerate (4 fundamental solutions, 4 degrees of free-

dom); the LD dynamics is degenerate (3 solutions, 4 degrees

of freedom); the RT dynamics is degenerate (2 solutions, 3

degrees of freedom), Eqs. (8)–(10). These properties are dis-

cussed in detail in the foregoing and are summarized in

Table II.

E. Mechanisms of stabilization and destabilization

To understand the mechanisms of stabilization and

destabilization of the accelerated conservative dynamics, we

transfer to dimensional units and consider solution rCSG at

zero acceleration value, g ¼ 0. In this case, when the inter-

face is slightly perturbed, the parcels of the heavy and the

light fluids follow the interface perturbation, thus causing the

change of momentum of the fluid system. Yet, at zero accel-

eration value the dynamics is inertial and the momentum

should be conserved. To conserve the momentum, the inter-

face as a whole slightly changes its velocity, thus causing a

reactive force to occur.34 For the acceleration value g > 0

the interface stability is set by the interplay of inertia and

gravity. For g < gcr the inertia effects dominate, and the

dynamics is stable. For g > gcr , the gravity effects dominate,

and the dynamics is unstable. The inertial stabilization

mechanism is absent in the accelerated LDI and the classical

RTI, because in these cases in the linear regime the velocity

of the interface as a whole is a constant value, and in RTI

this value is zero. Figure 12 illustrates the mechanism of sta-

bilization and destabilization.34

For the accelerated conservative dynamics, the interface

stability is defined by the interplay of the effect of inertia

and gravity (i.e., the reactive force and gravity), and the

growth-rate (the frequency) of the dynamics is

XCDG ¼ kVh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqh=qlÞðg=gcr � 1Þ

p
. For small gravity values,

g=gcr < 1, the inertial effects dominate, and the dynamics is

stable, XCDG ¼ ikVh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqh=qlÞð1� g=gcrÞ

p
. For large gravity

values, g=gcr > 1, the gravity effects dominate and the

dynamics is unstable XCDG ¼ kVh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqh=qlÞðg=gcr � 1Þ

p
. The

critical gravity value is

gcr ¼ kV2
hðqh=qlÞðqh � qlÞ=ðqh þ qlÞ.

For given values of Vh; g; qh; ql, the inertial stabilization

mechanism establishes the values of the critical wavevector

kcr at which the interface is stabilized and the maximum

wavevector kmax at which the unstable interface has the fast-

est growth. We find the critical wavevector kcr from the con-

dition XCDGjk¼kcr
¼ 0. We find the maximum wavevector

kmax from the conditions @XCDG=@kjk¼kmax
¼ 0; @2XCDG=

@k2jk¼kmax
< 0. Their values are

kcr ¼ g=V2
h

� �
ql=qhð Þ qh þ qlð Þ= qh � qlð Þ;

kmax ¼ g=V2
h

� �
ql=qhð Þ qh þ qlð Þ=2 qh � qlð Þ;

kmax ¼ kcr=2:

(11)

Thus, for the accelerated conservative dynamics in ideal

incompressible fluids in the absence of traditional stabiliza-

tion mechanisms (including, e.g., surface tension, diffusion,

thermal transport, viscosity) the values of the critical wave-

vector and the maximum wavevector are finite, and their

ratio is kcr=kmax ¼ 2, Table III. For accelerated Landau-

Darrieus and Rayleigh-Taylor dynamics in ideal incompress-

ible fluids the inertial stabilization mechanism is absent, and,

without traditional stabilization mechanisms, the values of

the critical wavevector and the maximum wavevector are

infinitely large, and kcrðmaxÞ=ðg=V2
hÞ ! 1.

To conclude this Section, for the purposes of complete-

ness, we provide the solutions rCDGðLDG;RTÞ with xCDGðLDG;RTÞ
and eCDGðLDG;RTÞ ¼ ð/i;

~/i; �zi;wiÞ
T
CDGðLDG;RTÞ in Table IV.

IV. DISCUSSION

In this work, we have developed and applied the general

matrix method for analyzing the stability of a hydrodynamic

discontinuity. We have considered the stability of the accel-

erated interface that separates the incompressible ideal fluids

of different densities, and has the interfacial mass flux, Eqs.

(1)–(11); Tables I–IV; Figs. 1–12. The acceleration (gravity)

is directed the heavy to the light fluid. The case of a two-

dimensional spatially period flow is studied. The far field

approximation is applied. The effects of density variations

and stratification are assumed to be negligible. We have

developed the general theoretical framework to rigorously

solve the system of the governing equations that include the
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conservation of mass, momentum, and energy in the fluids’

bulk and at the interface. We focus on the linear dynamics,

with the slight perturbations of the interface and the flow

fields near their uniform equilibrium values. The governing

equations are reduced to the linear system of ordinary differ-

ential equations. The system is rigorously solved, and the

eigenvalues and eigenvectors are found. The interface stabil-

ity and the structure of the flow fields are fully investigated

in a broad parameter regime. We have applied our general

theoretical framework to the classical cases of the acceler-

ated Landau-Darrieus instability and the Rayleigh-Taylor

instability. We have reproduced the classical results and

have found some features of the accelerated LD and RT

dynamics that have not been discussed before. A detailed

comparative study is conducted of the accelerated conserva-

tive dynamics with the accelerated Landau-Darrieus and the

Rayleigh-Taylor dynamics. The properties of the interfacial

accelerated conservative dynamics are found, which have

not been identified earlier, Eqs. (1)–(11); Tables I–IV; Figs.

1–12.

We have identified the new hydrodynamic instability

that develops only when the acceleration magnitude g
exceeds a critical threshold gcr ¼ kV2

hðqh=qlÞðqh � qlÞ=
ðqh þ qlÞ. The accelerated dynamics is fully conservative. It

conserves mass, momentum, and energy in the fluid bulk and

their fluxes at the interface. It has potential velocity fields in

the fluid bulk and is shear-free at the interface. For the

accelerated conservative dynamics, the flow stability

depends on the interplay of gravity and inertia, i.e., the grav-

ity and the reactive force. For weak accelerations with grav-

ity values smaller than a threshold, g < gcr, the dynamics is

stabilized by the inertial effect and the reactive force, and

the flow fields experience stable oscillations. For strong

acceleration, with large gravity values, g > gcr, the gravita-

tional effect dominates and gravity destabilizes the flow, and

the instability develops, Eqs. (1)–(11); Tables I–IV; Figs.

1–12.

The quantitative, qualitative, and formal properties of

the unstable conservative dynamics depart from those of the

accelerated Landau-Darrieus and the Rayleigh-Taylor

dynamics.3,4,20,23,29–31 For a finite density ratio and strong

accelerations, this new instability grows faster than the

accelerated LDI and RTI; for weak acceleration, the LDI has

the largest growth-rate. For the unstable accelerated conser-

vative dynamics, the flow is potential in the fluids’ bulk, sim-

ilarly to the RTI and in contrast to the accelerated LDI; it is

shear-free at the interface, similarly to the LDI and in con-

trast to the RTI. The accelerated conservative dynamics is

non-degenerate, in contrast to the LDI and RTI. The degen-

eracy suggests a singular (ill-posed) character of RT and LD

dynamics, Eqs. (1)–(11); Tables I–IV; Figs. 1–12.

For the cases of the unstable accelerated conservative

dynamics, accelerated LDI, and the RTI, the interface is

unstable because the acceleration is directed from the heavy

TABLE IV. Solutions rCDGðLDG;RTÞ with xCDGðLDG;RTÞ and eCDGðLDG;RTÞ ¼ ðui; ~u i; �zi;wiÞTCDGðLDG;RTÞ.

Accelerated conservative dynamics rCDG (G > Gcr)

xCDG ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�RðR� 1Þ þ GðRþ 1Þ

R� 1

r

eCDG ¼

ðR� 1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR� 1Þð�RðR� 1Þ þGðRþ 1ÞÞ

p
Rþ 1

�RðR� 1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR� 1Þð�RðR� 1Þ þ GðRþ 1ÞÞ

p
Rþ 1

1

0

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

Accelerated Landau-Darrieus dynamics rLDG

xLDG ¼
�Rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR3 þ R2 � RÞ þGðR2 � 1Þ

p
1þ R

eLDG ¼

i
ðR�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
ÞððR2 þ 2RÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
Þ

RðRþ 1ÞððR2 þ 2R� 1Þ � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
Þ

�i
ðR� 1ÞðRð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
� ðR2 þ 2RÞÞ þGðRþ 1ÞÞ

RðRþ 1ÞððR2 þ 2R� 1Þ � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
Þ

�i
ððR2 þ 2RÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
Þ

RððR2 þ 2R� 1Þ � 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðR2 þ R� 1Þ þ GðR2 � 1Þ

p
Þ

1

0
BBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCA

Rayleigh-Taylor dynamics rRT

xRT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

R� 1

Rþ 1

r
eRT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

R� 1

Rþ 1

r

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G

R� 1

Rþ 1

r

1

0
BBBBB@

1
CCCCCA
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to the light fluid, and the initially planar interface is in a state

of an unstable equilibrium corresponding to the maximum of

potential energy of the fluids’ system. Yet, the dynamics of

the perturbed interface is highly sensitive to the boundary

conditions at the interface, as it is unambiguously found in

our results Eqs. (1)–(11); Tables I–IV; Figs. 1–12. For

instance, for the flow fields, the accelerated conservative

dynamics conserves at the interface the perturbed fluxes of

mass, of normal and tangential components momentum and

of energy; accelerated Landau-Darrieus dynamics conserves

the perturbed fluxes of mass and of normal and tangential

components of momentum and has zero perturbed mass flux;

the Rayleigh-Taylor dynamics conserves the perturbed fluxes

of mass and normal momentum and has zero perturbed mass

flux at the interface, Eqs. (1)–(11); Tables I–III; Figs. 1–12.

It is well known that the presence of gradients of pres-

sure and density in a fluid flow may lead to baroclinic vortic-

ity production.3 This may happen when the pressure and

density are continuous functions of the coordinates and time,

and when these gradients are misaligned.3 When the fluid

flow has a discontinuity (a front or an interface), a more cau-

tious consideration is required, Eqs. (2a), (2d), and (2e).3 On

the side of mathematics, the boundary value should be

solved, with the boundary conditions at the fluid interface

and at the outside boundaries of the domain Eqs. (2a) and

(3).3 On the side of physics, in the presence of an accelera-

tion (a “strong pressure gradient”) and an interface (a “strong

density gradient”), the non-equilibrium perturbed flow usu-

ally has effectively no motion away from the interface and

intense motion of the fluids near the interface,1,2,4,7–15,24–34,36

Figs. 3(a), 7(a), and 10. As such, the dynamics is set by the

fluxes of mass, momentum and energy at the interface. The

“interfacial” nature of the non-equilibrium dynamics is

observed in experiments.11,13,36 A strong acceleration may

even lead to the appearance of an interface in a flow with ini-

tially continuous density field.11,13,36

In this work, we have developed and applied the general

matrix method to solve the boundary value problems Eqs.

(2), (6), (9), and (10). We have found that indeed the non-

equilibrium perturbed flow has effectively no motion away

from the interface and intense motion of the fluids near the

interface, and the latter is highly sensitive to the boundary

conditions, Figs. 1–12. In particular, in the accelerated con-

servative dynamics and accelerated Landau-Darrieus dynam-

ics, the tangential component of velocity is continuous at the

interface, and the flow is shear-free at the interface, Eqs. (6a)

and (9a); Figs. 3(a), 3(b), and 7(a). In the accelerated conser-

vative dynamics, the perturbed velocity field is potential in

the bulk, Fig. 3(a). In the accelerated Landau-Darrieus

dynamics, the perturbed velocity field has the vortical field

in the bulk of the light fluid, achieving its extreme values at

the interfaces and decaying away from the interface, Fig.

8(a). In Rayleigh-Taylor dynamics, the velocity fields are

potential in the bulk, and the vortical structures appear at the

interface since the tangential velocity component is discon-

tinuous at the interface, Fig. 10.

To better understand a transition from a flow with a dis-

continuity to a flow with continuously changing flow fields,

further investigations are required to systematically account

for non-ideal and compressible effects and a finite thickness

of the interface, to be studied in future research.

For the accelerated conservative dynamics, the interplay

of the inertial stabilization mechanism and the gravitational

destabilization mechanism results in the appearance of the

critical length-scale kcr ¼ 2p=kcr at which the interface

becomes stable and the length-scale kmax ¼ 2p=kmax corre-

sponding to the fastest growing mode in the unstable regime,

with kcr=kmax ¼ 2 and kmax=kcr ¼ 2. For g > gcr, the values

kcrðmaxÞ and kcrðmaxÞ are finite, with kcrðmaxÞ 	 g=V2
h and

kcrðmaxÞ 	 V2
h=g. For accelerated Landau-Darrieus and

Rayleigh-Taylor dynamics, the inertial stabilization mecha-

nism is absent, and the values approach kcrðmaxÞ=ðg=V2
hÞ !

1 and kcrðmaxÞ=ðV2
h=gÞ ! 0. For the RTI, Vh is understood

as some velocity scale.

Our results suggest that the conservative dynamics can

be stable even for ideal incompressible fluids when the grav-

ity value is smaller than a threshold, similarly to ablative

RTI and RMI in plasmas.14–16,25–28 In the unstable regime,

depending on the gravity value and the density ratio, the con-

servative instability can grow faster or slower than the accel-

erated LDI and the RTI; it is the fastest in the extreme

regimes of strong accelerations, Fig. 11, occurring, e.g., in

HEDP.6–8

Our results indicate a need in further experimental and

numerical studies of the interface dynamics. Numerical

modeling of unstable fluid interfaces is a challenge because

the simulations are required to track the interface, to capture

small scales dissipative processes, and to use the highly

accurate numerical methods and massive computations.1,11,12

Existing numerical approaches usually apply diffusive

approximation for modeling interfaces with the interfacial

mass flux, and work well for flows with smoothly changing

of flow fields.1 New developments may help to accurately

model the unstable interface with sharply changing flow

fields, including the Lagrangian and Eulerian methods.1,11,12

Our results suggest for experiments and simulations the

following studies of the conservative dynamics with the

growth-rate X ¼ kVh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqh=qlÞðg=gcr � 1Þ

p
. For fixed

g;Vh; ðqh=qlÞ one may vary perturbation wavelength and

observe interface stabilization at kcr ¼ ðg=V2
hÞðql=qhÞðqh

þqlÞ=ðqh � qlÞ and the fastest growing instability at

kmax ¼ kcr=2. For fixed Vh; ðqh=qlÞ; k, one may vary g
and observe stable oscillations of the interface with X
¼ ikVh

ffiffiffiffiffiffiffiffiffiffiffi
qh=ql

p
for g� gcr , and the unstable growth of the

perturbations with X ¼ kVh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðqh=qlÞg=gcr

p
for g� gcr . For

fixed g; ðqh=qlÞ; k, one may vary Vh and observe stable oscil-

lations for large Vh and unstable perturbations growth for

small Vh. While these properties agree qualitatively with

observations, in realistic environments, the material dynam-

ics is usually accompanied by dissipation, diffusion, com-

pressibility, radiation transport, stratification, surface

tension, non-local forces, and other effects.1,6–19,25–28,36 The

general approach that we have developed can be extended to

systematically incorporate these effects, to analyze the inter-

play of the interface stability with the structure of vector and

scalar flow fields, and to elaborate a unified theoretical

framework for studies of interfacial dynamics in a broad

range of processes including the ablative RTI and RMI in

112105-17 Ilyin et al. Phys. Plasmas 25, 112105 (2018)



fusion plasmas, the dynamics of reactive and super-critical

fluids, and the D’yakov-Kontorovich instability of the shock

waves.1–33 We address these studies to future research.

Existing experimental and numerical studies of the inter-

face stability are focused on the growth of the perturbation

amplitude.1,6,7,12 Our analysis derives the amplitude growth-

rate, and finds that the flow dynamics is highly sensitive to

the interfacial boundary conditions. We also find that the

new diagnostics can help to grasp the properties of interfacial

dynamics. In particular, according to our results, by measur-

ing at macroscopic scales the flow fields in the bulk and at

the interface as well as the interface morphology, one can

capture the transport properties at microscopic scales at the

interface, Eqs. (1)–(11); Tables I–IV; Figs. 1–12. This infor-

mation is especially important for systems where experimen-

tal data are a challenge to obtain, including fusion,

supernovae, and scramjets.1–36
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