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Abstract
This paper presents a three-dimensional constitutive model for
shape-memory alloys that generalizes the one-dimensional model presented
earlier (Sadjadpour and Bhattacharya 2007 Smart Mater. Struct. 16 S51–62).
These models build on recent micromechanical studies of the underlying
microstructure of shape-memory alloys, and a key idea is that of an effective
transformation strain of the martensitic microstructure. This paper explains
the thermodynamic setting of the model, demonstrates it through examples
involving proportional and non-proportional loading, and shows that the
model can be fitted to incorporate the effect of texture in polycrystalline
shape-memory alloys.

1. Introduction

Shape-memory alloys exhibit strongly nonlinear thermome-
chanical behavior associated with abrupt changes in their lat-
tice structure called martensitic phase transformations. Two
common manifestations of this phase transformation are the
shape-memory effect wherein an apparently plastic deforma-
tion sustained below some critical temperature is recovered on
heating above it, and superelasticity wherein significant defor-
mations suffered under loading are recovered on unloading. In
this paper, we present a constitutive model for such materials,
generalizing our previous work in one dimension [26].

The various applications of shape-memory alloys have
motivated a variety of constitutive models, for exam-
ple [1, 2, 6–8, 11, 13, 15, 16, 18, 19, 24–29] and the references
therein. The challenge in modeling these materials is to find a
balance between simplicity and an adequate description of the
underlying microstructure and its evolution. Our models de-
scribe the consequences of microstructure by introducing the
effective transformation strain of the martensite. It is the av-
erage transformation strain of the different variants of marten-
site averaged over a representative volume containing multiple
grains after the material has formed an allowable microstruc-
ture. It is constrained to take values inside a set that is called
the set of the effective transformation strains. The microme-
chanical basis for this set can be found in Bhattacharya and
Kohn [4] (also see [5, 22]). Our models also use lessons from
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micromechanics in introducing kinetic laws that describe the
phase transformation and evolution of the effective transfor-
mation strain. We refer the reader to [26] for further discussion
of the background and setting of our work.

We develop the model in section 2. We introduce the
key kinematic concepts, explain the thermodynamic setting
and describe the specific constitutive assumptions. As already
mentioned, an important kinematic variable is the effective
transformation strain that is constrained to lie in a prescribed
set. We explain how this set is prescribed and explore
the structure of various constitutive prescriptions of this set,
especially isotropy and symmetry. We also develop laws
governing temperature evolution under various heat transfer
conditions. Finally, we discuss the critical stress at which
phase transformation begins in this model, and show how the
transformation yield surface is the convex dual of the set of
effective transformation strains.

We demonstrate the model under the assumption of
isotropy in section 3, and without this assumption in
section 4. We conduct various parameter studies and show
how the parameters can be fitted to experimental data. We
demonstrate thermomechanical coupling by studying stress–
strain behavior of uniaxial tension, uniaxial compression, pure
shear and biaxial tension–compression tests at different initial
temperatures.

We demonstrate the response of the model to non-
proportional loading by studying an example motivated by
combined tension–torsion. Finally we show that our model can
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be fitted to match the anisotropy observed by Inoue et al [10]
in rolled sheets.

2. Constitutive model

We develop and discuss our model in this section. While this
discussion is self-contained, further details of the background
behind our definitions as well as some thermodynamic
calculations can be found in [25, 26].

2.1. Kinematics

Consider a typical device made of a shape-memory alloy. It is
made up of an extremely large number of grains. In turn, each
grain contains a complex microstructure of the austenite phase
and the different variants of the martensite phase. Our goal
is a macroscopic description. So we take a multiscale point
of view and think of each material point of our macroscopic
continuum to correspond to a representative volume element
(RVE) consisting of a number of grains, each containing a
complex microstructure of austenite and variants of martensite.
We introduce two kinematic or field or internal variables to
represent the consequences of the microstructure in an RVE.
The first is the volume fraction of martensite phase, λ(x, t). It
is a scalar, and is constrained to take values between 0 and
1. The second is the effective transformation strain of the
martensite, εm(x, t). It is the average transformation strain of
every subregion of martensite in the RVE. It is constrained to
lie inside a set P , the set of all possible effective transformation
strains. We postpone a detailed discussion of this set until
section 2.4, but note for now that it is a convex set in the space
of symmetric trace-free second-order matrices. Thus

λ ∈ [0, 1] and εm ∈ P. (1)

It is worth noting that the effective transformation strain
of the RVE is λεm since λ is the volume fraction of martensite
and εm is the effective transformation strain of the martensite.
The transformation strain of the austenite is zero by choice of
reference configuration.

Finally, we introduce the plastic strain tensor εp as an
additional field variable. Putting everything together, we say
that the total strain can be divided into three parts, elastic,
transformation and plastic:

ε(x, t) = 1
2 (∇u + ∇uT)

= εe(x, t) + λ(x, t)εm(x, t) + εp(x, t). (2)

2.2. Balance laws

We assume that the usual balance laws hold. In local form, the
balance of linear momentum and energy may be stated as

ρutt = div σ (3)

ε̇ = −∇q + r + σ : ε̇ (4)

where ρ is the (referential) mass per unit length, σ is the
(Piola–Kirchhoff) stress, ε is the internal energy density, q the
heat flux and r the radiative heating. We also use the local form
of the second law of thermodynamics:

−Ẇ − ηθ̇ + σ : ε̇ − q∇θ

θ
� 0, (5)

where W = ε − θη is the Helmholtz free energy density, η the
entropy density and θ the (absolute) temperature.

2.3. Constitutive relations, driving forces and kinetic relations

We assume that the Helmholtz free energy density depends on
the strain, the temperature and the internal variables:

W = W (ε, λ, εm, εp, θ). (6)

Specifically, we assume

W = 1
2 (ε − εp − λ εm) C (ε − εp − λ εm)

+ λω(θ) − cp θ ln

(
θ

θ0

)
(7)

where C is a fourth-order tensor denoting the elastic modulus
(assumed to be equal in both the austenite and the martensite),
ω is the difference in chemical energy between the austenite
and the martensite, cp is the heat capacity (assumed to be equal
in both the austenite and the martensite) and ordinary thermal
expansion is neglected. We further assume that

ω(θ) = L
θcr

(θ − θcr) (8)

where L is the latent heat of transformation and θcr is
the thermodynamic transformation temperature. Arguing as
in [26], we obtain

σ = C(ε − εp − λ εm), (9)

η = λ
L
θcr

− cp

(
1 + ln

(
θ

θ0

))
, (10)

dλ = σ : εm − ω, (11)

dεm = λσ, (12)

dεp = σ (13)

where dλ, dεm and dεp denote the driving forces associated with
the rates of change of their conjugate internal variables, λ, εm

and εp, respectively.
The kinetic relation describing the evolution of the

martensite volume fraction λ is taken to be the following:

λ̇ =

⎧⎪⎪⎨
⎪⎪⎩

λ̇+ (1 + (dλ − d+
λ )−1)

− 1
p dλ > d+

λ and λ < 1

λ̇− (1 + (d−
λ − dλ)

−1)
− 1

p dλ < d−
λ and λ > 0

0 otherwise
(14)

where λ̇±, d±
λ , p are material parameters. This relation is

shown in figure 1. Note that this law has a stick-slip feature
(i.e. it needs a critical driving force before evolution begins
and the evolution proceeds in an effectively rate-independent
manner) at small rates, but becomes rate-independent at high
rates. The motivation for this law is discussed in [26].

We assume the following plasticity relation:

ε̇p = Kεp (dεp , yield surface) = ḋεp

H

=
⎧⎨
⎩

σ̇

H
σ ∈ yield surface

0 otherwise
(15)

where H is the hardening parameter.
The evolution of the effective transformation strain εm

describes the twinning, detwinning and other such processes
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Figure 1. The kinetic relation between λ̇ and the driving force dλ.

that convert one martensitic variant to another. We assume a
rather simple law for its evolution:

ε̇m = Kεm (dεm , λ, εm) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α

λ
dεm εm ∈ ◦

P

α

λ
(dεm)∂ P εm ∈ ∂ P

0 otherwise
(16)

where
◦
P denotes the interior of P , ∂ P the boundary of P and

A∂ P the projection of A to the tangent space of P . There are
subtleties associated with this statement which we presently
discuss.

2.4. Set of effective transformation strains

In general, the transformation strain εm is a symmetric tensor
and thus has six independent components. It may appear
therefore that we need a six-dimensional transformation strain
space to represent the set of effective transformation strains.
Self-accommodation, however, dictates that the transformation
strain εm tensor is trace-free [3]. It follows then that the set
P lives on a subspace five-dimensional space of trace-free
symmetric matrices or deviatoric strains. Therefore, viewed

as a six-dimensional object,
◦
P, the interior of P , is empty.

However, it is convenient to restrict ourselves to the five-
dimensional space of deviatoric strains and rewrite (16) as

ε̇m = Kεm (dεm , λ, εm) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

α

λ
d̂εm εm ∈ ◦

P

α

λ
(d̂εm)∂ P εm ∈ ∂ P

0 otherwise
(17)

where
◦
P and ∂ P are interpreted as the relative interior and

relative boundary to this subspace, and Â is the deviatoric part
of the A.

To elaborate on this point, suppose we define P through
the following relation:

P = {εm| tr(εm) = 0, g(εm) � 0} (18)

λ ω

ε
ε

Σ Σ

Figure 2. Initiation of the forward martensitic phase transformation.

for a suitable g : R
3×3
dev → R. Then

ε̇m =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α

λ
d̂εm g(εm) < 0

α

λ

⎛
⎝d̂εm − d̂εm : ∂g

∂εm

∂g
∂εm

| ∂g
∂εm

|2

⎞
⎠ g(εm) = 0

0 otherwise.
(19)

Recalling that dεm = λ σ from (12),

ε̇m =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ασ̂ g(εm) < 0

α

⎛
⎝σ̂ − σ̂ : ∂g

∂εm

∂g
∂εm

| ∂g
∂εm

|2

⎞
⎠ g(εm) = 0

0 otherwise.

(20)

We now discuss three specific constitutive relations for P .

2.4.1. Isotropic and symmetric transformation. Isotropy
states that

g(εm) = g( RT εm R ) (21)

for all rotations R. This implies that we can define the
transformation strain function, g(εm) by three principal values
of the transformation strain, or its three invariants I1(εm),
I2(εm) and I3(εm) where

I1(εm) = tr(εm), (22)

I2(εm) = 1
2 [tr(εm)2 − tr(ε2

m)], (23)

I3(εm) = det(εm). (24)

As mentioned earlier, self-accommodation sets the transforma-
tion strain εm to be trace-free, which forces I1(εm) to vanish,
so that the set depends only on the second and third invariants.
Further, I2(εm) simplifies as follows:

I2(εm) = − 1
2 tr(ε2

m). (25)

A very simple constitutive choice for the set of effective
transformation strains is

P = {εm| tr(εm) = 0, g(εm) = I2(εm) − b � 0}. (26)

We may regard this as the analog of the von Mises yield
criterion in plasticity. Equations (16) and (26) give the growth
rule for the transformation strain as
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Figure 3. Parameter study on the effect of the parameter a on the shape of the set of effective strain and the transformation yield surface in the
isotropic setting.

Figure 4. The transformation yield surface and the set of effective transformation strain. The individual marks are experiments of Lexcellent
and Blanc [12] while the continuous curve is our fit with the parameters (47).
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Figure 5. The adiabatic response of a material subjected to a uniaxial tension–compression load with various initial temperatures.

Figure 6. The adiabatic response of a material subjected to a pure shear with various initial temperatures.

Figure 7. The response of the material subjected to a biaxial proportional tension–compression loading.

ε̇m =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ασ̂ |εm| <
√

2 b

α

(
σ̂ − εm

εm : σ̂

|εm|2
)

|εm| = √
2 b

0 otherwise.

(27)

Since g(εm) = g(−εm), this set displays tension–compression
symmetry.

2.4.2. Isotropic and asymmetric transformation. It
has long been known (see, for example, Burkart and
Read [9]) that shape-memory alloys do not display tension–
compression symmetry. Since I2(εm) does not change sign
as transformation strain changes sign, any constitutive choice
based solely on it will necessarily display tension–compression
symmetry. Therefore an asymmetric response will have
involved I3(εm).
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Figure 8. Non-proportional stress-controlled test.

A simple constitutive choice is

g(εm) = (−I2(εm))
3
2 − aI3(εm) − b. (28)

This defines the set of effective transformation strains to be

P = {εm| tr(εm) = 0, g(εm)

= (−I2(εm))
3
2 − aI3(εm) − b � 0}. (29)

Equations (16) and (29) give the growth rule for the
transformation strain as

ε̇m =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ασ̂ g(εm) < 0

α

(
σ̂ −

(
3 |εm|√

8
εm − a cof(εm)T

)

×
( 3 |εm|√

8
εm − a cof(εm)T) : σ̂∣∣( 3 |εm|√

8
εm − a cof(εm)T

)∣∣2
)

g(εm) = 0

0 otherwise.

(30)

2.4.3. Transversely isotropic and asymmetric transformation.
Shape-memory alloys are often made as wires and tubes
by drawing, and as sheets by rolling. These endow the
material with a crystallographic texture, i.e. the grains of the
polycrystalline specimen are no longer randomly oriented but
show a preferential distribution. In such circumstances, the
material is no longer isotropic and the function g no longer
satisfies (21).

It is common to have a uniaxial texture where one
crystallographic axis is preferentially oriented along the
drawing or rolling direction. So this direction is special while
all other directions normal to it are equivalent. Then,

g(εm) = g( RTεm R )

for all rotations R that satisfy Rê = ê. (31)

It follows that

g(εm) = g(I2(εm), I3(εm), ê · εm ê, ê · ε2
mê). (32)
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Figure 9. Non-proportional stress-controlled test.

A simple, but useful, choice is

g(εm) = (−I2(εm))
3
2 − aI3(εm) − b − c (ê · εm ê)3. (33)

This defines the set of effective transformation strains to be

P = {εm| tr(εm) = 0, g(εm)

= (−I2(εm))
3
2 − aI3(εm) − b − c (ê · εm ê)3}. (34)

This in turn changes the growth rule for the transformation
strain (30) to

ε̇m =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

α

λ
d̂εm g(εm) < 0

α

λ

(
d̂εm − d̂εm : ∂g

∂εm

| ∂g
∂εm

|2
)

g(εm) = 0

0 otherwise,

(35)

where

∂g

∂εm
= 3 |εm|√

8
εm − a cof(εm)T − 3 c (ê · ê) (ê · εm ê)2. (36)

We present a detailed parameter study of how a, b and c
determine the shape of the set of effective transformation
strains in sections 3 and 4.

2.5. Temperature evolution

The energy balance, along with the constitutive relations,
describe the evolution of the temperature. Specializing to the
specific constitutive relation and in particular (10), we obtain

cpθ̇ = λ̇θ
L
θcr

− ∇q + r + dλλ̇ + dεm : ε̇m + dεp : ε̇p. (37)
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Figure 10. The section of the set of effective transformation strains in the εm11–εm22 plane for various sets of parameters a, c.

For processes where heat transfer is negligible we have
q = r = 0. Further, it turns out that the latent heat
of transformation is large compared to the energy dissipated
during transformation, martensitic variant reorientation and
plasticity during typical processes of interest. Therefore we
assume

cpθ̇ = θλ̇
L
θcr

. (38)

Integrating this, we obtain a relation between temperature,
volume fraction of martensite, latent heat and specific heat:

θ(t) = θ0 exp

(
(λ(t) − λ0)L

cpθcr

)
. (39)

2.6. Phase transformation yield surface

Various authors have used a transformation yield surface to
characterize shape-memory alloys (see, for example, [12–14]).
This surface describes the value of the stress at which a
specimen in austenite above the Ms temperature and subjected
to a proportional load begins to transform. We now show that
this set is closely related to (the convex dual of) our set of
transformation strains.

Consider a specimen of shape-memory material in the
austenite state (λ = 0) and above Ms subjected to a
proportional load

σ = s � (40)

for fixed � with |�| = 1 and for s > 0 and monotone
increasing. Since we have chosen α to be so large that εm

evolves much faster than stress, εm reaches the boundary ∂ P
of the set of effective transformation strains quickly and then
evolves along it till the normal to ∂ P becomes parallel to �.
This value, εm = εm, does not evolve any further and solves
the following problem:

max
εm∈P

(σ : εm) = s max
εm∈P

(� : εm). (41)

The driving force for transformation, given by (11), is
therefore

dλ = σ : εm − ω = s max
εm∈P

(� : εm) − ω. (42)

Transformation begins when d = d+
λ . Thus it follows that the

value of the stress at which transformation begins is given by

sc(�) = (d+
λ + ω)/max

εm∈P
(� : εm). (43)

This is demonstrated graphically in figure 2. We define the set

Y = {σ : |σ | � sc(σ/|σ |)} (44)

to be the yield set and the surface ∂Y to be the transformation
yield set.
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Figure 11. The section of the set of effective transformation strains in the εm11–εm12 plane for various sets of parameters a, c.

3. Demonstration of the isotropic model

In this section, we elaborate on and demonstrate our model
under the assumption of isotropy.

3.1. Parameters

Consistent with typical experiments on NiTi (see, for
example, [17]), we fix the following parameters:

Ms = −51.55 ◦C and As = −6.36 ◦C

L = 79

(
MJ

m3

)
and cp = 5.4

(
MJ

m3 K

)

E = 65 (GPa) and σy = 1500 (MPa)

(45)

where Ms and As are the martensite start and austenite start
temperatures, respectively. The temperatures are defined in our
model through equations (14) and (11) to be

d+
λ = −ω(Ms), d−

λ = −ω(As). (46)

3.2. Set of effective transformation strains

We consider the set of effective transformation strains defined
in (29). This depends on two parameters, a and b. It is
clear by inspecting (29) that the parameter b simply rescales
the set of effective transformation strains, and thus also the

transformation yield surface. The parameter a, on the other
hand, controls the shape of these sets as shown in figure 3. For
each value of a, this figure plots the section of the set P in
the ε11–ε22 plane as well as the section of corresponding set Y
in the σ11–σ22 plane. Note that the sets are symmetric about
the ε11 = ε22 and σ11 = σ22 in view of isotropy. The value
a = 0 corresponds to tension–compression symmetry, and
both sets are ellipses. Positive values of a allows larger tensile
transformation strain, and thus requires smaller tensile stress
for transformation. Negative values of a reverse this behavior.

We now fit our model to the experimental observations
of Lexcellent and Blanc [12]. They conducted compression
pressure experiments on Ti–49.75 Ni (at.%) tubes to obtain the
transformation yield surface. We use the critical stress in two
directions:

Direction 〈1 0 0〉: (σ1, σ2) = (380, 0)(MPa)

⇒ sc1 = 380 (MPa),

Direction 〈1 1̄ 0〉: (σ1, σ2) = (0,−240)(MPa)

⇒ sc2 = 339 (MPa)

as well as the measured transformation strain εt
m = 5% in the

〈1 0 0〉 direction, to obtain the parameters a, b and d+
λ + ω:

a = 1.035, b = 0.000 049, d+
λ + ω = 19

(
MJ

m3

)
.

(47)
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Figure 12. Applied stress and corresponding strain for material I for various paths. Each row shows the results of four symmetry-related
paths.

The sets P and Y corresponding to these values are shown in
figure 4, and compared with the experiments to show a very
good fit.

3.3. Proportional loading

For the material parameters chosen in the previous two
sections, we simulate the response of the model for a few
proportional loading experiments by imposing time-dependent
proportional stress, and calculating the transformation strain,
the total strain, volume fraction of the martensite and
temperature are calculated. We keep the loading rate small
enough so that the response is essentially quasi-static and
choose the yield strength high enough to prevent any plastic
deformation.

Figure 5 shows results of the uniaxial tension–
compression tests under adiabatic conditions for different ini-
tial temperatures. The evolution of the temperature and the
volume fraction of martensite are also shown. The timescale is
chosen such that the first half (time 0–0.5) corresponds to ten-

sion while the second half (time 0.5–1) corresponds to com-
pression. All these temperatures are above the As tempera-
ture and the specimen is initially taken to be in the austenite
state. The material deforms linearly as the loading begins. As
the stress reaches a critical value, the transformation begins
with an apparent yield in the stress–strain curve and proceeds
to completion with increasing load and subsequently resumes
its linear elastic response. Note that the temperature increases
with transformation. As the load reaches its peak and starts to
decrease, the reverse transformation takes place, fully recover-
ing the strain and thus describing the superelastic response of
the material. The compressive half-cycle is similar, though it
requires a larger stress for the transformation and has a smaller
transformation strain. This is consistent with the positive value
of the parameter a. Further, the applied stress is not high
enough to complete or even initiate the transformation at the
higher temperatures.

These series of tests were confined to a temperature range
where the material is superelastic. We refer the reader to [26]
for a more complete study of the effect of initial temperature,
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Figure 13. Applied stress and corresponding strain for material I for various paths. Each row shows the results of four symmetry-related
paths.

loading rate and yield stress, as well as a demonstration
of the shape-memory effect. Figure 6 shows the stress–
strain response, growth of volume fraction of martensite and
temperature as a function of time for pure shear tests for
different initial temperatures.

Figure 7 shows results of an isothermal biaxial tension–
compression tests. The material is initially in austenite phase
and subjected to a stress of the form

σ = s(t)

( cos φ 0 0
0 sin φ 0
0 0 0

)
(48)

with φ held fixed. The temperature is held fixed at 220 K and
the transformation strain, strain and martensite volume fraction
are calculated as a function of time. This is repeated with
various values of φ and the stress and strain paths are plotted
variously in figure 7.

Notice that strain begins evolving in the direction of the
deviatoric part of the applied stress:

σ = s(t)

3

×
( 2 cos φ− sin φ 0 0

0 2 sin φ− cos φ 0
0 0 − cos φ− sin φ

)

(49)

till it hits the boundary of the set P . It then evolves along
the boundary till it reaches the point with maximum projection
along the deviatoric part of the applied stress. In other
words, the strain response is not necessarily proportional.
Consequently, a plot of the uniaxial stress component versus
the uniaxial strain component can look quite complicated, as is
also shown in figure 7.

3.4. Non-proportional loading

We now turn to non-proportional loading with the same
parameters as above and under adiabatic conditions. We
consider a combination of uniaxial tension and simple shear
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Figure 14. Stress-controlled behavior of the transversely isotropic model: material II.

mimicking the state of stress that a material point experiences
in a tension–torsion experiment. As before we apply a time-
dependent stress and calculate the other variables according to
our model.

Figure 8 shows the results of two stress paths. In the
first, shown in dark, we apply an increasing tensile stress
till it reaches 800 MPa, hold the stress fixed at this value
while applying and then removing the shear stress, and finally
unload the tensile stress. Note that the tensile component of
the transformation strain εm11, and consequently the tensile
component of the strain ε11 decreases with increasing shear
though the tensile stress is held fixed, but recovers with the
removal of the shear. This reflects the shape of the set of
transformation strains.

The light curves of figure 8 show the results for a second
loading path. Here, the shear is applied first, held fixed while

the tensile load is applied and removed, and finally the shear is
unloaded. We see similar changes in the shear strain while the
tensile stress is applied and removed.

Figure 9 shows similar stress paths with different signs of
applied load. The phase transformation strain εm12 → −εm12

is symmetric and thus only the first and third quadrants of the
phase transformation surface are necessary to predict the shape
of the transformation surface in the εm space.

4. Demonstration of the transversely isotropic model

We now turn to the transversely isotropic material. We retain
the parameters described by (45).
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Figure 15. Strain-controlled behavior of the transversely isotropic model: material II.

4.1. Set of effective transformation strains

We consider the uniaxial or transversely isotropic material
where the set of recoverable strains is described by (34). We
select e = {1 0 0} to be the special direction of the texture
without any loss of generality. The set of transformation strains
is described by three parameters a, b and c. The parameter b
scales the set and the parameter while the parameters a and c
describe the asymmetry and anisotropy.

Figure 10 shows the section of the set P with the plane

εm =
(

εm11 0 0
0 εm22 0
0 0 −εm11 − εm22

)
. (50)

Each figure on the top row labeled (a) shows four different
values of a as c changes from negative to positive, while each

figure on the bottom row labeled (b) shows four different values
of c as a changes from negative to positive. The case c = 0 on
the middle of the top row corresponds to the isotropic situation.

Figure 11 shows the section of the set P with the plane

εm =
(

εm11 εm12 0
εm12 0 0

0 0 −εm11

)
. (51)

Each figure on the top row labeled (a) shows four different
values of a as c changes from negative to positive, while each
figure on the bottom row labeled (b) shows four different values
of c as a changes from negative to positive. The case c = 0 on
the middle of the top row corresponds to the isotropic situation.
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θ σσ

Figure 16. Rolled sheet under tensile stress.

4.2. Stress and strain controlled tests

We describe the response of the transversely isotropic material
in various stress and strain controlled tests using the following
set of parameters:

• Material I: a = 1.5, b = 0.000 049 and c = −0.6,
• Material II: a = −1.5, b = 0.000 049 and c = 0.6.

All other parameters are fixed at the values described earlier.
Figures 12 and 13 show the stress–strain response of

material 1 for six different stress-controlled loading paths in the
σ11–σ12 space. These paths were inspired by the experiments
of Sittner et al [28], though they were conducted on a different
copper-based material.

Figure 14 shows the response of the model under applied
non-proportional tension-shear stress for material II. The initial
temperature is 295 K and the situation is assumed to be
adiabatic.

Figure 15 shows the response of the model under
nominally strain-controlled tension–shear tests. In these
simulations ε11 and ε12 are prescribed to given time-dependent
values, ε22 is prescribed to be zero and all lateral stress
components σ3i are set to zero. We do so because this is
the most common condition in tension–torsion tests, and also
because it demonstrates the ability of using the model under
complex conditions. Notice by comparison to figure 14 that
the stress–strain curves can look quite different under stress-
controlled and strain-controlled situations even though the
imposed stress and strain histories look similar.

4.3. Rolling texture

We conclude by demonstrating that our model can be fit
to one observed rolling texture. Inoue et al [10] have
investigated planar anisotropy of shape-memory strain in
polycrystalline NiTi alloy sheets by conducting uniaxial stress–
strain measurements on small specimens extracted at different
orientations from a rolled sheet as shown in figure 16.
Figure 17 shows how our model is capable of reproducing
their experimental observations. The parameters used for this
fitting are similar to those listed in section 3.1 along with the
following:

a = −1.5, b = 0.000 063, c = 0.3.

5. Conclusion and discussion

A micromechanics-inspired constitutive model for polycrys-
talline shape-memory alloys in three dimensions is presented.
The model is a generalization of the one-dimensional model
presented earlier [26] and remains applicable in a wide range
of temperatures and strain rates. It is able to describe satisfac-
torily the stress–strain response for complex proportional and

Figure 17. Analytical model versus experiment, PL-CR
({1 1 1}〈u v w〉 texture).

non-proportional loading patterns and can simulate the effect
of texture pf a polycrystal of shape-memory alloy.

While the model seeks to incorporate the lessons of
various micromechanical analysis, it does rely on a number
of modeling hypotheses. In particular, one that is significant
is the assumption that the austenite and the martensite have
the same elastic moduli. This is of course not the case in
reality. Consequently, the elastic modulus C is a function of
volume fraction λ, i.e. C = C(λ) in equation (7). This
changes the formula for the driving force dλ in equation (11)
and makes some of the calculations more complicated. These
changes can easily be implemented. However, the issue of
elastic heterogeneity is deeper. There is a self-energy generated
by the elastic heterogeneity and this can be significant.
Consequently, one needs to add a term G(ε, λ, εm) to the
energy in equation (7) to represent the self-energy of the
optimal microstructure with total strain ε, volume fraction λ

and effective transformation strain εm. However, a satisfactory
constitutive model for this G remains unclear at the moment.
This remains a topic of current research, and an open issue for
future work.
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