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Noether’s theorem, that local gauge variations of gauge invariant actions are identically conserved
(more tautologically, that gauge variations of gauge invariants vanish) was established a century ago.
Its converse, in the geometric context: are all identically conserved local symmetric tensors variations
of some coordinate invariant action? remains unsolved to this day. We survey its present state and
discuss some of our concrete attempts at a solution, including a significant improvement. For notational

simplicity, details are primarily given in D =2, but we discuss generic D as well.
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1. Introduction

Noether’s theorem is a textbook truism that the field equations
of gauge theories-Maxwell, Yang-Mills, Einstein et al.-obey conser-
vation, “Bianchi”, identities as a consequence of their Lagrangian
origins: The actions being invariant, their local gauge variations
vanish. But the latter are just the divergences of the action’s field
variations: It suffices for models to be Lagrangian for them to obey
gauge identities. But is it also necessary-are all identically con-
served currents derived from actions? This converse hypothesis is
almost as old as Noether’s and remains unsolved-for the gravita-
tional case-despite its simple form and intuitive appeal. Over the
last few decades, only limited success has been achieved. For in-
stance, when the tensor has at most two metric derivatives, 9%g,
it is Lagrangian [1]; at 83g order, [2] proved the Lagrangian nature
in definite signature spaces. That assumption was lifted in [3] in
D =3, while [4] gave the general 33g proof in all D. For a detailed
history, see, e.g., [5]. To our knowledge, there is no result beyond
83g until our present 3%g one. This is not merely a formal conjec-
ture, but has direct physical consequences: Non-Lagrangian terms
have recently been proposed as alternative geometrical models.
But the physics requires them to be separately conserved: Since
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coordinate invariant matter actions’ stress-tensors are identically
conserved (on matter shell), irrespective of their couplings, if any,
to gravity, the proposed field equations,

Guv(g) + Epv(g) = Tyy(matt; g) (M

imply that the non-Lagrangian gravitational addition E,, must be
identically conserved, since both the Lagrangian gravity part G,
(including G, = 0) and-as we saw! -Tyv(matt) both are. Hence
counterexamples to the necessity hypothesis, if they existed, would
be of physical interest and conversely their absence would remove
a sea of models. We shall first review the vector gauge theories,
where there are manifold counter-examples to the conjecture, be-
fore coming to the gravitational story. Concentrating on the most
elementary geometrical systems, those in D =2 where only the
scalar curvature enters, we will discuss some differential and in-
tegral approaches to exhibit the nature of some of the obstacles
involved as well as all-order versus perturbative attempts; in the
former case we have succeeded in reaching several derivative or-
der improvements over past results. Higher-dimensional similar-
ities and differences will also be discussed. For completeness, we
emphasize that we are only interested in local currents constructed

1" A recent suggestion [6] that a matter Lagrangian is not needed to specify matter
systems, but only conservation of the stress-tensors, can be understood in this light
as being entirely equivalent to the standard lore: A correct stress tensor is always
the metric variation of an action, and is conserved IFF the matter field equations
are invoked.
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only from metric and its local derivatives, as these are meant to be
primary models. There are of course non-local quantum contribu-
tions to effective actions (from anomalies inter alia) but these are
all action-generated anyway. We also underline the irrelevance of
(action-defined) matter’s T, details. The complementary question
of non-action matter sources’ gravity problems is treated in [7].
Given the simplicity and plausibility of the hypothesis, we cannot
help but feel some obvious proof is being overlooked; perhaps this
résumé will attract one!

2. Vectors

A sufficiently general set of field equations, first in the abelian,
D =4 Maxwell, case, is

M =0, [ X(F FPF* | =0, (2)

where FA¥ is the (D = 4) dual of Fuv and we have used only
its two simplest, algebraic, invariants in the arbitrary function X.
The divergence identities 9,M" = 0 are manifest from the an-
tisymmetry of F contracted with the symmetric 9,9,, irrespec-
tive of X. However, not all such M are A, variation of a La-
grangian: they must obey the usual Helmholz integrability condi-
tions, which set stringent limits on the X. So here identical con-
servation does NOT require an action. Perhaps surprisingly this is
not some purely linear, abelian property, but holds also for non-
abelian fields: there, we replace 9, by the usual covariant color
derivatives D, whose commutator is now the non-abelian field
strength, [D,,D,]~ F,y. Yet the generalization of (2) remains
transverse owing to the antisymmetry of the structure constants:
fape FPHY Ffw = 0 (the arguments of X are now the (color-singlet)

traces of F2 and FF ). Again, only the algebraic factor: antisymme-
try, is relevant.

3. Gravity

We now come to our problem: the origin of identically con-
served geometric tensors. The formalism is enormously simplified
by working first in D =2, where all essentials are already present,
index proliferation is at a minimum and the issues are manifest.
Only the scalar curvature R and its covariant derivatives, V"R,
(since Ry, = %gMR), and explicit metrics contracting indices are
present. Our convention is

R=g""Ryy =g""R* v

3)
=gh¥ (aara,uv - avrwauraaﬁrﬁuv - Fauﬁrﬂua) .
Its variation is
SR(x) 1
520y [zg,wR + (g V? — V,Lm} 8P (x—y). (4)

Note that the VV part of §R is the covariant version of the flat
space transverse projector OMV = [nV32 — 39"], but it is of
course no longer transverse; there are none in curved space. In-
deed this is the 2D version of the flat superpotentials V¥ =
do 9 HHIVB] where H has the algebraic symmetries of the Rie-
mann tensor, so V is identically conserved. In D =2, H degen-
erates into e“®gVS where S is a scalar, namely into the OV
above, First, a reminder of why invariant action-based tensors are
conserved here (non-invariant actions’ variations are of course not
even tensors). The variation of

A=/d2xL (guv: V'R), n>0 (5)

is
SA _ A /d2 SR(y) 6A
88y (%) ltotal 88y, (X) IR const 3810 (x) SR(y) gconst’

(6)

3A =0 holds because

38y ’total
A is invariant under arbitrary coordinate variations, §g,, = V(u&v).

Note that both terms in (6) are “normal” tensors, as against “pro-
jector” ones, O*YS-this point is critical to our problem, so we
explain it. (Ex-)projectors are of course tensors, but strange ones
whose divergences are NOT in general total derivatives: despite
the notation, V,(0O*"S) is of the form SOR (or RAS, depending
on choice); that is manifestly NOT always the divergence of any
regular, NON-0S, tensor-for example if S = (3R)2. The Lagrangian
case is the one where OS is normal, because it also can be written
as 8R/4g, so for S = %Lg we recover (6).

and of course the Noether identity V),

The above illustrates sufficiency; Now for necessity: are there
NON-Lagrangian identically conserved X“'(g,,; V'R)? In the
vector cases, we saw that such (vector) terms existed because
one merely algebraically contracted antisymmetric with symmet-
ric indices, unlike the differential nature of the present prob-
lem. The lowest-level cases are easy: if X*' is R-independent,
it must be proportional to gV, namely to a cosmological ac-
tion L = ,/—g. Likewise, X = X(g; R) obviously comes from an
L= ./=gf(R). This is no longer so obvious when X does depend
on derivatives of R. We must fall back on the projector basis of
flat space conservation for inspiration. As we saw above, if the
R-dependence is such that a scalar S is of the form %Lg, then

fdzy\/—_géR(y)/Sg,w(x)S(y) is the R-variation of an action and
the total conserved current is its sum with H+M| . The inspi-
ration is of course (4), showing that the flat 0#" must be extended
to the curved one, plus the (natural) gR-term. We can now state
the general problem in its tersest form, at least in the present ap-
proach. Are there NON-Lagrangian solutions of the local equation
Vy(OH*VS + ZH*V) = 0, where Z is a “normal” tensor, S a scalar
and O the 6R/8g,. of (4)? So far the only way a compensating
“normal” Z can exist is for OS to have a normal divergence as
discussed above. Although we have not succeeded in settling the
question, it seems so intuitively simple that these lines may in-
spire a resolution. In higher D, there are a few novel wrinkles,
such as the existence of 4-index 0#VP* from the variations of the-
identically conserved-Einstein tensor, multiplied by a 2-tensor S
and of course the complications of dependence on the index-rich
(covariant derivatives of) Ricci and Riemann tensors. These are all
examples of the general superpotential d,dgH“*IVAl mentioned
earlier. Then there are Chern-Simons like operators in odd D, and
finally for D > 4 the Lanczos-Lovelock [1,8]% actions’ variations
have no contributions from their curvature dependence, but rather
entirely from their explicit metric dependence, in complete con-
trast with D = 2, where the latter is trivial.

Let us now look (back in D =2) at the problem, first in a per-
turbative way. [For space reasons, we will be very terse about the
still unsolved approaches.]. We seek an identically conserved ten-
sor X,y

Xuv = (VY Vo — g 0)S — 3SRguy + Zyuw (7)

whose vanishing divergence means that

2 [8] merely noted the quadratic curvature topological invariants in D = 4, namely

Gauss-Bonnet and its axial counterpart f d*xRR, while [1] showed that the G-B
action becomes dynamical for D > 4 and listed all such extensions.
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VEZu = 3SR, (8)
an equation that resembles that of a scalar-tensor model with R
an independent scalar. In a weak field expansion about flat space,

guv XNy +€hyy, €K1, 9)

the leading term in (8) becomes
L
"zl =1sBa,RD (10)

in an obvious notation; all covariant derivatives are here replaced
by partials. The right hand side of (10) is annihilated by Euler-
Lagrangian operator (since it kills all total derivatives), is a nec-
essary, but not sufficient, condition for conservation. While we
have not been able to solve the resulting condition iteratively in
general, we have at least succeeded in pushing the known re-
sults [4] several orders higher in derivatives of R, namely to 3° in
the metric, as we briefly sketch. When X*V depends only on the
first six derivatives of the metric, we can in fact construct a non-
perturbative proof by solving (8) directly. In this case, S depends
on at most the second derivative of the R so the most general Z,,
must take the form

Zuw=AR, TY(V,V, — guvDR+ B(R, T)V,RV,R

11
+guwC(R.T), T=(R)?. (1)

Notice that the V2R terms in Z,,» must appear in the combination
0 ,wR or V#Z,,, would depend on V3R. Now demanding

V“ZW:%S(R,VR,VZR)BVR (12)
yields
dA aC
B=——-2—. (13)
oR aT

In deriving (13), we have used the D =2 identities for any scalar
quantity ¢

2008 Vi — 20,0V 900 = V. p[(O9)* — dvid™*],

¢;w = Vuvv(b s
Suvdrp V' OVP P — 245 Viyd Ve = (39) (80D — Vi Vi)
— O0pVupVid. (14)

One can show that the particular Z,, satisfying (13) results from
varying the following action with respect to gh" with R fixed

A:/dzx\/E(AvulogTV“R—ZC). (15)

Therefore, general covariance implies ,/gS = %| g Which contains
at most second derivative of R. By the reasoning given in pre-
vious paragraphs, X, constructed in (7) comprises the general
divergence free symmetric tensor depending on at most 3%g. This
procedure can of course continue to higher orders with the en-
counter of complicated new Schouten-type identities at each order.
We did not proceed further because our main goal is an all-order
proof which seems to be beyond the limit of the current approach.
However, equation (8) does provide a link between scalar-tensor
models and the divergenceless symmetric D = 2 tensor, the latter
being four derivative orders higher than the former in their respec-
tive fundamental fields.

A different approach to the problem would be to establish that
XMV obeys the integrability condition

8./8XHV (x) _ 8./8XP(y)

(16)
38p0 (¥) 3guv(X)
namely, % is a formally self-adjoint differential operator

comprised of the Riemann tensor and its covariant derivatives. The
integral form of (16) can be expressed as

/ (52(VEX™)51 800 — 51 (VEX")S2guv) = 0. (17)
M

for arbitrary variations ;g and 8, g. To approach our goal (17), first
define the functional

Ax(Y) ::/\/EX’”YMV, (18)
M

in which the tensor Y, has finite support on M. Conservation of
XMV implies this functional vanishes when Y is the Lie derivative
of the metric with respect to a compactly supported vector field:

Ax(Leg) :zzfﬁxﬂvvugvzo. (19)
M

Here £ denotes the Lie derivative and we have used that Lg¢ gy, =
V€ + Vi€, Hence, the variation of A(L¢g) also vanishes so that

51Ax(£gg)=f(51(\/§X’”)£gg;w + VEXM Led1gun) =0.
M
(20)

The functional Ax(Y) is diffeomorphism-invariant, so a variation
82Ax(818) with 82818 = L£(518) also vanishes. This gives

f (52(/EXM)51 80 + VEXHY L (518)) =0. (21)
M

The difference of the above two displays

/ (82(/EX")81800 — 81 (VBX")52810) |30, s =0 (22)
M

Were §,g not restricted to variations of the form L g, this would
complete the proof. However, X*¥ has three components in D =2,
of which only two are affected by (22). We have unfortunately
been unable to complete this “integral” approach either.

4. Comments

We have reviewed and summarized the current standing of a
century-old conjecture-validity of the converse of Noether’s theo-
rem: are all identically conserved geometrical 2-tensors the met-
ric variations of some invariant action? This intuitively attractive
proposition has proved remarkably recalcitrant to date, although
we have managed to push the proof to sixth derivative order in the
metric. A number of quite different approaches have been pursued
and we have summarized them by concentrating on the simplest
curved space dimension, D = 2, where the problem is most clearly
stated without the obscuring higher D index proliferation. A proof
(or indeed disproof) in D = 2 all but guarantees the same for
all D. There are important physical consequences of this seemingly
formal question to real physics: Of the many attempts to go be-
yond GR, addition of non-Lagrangian terms on the “left hand side”
of the field equations requires them to be identically conserved,
since both G, and the (Lagrangian-based) matter stress tensors
on their mass shell are. This would close the floodgates to a wide
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range of speculation. [Conversely, in the unlikely event that there
are such tensors, a whole new field would open up!] In string the-
ory, one always obtains DX = 0 equation for the target space fields
from the world-sheet BRST invariance. So if our conjecture is true,
it also implies that all stringy gravity models are Lagrangian.

We have used locality as a physical demand. If that is lifted, it
is trivial to provide counter-examples, albeit non-symmetric ones,
such as X*¥ = (VAO~1vY — g*")S (conserved on one index). Fi-
nally, we have not investigated the recently proposed [9,10] amus-
ing D = 3 models whose X-divergences only vanish on-shell.
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