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On the Growth of the Number of Bound States with Increase 
in Potential Strength* 

BARRY SIMONt 
Princeton University, Princeton, New Jersey 

(Received 21 November 1968) 

For a wide class of potentials, it is shown that N().), the number of bound states (including multiplicity) 
of -~ + ).V, obeys the conditions 

for)' sufficiently large. A and B are positive finite numbers. In the centrally symmetric cases, a related 
growth condition on Imax().), the largest I channel with bound states, is also obtained, namely, 

aAt < Imax(A) < bAl. 

Finally, we discuss analogous results for a larger class of central potentials and for the many-body case. 

I. INTRODUCTION 

There are a fairly large number of results giving both 
lower and upper bounds on the number of bound 
states in a given I channel for a central potential.l-8 

From these, limits can be developed on the growth of 
the number of states in a fixed channel as the strength 
of the potential increases. The strongest general result 
of this nature has been obtained by Calogero.4 If 
nz(AV) is the number of bound states (not counting 
multiplicity) of angular momentum I for the operator 
-d + AV, then Calogero shows that 

CAl < nz(AV) < D).i 

for A sufficiently large (A will always be positive in this 
paper) and for a large class of potentials. C and Dare, 
of course, V- and I-dependent (actually, D can be 
chosen independently of I). 

For a restricted class of potentials (negative non
increasing as r ->- 0), Chadan6 has shown that 

Iimnz(AV)/A! 
).-+ 00 

exists and has a simple form in terms of V. 
For some reason, there seem to be almost no 

results on the growth of the total number of bound 

* This research partially sponsored under Air Force Research and 
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states (counting multiplicity) 
00 

N(V) = ! (21 + l)nz(V). 
z=o 

In this paper we show that, for a large class of not 
necessarily central potentials, there are nonzero 
constants A and B such that, for sufficiently large 
A (Theorems 2, 3, and 6), 

AA~ < N(AV) < BA~. (I) 

We also show (Theorems I and 5) that the number 
of angular-momentum channels with bound states 
goes as A!. 

The conditions we impose on centrally symmetric 
V are the following: 

(A) For all A, -d + AV has no eigenvalues of 
positive energy and the negative-energy spectrum is 
purely discrete of finite multiplicity. 

(B) I(V) == S: dr r W(r)1 < 00. 

(C) inf[r2V(r)] == - L > - 00. 

(D) For some ex > 0, {r I VCr) < -O(} has a non
empty interior. 

The characterization of the negative spectrum in 
(A) can be assured by very weak conditions.9 The 
absence of positive-energy bound states is assured by 
fairly mild conditions.lO 

(B) is the standard condition of Jost 'and Pais.ll It 
can be replaced by the alternate condition: 

(B') V is minorized by a monotonically increasing 
potential V with 

Q(V) = loo dr W(r)l! < 00. 

• T. Kato, Progr. Theoret. Phys. (Kyoto) Suppl. 40, 3 (1967); R. 
Courant and D. Hilbert, Methods of Mathematical Physics (Inter
science Publishers. Inc .• New York, 1953), Vol. I, p. 448. 

10 T. Kato, Commun. Pure Appl. Math. 12, i 403 (1959); F. 
Odeh, Proc.-Am. Math. Soc.' 16,363"; B'-Simon, Commun. Pure 
Appl. Math. (to be published); J. Weidmann, Math. Z. 98, 268 (1967). 

11 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
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We prove our results initially in the centrally sym
metric case and discuss the easy extensions to the 
noncentral case in Sec. V. 

II. THE UPPER BOUND 

First we remark that there is an upper bound 
weaker than ours implicit in Bargmann's result1 that 

n1(W) < I(W)/21 + 1 (2) 

for any potential W. For then nl ( W) = 0, if 21 + 1 > 
leW), so that 

[([-1)/2) 

N(W) < L (21 + l)n 1(W) 
1=0 

< 1{1 + [lU - 1m < tI(1 + 1). 

For W = AV, leW) = U(V), so we see that 

N(AV) < lzA1(AI + 1) < 12A2, for A> (I)-I. 

Our stronger result is obtained by a better estimate of 
the maximum I-channel with a bound state in it; we 
designate this I-value Imax(A). 

Theorem I: If (A) and (C) hold, then for all A, 

ImaiA) < (L)?!)J. 

ProoJI2: Since -d2/dr2 is a positive operator and 
-~ + AV has no positive eigenvalues, there are no 
bound states in the I channel, if 

1(1 + 1)/r2 + AV(r) > 0, for all r. 
But 

l(l + 1)/r2 + AV > r-2[l(l + 1) - AL), 

so nl(AV) = 0, if l(l + 1) > AL; i.e., if 

I> (AL)!, then n1(AV) = 0, i.e., Imax(A) < (AL)!. 

Q.E.D. 

Theorem 2: If (A), (B), and (C) hold, then, for all 
A> L-1, 

so 

N(AV) < [2L!I]A~. 
Proof' By Bargmann's condition (2), 

(21 + 1)nz(AV) < AI, 

~max 

N(AV) < L (21 + 1)ntC2V) < (U)(lmax + 1) 
1=0 

< (A1)(A! Lt + 1) < 2A~ ILl'! 

if AL > 1. Q.E.D. 

If (B') holds instead of (B), we replace Bargmann's 
bound (2) with that of Caloger02 (see also Ref. 7): 

n1(V) < (2j1T)Q(V), for alII. (3) 

12 An alternate proof can be based on the bound given in F. 
Calogero and G. Cosenza, Nuovo Cimento 45, 867 (1966). 

Theorem 3: If (A), (B'), and (C) hold, then for all 
2> L-1, 

N(AV) < (8/1T)LQ(V»)J. 

Proof' From Calogero's condition, 

np V) ~ At [(2/1T)Q( V)], 
so that 

N(lV) ~ A![~Q(V)J II~x(21 + 1) 

= At [(2/1T)Q(V)](lmax + 1)2 

~ l![(8/7T)LQ(V)], 
if AL ~ 1. 

III. A STRONG RAYLEIGH-RITZ PRINCIPLE 

The nub of the proofs of the lower bounds is a form 
of the Rayleigh-Ritz principle which is more explicit 
than is usually found. While Theorem 4 is no doubt 
well known, its value for proving the existence of 
bound states does not seem to have been fully appre
ciated. It is essentially the principle used by Kato in 
his proof that the helium Hamiltonian has at least 
25 585 bound states.13 

Theorem 4: Let H be a self-adjoint operator on a 
domain D and let 

fln = sup { inf (':P', H':P')}, 
<1>" ••• ,<1>n-1 'i'E U (<1>, , ... ,<1>n-1) 

where 

U(<I\ , ... , <I> n-1) 

= {':P'I ':P' E D, II\P' II = 1 and (<1>;, ':P') = a}. 

Then for each fixed n, either 
(a) fln is the nth eigenvalue counting multiplicity 

or 
(b) fln is the bottom of the essential spectrum and 

fln = fln+1 = fln+2 = .... 
Moreover, there are at most n - 1 eigenvalues less 

than fln . (The essential spectrum is the set of points in 
the spectrum which are not isolated points of finite 
multiplicity.) The theorem holds if we replace D in the 
definition of U, by Do, the domain of H as a bilinear 
form, i.e., the domain of IHI! as an operator. 

We do not write out a proof of this theorem, as it is 
completely straightforward if one is willing to use a 
little spectral theory. The power of Theorem 4 comes 
when it is combined with condition (A); for if fln is 
negative and (A) holds, then (b) cannot be true and so 
(a) must hold. We remark that in application, H is 
either - ~ + V or - ~ + V restricted to an angular
momentum subspace. 

13 T. Kato, Trans. Am. Math. Soc. 70, 212 (1951). 
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We first prove some corollaries which we need. 

Corollary 1: If (D) holds, then -Ll + AV has a 
bound p-state for A sufficiently large. 

Proof Pick a smooth function 4> of r of compact 
support, so that support of 4> is contained in the set 
with VCr) < O. Let 'Y(r, (), 4» = r4>(r) Yf«() , 4». Then 
('Y, V'Y) < 0 and so, for A sufficiently large, 
-('Y, Ll'Y) + A('Y, V'Y) < 0, i.e., -Ll + AV has a 
bound p-state. 

Corollary 2: nl(AV) is a monotonically increasing 
function of A. 

Proof 

-~ + AoW= Ao(-~ + W) + (l - Ao)(-M. 

For Ao > 1, (1 - Ao)( - Ll) is a negative operator, so 
that by Theorem 4 applied to the operators on the 
space offunctions of angular momentum I, ntCAoW) ~ 
nl(W), for all W. Letting W = AV and AoA = A1, we 
see that nl(A1V) ~ nl(AV) if A1 > A. 

Corollary 3: For any central potential V, and for 
I ~ 1, 

Proof 

__ d + l(l + 1) + --.:../(1_+'----'-1) V 
dr2 r2 2 

= l(l + 1) {_ ~ + ~ + V} 
2 dr2 r2 

+ 2 - l(l + 1)(_ ~), (4) 
2 dr2 

where 

2 - 1(1 + 1)(_ ~) 
2 dr2 

is negative, so that the left-hand side of (4) has at 
least as many bound states as the right-hand side, i.e., 

Corollary 4: Let V1 obey condition (A) and let V2 by 
any potential with V2(r) ~ V1(r) for all r. If all the 
negative-energy eigenfunctions of -,:l + V2 are in the 
domain of -Ll + V1 as a bilinear form, then N(AV1) 
is at least as large as the number of negative-energy 
eigenvalues of AV2 • 

The proof is trivial; however, we remark that care
ful applications should not ignore the domain con-

dition. We do not have a pathological V2 in mind 
when we distinguish the negative-energy eigenvalues; 
rather we will not require V2 to go toO at 00 and, in 
fact, will take V2 -+ 00 as r -+ 00. 

IV. THE LOWER BOUNDS 

Theorem S: Let V obey (A) and (D) and suppose 
n1(AoV) ~ 1. Then, for A > Ao, 

lmax(A) ~ (lAo!)A!. 

[Note: By Corollary 1, (D) implies that some Ao exists.] 

Proof: By Corollary 3, 

nHAol(l + 1)V] ~ l. 

Thus, if A ~ lAo/(l + 1), nl(AV) ~ 1 (by Corollary 2). 
Thus, if [::;; (A/Aoi 2 and I ~ 1, n1(AV) ~ 1; i.e., 

Imax(A) ~ [(~)!J ~ H~r if A ~ Ao· 

Corollary 5: If V obeys conditions (A) and (D), 
then, for all A ~ Ao (Ao as in Theorem 5), 

N(AV) > A/Ao. 
Proof 

lmax 

N(A) > I (21 + 1) = (lmax + 1)2 
1=0 

~ {[(A/Ao)~] + 1}2 ~ A/Ao• Q.E.D. 

To get an improvement on the growth rate of 
Corollary 5, a comparison with specific potentials 
seems necessary. A comparison proof is also possible 
for obtaining the upper bounds. 

Lemma 1: Let D be the region of IRa with 

Ix - xol < L, Iy - Yol < L, IZ - Zol < L, 

and let 

{
-P, xED, . 

Vo(r) = wIth P > O. 
00, xED, 

Let N(AVo) be the number of bound states of negative 
energy for - ~ + AVo. Then for A sufficiently large, 

N(AVo) > AAtt. 

Proof' The eigenvalues of -~ + AVo are 

where n1 , n2 , na are positive integers. Thus, N(AVo) 
asymptotically approaches the volume of an octant 
of a sphere of radius CA!. As a result, N(AVo)/A! 
actually approaches a limit which is positive. 
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Theorem 6: Let V obey (C) and (D) and suppose 
D(Ho + )'V) :::> D(Ho) n D(V), where D(X) is the 
domain of X as a bilinear form. Then, for)' sufficiently 
large: 

N()'V) ~ A).l. 

Proof" Pick a ball B in fR 3 so that VCr) < -Pin B. 
Inside B, find a region D as in Lemma I and let Vo 
be as in that lemma. The eigenfunctions for the square 
well are in D(V) by (C) and they are in D(Ho) [they are 
not in the domain of Ho as an operator; to be in 
D(Ho) , they need only possess L2 first derivatives]; 
thus, from the domain condition, Corollary 4, and 
Lemma I, the theorem follows. Q.E.D. 

We remark first that condition (C) is much stronger 
than what we need. It is sufficient that Vbe negative in 
some ball B for which 

We also remark that it is almost inconceivable that 
one can make sense out of Ho + V without having the 
domain condition hold. Examples of classes of V for 
which it must hold are: 

(1) V E L2 + L co (Kato potentials); 
(2) V bounded below, Ho +).V defined by the 

Friedrichs' extension method; 
(3) VEL co + L~, in which case one can show that 

Ho + ).V is bounded below and so Friedrichs' ex
tension can be used. 

V. EXTENSIONS TO MORE GENERAL CASES 

To N dimensions: It is a little enlightening to note 
that in N dimensions ).~ is replaced by ).N/2; for 
example, our comparison potential, the harmonic 
oscillator, has N().Vo) "-' ).N/2. Thus, we can under
stand the fact nl().V) ,,-,).t by realizing that the 
single-channel Schrodinger equation is essentially 
I-dimensional. 

To noncentral potentials: The proof of Theorem 6 
carries over without change to the noncentral case. 
To obtain an upper bound, we need only a simple 
comparison potential. Let 

Vmin(r) = min VCr). 
Irl~r 

Then, since Vmin < V, we have N().Vmin) > N()'V). 
If Vmin obeys (A), (B), and (C), the upper bound 
given by Theorem 2 yields an upper bound for N()'V). 

To the many-body case: As with most problems in 
nonrelativistic potential theory, things really get 
interesting in the many-body case. Also as with most 
problems, the two-body methods are not capable of 
extension. In this case, there are negative-energy 
continua (due to relative motion of bound clusters) 
which complicate the analysis and invalidate all the 
arguments we have used in the two-body case. 
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