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1. Microfabricated clock components 

1.1 Microfabricated vapor cell The rubidium vapor cell is composed of a 10×10×3 mm silicon frame sandwiched between two 700 μm-thick aluminosilicate glass pieces. The silicon frame is fabricated by deep reactive ion etching of a blank silicon wafer and features a main chamber 3×3 mm and an ancillary chamber 1.5×1.5 mm that are connected through 125 μm-wide baffles. The glass windows are anodically bonded to the silicon frame. Before bonding the second window under vacuum, a rubidium dispensing pill (natural abundance) is introduced in the ancillary chamber along with a piece of non-evaporable getter. Rubidium is then released into the cell by heating the dispensing pill with a focused laser beam [1]. Helium diffusion through the glass windows (up to atmospheric concentration) as the cell ages accounts for ≈100 kHz of broadening and  <10 kHz of broadening is due to unwanted gases that arise during the cell bonding and filling process not pumped by the getter [2]. We have measured the absolute frequency of our clock to be ν ≈ 385 284 566 347 789 ± 30 Hz, which corresponds to a frequency shift from the accepted value of the two-photon transition frequency of Δν≈-22.7 kHz [3] and is primarily due to the light shift and the collision shift. Table (S1) gives a conservative estimate of the uncertainty budget for our clock. We have measured the light 

shift to be ≈-1.5 kHz/mW, resulting in a ≈-23.4 kHz shift for the 15.6 mW of clock laser power.  We have also measured the Rb-Rb self-collision shift to be ≈-192.6 Hz/K near the cell temperature (100ᵒC) which is consistent with Ref. [2]. Accounting for these shifts, we measure an absolute frequency shift of Δν ≈ 2.9 ± 7.9 kHz relative to Ref. [3], or a fractional frequency shift of Δν/ν ≈ 8×10-12.  We expect a ≈4 kHz collision shift from helium diffusion and we determine the maximum background gas pressure shift by applying the shift/broadening rates measured in Ref. [2] to our estimate of background gas pressure. Both the helium collision shift and the background gas collision shift are consistent with our ≈100 kHz collision broadening measurement. Based on our linewidth measurements we estimate that the background gas pressure in a given cell could vary up to ~1 mTorr and is the main contribution to the uncertainty budget for our clock. With improvements in cell fabrication techniques, both the helium and background gas shifts could, in principle, be reduced significantly. We expect electronic shifts due to residual amplitude modulation of the clock laser and offsets at the output of the lock-in detector used in the atomic lock to influence the clock frequency. Although these were not measured, we estimate the uncertainty in the clock frequency due to electronic shifts by measuring the slope of the error signal used to lock the clock laser to the atoms and multiplying by the output offset of the lock-in detector.  
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We typically operate the rubidium standard with ≈16 mW of optical probe power. Fluorescence at 420 nm from the two-photon transition is collected along the probe beam axis with a pair of aspheric condenser lenses and a 420 nm bandpass interference filter and detected using a commercially available, microfabricated PMT. To achieve a sufficient atomic density, the cell is heated to 100ᵒC using a resistive heater driven with an alternating current to avoid magnetic bias fields near the cell. We stabilize the cell temperature to within 10 mK by feeding back to the amplitude of the alternating current. In addition, the heated cell mount, the PMT and the detection optics are housed inside a two-layer magnetic shield to minimize first order Zeeman shifts from stray magnetic field in the laboratory environment. We stabilize the clock laser to the two-photon fluorescence spectrum using frequency modulation spectroscopy (Fig. S2: #1). The frequency of the clock laser is modulated at 10 kHz by directly modulating the DBR laser current with a modulation depth corresponding to a frequency excursion of ≈1 MHz. We generate an error signal using a lock-in amplifier to demodulate the observed fluorescence signal and lock the laser frequency by feeding back directly to the laser current. As mentioned in the main text, we believe the short-term stability of our clock is limited by intermodulation noise from the DBR clock laser. The stability limit of a frequency standard due to the intermodulation effect can be approximated by [13]:    ~ / /   (S1)  where S(2fmod) is the oscillator frequency noise at twice the modulation frequency, in this case fmod = 10 kHz. Fig. 4c shows a frequency noise spectrum of the DBR laser measured by beating against the fiber frequency comb. The DBR laser frequency noise at 2fmod is 2x106 Hz2/Hz, which corresponds to an intermodulation limited stability of σy ~ 2x10-12/τ1/2 and is consistent with our measured short-term stability. The short-term stability can be improved by utilizing low-noise sources for the clock laser. In fact, we have measured fractional stabilities of ≈4.5x10-13/τ1/2 using a commercial, 778 nm external cavity diode laser. Roughly ≈1-2 mW of the stabilized clock laser is sent though an optical fiber and used to stabilize the pump frequency of the two microcombs. Additionally, ≈1 mW of the clock light is directed into a second optical fiber and beat against an auxiliary 250 MHz repetition rate, erbium fiber frequency comb to directly monitor the clock laser optical frequency.  
2.2 Dual comb stabilization procedure Our technique for generating single soliton combs in microresonators is described in detail in Stone et al. [14]. Briefly, we create a soliton frequency comb in the resonator by sweeping the pump frequency through the cavity resonance (from blue to red) with a single side band-suppressed carrier (SSB-SC) electro-optic phase modulator. The cavity supports the formation of solitons for a limited range of pump-resonator detunings, known as the soliton existence range, which is proportional to the linewidth of the cavity [15, 16]. As light is coupled into the resonator, the cavity resonance frequency shifts due to the thermo-optic effect [17]. As long as the thermal frequency drift stays within the soliton existence range, open loop control of the 

cavity detuning is sufficient to maintain a soliton. This is the case for the SiN resonator.  The linewidth of the silica resonator is substantially narrower, and, as a result, we lock the cavity detuning to compensate for the thermally induced shift. To accomplish this, RF sidebands are applied to the pump frequency and used to generate a Pound-Drever-Hall (PDH) error signal that is measured on a photo-detector at the output of the comb. We stabilize the soliton comb by locking the pump frequency detuning from the cavity resonance by feeding back to the setpoint of the SSB-SC modulator (Fig. S2: #2). The lock point of the PDH servo corresponds to the high-frequency PDH sideband and results in a pump frequency that is red-detuned from the cavity resonance by the RF modulation frequency, which is required for soliton generation. The modulation frequency (and resulting cavity detuning) is chosen such that the pump frequency is nominally independent of changes in the cavity detuning. The center frequency of the soliton comb can then be controlled by thermally tuning the optical path length of the cavity with an external heater.  During clock operation we frequency double the silica comb pump light to 778 nm and beat it against the rubidium stabilized DBR laser light (Fig. S2: lock #3). The ≈1.5 GHz (α⋅f10 MHz) beat note between the two lasers is used to phase lock the comb pump light by feeding back to an acousto-optical modulator (AOM) and controlling the intracavity power which, in turn, thermally shifts the cavity resonance. Next, we phase lock (Fig. S2: #4) the SiN comb tooth νTHz, pump-2 to νGHz,pump by controlling the pump frequency with the SSB-SC (β⋅f10 MHz). The SiN comb is self-referenced (Fig. S2: #2a) by locking an auxiliary 2-micron ECDL to the SiN comb mode at 1998 nm, frequency doubling this light, beating the doubled light with the SiN comb tooth at 999 nm and feeding back to the SiN comb pump laser power with a SSB modulator (δ⋅f10 MHz).  Finally, we phase lock (Fig. S2: #5) the silica comb tooth νGHz,pump-48 to the νTHz, pump-3 tooth of the SiN comb (γ⋅f10 MHz) by controlling the RF sideband modulation frequency, and thus, the silica comb pump detuning, which is strongly coupled to the comb repetition rate via the soliton self-frequency shift [17]. 
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