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The flavor composition of astrophysical neutrinos observed at neutrino telescopes is related to the
initial composition at their sources via oscillation-averaged flavor transitions. If the time evolution of
the neutrino flavor states is unitary, the probability of neutrinos changing flavor is solely determined
by the unitary mixing matrix that relates the neutrino flavor and propagation eigenstates. In this paper we derive general bounds on the flavor composition of TeV–PeV astrophysical neutrinos based
on unitarity constraints. These bounds are useful for studying the flavor composition of high-energy
neutrinos, where energy-dependent nonstandard flavor mixing can dominate over the standard mixing observed in accelerator, reactor, and atmospheric neutrino oscillations.
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We will discuss the regions in flavor space that can be
expected from this class of models. The unitarity of the
new mixing matrix allows us to compute the boundary
of the region that encloses all possible flavor compositions at the Earth, in spite of not knowing the values of
the matrix elements. Previous work [20] derived a set
of unitarity bounds for specific choices of flavor com-
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The high-energy astrophysical neutrinos discovered
by IceCube [1–7] are key to revealing the unknown origin of high-energy cosmic rays and the physical conditions in their sources [8]. They can escape dense environments, that are otherwise opaque to photons, and
travel cosmic distances without being affected by background radiation or magnetic fields. They also provide
a unique opportunity to study fundamental neutrino
properties in an entirely new regime: their energy and
baseline far exceed those involved in reactor, accelerator, and atmospheric neutrino experiments. Effects of
nonstandard neutrino physics — even if they are intrinsically tiny — can imprint themselves onto the features
of astrophysical neutrinos, including their energy spectrum, arrival directions, and flavor composition, i.e., the
proportion of neutrinos of each flavor.
At the sources, high-energy neutrinos ( GeV) are
produced by cosmic-ray interactions with gas and radiation. These neutrinos are flavor eigenstates from the
weak decay of secondary particles. The initial composition of neutrino flavor states is determined by details
of the production process. After emission, oscillations
modify the composition en route to Earth [11–18]. Assuming standard oscillations, we can predict the observable flavor composition from a given source composition. However, nonstandard neutrino oscillations
can alter the composition drastically [19–25]. Nonstandard effects can originate, e.g., from neutrino interactions with background matter [26], dark matter [27, 28]
or dark energy [28, 29] or from Standard Model extensions that violate the weak equivalence principle,
Lorentz invariance, or CPT symmetry [30–37]. A key

property of these models is that the flavor transitions
between sources and Earth are entirely determined by a
new unitary mixing matrix that connects neutrino flavor
and propagation eigenstates [38].
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FIG. 1. Unitarity bounds of astrophysical neutrino flavors for
three source compositions indicated by filled symbols. The
corresponding open symbols indicate the expected composition at Earth under standard oscillations using the best-fit mixing parameters for normal mass ordering [9]. We include the
best-fit flavor composition from IceCube [10] as a black star
and the 68% and 95% confidence levels as grey-shaded areas.
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position at the sources. We extend this work by providing a refined and explicit formalism to derive unitarity bounds that are easily applicable to arbitrary source
compositions.
Figure 1 shows our results for physically motivated
choices of source flavor composition. The ternary plot
shows the source and Earth flavor fractions, i.e., the relative contribution of neutrino flavors to the total neutrino
flux. Assuming that the accessible flavor space is convex, i.e., that every intermediate flavor fraction between
any two accessible fractions is also accessible by a suitable unitary matrix, our unitarity bounds are maximally
constraining and completely characterize the accessible
flavor space.
The paper is organized as follows. In Sec. II we discuss the astrophysical processes of neutrino production
and the corresponding flavor composition at the source.
We discuss the resulting flavor composition at Earth after flavor oscillation with nonstandard neutrino mixing.
In Sec. III we derive general flavor boundaries for the
flavor composition at Earth based on the unitary of the
nonstandard mixing matrix. We conclude in Sec. IV.
Throughout this paper we will work in natural units
with h̄ = c = 1.
II.

ASTROPHYSICAL NEUTRINO FLAVORS

High-energy astrophysical neutrinos are products of
cosmic-ray collisions with gas and radiation. The flux
of neutrinos at production can be described as a mixed
state of neutrinos να and antineutrinos να where the index α = e, µ, τ refers to the neutrino flavor eigenstate
produced in weak interactions. The relative number of
initial neutrino states ( Ne : Nµ : Nτ )S (summed over neutrinos and antineutrinos) is determined by the physical
conditions in the source. In the simplest case, pions (or
kaons) produced in cosmic-ray interactions decay via
π + → µ+ + νµ followed by µ+ → e+ + νe + νµ (and
the charge-conjugated processes). This pion decay chain
results in a source composition of (1 : 2 : 0)S . However,
in the presence of strong magnetic fields it is possible
that muons lose energy before they decay and do not
contribute to the high-energy neutrino emission [12]. In
this muon-damped scenario the composition is expected
to be closer to (0 : 1 : 0)S . On the other hand, neutrino
production by beta-decay of free neutrons or short-lived
isotopes produced in spallation or photo-disintegration
of cosmic rays leads to (1 : 0 : 0)S .
After production, astrophysical neutrinos travel over
cosmic distances before their arrival at Earth. The observable flavor composition is significantly altered by
neutrino oscillations, which are due to neutrino flavor
states being superpositions of propagation states νa ,
∗
|να i = ∑ Uαa
|νa i .

(1)

a

These propagation states are defined as eigenvectors of

the Hamiltonian, including kinetic terms and effective
potentials [38]. In general, the 3 × 3 unitary mixing matrix U has nine degrees of freedom. However, neutrino
oscillation phenomena only depend on four independent parameters, which can be parametrized by three
rotation angles and one phase. Unitarity ensures that
the total number of neutrinos of all flavors is conserved.
Neutrino flavor oscillations of pure or mixed states can
be described in terms of the evolution of the density
matrix ρ, following the Liouville equation ρ̇ = −i[ H, ρ]
with Hamiltonian H.
In the case of standard neutrino oscillations and neutrino propagation in vacuum, the propagation eigenstates are identical to the neutrino mass eigenstates νi
(i = 1, 2, 3). The mixing matrix between flavor and mass
eigenstates is the so-called Pontecorvo-Maki-NagakawaSakata (PMNS) matrix [39–41]. In the relativistic limit,
standard oscillations in vacuum can be introduced via
the Hamiltonian
H0 '

m2

∑ 2Eiν
i


|νi ihνi | + |νi ihνi | ,

(2)

where Eν is the neutrino energy and the sum runs over
projectors onto neutrino and antineutrino mass eigenstates.
The solution of the Liouville equation with H = H0
describes the oscillation of neutrino flavors due to the
nontrivial mixing and mass splitting, ∆m2 ≡ m2i −
m2j 6= 0, for i 6= j. The oscillation phases are given

by ∆m2 `/4Eν where ` is the distance to the neutrino
source. In the case of astrophysical neutrinos these oscillation phases are much larger than unity. Considering the wide energy distribution of neutrinos at their
sources and the limited energy resolution of neutrino
detectors, flavor transitions from |να i to |νβ i (or from
|να i to |ν β i) can only be observed by their oscillationaveraged transition probability given by
Pαβ =

∑ |Uαa |2 |Uβa |2 .

(3)

a

In the following, we will discuss nonstandard neutrino oscillations that can be described by additional efe in the Liouville equation,
fective Hamiltonian terms H
e These
so that the total Hamiltonian is H = H0 + H.
effective terms can be generated in various ways, including nonstandard interactions with matter and Standard Model extensions that violate the weak equivalence principle, Lorentz invariance, or CPT symmetry.
Concretely, we will study the effect of additional terms
in the Hamiltonian that can be parametrized in the
form [42]
n
e = Eν
H
Λn

∑
a


ea |νa ihνa | + ea |νa ihνa | ,

(4)

with n an integer and Λ the energy scale of the nonstandard effects. The eigenvalues of this additional Hamiltonian, ea and ea , are required to be nondegenerate,

3
∆e ≡ ea − eb 6= 0, for a 6= b, in order to induce neutrino oscillations. For simplicity, we will consider CPeven Hamiltonians with ea = ea that affect neutrinos
and antineutrinos equally.
Neutrino oscillations have been studied extensively
with reactor, solar, and atmospheric neutrino experiments. Global data confirms the three-flavor oscillation phenomenology parametrized by the PMNS matrix. This allows to derive bounds on the effective
Hamiltonian, Eq. (4) [43–46], or more general extensions
allowing for, e.g., anisotropic contributions along an ordered background field. A general classification of these
effective Hamiltonians can be found in Ref. [43] and experimental limits have been summarized in Ref. [47].
The sensitivity reach of oscillation experiments to the
coefficients of the effective Hamiltonian can be estimated as
10−3 eV2
∆e

,
Λn
(1 TeV)n+1

(5)

where ∆e is the largest splitting of the eigenvalues ea
that we compare against oscillations induced by the atmospheric mass splitting and the energy scale of atmospheric neutrinos, about 1 TeV. At higher energies,
the standard Hamiltonian Eq. (2) becomes smaller due
to its 1/Eν dependence, while the relative size of nonstandard effects with n ≥ 0 grows. Thus, the higher
the energy, the smaller the nonstandard effects that can
be tested. In high-energy astrophysical neutrinos, with
TeV–PeV energies, even small contributions bounded by
Eq. (5) may dominate oscillations. For instance, assuming n = 0, the nonstandard contribution Eq. (4) can
dominate over the standard Hamiltonian Eq. (2) by two
orders of magnitude. If this is the case, the oscillationaveraged flavor-transition matrix will take on a form
analogous to Eq. (3), but with a new unitary mixing matrix describing the mixing between flavor states να and
the nonstandard propagation states νa . The unitary mixing matrix is not constrained by low-energy neutrino
data and can, in principle, have elements with values
very different from the PMNS mixing matrix.
Various authors have studied the effects of nonstandard Hamiltonians on the astrophysical neutrino flavor
composition and its compatibility with IceCube observations; see e.g. [25]. Independently of the underlying
neutrino physics, the flavor composition at Earth is limited by the unitary mixing between flavor eigenstates
and the eigenstates of the Hamiltonian. In the following, we will derive unitarity bounds on the observable
flavor composition of astrophysical neutrinos.

III.

FLAVOR BOUNDARIES

The oscillation-averaged flavor transition matrix defined by Eq. (3) can be parametrized by its three offdiagonal entries Pµτ = Pτµ , Peτ = Pτe , and Peµ = Pµe .

FIG. 2. Boundary function B (viewed from opposite directions) parametrized as the surface B( x, y, z)n with unit vector
n = ( x, y, z). The colors indicate the directions n where the
boundary is given by the branches S1 (red), S2 (blue), or S3
(green).

The unitarity of the mixing matrix imposes a limit on
linear combinations of these transition elements,
xPµτ + yPeτ + zPeµ ≤ B( x, y, z) ,

(6)

where x, y, and z are arbitrary parameters. The boundary function B is given by (see Appendix A)
B( x, y, z) = max ({0} ∪ S1 ∪ S2 ∪ S3 ) ,

(7)

where the individual subsets Si correspond to different
branches and are defined as
nx + y + zo
S1 ( x, y, z) =
,
(8)
n x 3y z o
,
(9)
S2 ( x, y, z) =
, ,
2 2 2
S3 ( x, y, z) = S 0 ( x, y, z) ∪ S 0 (y, z, x ) ∪ S 0 (z, x, y) , (10)
with

( y − z )2 o
.
24x
9
(11)
Figure 2 shows a graphical representation of B( x, y, z)
in terms of the surface B( x, y, z)n along a unit vector
n = ( x, y, z). The red, blue, and green-colored regions
indicate where the different branches S1 , S2 , and S3 , respectively, determine the maximum in Eq. (7).
It is possible to use the family of bounds in Eq. (A5)
of Appendix A to derive boundaries that enclose the accessible region of observable flavor compositions. We
define the flavor ratio as f α ≡ Nα / ∑ β Nβ . For a fixed
source flavor ratio f α,S , any observable ratio f α,⊕ has to
obey the relation
S 0 ( x, y, z) =

n (3x + y + z)2 − 4yz

f α,⊕ =

∑ Pαβ f β,S .

x2 ≥

(12)

β

For trivial mixing, U = I, the oscillation-averaged transition probability is also trivial and f α,⊕ = f α,S . Therefore, the original flavor composition is always part of
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FIG. 3. Comparison of unitarity bounds, Eq. (18), to random realizations of the mixing matrix. Left: Unitarity bound for a source
composition (1 : 2 : 0)S , as shown in Fig. 2, in comparison to 4,000 random samples. We also show the bound derived in Ref. [20].
Center: Same as in the left panel, but for (0 : 1 : 0)S . Note that this is related to (1 : 0 : 0)S after index permutations, as described in
Appendix A. Right: The general boundary condition for ( f e : 1− f e : 0)S , i.e., no ντ production. We also show the unitary bound
for the special case (1 : 4 : 0)S . For this particular source composition the accessible flavor space appears to be concave and the
boundary derived by Eq. (18) is not maximally constraining.

the accessible flavor space. Since there is a continuous
parametrization of the transition matrix P in terms of
unitary mixing angles and phases, the area in the accessible flavor space has to be connected (although not necessarily simply connected). Therefore, we will look for
the boundary of the flavor shift defined as
∆ f α ≡ f α,⊕ − f α,S .

(13)

This shift can be expressed as a linear combination of
transition probabilities Pµτ , Peτ , and Peµ and is therefore bounded by the family of bounds in Eq. (6). Due
to unitarity, we have ∑α ∆ f α = 0 and we can therefore
parametrize the total flavor shift by, say, ∆ f e and ∆ f µ as
cos ω∆ f e + sin ω∆ f µ ≤ B( x (ω ), y(ω ), z(ω )) ,

(14)

with
x (ω ) = (1 − f e,S − 2 f µ,S ) sin ω ,

y(ω ) = (1 − 2 f e,S − f µ,S ) cos ω ,

z(ω ) = ( f µ,S − f e,S )(cos ω − sin ω ) .

(15)
(16)
(17)

Finally, if we parametrize the electron and muon neutrino flavor shifts in terms of a new parameter χ, as
∆ f e = `(χ) cos χ and ∆ f µ = `(χ) sin χ, we can express
the unitarity boundary in flavor space via a boundary
on `(χ) as


B( x (ω ), y(ω ), z(ω ))
π
`(χ) = min
|χ − ω | <
.
ω
cos(χ − ω )
2
(18)
In Figure 1 we show the resulting boundaries of
Eq. (18) of the accessible flavor ratios for three physically
motivated choices of flavor composition at the sources
— pion decay (1 : 2 : 0)S , neutron decay (1 : 0 : 0)S , and
muon-damped pion decay (0 : 1 : 0)S . Note that the

democratic composition f α,⊕ = 1/3 is always part of
the accessible flavor space, independently of the source
composition. This occurs when the transition matrix is
trimaximal 1 , i.e., Pαβ = 1/3.
By construction, the boundary in Eq. (18) encloses a
convex subset, i.e., one in which every line segment between any two points is contained in the subset. It is a
nontrivial question if every flavor combination within
the boundary can be actually realized by at least one
unitary mixing matrix. In that case, the boundary in
Eq. (18) would correspond to the convex hull and completely characterize the accessible flavor space. While
a general mathematical proof is beyond the scope of
this study, we can validate these assumptions for the
three benchmark astrophysical compositions shown in
Fig. 1 via a numerical analysis. The left and center
plots in Fig. 3 show the distribution of observed flavor
ratios from 4,000 random realizations of unitary mixing parameters for source compositions (1 : 2 : 0)S and
(0 : 1 : 0)S . In both cases, visual inspection of the random samples indicate that the accessible flavor space is
convex. This is numerical evidence that Eq. (18) completely characterizes the accessible flavor space for the
three source compositions shown in Fig. 1. For comparison, we also show the results previously derived in
Ref. [20] based on a finite set of unitarity bounds.
On the other hand, it is also possible to provide evidence that convexity is not the general case. For instance, the right plot in Fig. 3 shows the distribution of
observed flavor ratios from 4,000 random realizations of
unitary mixing matrices for (1 : 4 : 0)S . This source com-

1

In the PMNS parametrization of the unitary
√ matrix, this can
√ be
realized by
the
mixing
angles
sin
θ
=
1/2,
sin
θ
=
1/2,
23
12
√
sin θ13 = 1/3, and Dirac phase δ = π/2.

5
position could correspond to a neutrino source that has
a partially muon-damped composition and, therefore,
an enhanced muon neutrino fraction. As before, we also
show our convex boundary as a solid line. In this particular case, the distribution is not convex and, therefore,
the boundary is not maximally constraining.
The gray-shaded areas in Fig. 1 indicate the 68% and
95% confidence levels (C.L.s) from a flavor-composition
analysis carried out by IceCube [10]. Due to the difficulty in distinguishing between events induced by νe
and ντ in the IceCube data [48, 49], the likelihood contour is presently rather flat along the f µ direction, leading to almost horizontal confidence levels in the ternary
plot [50–53]. This degeneracy could be lifted in future
data by the observation of characteristic ν̄e [54–58] and
ντ events [59–61]. Under the assumption of standard
oscillations, the observed flavor composition disfavors
the source composition (1 : 0 : 0)S . However, the unitarity bound indicates that there exist nonstandard oscillation scenarios that can be consistent within the 68% C.L.
In general, we expect that a realistic astrophysical
source will be dominated by a source composition that
has a low contribution of tau neutrinos, f τ,S ' 0. The
combined unitarity bound of all source compositions
( f e , 1− f e , 0)S is indicated as the grey-shaded area in the
right plot of Fig. 3. It is simply given by the union of
the unitarity boundaries for (1 : 0 : 0)S and (0 : 1 : 0)S . The
present 68% C.L. shown in Fig. 1 extends beyond this
combined region. Therefore, the results of future IceCube analyses with a higher flavor precision have the
potential to identify both deviations from standard oscillation and source compositions.

IV.

CONCLUSIONS

The flux of astrophysical neutrinos observed with
IceCube allows to test models of neutrino oscillation
and interaction at previously inaccessible neutrino energies. In this paper we have discussed general unitarity bounds on the oscillation-averaged flavor composition of high-energy neutrinos emitted by astrophysical sources. These bounds apply to any nonstandard three-flavor neutrino oscillation model where
oscillation-averaged flavor transitions are determined
by the unitary mixing of flavor and propagation eigenstates.
We have validated via numerical simulations that our
bounds are maximal for typical benchmark source compositions considered in astrophysics and that they allow
for a complete characterization of the accessible flavor
space. Our focus in this paper was on CP-even effective
Hamiltonians that predict the same oscillation phenomena for neutrinos and antineutrinos. The same method
can also applied to CP-odd Hamiltonians if one considers the oscillation-averaged flavor compositions of neutrino and antineutrinos separately.
The unitarity bounds allow to study the presence

of nonunitary flavor compositions in the astrophysical
neutrino data. These compositions could be induced by
quantum decoherence [62–64], sterile neutrinos [65–70],
neutrino decay [33, 64, 69, 71–76], extra dimensions [77–
80] or inelastic scattering in the cosmic neutrino background [81–83] or dark matter [84, 85]. We refer to the
recent study [25] for a detailed discussion.
Production of tau neutrinos in astrophysical sources is
expected to be strongly suppressed. Under this assumption, we have derived a region in the observable neutrino flavor space that cannot be accessed by astrophysical sources if oscillations respect unitarity. Presently, the
flavor composition based on IceCube data is consistent
with the standard oscillation predictions. However, the
68% confidence region allows for other flavor compositions generated by nonstandard oscillations or source
compositions.
We have provided a refined and streamlined formalism to derive unitarity bounds that are easily applicable
to arbitrary source compositions. In doing so, we have
elevated unitarity bounds to being useful tools for future searches of new physics in astrophysical neutrinos.
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Appendix A: Unitarity Bounds

For the derivation of the boundary function of Eq. (6)
we follow the procedure outlined in Ref. [20]. The
oscillation-averaged neutrino flavor-transition matrix
can be written as the matrix product
P = QQ T ,

(A1)

|2 .

where Qαi ≡ |Uαi The matrix elements of Q are subject to the unitarity condition U† U = 1. This imposes
the normalization condition ∑α Qαi = 1 and the boundary condition
0 ≤ Qαi ≤ 1 .

(A2)

In addition, the elements of Q are subject to triangle inequalities that can be summarized by the condition
q
q
q
T ( Qα1 Q β1 , Qα2 Q β2 , Qα3 Q β3 ) ≥ 0 ,
(A3)
where the function T is defined as
T ( a, b, c) ≡ ( a + b + c)( a + b − c)
× (b + c − a)(c + a − b) ,

(A4)

6
Value



1 0 0


0 1 0
0 0 1

0

x+y+z
3

1/3 1/3 1/3


1/3 1/3
1/3 1/3

1 0
x

0 1/2
2
0 1/2

0
p
(3x + y + z)2 − 4yz 1
1− p
 /2 2
24x
1− p
1/2
2

simplifications of our approach compared to the method
outlined in Ref. [20]:

Condition

Q


(i) The set of local extrema S( x, y, z) of Eq. (A5) is invariant under the transformation

—


Q0αi = Q0sα s̄i

—

1/3



1/3



0

—

1/2



1/2

1− p
p
2
p
2





0≤p≤1
p≡

3x + y − z
6x

TABLE I. Classes of candidate maxima of the function
G (Q; x, y, z). The full set of candidates can be recovered by
applying the transformations in Eq. (A6).

and is proportional to the squared area of a triangle with
sides a, b, and c.
The bound B( x, y, z) in Eq. (6) corresponds to the
global maximum of the function
G (Q; x, y, z) = xPµτ + yPeτ + zPeµ

(A5)

xi0 = xs̄i ,

(A6)

where s and s̄ are two permutations of the indices
and x ≡ ( x, y, z). In other words, the solutions
are invariant under exchange of entries of two arbitrary columns of the matrix Q or the simultaneous
exchange of rows and parameters x, y, and z. In the
following, we will therefore only derive solutions
that are not related by the transformation (A6). The
final list of candidate extrema in Eq. (7) can then be
recovered by applying these transformations.
(ii) The boundary conditions set by the triangle inequalities in Eq. (A3) can only be satisfied if there
is at least one matrix element of Q equal to zero.
One can show this by studying the extrema of the
function in Eq. (A4). All solutions require at least
one entry with Qαi = 0, except for one single solution where Qα1 = 1/3 for all entries. However,
this last extremum is a maximum. With this observation, we only need to identify local extrema of G
along the boundary condition Qαi = 0 for at least
one matrix element and do not need to include the
surface T = 0 via a Lagrange multiplier as done in
Ref. [20].

for all possible choices of Q. We follow the procedure
outlined in Ref. [20] by first identifying all possible extrema S( x, y, z) of Eq. (A5) and selecting the global maximum as in Eq. (7). Due to the normalization condition
∑α Qαi = 1, we can maximize G with respect to, say,
( Qe1 , Qe2 , Qµ1 , Qµ2 ), subject to the boundary conditions,
Eqs. (A2) and (A3). Before we proceed, we note two

Table I lists the four classes of candidate extrema up to
transformations described by Eq. (A6). Except for the
second extremum, Qαi = 1/3, all candidates can be
found on the boundary with at least one entry Qαi = 0.
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