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We present a twistor-like formula for the complete tree-level S matrix of 6D (2,0) supergravity
coupled to 21 abelian tensor multiplets. This is the low-energy effective theory that corresponds to
Type IIB superstring theory compactified on a K3 surface. The formula is expressed as an integral
over the moduli space of certain rational maps of the punctured Riemann sphere. By studying soft

limits of the formula, we are able to explore the local moduli space of this theory, =5

50(5,21)
(B)xS0(21)

Finally, by dimensional reduction, we also obtain a new formula for the tree-level S matrix of 4D

N = 4 Einstein-Maxwell theory.

INTRODUCTION

To describe scattering amplitudes of supersymmetric
theories in higher dimensions, [, 2] introduced a six-
dimensional rational map formalism in the spirit of [3-5].
Using this formalism, extremely compact formulas were
found for n-point scattering amplitudes of a wide range of
interesting theories, including maximally supersymmet-
ric gauge theories and supergravity in diverse dimensions,
as well as Dirac-Born-Infeld type world-volume theories
of probe D branes and the M5 brane in flat space. In
the case of the M5 brane [1], which contains a self-dual
(chiral) 2-form tensor field, the formalism circumvents a
common difficulty in formulating a covariant action prin-
ciple due to the self-duality constraint.

In this article, we continue to explore the utility of
the 6D rational maps and spinor-helicity formalism and
present the tree-level S matrix for the theory of 6D (2,0)
supergravity. This chiral theory arises as the low-energy
limit of Type IIB string theory compactified on a K3
surface [6] and is particularly interesting because it de-
scribes the interaction of self-dual 2-form gauge fields and
gravitons.

To describe massless scattering in 6D, it is convenient
to introduce spinor-helicity variables 7] that solve the
on-shell constraint and carry chiral little group data,

=AM AE e = (AP, (1)

Here, and throughout, ¢ = 1,...,n labels the n parti-
cles, A = 1,2,3,4 is a spinor index of the Spin(5,1)
Lorentz group, and a = 1,2 is a left-handed index of the
SU(2), x SU(2) g massless little group. This is the only
non-trivial little-group information that enters for (2,0)
supersymmetry, and the supermultiplets are chiral-the
(2,0) supergravity multiplet and a number of (2,0) ten-
sor multiplets which contain a self dual 2-form H = dB,
H = xH. The tensor multiplets transform as singlets

of SU(2) g, whereas the gravity multiplet is as a triplet;
later we will introduce the doublet index a for SU(2)r

We also introduce a flavor index f; = 1,...,21 to label
the 21 tensor multiplets; this is the number that arises in
6D from compactification of the various NS and R fields
of Type IIB superstring theory on a K3 surface. It is also
the unique number for which the gravitational anomalies
cancel [8]. Therefore for 21 tensor multiplets, the theory
is anomaly free and has a UV completion as a string
theory. We assume that we are at generic points of the
moduli space, where perturbative amplitudes are well-
defined [9]. In this abelian theory, the tensor multiplets
only interact via graviton exchange. In particular, there
are no interactions that change the flavor.

In the rational-map formulation, amplitudes for n par-
ticles are expressed as integrals over the moduli space
of rational maps from the n-punctured Riemann sphere
to the space of spinor-helicity variables. In general, the
amplitudes take the following form |1, 12, [10],

ASP = /dﬂ?zD 1r1R, (2)

where duSP is the measure encoding the 6D kinematics
and the product Zy, 7R is the integrand that contains the
dynamical information of the theories, including super-
symmetry. The measure is given by
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and n = 2m+2 (we will discuss n = 2m+1 later). The co-
ordinates o; label the n punctures. They are determined
up to an overall SL(2, C), M&bius group transformation,
whose “volume” is divided out in a standard way. Also,

Alg:) pB(o:
CRE). W

K2

ESD = 48 <pAB _


http://arxiv.org/abs/1812.06111v1

with o;; = 0, — 0. These maps are given by degree-m

polynomials

=> piot, (5)
k=0

which are determined up to an overall SL(2,C), trans-
formation, whose volume is divided out. This group is
a complexification of SU(2)y,. This construction implies,
in particular, that the integrals are completely localized
on the (n — 3)! solutions of the scattering equations [10].
It is an important but non-trivial fact that the bosonic
constraints ESP impose the on-shell condition, conserva-
tion of momentum, and the scattering equations.

Now consider n = 2m + 1, for which we have [2],
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The polynomials p/'(c) now are given by
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and there is a shift symmetry T(a) acting on w4: w? —

wA + alépA 1), which we also have to mod out.

We will now review the integrand factors for non-chiral
6D (2,2) supergravity, since they are relevant for this
article. For (2,2) supergravity, we have,

I, = det'S,, Ip=Q%?, (8)

where S, is a nxn matrix, with entries given as following,
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The matrix has rank (n—2), and the reduced Pfaffian and
determinant are defined as

_ =y

Uij

PfS”
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Pf'S,, det'S,, = (PF'5,)%.  (10)

Here S j means that the ¢-th and j-th rows and columns
of S,, are removed, and the reduced Pfaffian is indepen-

dent the choice of 4, j [11]. 9(2 ?) i3 a fermionic function of

Grassmann coordinates 7/¢, 17Z , which we use to package
the supermultiplet of on-shell states into a ‘superfield’,

A7) = ¢+ +nlns b77a771 bGabab
+o o () (), (11)

where G is the graviton. Here I,f = 1,2 are the
R-symmetry indices corresponding to a SU(2) x SU(2)
subgroup of the full USp(4) x USp(4) R-symmetry. The

fermionic function Qg’m imposes the conservation of su-
percharge, which may be viewed as a double copy,
) = 020 o), 1

with

2,0) = Vn H 54 <Z Ca,k;i,b nzlb> ) (13)
k=0 =1

where V,, = Hl <; Oij is the Vandermonde determinant.
The n x 2n matrices Cy ki = (W;)lok and (W;)2 can
be expressed in terms of p2(c;) via
B
P (o) A
Hj;éi Tij

AB

Di i, b ’ (14)

which is independent of the choice of A, B, and satisfies
det W; = H#io The matrix Cy b 1S a symplec-
tic Grassmannian which was used in [2] as an alterna-

tive way to impose the 6D scattering equations. Q%M)

is the conjugate of 9(2’0)

Q(2.0)

, and the definition is identical
with the understandmg that we use the right-

handed variables, such as 7., )\Aa, Pias (W; )Z, etc.

For n = 2m+1, the integrands take a slightly different
form. For the fermionic part, we have

QP =V Ty 0 (X0 Cakannl®)  (15)
x 2 (Ei:1§ Ca,msib ﬁijb) .

whereas the n x n matrix S, is modified to an (n + 1) x

(n + 1) matrix, which we denote S,,. It is given by
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where 7,7 = 1,2,...,n,*, 0, is a reference puncture, and
the reference momentum p, is given by

pr: ~2q[ApB~]C(0*)(jC — (17)
qPpp(o.) E{pP (0x) €)de

and ¢ and ¢ are arbitrary spinors.

6D (2,0) SUPERGRAVITY

Let us now consider the 6D (2,0) supergravity the-
ory that contains 21 tensor multiplets and the graviton
multiplet. The superfield of the (2,0) tensor multiplet is
a singlet of the SU(2) x SU(2)g little group, i.e., the
superfield is a scalar,

d(n) = ¢+nlpt +minpB?
Fntihrz + ...+ (), (18)



where I, J = 1,2 for (2,0) supersymmetry, and a,b = 1,2
are the SU(2)y, little-group indices as before. The gravi-
ton multiplet transforms as a (1, 3) of the little group, so
the superfield carries explicit SU(2)g indices,

q)ai; (77) =

and ®;(n) = ®;,(n). We see that both the tensor mul-
tiplet ®(n) and graviton multiplet ®,;(n) can be ob-
tained from 6D (2,2) superfield in ([T via SUSY reduc-
tions [12][13],

B+...+ ném,ngg +...+m)'B,;, (19)
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byn) = [ dnldig 2PN, o (0)

These integrals have the effect of projecting onto the
right-handed USp(4) R-symmetry singlet sector, which
reduces (2,2) — (2,0). Using the reduction, the ampli-
tudes of (2,0) supergravity with n; supergravity multi-
plets and no tensor multiplets of the same flavor (nq +
ny = n) can be obtained from the (2,2) supergravity
amplitude directly via

P i ,.%a _
ARO) (n) = / 1 dita.di s, T ditya,di; A% (n,5).
1€EN] JEN2
Note A% (n,7) ~ 212", so the integration removes all

7’s. The fermionic integral can be performed straightfor-
wardly using (), and (@3) (or ([IH) for odd n), and we
obtain
2,0 6D nin (2 0
A0 () = /du M™¥"2V,, det'S, Qb (21)

where M ”3"2, which we will define shortly, is obtained

by integrating out Q(O 2

We begin with n even, as the odd-n case works in a
similar fashion. Introducing the n x n matrix

qiﬁ;l,fh qi,o;ldz QLO;H,?M
Cinta Clagzas C1 1m0,
Mal"'an = ql m;1,a1 C:l m;2,a2 C:l min,an, ’ (22)
2,0;1,a1 2,0;2,a0 2,0;n,an
Csmitar Camiz.a Cs minyan
M 11131”2 is given by
a
ornane VA YA
M™"2 = det Ma, ..q, det M; ;. (23)

The indices di,l;i are cont{acted if i € ng, whereas for
J € nq we symmetrize a;,b;. This corresponds to con-
structing little-group singlets for tensors and triplets for

M, ..a, = | C;

gravitons. After the contraction and symmetrization, the
result of (23) simplifies drastically [14]

rnain Pan2 rni10
M{zz}l 2 —Vn2 M&Bl , (24)

where X,,, is a ng X ng anti-symmetric matrix given by

L if
[(Xnol; = O” i

and ]\7[;50 only contains the graviton multiplets. Let us
remark that the simplification (24) (especially the ap-
pearance of PfX,,,) will be crucial for the generalization
to amplitudes with multiple tensor flavors which is rele-
vant for IIB superstring theory on K3.

At this point in the analysis, we obtain the tree-level
S matrix of 6D (2,0) supergravity with a single flavor of
tensor multiplets:

i F ]

o (25)
i=j,

ARO) () = / dpSP PiXn, MOV, det’S,, Q20 (26)

ni,n2 V
no

For odd n, the matrix Mal---a is given by

n
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1,m—1;1,a1 CiJM71;2,&2 Oiimfl;n,&n
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and the amplitudes take the same form

ARO (py = /d o0 PiXon, MOV, det' S, Q0. (27)

n1,n2 V
n2

The factor PfX,,, requires the non-vanishing amplitudes
to contain an even number of tensors, as expected since
they come in pairs. We have verified that this formula
produces the correct low-point amplitudes. For instance,
at 4 point one can check the tensor and graviton-tensor
amplitudes [8]:

1 1 1
AP = @ (). (28)
512 523 S31
8 L 9. 2. A 419429, 4.
AgéO)(n) _ J (Q)[1a12a23a34a4][1 12 231734174] 4 sym,
512 523 S31
where [1@12@23@4(14] = EABCD)‘fal)‘2Ba2)‘ga3)‘£z4’ and

B(Q) = (X L Alant) is a fermionic delta function
that imposes the conservation of the total supercharge.



Multiple flavors

As we have emphasized, the simplification ([24)) is cru-
cial for the generalization to multiple tensor flavors,
which is required for the 6D (2,0) supergravity. Indeed,
the formula takes a form very similar to that of a (non-
supersymmetric) Einstein-Maxwell theory worked out by
Cachazo, He and Yuan [11)]. In that case, in passing from
single-U (1) photons to multiple-U (1) ones, one simply re-
placed the matrix X,, by X, [11],

ML 4
= o
%, { o (29)
which allows the introduction of multiple distinct flavors:
namely, f;, f; are flavor indices, and dy,f; = 1 if particles
i,j are of the same flavor, otherwise dy, 7, = 0. Inspired
by this result, we are led to a proposal for the complete
tree-level S matrix of 6D (2, 0) supergravity with multiple
flavors of tensor multiplets:

AR () = / ayep Eidn MOV, det' S, Q50| (30)

ni,n2 V
ngo

Again, the 6D scattering equations and integrands take
different forms depending on whether n is even or odd.
Since no is necessarily even, this is equivalent to distin-
guishing whether n, is even or odd. Also, as we will
show later, when reduced to 4D the proposed formula
reproduces the amplitudes of (supersymmetric) Einstein-
Maxwell theory, which is one of the consistency checks of
our result.

Equation (30) is our main result, which is a localized
integral formula that describes all tree-level superampli-
tudes of abelian tensor multiplets (with multiple flavors)
coupled to gravity multiplets. We can verify that it has
all the correct properties. For instance, due to the fact
that all the building blocks of the formulas come from
either 6D (2,2) supergravity or Einstein-Maxwell theory,
they all behave properly in the factorization limits, and
transform correctly under the M&bius symmetry of the
n-punctured Riemann sphere. It also reproduces explicit
amplitudes: for instance, the 4-point superamplitude of
tensors [15]

§Hifz§fsfa §f2fs§5f1fa
58(Q) ( + + )

S12 S13 523
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or higher-point amplitudes such as the amplitude for six
scalars belonging to tensor multiplets,

3 Ty T : 523546 524536
A(¢", o3, 67,67, 67, 613) = [— + —}
5123 8124
534S 534S
_{34 61+ 34 25}4_5347
S612 5134

where we assume that the flavors f1, f2, f3 are all differ-
ent.

THE K3 MODULI SPACE FROM SOFT LIMITS

Type IIB string theory compactified on K3 has a well
studied moduli space described by the coset [16],

Ma0) = SO(5,21; Z)\SO(5,21)/(SO(5) x SO(21)).

The discrete group is invisible at the level of tree level
field theory, so we concern ourselves with the local form
of the moduli space of 6D (2,0) supergravity, which is
%. The dimension of this coset is 105, which
corresponds precisely to the 105 scalars contained in the
21 tensor multiplets. These scalars are Goldstone bosons
which describe the breaking of the non-compact group to
the compact SO(5) x SO(21), which are the R-symmetry
and flavor symmetry, respectively. Therefore, the scalars
obey soft theorems [17], which are the tools to explore
the structure of the moduli space of the theory directly
from the S matrix.

As expected, we find that the amplitudes behave like
pion amplitudes with “Adler’s zero” [1§] in the single soft
limit. For p; — 0, we have,

An((b{l ,2 n) — O(pl) ’ (31)

and the same for other scalars in the tensor multiplet.
The commutator algebra of the coset space may be ex-
plored by considering double soft limits for scalars. Be-
ginning with the flavor symmetry, we find for p;,ps — 0

sz

where f;’s are flavor indices, and lel s a generator of
the unbroken SO(21), which may be viewed as the result
of the commutator of two broken generators. R'l-f 1f2
on superfields as

szlhq)zfz — (bg.l,
szlhq)zjs =0,

where f3 # f1, fo. Therefore, this flavor symmetry gen-
erator exchanges tensor multiplets of flavor f; with ones
of fs, and sends all other tensor multiplets and the gravi-
ton multiplet to 0. We can also consider the SO(5) R-
symmetry generators by taking soft limits of two scalars
which do not form a R-symmetry singlet. For instance

Ao 082, VR, . (32)

(p1 +p2

acts

Rfl fzq)fl — _q)f2
RI'\o, =0, (33)

pi -
) 7"' i An_ 5 34
An(1 Z p1+p2) 17An—2, (34)
with
9] 0
Riry = o S (35)

Similarly, other choices of soft scalars lead to the remain-
ing R-symmetry generators:

1o 9

IJ I _J
R;” = Nia M; ‘ J = ni,a(%—J- (36)



Finally, we consider the cases where two soft scalars carry
different flavors and do not form an R-symmetry singlet.
This actually leads to new soft theorems:

%23

and similarly for other R-symmetry generators. The re-
sults of the soft limits now contain both flavor and R-

symmetry generators, reflecting the direct product struc-

50(5,21)
SO(5)x50(21) "
not present in pure supergravity |17, [19] or pion ampli-
tudes.
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,JJ
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ture in This is a new phenomenon that is

4D N =4 EINSTEIN-MAXWELL THEORY

One may compactify 6D (2,0) supergravity on T? to
obtain a 4D N = 4 supergravity theory. The tree am-
plitudes of this theory capture the leading low-energy
behavior of Type IIB (or Type ITA) superstring theory
on K3 x T2. At a generic point in the moduli space, this
is an N = 4 supergravity multiplet coupled to a certain
number of Maxwell multiplets.

In the language of spinor-helicity variables, the reduc-
tion to 4D can be obtained by decomposing the 6D spinor
as A - a=1,2, & = 3,4. Then, the compact momenta

are PO‘B PO"B = 0, which is implemented by:

M =AY =0, A =0. (37)

The 6D tensor superfield becomes an N = 4 vector mul-
tiplet in 4D, in a non-chiral form [1, [20],

®(na) = V=a(ng,n-) = ¢+n11/) +.
+ () AT+ AT + -+ (y)? (77—)203- (38)

This manifests an SU(2) x SU(2) subgroup of the SU(4)
R-symmetry, and is neutral under the U(1) little group.

Dimensional reduction of the ®@°(n) superfield is anal-
ogous, except we must consider separately the 3 cases
of @, @7+ & . In 4D these become another vec-
tor mult1plet and a pair of positive and negative helicity
graviton superfields, respectively:

O (n4) = Vivma (4,1, (39)
O (1a) = Grr_y(nam-) = AT+ Lyt 4.
+ (1 )2GT + (12)20+ -+ (14)2(n-)2 AT (40)
O () = Gna(nsn-) = A=+l v+
+ ()G + (e)?p+ -+ <+><_>2A-. <41>

We see the on-shell spectrum of the 4D supergravity the-
ory consists of the GT and G~ superfields coupled to 22
abelian A/ = 4 Maxwell multiplets.

With this set up, we are ready to perform the dimen-
sional reduction of the 6D formula (30) |21]. First, the
6D measure reduces to

[T doi [Ti o pr Iio @29 1 12"
SL(2,0)s x GL(L,C)  R(PR() 1

where R(p), R(p) are the resultants of the two compo-
nents of p*(o), p*(o), respectively. The 4D scattering
equations are given by

i pa % pNOt %
R P
Hj;éi Tij
and the polynomials may have different degrees,

d d
=Y ot =Y Aok, (43)

k=0 k=0

dN4D _

with d +d = n — 2. The 2 x 2 matrix (Wi)ab reduces to

Wi)ip = (Wi)on =0, (Wi)io =t;, (Wi)oy = i:.(44)
with ¢; = ga)\(—ii)’ t; = %, which is independent of

a, &, and t;t; = Hj# —L. As for the integrand, the parts
ij
that reduce to 4D non-trivially are

MY =T, det'S, = R*(p)R*(p)V, . (45)

Assume we have m; G superparticles and mg G, with
my + mq =ny [22], and we find T™ is given by

Ht3> v I1

i€Emy JjEM2

T =T T = <V,31

where V,,,, = HKJ. o;; for i,j5 € mq, and similarly for
Vin,. We therefore obtain the general formula for the
amplitudes of 4D A = 4 Einstein-Maxwell theory:

_ Pfx, - _
A== [t SR T T R ) R () 4, (47)
no

where QJ}/ =4 implements the 4D A = 4 supersymmetry,
arising as the reduction of Qg,o)

d n
Q= H ( zt otolo) [Tl ). o)
The formula should be understood as summing over all

non-zero d, d obeying d + d = n — 2. However, it is clear
from the superfields that we should require

d:%—i—ml—l, J:%+m2—1, (49)
recall ny can only be even. This shows that only the
middle sector contributes to the amplitudes of pure vec-
tor multiplets. This is expected due to the fact that the
graviton only couples to two opposite-helicity photons.
We have checked ([@T) against many explicit amplitudes,
and also verified that the integrand is identical to that
of |11 for certain component amplitudes.



DISCUSSION AND CONCLUSION

In this article we have presented a formula for all tree-
level scattering amplitudes of the low-energy effective
theory of type IIB superstring theory compactified on a
K3 surface. The formula for a single flavor of tensor mul-
tiplet is constructed via a SUSY reduction of the one for
6D (2, 2) supergravity amplitudes. We observe an impor-
tant simplification in deriving the single-flavor formula,
particularly the appearance of the object PfX,,. This is
crucial for generalizing the formula to multiple flavors (21
to be precise), which is required for type IIB superstring
theory on K3 at a point where tensors only interact via
gravitons. By studying soft limits of the formula, we were
able to explore the moduli space of the theory, which led
to new soft theorems that describe the direct product
structure of SO(5) x SO(21). By dimensional reduction
of the 6D formula, we further deduced a new formula for
amplitudes of 4D A = 4 Einstein-Maxwell theory. As
we discussed, 6D (2,0) supergravity with 21 tensor mul-
tiplets is free of anomalies and has a UV completion; so
it would be of interest to extend our formula to include
o' corrections, perhaps along the lines of [23]. Also, a
recent paper [24] appeared which introduces a different
form of the 6D scattering equations which treats ampli-
tudes with even and odd points on equal footing, but uses
a different formalism for supersymmetry. It will be inter-
esting to study our formula in this form of the scattering
equations.

Our results provide an S matrix confirmation of vari-
ous properties of (2,0) supergravity and the dimension-
ally reduced theory as predicted by string dualities. If
one considers Type IIB superstring theory compactified
on K3 x T?, standard U-dualities will imply equivalence
to the Type ITA superstring theory on the same geome-
try or the heterotic string theory compactified to 4D on a
torus. The formulas discussed in this paper should apply
to all these cases, at least at generic points of the mod-
uli space where there are no CFTs in 6D or nonabelian
gauge symmetries in 4D. At these points, we see the coset
structure of the local moduli space through double soft
scalar theorems. While IIB in 10D has a dilaton which
sets the coupling, in 6D this scalar field is one of the 105
moduli fields belonging to the 21 tensor multiplets, and
appears on an equal footing with the other 104 scalar
fields. To make sense of all this, in 4D there should be
several alternative perturbation expansions of the same
theory based on the various dual point of view. How-
ever, at tree level, their low-energy effective descriptions
should coincide, which is clear from our formula.
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