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It is known that the normal three-dimensional (3D) Ising model on a cubic lattice is dual to the
Wegner’s 3D Z2 lattice gauge theory. Here we find an unusual Z2 lattice gauge theory which is dual
to the 3D Ising model with not only nearest-neighbor (nn) coupling, but also next-nearest-neighbor
(nnn) coupling. Our gauge theory has on each edge four Z2 variables that have product +1, each
located on a vector perpendicular to the edge. The nn coupling in the Ising model maps to the
plaquette term in the gauge theory where the four variables multiplied have their vectors pointing
inward, while the nnn coupling maps to the coupling between the Z2 variables on nearby vectors on
each edge in the gauge theory. A Wilson loop observable in the gauge theory depends on a framing
of a loop, and maps to a surface of flipped-sign nn and nnn couplings in the Ising model. Further
numerical simulations could be made to explore the universality at the phase transition.

I. INTRODUCTION

In high energy physics, symmetries play an essential
role. The language used to describe the gauge symme-
try is the gauge theory. Gauge theories accurately de-
scribe three of the four fundamental forces of nature -
the electromagnetic force, the weak force, and the strong
force [1]. However, some gauge theories such as quan-
tum chromodynamics (QCD) are so complicated that it
is very hard to solve them analytically. In order to solve
these gauge theories, people discretize the spacetime into
a lattice and use numerical methods to solve them. The
lattice gauge theories give people more insights at the
level of elementary particles. For example, the confine-
ment of quarks can be displayed by the scaling property
of Wilson loops in the lattice QCD [2]. As a simpler
lattice gauge theory, the Z2 lattice gauge theory, which
describes the symmetry when the field φ is changed to its
negation −φ, also has interesting properties with Wilson
loops [3, 4].

In 1971, F. J. Wegner discovered the duality of the Z2

lattice gauge theory and the Ising model with nearest-
neighbor coupling in a three dimensional cubic lattice [3,
5, 6]. Also, a Wilson loop in the Z2 lattice gauge theory is
dual to a surface of frustrated links in the Ising model [3,
7]. Ising models are statistical models in which spins with
value {±1} are placed on the lattice nodes and there are
interactions between the spins. People are interested in
Ising models because they display phase transitions and
they are easy to simulate numerically [8]. They are also
good models to investigate the critical phenomena at the
phase transition point.

The critical phenomena are the universal behaviors of
the models at the phase transition point. For example, at
the phase transition point of the Ising models, the corre-
lation function of the square of the spins (or the plaque-
tte for Z2 lattice gauge theory) decays with the distance
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between the spins in a power law, and the exponent of
this power law should be independent to the microscopic
structure of the model [9]. We would like to test this uni-
versality for different Ising models and their dual gauge
theories. The 3D Ising model with both nearest- and
next-nearest-neighbor couplings will be a good model to
work with. By changing the ratio between the couplings,
we can get a continuous spectrum of models. However,
the dual gauge theory of such Ising model was not re-
ported.

In this paper, we show an unusual gauge theory that is
dual to the 3D Ising model with both nearest- and next-
nearest-neighbor couplings. In our gauge theory, each
edge is associated with four Z2 variables, each located on
a perpendicular vector. The nearest- and next-nearest-
neighbor couplings are dual to the four-vector plaquette
coupling and the two-vector on-edge coupling, respec-
tively. The duality between the defect bonds in the Ising
model and the Wilson loops in the gauge theory is also
discussed.

II. MODEL

The action of the 3D Ising model with both nearest-
neighbor (nn) and next-nearest-neighbor (nnn) couplings
is:

SIsing = −β1

∑
(v,v′)∈nn

szvs
z
v′ − β2

∑
(v,v′′)∈nnn

szvs
z
v′′ , (1)

where v, v′, and v′′ are vertices in the 3D cubic lattice,
nn and nnn respectively stand for the nearest- and next-
nearest-neighbor vertices pairs, szv = ±1 is the Ising vari-
able placed on the vertex v, and β1 and β2 are the reduced
coupling coefficients. In this paper, we only consider the
cases when β1 > 0 and β2 ≥ 0.

Before we talk about the action of the dual Z2 lattice
gauge theory, we first need to introduce the setup of the
variables in this unusual lattice gauge theory.

The dual Z2 lattice gauge theory has Ising variables
with values ±1 placed on the edges of the dual cubic
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FIG. 1. The variables in the dual model. The grey cubes
denote the lattice in the Ising model. The crosses at both
ends of the black line denote the centers of the grey cubes.
(The crosses are the vertices of the dual lattice.) The black
line is the edge of the dual lattice. Four variables with values
±1 are placed on the black line, denoted as the four vectors
in the middle of the black line.

FIG. 2. More variables in the dual model. The black lines
are the edges of the dual cubic lattice. The ai’s, bi’s, etc. are
the variables in the dual model. Their values can be either 1
or −1, and they need to satisfy the constraint - the product
of four variables on each edge should be 1, e.g. a1a2a3a4 =
b1b2b3b4 = · · · = 1.

lattice. Each edge is associated with four variables, which
are placed at the four sides of the edge. We show these
variables as four perpendicular vectors to the edge, as
shown in Fig. 1 and Fig. 2. (The vectors are only for
illustrating the relative position of the variables. The
values of the variables are not vectors; they are ±1.)

There is a constraint on these variables: the product
of four variables on each edge should equal to +1; i.e.
there are even numbers of +1’s and −1’s among the four
variables on each edge.

The action of the dual gauge model is:

Sgauge = −α1

∑
plaquettes

[a2b4c4d2]−α2

∑
edges

([a1a2]+[a2a3]),

(2)
where “[·]” means an example of the general idea, the
“[a2b4c4d2]” in the first term represents the product of
the four variables on the edges of a plaquette, each point-
ing inward. (See Fig. 2 for the meaning of the letters.)

FIG. 3. The first term in Eq. 2 is shown by the plaquette
on the left. The four variables on the edges of the plaquette
should all point inward. The order of the subscripts in the
second term in Eq. 2 is shown on the right.

FIG. 4. The possible configurations of the four variables on
an edge, and their corresponding contributions in Eq. 2. Note
that the “most probable states” are when a1a2 +a2a3 reaches
the maximum value, i.e. the four variables being the same.

The “[a1a2]” or “[a2a3]” in the second term represent the
product of two nearby (but not opposite) variables on
one edge. Because of the constraint on the four variables
on an edge, i.e. a1a2a3a4 = 1, there are a1a2 = a3a4

and a2a3 = a4a1. Therefore, the second term is actually
symmetric: a1a2 +a2a3 = (a1a2 +a2a3 +a3a4 +a4a1)/2.

The first and second terms in the dual action (Eq. 2)
are better illustrated in Fig. 3. Some examples of the
second term are shown in Fig. 4.

The coupling coefficients satisfy the dual relations:

sinh(2β1) sinh(2α1) = 1, (3)

sinh(2β2) sinh(2α2) = 1. (4)

Note that when β2 = 0, i.e. there is no nnn coupling,
we will get α2 = ∞, i.e. the second term in the dual
action dominates and makes the system always at its
“most probable state” (the state with the minimal ac-
tion). From the examples of the second term in Fig. 4
we can see that the “most probable states” are when the
four variables on each edge have the same value, which
means we can assign a single value to each edge. This
goes back to Wegner’s Z2 lattice gauge theory [3].

In our unusual gauge theory, the local gauge transfor-
mation is to flip the values of the variables on the edges
that all connect to one vertex in the dual lattice. As in
Fig. 2, it means that we change the signs of the ai’s, di’s,
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FIG. 5. Examples of gauge invariants. We can decompose a
single-vector-framing loop into basic gauge invariant terms by
tilling the loop with plaquette terms and then changing the
direction of the vectors on the framing by multiplying edge
terms.

ei’s, fi’s, gi’s, and hi’s. It is not hard to check that Eq. 2
is invariant under this local gauge transformation.

The first and second terms in Eq. 2 are basic gauge in-
variants in our gauge theory. We can multiply the basic
gauge invariants to get more complicated gauge invari-
ants. Since the square of an Ising variable is always 1,
we can “glue” the plaquette terms with the edge terms
in Eq. 2, and erase the vectors that appear twice. Re-
peating this process, we can see that any loop of edges
with one vector on each edge is gauge invariant. Some
examples are shown in Fig. 5.

III. PROOF OF DUALITY

To prove the duality, we consider the high temperature
expansion (HTE) of one model and the low temperature
expansion (LTE) of the other.

The HTE partition function of the Ising model is:

ZIsing =
∑

config.

e−SIsing

=
∑

config.

exp

(
β1

∑
nn

szvs
z
v′ + β2

∑
nnn

szvs
z
v′′

)
∝
∑

config.

∏
nn

(1 + szvs
z
v′ tanhβ1)

×
∏
nnn

(1 + szvs
z
v′′ tanhβ2) . (5)

In the last step, we have use the trick that exp(βs) =
coshβ (1 + s tanhβ) when the value of s can only be ±1.

Because there is a sum over all configurations of the
szv’s in Eq. 5, after the expansion of the product, any
term that does not cancel out all szv’s will be eliminated
by the sum.

The terms that cancel out all szv’s are either 1, or the
loops constructed by the nn and nnn bonds. The basic
element of such loops is the triangle with two nn bonds

FIG. 6. The duality of high temperature expansion (HTE) of
the Ising model and the low temperature expansion (LTE) of
the gauge theory.

and one nnn bond. Such a basic loop contributes a term
of tanh(β1)

2
tanh(β2) in the HTE of the Ising partition

function. All larger HTE loops can be tilled by the basic
triangle loops.

Therefore, the HTE Ising partition function becomes:

ZIsing ∝ 1 +
∑

basic triangles

tanh(β1)
2

tanh(β2) + · · · . (6)

The LTE partition function of the gauge theory is:

Zgauge =
∑

config.

e−Sgauge

= e−Sgauge
∣∣
max

+
∑

e−Sgauge
∣∣
excitations

∝ 1 +
∑

exp(Sgauge|min − Sgauge|excitations).(7)

The simplest excitation of our dual gauge theory is
to flip the signs of a pair of nearby variables on an
edge. (Not to flip just one variable, because there is
a constraint.) This flipping of signs affects two pla-
quettes and one edge, and thus contributes a term of
exp(−4α1 − 2α2) in the LTE the partition function.

Therefore, the LTE gauge partition function becomes:

Zgauge ∝ 1 +
∑

simplest excitations

exp(−4α1 − 2α2) + · · · .

(8)
There is a one-to-one correspondence between the ba-

sic triangle loops in the Ising model and the simplest
excitations in the gauge theory. As shown in Fig. 6, the
pair of flipped variables are on the edge that penetrates
the triangle. The two variables are the ones that point
towards the nn bonds. It is not hard to see that there
are also correspondences between larger loops in the Ising
model and higher excitations in the dual gauge theory.

Therefore, we can see that the two models are dual
if we choose tanh(β1) = e−2α1 and tanh(β2) = e−2α2 .
These conditions are equivalent to the dual relations we
have shown in the previous section (Eq. 3 and 4).

Similarly, in the HTE of the gauge theory, we consider
the “loops” (or “wraps”) constructed by the terms in the
dual action, i.e. the plaquettes and the two-vector edges.
The unit of such a wrap is a cube in the dual lattice with
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FIG. 7. The duality of low temperature expansion (LTE) of
the Ising model and the high temperature expansion (HTE) of
the gauge theory. For clearness, not all plaquettes and edges
are shown in the HTE of the gauge theory.

six plaquettes and twelve two-vector edges. Such a basic
wrap contributes a term of tanh(α1)

6
tanh(α2)

12
in the

HTE gauge partition function.
As shown in Fig. 7, The corresponding LTE of the

Ising model is to flip the sign of the spin that is at the
center of the cube (or more generally, inside the wrap).
This flipping of sign affects six nn bonds and twelve nnn
bonds, and thus adds a term of exp(−12β1 − 24β2) in the
LTE of the Ising partition function. There are also corre-
spondences between larger wraps in the gauge theory and
higher excitations in the Ising model. We can see that the
two models are dual if we choose tanh(α1) = e−2β1 and
tanh(α2) = e−2β2 . These conditions are also equivalent
to the dual relations Eq. 3 and 4.

IV. WILSON LOOP

Like the Wilson loop in Wegner’s Z2 lattice gauge the-
ory [2, 3], the gauge invariants in our gauge theory are
also loops, but with vectors on the framing.

We start with the two basic gauge invariants in our
gauge theory, the all-inward-vector plaquettes and the
two-vector edges.

First, for a plaquette a2b4c4d2 (see Fig. 2), the average
value is:

1

Zgauge

∑
config.

a2b4c4d2

× exp

(
α1

∑
p

[a2b4c4d2] + α2

∑
e

([a1a2] + [a2a3])

)
=
∑

config.

a2b4c4d2

∏
p

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

/

 ∑
config.

∏
p

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

}
. (9)

The expansion of the numerator can be split into two
terms:∑

config.

a2b4c4d2

∏
p

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

=
∑

config.

a2b4c4d2 (1 + a2b4c4d2 tanhα1)

×
∏

p except abcd

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

=
∑

config.

a2b4c4d2

∏
p except abcd

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

+
∑

config.

tanhα1

∏
p except abcd

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

=
1

tanhα1

∑
config.

a2b4c4d2 tanhα1

×
∏

p except abcd

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

+ tanhα1

∑
config.

∏
p except abcd

(1 + [a2b4c4d2] tanhα1)

×
∏

e

(1 + [a1a2] tanhα2)(1 + [a2a3] tanhα2)

=
1

tanhα1

∑
wraps with abcd

(tanhα1)···(tanhα2)···

+ tanhα1

∑
wraps without abcd

(tanhα1)···(tanhα2)···.

(10)

There are two types of terms in Eq. 10: one corre-
sponding to a wrap that contains the plaquette a2b4c4d2,
and the other does not. Note that a wrap in the gauge
theory maps to the flipping of the Ising variables in-
side the wrap. We denote the two Ising variables which
are closest to the plaquette a2b4c4d2 as v and v′, and
note that they are on the two sides of the plaquette and
(v, v′) ∈ nn. In the first type of terms, where the cor-
responding wrap contains the plaquette, the two Ising
variables on the two sides of this plaquette must be one
inside the wrap and one outside the wrap, and thus they
have different signs. On the other hand, in the second
type of terms, where the wrap does not contain the pla-
quette, these two Ising variables must have the same sign.
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FIG. 8. The duality between the defect bonds in the Ising
model and the gauge invariant loops in the gauge theory. Note
that a two-vector edge can also be seen as a loop of two single-
vector edges, going back and forth.

Using the dual relation Eq. 3, we can rewrite Eq. 10 in
the Ising model side as

e2β1

∑
v,v′diff. signs

exp(SIsing|min − SIsing)

+e−2β1

∑
v,v′same sign

exp(SIsing|min − SIsing)

=
∑

config.

e−2β1s
z
vs

z
v′ exp(SIsing|min − SIsing). (11)

Note that the denominator in Eq. 9 can be rewrite as∑
config.

exp(SIsing|min − SIsing). (12)

Therefore, Eq. 9, the average value of a plaquette, be-
comes

1

ZIsing

∑
config.

e−2β1s
z
vs

z
v′ exp(−SIsing), (13)

which is the average value of e−2β1s
z
vs

z
v′ . v and v′ are

the two vertices on the two sides of the plaquette. The
values on the Ising model side are easier to compute in a
numerical simulation.

We can also combine the exponentials in Eq. 13, and
make Eq. 9 into

1

ZIsing

∑
config.

exp
(
−S∗Ising

)
=
Z∗Ising

ZIsing
, (14)

where S∗Ising = SIsing + 2β1s
z
vs
z
v′ . Considering the defini-

tion of SIsing in Eq. 1, we can interpret S∗Ising as that the

coupling coefficient between v and v′ becomes −β1, i.e.
that there is a defect nn bond.

With similar methods, we can show that the average
value of a two-vector edges in our gauge theory equals to
the average value of e−2β2s

z
vs

z
v′′ where v and v′′ are nnn

pair. It also equals to the partition function when there
is a defect nnn bond.

In Fig. 8, we summarize the relation between defect
bonds in the Ising model and the average value of Wilson
loops in our gauge theory. Any more complicated Wilson
loop is a combination of these two basic cases.

V. DISCUSSION

In the previous sections, we have only talked about
the 3D Ising model on an isotropic cubic lattice. Ac-
tually the duality even works for the very anisotropic
case, in which there are three different nn coupling coef-
ficients and six different nnn coupling coefficients. The
dual gauge theory will have three different coefficients
for the plaquettes in different orientations, and will have
different coefficients for [a1a2] and [a2a3] in Eq. 2. The
dual relations keep simple as sinh(2β···) sinh(2α···) = 1.

An interesting anisotropic case is when nnn coupling
only occurs in the x-y plane. The third dimension can
be seen as the time direction: it becomes an Ising model
with 2D Hamiltonian. Because the nnn coupling in the x-
z and y-z planes is zero, the edge term coefficients in the
y and x edges in the gauge theory become infinity, which
force the four variables on those edges become the same.
Therefore, the dual gauge theory only has vector vari-
ables on the z-direction edges. With this simplification,
we can write down a Hamiltonian form for this gauge
theory. We do not know whether there is a Hamiltonian
form for the gauge theory we discussed in the previous
sections.

The proof of duality in Sec. III can also be made with
the method of path integral, however not as intuitive as
the high temperature expansion and the low temperature
expansion of the two models.

For the future work, we will use numerical simulations
to explore how the phase transition point changes with
the ratio between the nnn and nn couplings. We will
investigate the scaling laws of the Wilson loops around
the critical region, and try to find out whether there is
universality in our model. Theoretical approach will also
be helpful to understand the features of this model.
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