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1.

A field theory of a space-harmonic traveling wave tube is developed 

using a stationary field matching procedure. The circuit is the circularly 

symmetric disc loaded waveguide. Two cases are studied: a solid low cur- 

rent electron beam which completely fills the openings between sections, and 

a hollow beam of arbitrary radius. The latter analysis can be extended to 

the solid beam case through the use of Fletcher's equivalent hollow beam

method.

Particular attention is paid to the difference between forward space 

harmonics and backward space harmonics, and a comparison is made with 

Pierce's traveling wave tube parameters K and Q for both types of space 

harmonics. One result is to show that the sign of K is negative for back- 

ward space harmonics, while the sign of QC is positive. The principle 

value of the work may be in its use in "admittance-wall" or complete field 

theory analyses of forward and backward wave devices.

Introduction

This problem came to the attention of the author in the following 

way. Since the theory of the carcinotron is unable to correctly predict 

the starting current, it was thought that a field theory of the carcinotron 

might give better predictions, and perhaps give more insight into the opera- 

tion of the tube. One of the first ideas was to represent the circuit by 

an admittance wall, but it was not known what characteristics the admittance 

should have in order to support backward waves. Upon further reflection 

it seemed evident that the difference between a circuit which propagates 

a forward wave and one which propagates a backward wave must not be in the
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value of the admittance presented at a given frequency but rather how the 

admittance changes with frequency or with propagation constant. The fol- 

lowing analysis demonstrates this fact and furthermore gives a method for 

computing the pertinent parameters for the disc loaded waveguide circuit.

Although this investigation was motivated by the carcinotron prob- 

lem, that analysis has not been completed and is not the subject of this 

report.

This discussion begins immediately with a transcendental equation, 

derived in Appendix I, which is to be solved for the propagation constants.

In Appendix I it is shown that the following equation must be solved 

for the propagation constant βo, 1

(1)

The following assumptions have been made:

(a) Infinite longitudinal magnetic field to confine the electrons,
(b) Circular symmetry (only E modes are required),

1 The notation here is different from that of the Appendix where we 
we use Γn = jβn.
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(c) The electron beam completely fills the openings in the discs,

(d) The field between the discs is uniform. This is the trial func- 
tion in a variational procedure. More elaborate trial functions 
can be used, but the complexity of Eq. (l) is increased.

Figure 1.

The derivation of Eq. (1) is similar to that of Parzen 2 except that 

instead of matching the magnetic field at r = a, z = 0, the integral

is matched at r = a. This procedure leads to results

which are stationary with respect to errors in the assumed fields.3

Suppose that the solution of Eq. (1) is known for βp2 = 0. Denote

the values of βn, γn, and pn for this case by βn0, γn0, pn0 and let  
the sum, S, be denoted by S0 when βp2 = 0 . Then it is assumed that the 

solution of

(1°)

is known for all frequencies, i.e., we know all the characteristics of the 

"cold circuit".

When the electron beam is introduced, the sum, S, must still be zero, 

but the relative values of the different terms will change. Assume that

2 Philip Parzen,"Field Theory of Space Harmonic Traveling-Wave Structures" 
Johns Hopkins U. Radiation Lab. Report No. AF-6, Sept. 25/54.

3 Appendix I.
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βe ≈ βm0, i.e., that the electron beam is nearly in synchronism with the mth 

space harmonic. For small can be considered to be

equal to 1, except for n = m. The sum, S, can then be written,

(2)

This says that all terms except n = m are to be evaluated by taking 

βp2 = 0 . These terms are not, however, to be evaluated at the unperturbed 

propagation constant βo0, but at the new propagation constant βo . The 

n = m term has been singled out for special treatment (second term of Eq(2) 

the third term cancels the n = m term in the sum S0(βo) which cannot be 

evaluated by setting βp2 = 0).

Eq. (2) may be solved to first order in the following manner. When 

βp2 = 0, βo = βo0, S0(βo0) = 0 and the second term of Eq. (2) is equal to the

third term. Expanding the terms of Eq.(2) in a Taylors series about βo = βo0 

(the constant terms cancel, because of the above considerations and only the 

first order terms are retained),

(3)

where
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Rewriting and neglecting the term 4

(4)

βm0 is what one ordinarily denotes by β1, the propagation constant of the 

circuit, and βp2 ~ Io ~ C3, hence this is in a form in which it can be corn-

pared with Pierce's simple cubic (with QC = 0). The right side might be

termed the coupling term of the equation, because the coupling of the three

waves (with uncoupled propagation constants β1βe and βe) is proportional

to the cube root of this term. Note that it is proportional to M Mm02, i.e., 

to the square of the amplitude of the mth space harmonic. This is a result 

which seems intuitively correct, and is generally accepted.

The quantity is a function of γma which is easily 

evaluated, 1/a times this quantity is plotted in Figure 2, and it is seen 

to be a positive, monotonically decreasing function.

Figure 2.

4 For small current density and βe ≈ βm0, βm - βm0 and βm - βe are both of 
the order C. The neglected term easily seen to be of order C2 since

is of order C3. Thus the above calculations could be consi

dered as an expansion in terms of the parameter C, with only first order 
terms being retained.
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S0' must be investigated. S0' contains the effects of all the space 

harmonics and hence its sign probably depends on whether the phase velocity 

of the mth space harmonic is in the same or in the opposite direction from 

the total power flow of the wave. When

The convention used here is that the electrons always move in the +z direc

tion, hence they always interact with positive space harmonics (m > 0) or 

the fundamental (m = 0, and βo > 0). According to the usual nomenclature 

the space harmonics (for m 70) are called "forward" space harmonics when 

the total power flow of the wave is in the positive direction (this re-

5 L. Stark, "Electromagnetic Waves in Periodic Structures", M.I.T. R.L.E. 
Technical Report No. 208, Dec. 9/52.

the total power flow of

the unperturbed wave is in the +z direction and when the

total power flow is in the -z direction. 5

Figure 3.

quires that and "backward" space harmonics when the total power

flow is in the negative direction (requiring

It will now be shown that sign of S0' for "backward " space harmonic 

interaction is opposite of that for "forward" space harmonic interaction. 

Expanding Eq. (1°) about the point βo = βo0 and k = ko in Taylor series 

in two variables and retaining only the first order terms (the constant 

terms vanish if βo0 is taken to be the solution of S0(βo, ko) = 0) ,
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If this is set equal to zero it can be used to determine how βo changes 

if k changes by a small amount, i.e.,

But is what we previously called So' hence

(5)

Thin hollow beam. The analysis will now be extended to the case of a thin 

hollow beam located at radius c (< a). Having done this, the results of 

Fletcher 6 on the equivalence of thick beams and hollow beams can be used 

ih place of the power series expansion developed in the preceding section.

When there is a thin hollow beam at radius c, Eqs I.2, I.3 and 1

This expression for So is particularly convenient because it is easily 

verified that S0 is unchanged by the substitution -βo for βo. Dif- 

fereπtiatioπ with respect to k does not change this symmetry, hence

is the same for the forward branch as for the backward branch

of corresponding points (i.e. same frequency). Thus So' is 

of opposite sign at corresponding points since the group velocity is at 

opposite sign.

Finally Eq.(4) may be rewritten

6 R. C. Fletcher "Helix Parameters in Traveling-Wave Tube Theory" 
Proc. I.R.E. Vol. 38 pp 413-417 (1950)
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may be written

where it has been assumed that the electron beam influences the field dis

tribution of the mth space harmonic only. * C1 is to be determined from the 

properties of the electron beam at r = c:

* This will be true if This condition may also be written,
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(7)

from which we may determine c1 in terms of the beam admittance:

Eq. (2) becomes:

which, when solved for c1 gives

Substituting this into Eq.(6) gives

(8)

The left side is the beam admittance, hence the right side is the circuit ad- 

mittance. This circuit admittance has a zero at the propagation constant of 

the cold circuit, βo0. S0 vanishes at βo0 and it is easily seen that the 

above expression vanishes when S0 vanishes.

The circuit admittance (8) is particularly simple when the beam grazes 

the circuit (c = a):
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From this it may be seen that of a backward space harmonic is oppo

site from of a forward space harmonic.

When c ≠ a, Yc has a pole when

(9)

The work of Chu and Jackson 7 and of Fletcher 6 leads us to expect that 

this pole will be near the zero at the cold circuit propagation constant 

since it is introduced by the radial admittance transformation (when c→ a, 

the pole recedes to infinity).

Assume that and Vg are known. In the preceding sec

tion it was shown that:

hence

From Eq. (8) it may be shown that

The pole location is determined (approximately) by solving the equation (9)

(9')

Fletcher's results may now be used to calculate Q and K, the parameters in 

Pierce's theory of the traveling wave tube,

7 L. J. Chu and C. D. Jackson "Field Theory of Traveling-Wave Tubes", 
Proc. IRE, Vol. 36, pp. 853-863 (1948)
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(10)

Expressing the latter in terms of

(11')

From these results we can make the following observations:

(a) K is proportional to Mm2 Io2 (γm0a) i,e., to the field of the

mth space harmonic at the beam position.

(b) K of a backward space harmonic has a sign opposite of that of a

forward space harmonic, because of the factor vg.

(c) γmp  is less than γm0 when the beam interacts with a backward

space harmonic and greater than for a forward space har

monic with the result that Q is of different sign for these 

two cases. The sign of QK or of QC is the same for both 

cases, however.

Discussion

It is apparent that these results can be applied to the solid beam 

case using the equivalence between hollow beams and solid beams developed 

by Fletcher. A solid beam of radius c and current Io is replaced by 

a thin hollow beam of radius sc and current tIo, where s and t are 

given in Figure 4.

The results may also be extended to a beam in Brillouin flow by making 

use of the electronic theory of Rigrod and Lewis.



Figure 4.

Parameters of the hollow electron beam which is matched to the solid
electron beam of radius c and current Io. sc is the radius and 
tIo is the current of the equivalent hollow beam.
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APPENDIX I

The purpose of this appendix is to derive Eq (1) and demonstrate the 

stationary character of the method. In Eq (1) Mn is the nth coefficient

of the z-component of electric field at r = a, i.e.,

I.1

and the values given for Mn on the first page are for the special case that 

the field is assumed to be uniform in the region |z| < d∕2 , and zero in the 

region d∕2 < |z| < D∕2 . This is not the true field, of course, and by the 

stationary character of the method it is meant that first order deviations 

in the assumed field ξ(z) from the true field ξo(z) produce only second 

order deviations in the propagation constant Γo determined from Eq (1).

In the region r < a all field components (only Ez, Er and H∅ are 

non-zero) can be derived from Ez. A general solution of the wave equation 

which satisfies the periodicity requirement that the fields at z + D must 

differ from the fields at z only by a multiplicative constant (which is

taken to be and which is finite on the axis and circularly sym

metric is

I.2

where

It will be convenient to express Mn in terms of ξ(z) by means of
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which is the inverse of I.1. The magnetic field H∅ is easily shown to be,

I.3

I.3a

where

In the region a<r<b, the general expressions for the fields are

I.4

I.5

where

and

This field has been chosen to satisfy the boundary conditions

(1) Ez = 0 at r = b
(2) Er = 0 at z ± d/2 .

At r = a
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I.6

Hence

I.7

or I.8

where

The tangential fields, Ez and H∅, must be continuous at r = a. Ez is

automatically continuous at r = a because on both sides it reduces to 

ξ(z). H∅ will be continuous in the gap if

I.9

The range of the first integral can be reduced to or the range

of the second integral can be extended to since ξ(z') is zero

in the regions

A formal statement of the problem is, then, that ξ(z) must satisfy the 

following integral equation

I.10

and ξ(z) must be zero in the regions Furthermore, the kernel
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of the integral equation contains parameters Γo, k, a, b, d, D, βe, and βp. 

It will not be possible, in general, to satisfy this integral equation for 

arbitrary values of all parameters. If all but Γo are regarded as fixed, 

one would expect, on physical grounds, that the integral equation could be 

satisfied only for certain discrete Γo . The field ξ(z) which satisfies 

I.10 will be denoted by ξo(z).

An approximate method of obtaining Γo which leads to Eq. 1, will now 

be given. Multiplying I.9 by ξ(-z)dz and integrating from 

gives

I.11

where the first integral over z has been extended to since

ξ(-z) is assumed to be zero in the regions This is an im

plicit equation for Γo; one would expect that the integrals can be made 

to cancel for any ξ(z) provided is properly chosen. If the ξ(z) = 

ξo(z) is chosen, the correct Γo will be obtained. If another ξ(z) is 

chosen which does not differ greatly from ξo(z), the value of obtained 

will not differ much from the true value. It will now be shown that if

Note that both GI and GII have the property that G(z, z') = G(-z', -z). 

Actually GII is a real symmetric kernel and GI is Hermitian when Γo is 

pure imaginary. Taking first variations of Eq. I.11 remembering that the 

kernels are functions of the parameter
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The first and fourth integrals vanish because of one integral equation I.9 and 

the third and sixth integrals vanish because of the equation

which may be obtained from I.9 with the aid of the symmetry property of the 

kernels, G(z, z') = G(-z', -z) . Thus

or δΓo = 0 when the integral does not vanish. This is exceedingly unlikely 

since the integral I.11 vanishes only for special values of .

In summary, then, Eq I.9 is satisfied only for the true field ξo(z) and

the true propagation constant Γo. Eq I.11 is also satisfied by the true

field and the true propagation constant but, unlike Eq I.9, it may also be

satisfied by fields which are not correct, provided is modified slightly.

It has been shown that the change in Γo is of second order in the deviations

of the assumed field δξ(z) from the true value ξo(z).

Eq. I.11 will now be evaluated in terms of the expansion coefficients M 

of Eq. I.1 and Bn of Eq. I.6,
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The following integrals are encountered upon evaluating

which is seen to be equal to I1 upon substituting +z for -z . To evaluate

it is more convenient to use

expansion I.6 for ξ(z),

The following integrals occur,

Hence

and Eq I.11 becomes
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Eq (1) of the text is obtained by assuming that

hence

Another trial function, which is better when the discs are thin (d → D), is

In this case,

and the characteristic equation 1 becomes,

This trial function represents the singular nature of the fields near the 

discs when they are thin, and hence is expected to be more accurate. It 

has the disadvantages (a) that the first series is more slowly convergent 

and (b) a second series is introduced.
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APPENDIX II

Evaluation of the Sum S0

In the remaining series it is permissible to take γn as being equal to 

βn since βn2 << k2 for these terms. Furthermore

Defining βo to be the propagation constant of the "fastest" space har

monic, i.e., we find that

or

Thus we shall be able to use large argument approximations to the 

Bessel functions. Rewriting the series as
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Rewriting the series letting (y is generally small)
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The remaining series is rapidly convergent and only a few terms should 

be required.

Notice that S0(β) can be split into two parts

S2 is a function of k only. When all the space harmonics (including the 

fundamental) are slow, S10 is a function of βo alone. k2 can be neg- 

Iected in comparison with γn2). When βo is small this condition is not

fulfilled for the fundamental and the n = 0 term is a function of βo and 

k. (Actually it is a function of a single variable and

must be treated separately.
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