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Magnetic Wave Propagation 
in a Periodic Medium 

CHARLES ELACHI, MEMBER, IEEE 

Abstract-The propagation of magnetic waves in an infinite 
medium with a periodic dielectric constant is studied as a sim
plified example to evaluate the applications of periodic struc
tures. Specifically, the use of those structures for filtering and 
distributed feedback is investigated, and a new scheme for the 
generatiori of magnetic waves using drifting charges and a dis
tributed feedback configuration similar to DFB lasers is studied 
in some detail. 

I. INTRODUCTION. 

Magnetic materials having permanent microscopic moments 
(ferromagnets, ferrimagnets, and aritiferrornagnets) can support 
highly dispersive magnetic waves with phase velocities which 
span the range from electromagnetic to elastic waves [ 1 J • 
These waves are used in a number of applications ranging from 
delay lines and pulse compression filters to frequency transla
tion and time inversion and scaling [see 1 for review J • In this 
paper we consider the propagation of these waves iri a periodic 
structure. For simplicity we will cons~der the case of plane 
waves in a linear isotropic medium with a periodic dielectric 
constant. Adequate periodicity would lead to Bragg selective 
reflection and therefore filtering. However, if the medium is 
amplifying due to the presence of drifting charges [ 2] , then the 
Bragg reflection would play the role of distributed feedback 
(DFB) in an amplifier, thus leading to oscillation. This concept 
has recently been introduced to the field of lasers [3]-[7] and 
acoustic microwave generation [8]. The use of DFB to de
velop magnetic wave generators is discussed in detail. 

II. FORMULATION AND SOLUTION 

Let us consider a magnetic medium characterized by a per
manent magnetization Ms, a de magnetic field H, a space de
pendent dielectric constant e (z ), and a magnetic permeability 
µ, The two vectors Ms and Hare supposed to be parallel to the 
z axis (Figure 1), which is also the wave propagation axis. The 
magnetization (m) and electromagnetic (e, h) rf fields in such 
a medium are related by [ 1 with units change J : 

am 
a;=-'YizX [Msh- (H-D\7 2 )m] 

ae 
'VXb=e(z)at 

(1) 

(2) 
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Fig. 1. Geometry studied. H and Ms are the de fields. e, m, and hare 
the ac fields. 

(
oh am) 'VXe=-µ -+-at at (3) 

where D is the exchange constant, 'Y is the gyromagnetic ratio, 
and iz is the unit vector along the z-axis. These formulas as
sume that Hand Ms are independent of spatial coordinates and 
that the anisotropy field is negligible (which is the case in the 
most commonly used magnetoelastic medium, Yttrium Iron 
Garnet). Equation 1 implies that m has only transverse 
components. 

Let us assume the case where the dielectric constant inho
mogeneity is periodic of the type: 

where 'YI<< 1 is a modulation factor, K = 21r/A, and A is the 
inhomogeneity period. The solution for the above system of 
equations can be written in a Floquet form [9], [10] which 
consists of an infinite number of space-harmonics: 

n=+oo 

(m, e, h) = e-iwt L (mn, en, hn) exp (if3nz) (5) 
n=-oo 

where f3n = {3 + nK. The index n corresponds to the different 
space harmonics, and {3 is an unknown wavevector which will 
be related to the frequency w/27T by the dispersion equation. 
Replacing each term in ( 1)-(3) by its Floquet form, and solv
ing for the terms of identical wavevectors, we find the follow
ing systems of infinite equations which relate the different 
harmonics of the electric field: 

(6) 

where k2 = µew2
• This system can be simplified if we split the 

field in its positive and negative circular components (i.e., e+ = 
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Fig. 2. Brillouin diagram for a periodic magnetic medium. The heavy 
curves correspond to the homogeneous case. All other subdiagrams 
correspond to higher order space harmonics. The scales arc adjusted 
for clarity. 

ex + iey and e- =ex - iey ), leading to: 

d~e~ + e~+l +e~-l =O 

=O 

where: 

=; [1 ~~ (i- w±r(~;sr7~+Dp~))J. 

(7) 

(8) 

(9) 

This shows that the coupling occurs between the space
harmonics of identical circular rotation. The nth harmonic is 
directly coupled to the n 1st and n +1st harmonics, and 
then indirectly to the others. This is due to the cosine nature 
of € (z ). For the case of general periodicity, direct coupling 
could occur between any two space-harmonics. The dispersion 
equation is obtained from the nontriviality condition: 

determinant of (7) or (8) equals zero. (10) 

If we take the limit 71 = 0, then (7) and (8) reduce to 71dn = 0 

which gives: 

[w±y(H+Dp~)] (i-~~)±rMs=O (11) 

which is the well known dispersion equation in a homogeneous 
magnetic medium [ 1 J. 

III. BRILLOUIN DIAGRAM AND COUPLING REGIONS 

The Brillouin diagram which corresponds to (11) consists of 
an infinite number of "subdiagrams" each identical to the 
homogeneous case diagram (Figure 2). Each subdiagram corre
sponds to a space-harmonic n. For 71 0, only the space
harmonic n 0 has a physical meaning. 

For rJ :#= 0, strong phase matched coupling occurs between 
different space harmonics at their intersection point. The de
tailed study of these coupling regions would require a numeri
cal solution of (10). However, much insight can be obtained 
by studying the limit rJ small using a first order Taylor series 
expansion. 

Without loss of generality, let us consider the region close 
to the intersection point (w, p) of the n = 0 and n = -1 space 
harmonics. Neglecting higher harmonics, we get the dispersion 
relation: 

(12) 

The frequency and wavevector can be written as w +Aw and 
p + A{:J. From (9) and (12) we could express Aw as a function 
of A[3. 
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Fig. 3. Different types of contradirectional interations. The light lines 
correspond to ri = 0 (no perturbation). The heavy line is Re (/3) and 
the dashed line is Im (f3). (a) corresponds to e.m.-e.m. coupling, (b) 
corresponds to m.-m. coupling, ( c) corresponds to e.m.-m. coupling. 
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Fig. 4. Threshold gain coefficient g required for self sustained oscilla
tion as a function of the wavevector r for different values of L. 

As we are interested in the coupling between space
harmonics, we stay outside the "natural" coupling region be
tween the magnetic and electromagnetic waves. 

Three types of backward coupling are possible (Figure 3): 
1. Electromagnetic-Electromagnetic coupling (Figure 3a): 

p k '* K = 2k (13) 

and 

(!::.w/w)2 - (b.{:J/{:J)2 = (77/4)2. (14) 

2. Magnetic-Magnetic cou piing (Figure 3b): 

(w -rH)112 (w 'YH)112 [3= -- '*K 2 --
rD [D 

( 15) 

and 

(16) 

3. Magnetic-Electromagnetic coupling (Figure 3c): 

( w :DrH)112 

[3=k =K I (17} 

and 

(Aw/w - Ap/p) [(1- a) Aw/w + (1 + b) A[3/pj = (r//4)2 

(18) 
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Fig. 5. Some practicaJ configurations for a DFB magnetic wave oscillator. 

where: 

a = 2;s ( r
2 

;kl!!_ r 
b = -yDa r2 /2w 

r2 = (w - 1H)/'yD. 

In these equations, we remark that near ll.w = 0 (phase match
ing region), the solution for A{3 is imaginary (i.e., {3 is complex). 
This corresponds to a stop band coupling where one wave loses 
energy to the other one which is propagating in the opposite 
direction. The coupling region is characterized by two param
eters (Figure 3): the relative bandwidth Q/w (region of com
plex {3) and the coupling coefficient. X (imaginary (3 for 
..:iw = 0). In the case of magnetic-magnetic coupling we get 
from (16): 

il/w::: 17/4(1 - a) 

x = nr/4(1 + b ). 

(19) 

(20) 

The parameter X represents the strength of the distributed 
feedback. If the magnetic medium is passive, then X expresses 
the filtering efficiency of the periodic structure, If the medium 
is active (due to the presence of drifting charges), then X cor
responds to the strength of the feedback which would allow 
the system to oscillate as discussed in the following section. 

IV. DFB MAGNETIC WAVE GENERATOR 

Kogelnik and Shank [ 3] have conducted a detailed study 
of the DFB concept in the case where both the forward and 
backward wave are equally amplified. Elachi et al. [7], [11] 
have generalized their study to the case where the two waves 
are not equally amplified as is the case here. The threshold 
condition which relates the coupling coefficient x, the average 
gain coefficient g, and the length of the coupling region L is: 

X = ± i;Ji/sinh i/IL (21) 

where 

[ ( 
1- a Aww)2] 1/2 

iJ; = x2 + g i{3 1 + b 

g=g/2 

g =magnetic wave gain coefficient. 

In the limit of high gain (i.e., g >> X) which is usually the case 
here (see later), the above equation gives [ 3 J: 

gL e-gLf2 =XL. (22) 

The magnetic wave gain was derived by many authors [ l], 
[ 12], [ 13], and their results will be used here to evaluate the 
feasibility of a spin wave oscillator. The periodicity required 
for oscillation (i.e., phase matched feedback) at w is given by 

(from (15)): 

A= 21T/K 1T [J'D/(w 1H)] 112
• (23) 

The solution of (21) is multivalued [ 3 J; however, we will only 
consider the first solution which is the closest to the exact 
Bragg condition Aw 0). 

In the case of pure wave, r >> k. Thus the cou-
pling coefficient X reduces to: 

X = 1}M5 /4Dr3 

which is usually <<g and therefore the threshold relation is 
(22). 

To illustrate let us take D 5(10)-9 Oe cm2
, M 5 = 10 Oe, 

and 77 = 10-3
. In 4 we plotted the gain coefficient g re

quired for oscillation as a function of rand for different values 
of L We see that for a 0.5 cm device, a gain coefficient 
of 100 cm -l is enough to have oscillation at wavenumbers up 
to 5(10)4 cm-1 down to wavelength of ~6 µm). For a 
1 cm long device, a gain coefficient of 50 cm-1 would allow os
cillations down to about 1 µm wavelength. These gain coeffi
cients are possible in some ferromagnetic semiconductors. In 
fact, Vural (13] has estimated gains per centimeter of 10 5 in 
an interpenetrating system of semiconductor (Si, Ge, InSb) 
and YIG. Considering the curves derived by Steele and Vural 
[ 12] , we can see that gains of many 100 cm -l can be achieved 
in the X-band region even with magnetic and electric losses. 
However, in practice, the most feasible configuration for a 
DFB oscillator might be similar to Schloeman's [ 14] amplifier 
which consists of neighboring semiconductor and ferromag
netic medium separated by a dielectric (Figure 5). It should 
be mentioned that the feedback does not specifically require 
periodicity in the dielectric constant. In fact, surface corruga
tion or the periodicity of any parameter which has an effect 
on the propagation of the wave, could be satisfactory (Figure 
5). Similarly, the periodicity does not have to be sinusoidal. 

V. CONCLUSION 

We conclude that the distributed feedback concept is prom
ising enough to be seriously considered for the development 
of magnetic wave oscillators. The shortest oscillation wave
length will be limited by the shorted periodicity A feasible. 
Presently, holographic techniques are used to generate surface 
corrugations with a period of0.1 µm [15) which will be more 
than satisfactory. 
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Calculation and Optimization of the Magnets 
for an Electromagnetic Levitation System 

PETER APPUN AND GERD R. RITTER 

Abstract-The calculation of the static behavior of the mag
nets of an electromagnetic levitation system can be performed 
using a numerical field calculation method. The agreement of 
measured with calculated values is satisfactory. Besides the ex
citation losses of the magnets, there are also losses due to eddy 
currents in the rails. Some measurements, calculations, and im
portant parameters for these eddy current effects are also dis
cussed. 

Not only the analysis of the magnets but also the design, op
timized with regard to certain conditions is important. Some 
examples show the optimization of the magnet using a non
linear optimization method. 

The paper closes with the description of the dynamic be
havior of the magnet using different linear and nonlinear models. 

INTRODUCTION 

For high-speed ground transportation systems using fixed 
guideways it may be economically justifiable to not only have 
a noncontact propulsion system but also to have a noncontact 
means of suspension. The magnetic and air-cushion levitation 
schemes are the two main competitors in this field today. One 
differentiates in the magnetic levitation schemes between elec
trodynamic and electromagnetic methods, the latter being, in 
part, discussed here. 

The magnets themselves are an essential component of an 
electromagnetic levitation system for a guided-rail vehicle. Their 
weight represents a considerable proportion of the total vehicle 
weight. The cross-section and the cost of the rails which are set 
alongside the guideway are chiefly determined by the design of 
the magnets. Further equipment which requires space in the 
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vehicle and causes additional weight is necessary for the magnet 
power supply. Because of the braking force caused by the eddy 
currents a higher propulsion force is required. 

Besides the above mentioned design problems which refer to 
steady state conditions, the second most important problem 
area concerns dynamic operations because an electromagnetic 
levitation system is unstable with regard to air-gap variations. 
The recognition of the dynamic behavior of the magnets is 
therefore important for the development of the necessary 
position control. 

FIELD AND FORCE CALCULATIONS 

An initial condition for the investigation of an electromag
netic levitation system is the availability of a sufficiently exact 
calculation-method for the static behavior of the magnets. A 
program has been developed by BBC which enables numerical 
calculations on the magnetic field, force, and inductances to be 
carried out. Various magnet and rail geometries; i.e., magnets 
with U- and E-profiles and various winding arrangements with 
flat and U-profile rails can be treated. 

The calculation method used was a numerical one using 
finite differences, the principles of which are well known; e.g., 
(1,2]. Magnetic fields of arrangements with exciting currents, 
air sections, and iron sections with nonlinear magnetization 
characteristics, can be successfully numerically calculated. 

The necessary calculation steps are 

the selection of the vector-potential as the field-dimension, 
the division of the arrangement through a grid system into 
finite elements, as shown in Fig. 1, 
the correlation of definite material characteristics for each 
element, 
the specification of the difference equation system for the 
vector-potentials at the various grid points, 
the solution of the equation system using elimination and 
iterative methods which take into consideration the non
linear magnetic characteristic of the iron, which can be given 
in the form of the characteristic curve, 


