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Abstract—We present detailed calculations of the mode structure of distributed-Bragg-reflector micropost microcavities. Two
methods are used: a first-principles, finite-difference time-domain
model, and an approximate, heuristic model based on the separation of variables. We calculate modal quality factors, as well as
enhancement of spontaneous emission rates, from single quantum
dots in the microcavities. Both ideal and realistic post shapes are
considered. The two methods give similar results, and are capable
of accurately predicting experimentally measured values.
Index Terms—Cavity quantum electrodynamics, microcavities,
photonic bandgaps, quantum dots, spontaneous emission modification.

I. INTRODUCTION

T

HE rate at which a dipole spontaneously emits radiation
can be modified by placing the emitter inside an optical
cavity [1], [2]. This phenomenon, known as the Purcell effect,
has been verified by numerous experiments that involve atoms
passing through cavities [3]–[5]. Innovations in semiconductor
technology have made it possible to reproduce these results in
the solid state by replacing the atoms with quantum dots. Unlike
atoms, the quantum dots have the advantages of being relatively
simple to study and of being naturally fixed in location. Furthermore, they are produced using highly developed semiconductor
techniques, lending to the potential for device applications.
The Purcell factor describes the amount by which the spontaneous emission rate is enhanced for an emitter on resonance
with a cavity mode. This factor is proportional to the quality
factor of the mode and is inversely proportional to the mode
volume . Various semiconductor cavities have been investigated to give high ( i.e., long photon storage time) and tight
three-dimensional confinement, including whispering-gallery
modes in microdisks [6], defect modes in photonic crystals
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[7], and micropost microcavities [8]–[10]. Compared to the
other cavity geometries, micropost microcavities have several
advantages. They can be designed so that light will escape from
them normal to the semiconductor sample in a single-lobed
Gaussian-like pattern. As well, it is relatively straightforward
to isolate single quantum dots in these cavities, allowing for
efficient coupling of emission from single dots into single
optical modes [11]. The quantum-dot micropost-microcavity
system is thus promising for various applications, including
high-efficiency light-emitting diodes with broad modulation
bandwidth and triggered single-photon sources [12], [13].
Understanding how light from quantum dots couples to these
cavities, however, requires a detailed understanding of the cavity
mode structure. Similar cavities have been investigated for several years, generally in the context of producing low-threshold
lasers [14], [15]. However, distributed emitters were usually
considered, not isolated quantum dots, and idealized post geometries were treated. In this paper, we present a detailed study
of modes in micropost microcavities with realistic shapes and
of coupling from single quantum dots into these modes. A finite-difference time-domain (FDTD) model is presented, which
directly gives resonant field distributions, quality factors, and
enhancement factors. The results of this model are compared to
those of an approximate, heurustic model. Finally, the predictions of the two models are compared quantitatively to experimental results. The models do not involve any fitting parameters, so that they could easily be applied to structures of different
shapes and compositions from those considered here.
II. MICROPOST MICROCAVITIES
Fig. 1 is a scanning-electron microscope image of a micropost microcavity of the type considered here. Confinement in
the transverse direction (along the post cross-section) is due to
total internal reflection at the interface between the high-index
semiconductor material and the surrounding air or vacuum.
Confinement in the longitudinal direction is provided by a pair
of distributed Bragg reflectors (DBRs), or dielectric mirrors.
These consist of alternating layers of AlAs and GaAs, each with
an optical thickness equal to one-quarter of the chosen cutoff
wavelength. The partial reflections from all the interfaces in
the DBRs add up in phase, making the overall structure a high
reflector within a spectral and angular stopband. The two DBRs
are separated by a wavelength-thick spacer layer of GaAs, in
which the optical field is trapped. Quantum dots are located in
the center of the cavity, at the antinode of the electromagnetic
field. The DBR cavity can be seen as a 1-D photonic crystal in
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Fig. 1. Scanning-electron microscope image of a micropost microcavity. The diameter at the top of the post is 0.5 m.

a waveguide, with the spacer layer acting as a crystal defect. In
this sense, the cavity modes are analogous to defect modes in
other 1-D photonic crystals [16].
The structure is fabricated as follows. Planar DBR mirrors are
deposited epitaxially on a GaAs wafer by molecular-beam epitaxy (MBE), which allows for precise control over layer thickness. The spacer layer is grown with a taper, so that the cavity
resonant wavelength varies across the wafer. A layer of InAs
quantum dots is grown in the center of the spacer layer during
the same MBE deposition. Epitaxy of InAs on GaAs leads to the
formation of defect-free nanometer-scale islands, which form
spontaneously after the deposition of a planar wetting layer in
order to relieve strain [17]–[19]. Carriers are trapped in the islands because of the bandgap difference between the two materials. Due to the small size of the dots, only discrete energy
levels are allowed, which, in turn, means that optical transitions
occur only at discrete wavelengths. The dots are grown at a relatively low density of about 75 m , so that they can be easily
isolated.
Following the MBE growth, a metal mask is deposited on
the sample surface using electron-beam lithography followed
by a liftoff process. The sample is then etched in an electroncyclotron resonance (ECR) plasma etcher. In this process, a
low-temperature, low-density mixture of argon, chlorine, and
boron trichloride gases is ionized by microwaves at the ECR

frequency. The resulting plasma is magnetically confined above
the sample, and ions are accelerated toward the sample by an
applied radio-frequency field. This gives an anisotropic etch, allowing high-aspect-ratio structures to be formed. However, an
unavoidable by-product of the etch is undercutting of the posts,
as can be seen in Fig. 1. We believe that this undercut is the
result of sample heating by ion bombardment during the etch.
When calculating mode structure, it is important to consider the
tapered shape of the posts. Also important is the fact that the etch
in these structures extends only through the top DBR stack, the
spacer layer, and part of the lower stack.
III. FDTD MODEL
The only way to accurately model optical modes in such a
complex structure as described above is to numerically solve
Maxwell’s equations. One of the most popular ways of doing
so is the FDTD method, proposed by Yee in 1966 [20]. This
method is based on a discretization of the differential form
of Maxwell’s equations. More explicitly, the following two
Maxwell’s equations are solved numerically:

(1)

172

Fig. 2. Electric field intensity for the fundamental mode of a micropost
microcavity with a top diameter of 0.5 m. The intensity is represented by
grayscale shading. Half a longitudinal cross-section of the post is shown. The
3-D intensity distribution can be obtained by rotating around an axis running
down the center of the post (left-hand side of the figures). Lines represent
interfaces between different materials. The field in (a) is calculated by the
FDTD method for an ideal post, where the sidewalls are straight and the etch
extends completely through the lower mirror. (b) Corresponding field near the
center of the post calculated by the approximate method. (c) Field calculated
by the FDTD method for realistic posts, where the sidewalls are tapered and
the etch only extends partially through the lower mirror.

where
and
are the electric and magnetic fields, respectively, and is the dielectric constant of the medium.
,
A Cartesian spatial grid is defined with increments
, and
, and a time increment
is also defined. Any
can then be written in discretized form as
field
. The electric and mag-
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netic fields are defined on two grids that are offset by half a step
in time and space. The fields can then be alternately advanced
in time, using a leapfrog method. Six coupled finite-difference
equations are solved, one for each of the components of the
electromagnetic fields. For example, the -component of the
electric field is given by (2), shown at the bottom of the page.
The computational mesh is truncated by placing a nonreflecting
absorber at all boundaries [21].
We use this method to determine the modes of a micropost microcavity. An initial field distribution is applied to the analyzed
structure, and the fields are subsequently evolved in time. We
record the time evolution of the field at a point of low symmetry,
and take the fast Fourier transform of the resulting time series
to get the cavity mode spectrum. We then identify a mode of interest with frequency . The mode is isolated by convolving the
field in time (at each point of the computational domain) with an
oscillating function of frequency . In the frequency domain,
this convolution corresponds to the application of a band-pass
filter with central frequency and with a linewidth determined
by the boundaries of the convolution integral. We ignore mode
polarization in this analysis, so that any pair of polarization-degenerate modes will be treated as one mode.
We can take advantage of the rotational symmetry of the cavities to make the calculations more efficient, reducing the order
to
, where
of the computer memory requirements from
represents a linear dimension of the computational domain
[22]. In this case, each simulation performed by the cylindrical
FDTD algorithm is for a particular value of the azimuthal mode
number .
The flexibility of the FDTD method allows simulation of both
ideal structures with straight walls and realistic structures with
posts that are undercut as a result of etching. We take the refractive indices of GaAs and AlAs to be 3.57 and 2.94, respectively, and the thicknesses of GaAs and AlAs mirror layers to
be 70 and 85 nm, respectively. The central GaAs spacer layer
is 280-nm thick and is sandwiched between 15 mirror pairs on
top and 30 mirror pairs on bottom. The entire structure rests on
a GaAs substrate. Absorption losses are neglected. The spatial
discretization is performed with a 5-nm mesh. For ideal structures, we assume straight walls and etching through the entire
bottom mirror. For tapered structures, the etch extends through
only the top two pairs of the bottom mirror. Also, in these realistic posts, the cavity diameter is constant for only 550 nm
on top, after which it changes linearly with a slope of approximately 4 with respect to the micropost axis.
Fig. 2 shows the calculated electric field intensity of the
lowest order mode in structures with a cavity diameter of 0.5
m at the top of the post. Fig. 2(a) shows an ideal post, while

(2)
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TABLE I
QUALITY FACTOR Q AND RESONANCE WAVELENGTH  FOR THE
FUNDAMENTAL MODES OF IDEAL AND REALISTIC MICROPOST MICROCAVITIES,
AS CALCULATED BY THE FDTD METHOD

Fig. 2(c) shows a realistic post. A significant difference in the
field distribution can be seen between the two posts.
The quality factor of a mode is determined by two independent methods: 1) the decay time constant for energy stored in
the mode and 2) the ratio of the energy stored in the cavity, multiplied by the mode frequency, to the power lost by radiation
outside the cavity. Table I lists the values of calculated for
the fundamental modes of ideal posts with three different diameters. It can be seen that the quality factor decreases as the
posts get smaller. This is due to the blue shift in the fundamental
mode, also indicated in Table I. As the post diameter decreases,
the mode becomes more tightly confined, and its wavelength decreases. The resonance wavelength is, thus, no longer the wavelength for which the DBRs were designed. At the same time,
the effective incident angle of light on the DBRs increases. Both
these effects cause the effective mirror reflectivity to decrease
slightly.
A much more dramatic decrease in quality factor is seen when
we consider posts of realistic shape, as indicated in Table I and
Fig. 3. As can also be seen, the blue shift is similar to that
for ideal posts; the wavelength shift thus cannot account for
the degradation of . The additional loss in these posts is due
to diffraction in the lower DBR. Light making a longitudinal
round-trip in the cavity penetrates a certain distance into the unetched portion of the lower DBR before being reflected back.
As it does so, it diffracts outwards, so that only a certain fraction of the light is recaptured in the post. This is also manifested
in the significant field intensity outside of the lower portion of
the realistic post in Fig. 2(c)
The analysis of Purcell factors is based on a method presented in [23]. The total radiated power is calculated for a classical dipole in the cavity and for a dipole in bulk material. The
ratio of these powers gives the Purcell factor. Fig. 4(a) shows the
Purcell factors calculated for single quantum dots on resonance
with the fundamental mode of cavities with realistic shapes. The
quantum dots are assumed to be located near the center of the
posts. The degradation in is seen to overtake the reduction
in mode volume, reducing the Purcell factor as the post diameter decreases. Nonetheless, significant enhancement of spontaneous emission rate is seen for posts of all sizes.
IV. APPROXIMATE MODEL
The FDTD calculations are demanding in terms of computer
resources and processing time. We, therefore, developed an ap-

Fig. 3. Quality factor and resonance wavelength for the fundamental modes of
realistic micropost microcavities. Points indicate values calculated by the FDTD
method, and solid lines indicate values calculated by the approximate method.

proximate, heuristic model, in an attempt to reproduce the major
results in a simpler fashion. We followed Panzarini and Andreani [24] and assumed that the field distribution can be separated into two parts, one that depends only on the transverse
coordinates and , and one that depends only on the longitu.
dinal coordinate ; i.e.,
The longitudinal field dependence is calculated using a standard transfer-matrix method [25]. We consider a plane wave incident on a planar structure in the normal direction. The fowardand backward-propragating amplitudes at any point constitute a
after the boundary
two-component vector. The field vector
can be determined from the field vector before the boundary
,
by multiplying by the appropriate transfer matrix:
where
(3)
and
are the wavenumbers before and after
In this matrix,
the boundary, respectively. Propagation through a uniform layer
of thickness is likewise described by a transfer matrix
(4)
gives
The product of successive matrices
the relation between the fields at any two points in the structure.
The field distribution in the longitudinal direction can thus be
calculated. It has a maximum in the center of the spacer layer,
in the DBR’s.
and decays over an effective penetration depth
can be calculated by taking
An effective refractive index
an average of the material indices across the planar structure,
weighted point by point by the electric field intensity.
The field in the transverse direction is then determined by
considering an infinitely long, cylindrical, dielectric waveguide
. Modes of this waveguide can be dewith refractive index
termined by the usual application of boundary conditions [26].
This results in a characteristic equation with multiple solutions
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(a)

(b)

Fig. 4. Purcell factors for quantum dots resonant with the fundamental modes of realistic micropost microcavities. The Purcell factor is the ratio of the spontaneous
emission rate for a dot resonant with the cavity mode to the spontaneous emission rate in the absence of the cavity. (a) Calculated results for a single dot at the center
of the post. The points are values calculated by the finite-difference time-domain method, and the line is calculated by the approximate method. (b) Compares
experimentally measured values (points) with the average values calculated by the approximate method for a large number of dots distributed radially across the
post (line).

in general, each one corresponding to a waveguide mode. The
boundary conditions also give the field distribution in the plane.
mode has the following
For example, the fundamental
transverse electric field profile:
(5)
and
are zeroth-order Bessel functions of the first
where
and second kind, respectively, and the transverse wavenumber
is obtained from the characteristic equation. In this equation,
the top line refers to fields inside the waveguide, and the bottom
line to fields outside the waveguide. The overall wavenumber
can be obtained by assuming that the longitudinal wavenumber
. This
is unchanged from the unguided value :
allows, for example, the resonance wavelength of the
mode to be determined, as shown in Fig. 3. The blueshift with
decreasing post diameter is seen to be similar to that calculated
by the FDTD method.
Once the longitudinal and transverse fields have been calculated, they are multiplied together point by point to give the 3-D
field distribution. Fig. 2(b) shows the field intensity calculated
for the fundamental mode near the center of a post with a diameter of 0.5 m. The distribution is quite similar to the results of the FDTD calculations for the ideal post. In addition,
the Bessel function describing the transverse field dependence
is well approximated by a Gaussian, meaning that light that escapes through the top of the post is emitted in a Gaussian-like
traveling wave. This allows for efficient couping to optical fibers
and other downstream elements.
This model, though, treats the post as a quasiinfinite waveguide, and thus does not account for diffraction loss in the lower
DBR. The loss must added to the model heuristically. A wave
with an initial transverse profile given by the waveguide mode

is allowed to propagate freely for twice the DBR penetration
depth . This represents spreading of the field as it penetrates
into the unetched lower mirror and is reflected back to the post.
The overlap integral between the propagated field and the waveguide mode is then calculated, giving the fraction of the wave
that is recaptured by the post. The remainder is taken to be an additional reflection loss in the lower DBR. Although this theory
is approximate, it reproduces well the modal quality factors determined by the FDTD method, as seen in Fig. 3. This lends
support to our interpretation of the mechanism for degradation
of in realistic posts.
Once the field distribution and quality factor have been calculated, the Purcell factor can be determined, according to the
following formula:
(6)
where is the cavity resonant wavelength, and we have assumed zero detuning between the quantum dot emission and
is calculated by inthe cavity resonance. The mode volume
tegrating the field intensity over space and normalizing by the
. Loss into
peak intensity. The decay rate into leaky modes is
unguided modes is taken to consist of two parts: light incident
on the DBRs at an angle greater than the limit of the angular
stopband, and light incident on the post edges at an angle less
than the critical angle for total internal reflection. For posts with
small diameters, only the second factor contributes; in this case,
is constant at about 0.3.
Purcell factors calculated by this method are shown in
Fig. 4(a). General agreement with the FDTD results is seen.
This means that the heuristic model gives a relatively simple
method for estimating the coupling between quantum dots and
modes of realistic micropost microcavities.
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Fig. 5. Photoluminescence from a micropost microcavity with diameter 6 m,
which contains a large number of quantum dots. The cavity modes are labeled
according to the transverse waveguide modes in the approximate theory. The
arrows are at the calculated resonance wavelengths.
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Fig. 6. Quality factor of the fundamental modes of micropost microcavities.
Points indicate experimentally measured values, and solid lines indicate values
calculated by the approximate method, including additional reflection loss in
the distributed-Bragg mirrors.

V. COMPARISON OF MODELS TO EXPERIMENTAL RESULTS
Finally, we would like to test our models by comparing
their predictions to experimental results [11]. We fabricated
micropost microcavities containing quantum dots, as described
in Section II. The sample was held near a temperature of 4 K
in a continuous-flow liquid-helium cryostat. Electron-hole
pairs were created in the GaAs matrix surrounding the dots by
excitation with pulses from a mode-locked Ti:sapphire laser.
The carriers are trapped in the dots and relax to the ground
state, where they recombine radiatively. The emitted light is
analyzed by a spectrometer.
Larger posts contain many dots with varying sizes and shapes.
The luminescence is thus inhomogeneously broadened over a
large energy range. This broadband emission is filtered by the
cavity modes, so that several narrower lines are observed in the
radiation from the posts. The quality factor of the modes can be
determined from the linewidths of these resonances. A sample
spectrum from a post with diameter of 6 m is shown in Fig. 5.
The arrows indicate resonance wavelengths calculated by the
approximate method, labeled according to the transverse waveguide modes.
Smaller posts, on the other hand, contain only a small
number of dots, and luminescence occurs only in narrow,
discrete quantum-dot lines. For high excitation power, however,
these quantum-dot lines are accompanied by a weaker broadband fluorescence. The origin of this continuum luminescence
is unclear; one possibility is that it results from partially
localized states in the wetting layer [27]. Regardless of its
source, the broadband emission is filtered by the cavity mode,
allowing a measurement of cavity linewidth.
The quality factors as determined from the measured
linewidths are plotted in Fig. 6. The values for posts with larger
diameters are seen to be lower than those in Fig. 3. This is
partially due to imperfections in the MBE-grown DBR mirrors,
including roughness at the AlAs/GaAs interfaces and deviations between designed and actual layer thicknesses. It is also

due to the taper in the cavity spacer layer. The nonideal DBRs
are accounted for phenomenologically in the approximate
theory by introducing additional reflection losses in the top and
bottom DBRs. The magnitude of these losses is set to match
of 2300 for the planar cavity.
the independently measured
The results of the approximate theory with this additional loss
factor are also shown in Fig. 6, and are seen to agree well with
experimental results. Note that the FDTD method predicts the
for posts with diameters of 0.5
experimentally observed
m, where the diffraction loss dominates over imperfections
in the DBRs. This indicates that, in practice, quality factors of
small posts are limited by diffraction losses, and not by other
phenomena such as sidewall scattering or imperfect DBRs.
For measurements of recombination rate, the emitted light is
sent through a spectrometer to a streak camera, giving time- and
frequency-resolved luminescence intensities. The time traces
are integrated over a narrow window around the resonance frequency, and an exponential is fitted to the latter part of each of
the resulting curves. The time constants of these exponentials
gives the radiative lifetimes of quantum dots in the posts. By
comparing to the independently-measured lifetime of 1.3 ns for
quantum dots without microcavities, the Purcell factor can be
obtained. The measured Purcell factors are shown in Fig. 4(b).
For post diameters larger than 0.5 m, the measured Purcell factors are smaller than the theoretical values plotted in Fig. 4(a).
In these posts, several dots are resonant with the cavity mode,
and their radial location in the dot is unknown. Rather than considering a single dot on resonance with the post, then, we must
average the Purcell factor for different radial locations of the
dot. This is added to the approximate theory, and the results are
shown in Fig. 4(b). Good agreement with experimental data is
seen. It is worth noting that the radially-averaged Purcell factor
reaches a maximum at a post diameter of about 0.6 m, unlike
the Purcell factor for a single dot at the center of the post, which
decreases monotonically with post diameter.
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VI. CONCLUSION
We have used finite-difference time-domain simulations to
model the optical mode characteristics of ideal and realistic micropost microcavities. We are able to accurately predict quality
factors of modes in posts, as well as modification of spontaneous-emission lifetime of single quantum dots inside the microcavities. An approximate theory has been developed, which
reproduces the main features of the FDTD model and of experimental results. This allows us to say with confidence that micropost microcavities are a good system for achieving significant
coupling between discrete optical modes and quantum-dot excitons. In all cases, agreement between theory and experiment
is obtained with no fitting parameters. The theories can thus immediately be extended to structures with different shapes and
compositions.
The calculations have also demonstrated that the limitation
in coupling single quantum dots to modes of micropost microcavities has been the shape of the posts, which results in
diffraction loss in the lower mirror. By improving the semiconductor process used to make the microposts, it should be possible to approach ideal, straight-walled posts that extend completely through the lower DBR stack. This will give greater lifetime modification: FDTD calculations predict a Purcell factor of
as much as 147 for ideal posts with a diameter of 0.5 m. Optimization of the design of the micropost microcavities should
improve the quality factor and increase the coupling to quantum
dots even further, allowing new physical phenomena to be observed.
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