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ABSTRACT

A magneto-plasma excited by two short pulses at the gyrofrequency
or a multiple thereof, is considered in the single particle approach.

After the second pulse radiation maxima arise at the gyrofrequency and
its harmonics.
maxima is
is

τ*∕n

τ*

In a situation where the time separation of these

(in the simplest case

τ* = τ)

at the fundamental, it

at the n-th harmonic.

As the resonances at the harmonics are a finite Larmor radius

effect, excitation at these frequencies requires an initial energy. As
an example, the case is studied where the first pulse has the gyrofre-

quency while the second has the frequency
maxima arise with

pulse.

2ωc

at times

2ωc.

In this case radiation

tℓ = ℓτ (ℓ = 1,2,3 . . .) after the second

At the fundamental the maxima arise at times

where the maximum at the time

τ

tℓ = (2ℓ - 1)τ

is initially due to the nonlinearity

during the second pulse.
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I.

Introduction

The discussion of pulse stimulated radiation from a plasma has

been restricted up to now essentially to the resonance at the gyrofrequency2-8.

As the effects are nonlinear, one can expect similar

phenomena to occur at harmonics of the gyrofrequency.

These further

resonances are due to the finite ratio between Larmor radius and wavelength and are therefore weaker than the resonance at the fundamental,

if the plasma is not too energetic.

The resulting pulse stimulated

radiation, however, might be of some interest, especially in combination

with the effects at the fundamental.

As the effects at different

harmonics are coupled to each other, there arises the possibility of

observing the stimulated radiation at a frequency which is different

from that of the exciting pulses.

II.

Radiation at the Harmonics

We consider a magneto-plasma excited by two short pulses which

have a frequency

nωc (n = 1,2,3 . . . ) and a time separation

τ.

We ask

for the radiation coming from the plasma after the second pulse.
In order to calculate the radiation we make the essential assump-

tion that the plasma is so dilute that the single particle approach is
valid.

This means we neglect the interaction between the particles. For

simplicity we make the further assumption that the dimensions of the

plasma are small compared to the wavelength being considered.
The radiation by the plasma at one of the harmonics of the gyro-

frequency depends essentially on the relative phases of the gyrating

3.
The energy radiated at the nth harmonic per second into the

particles.

solid angle

do

is given by9

(1)

where

N

is the number of particles considered,

vℓ

is the magnitude of

the velocity of the ℓth particle perpendicular to the magnetic field

ωℓc

is its gyrofrequency and

observation and

.

θ

,

is the angle between the direction of

If we assume the argument of the Bessel functions

in (l) to be small, we have in lowest order

(1a)

The time variation of the radiation is determined by the last factor in

(la).

In this approximation the time variation is only due to changes

in the degree of coherence of the motion of the particles.

In order to

study the time variation we introduce the function7,8

(2)

This function is normalized such that

0 ≤ Φ ≤ 1

and gives the radiation

as a fraction of the largest possible amount for a given velocity

4.

distribution.

t' = t/n and α'ℓ = αℓ/n

If we introduce new quantities

the exponential function in (2) becomes independent of

This

n .

shows that one essential effect at the harmonics is that the time scale
is changed due to the fact that we now deal with multipole radiation.

For example, in a situation where we expect after the second pulse
radiation peaks at the gyrofrequency having a time separation

τ , we

expect radiation peaks at the nth harmonic with a time separation

τ∕n .

As the radiation at the harmonics is multipole radiation, the weighting
factor in (2) is

vn

compared to

v

at the fundamental. As an order

of magnitude, one estimates from (1a) that the intensity of the radiation
peaks at the nth harmonic is smaller by a factor

compared to the

radiation at the fundamental.

The actual magnitude of the radiation peaks depends, of course,
on the nonlinearities involved and the way of excitation.

If the plasma

is excited at one of the harmonics there is an essential nonlinearity
during the pulses.

Besides this we restrict the discussion to the case

where the relativistic mass effect causes the gyrofrequency to become
energy dependent.

This case was treated in detail for radiation at the

fundamental in an earlier paper7, which will be referred to as I.

III.

Excitation at the Fundamental

In this section we consider the case where the exciting pulses

are at the gyrofrequency.

We make the same assumptions as in I.

We

consider slight inhomogeneities in the magnetic field (essentially per-

pendicular to

) by assuming a distribution

over' different gyrofrequencies, where

h(η)

of the electrons

5.

(3)

is the deviation from the average gyrofrequency due to differences in

the magnetic field.

The influence of an initial temperature is taken into

account under the restriction
t1

vo << V

,

where

being the field strength and duration of the first pulse.

Eo1

and

Under this

assumption the essential effect of the initial temperature is that the
particles have different energies after the first pulse.

distribution

g(v), where

v

We assume a

is the magnitude of the velocity after the

first pulse.

The velocities and relative phases of the electrons after the

second pulse can be expressed as functions of

v

and

η.

Taking these

expressions from I and replacing the sums in (2) by integrals, we find
for the radiation at the second harmonic:

(4)

with

(5a)
(5b)

where the star indicates quantities after the second pulse,
strength of the second pulse relative to the first one, φ

tive phase of the particles and

φo

D

is the

is the rela-

is the phase of the second pulse

6.

relative to a particle with

φ(τ) = 0.

The time

t

is counted from

the end of the second pulse. Corresponding to I eq. (26), we now find

(6)

where

and

B

is an arbitrary constant defining the

particle with respect to which ∆*ωc

is measured.

In the special case of an initially cold plasma, i.e.
g(v) = δ(v - V) , we see from (6) that there arise radiation maxima at
times

(7)

Under the assumption
(8)
where

ηo

is a characteristic spread in the gyrofrequencies, we find

for the radiation peaks

(9)

Fig. 1 shows

Φ2

of

D = 1.

Aτ, with

for the first maximum, i.e., ℓ = -1, as a function
The largest value is obtained for

Aτ = 1.5. (At

the fundamental the first maximum has its largest value at

Aτ = 1.1).

7.
In the other limiting case of a strictly homogeneous magnetic

field, i.e., h(η) = δ(η) , we have the integration variable still in
the Bessel functions.

In order to simplify the expressions we assume

the argument of the Bessel functions to be large.

With the same expan-

sions given in I, we then find radiation maxima at times

(10a,b)

With the assumption

(11)
where

(12)

we then find for the maxima

(13a)

(13b)

The significance of the conditions (8) and (11) is essentially the same
as discussed in I .

Especially, we find that there are virtually no

radiation peaks if both conditions are simultaneously fulfilled.

IV.

Excitation at the Second Harmonic

In order to obtain the resonances at the harmonics of the gyrofre
quency, one has to take into account the spatial variation of the exciting

field, as these resonances depend on the finite ratio of the Larmor radius
to the wavelength.

8.

We consider the influence of an electromagnetic wave on the

motion of an electron in a static magnetic field
to be in the z-direction, the electric field

the x-direction, and its

.

We choose

of the wave in
In this geo-

vector in the y-direction.

metry the magnetic field of the wave is parallel to the static field.
If we define the gyrofrequency by considering the static field only,

the equations of motion (for v << c)

are

(14)

(15)

This system of equations for

x

and

can be uncoupled.

y

Using the

ω∕k = c, equation (14) can be integrated

relation

(16)

C

being an integration constant.

Combining (16) and (15) one obtains

a second order differential equation for

y .

We assume

(17)
expand the trigonometric functions in

in

ky.

ky, and keep only terms linear

Assuming further

(18)

we can approximate the exact differential equation for
appendix)

y

by (see

9.

(19)

This is an inhomogeneous Mathieu equation.

The homogeneous equation is

characteristic for parametric resonance (in the present case the varied

parameter is the gyrofrequency).

It shows a resonance if

ω = 2ωc.

If one wants to study the resonances at higher multiples of the
gyrofrequency, one must keep higher order terms in

ky when one expands

the trigonometric functions.

An approximate solution of (19) can be given in terms of trigonometric functions (see appendix).

If we assume

(20)

and
(21)

we obtain in a coordinate system (v'x, v'y)

gyrofrequency in lowest order of

rotating with the average

ε

(22a)

(22b)

with
(23)

This solution is still a good approximation if the assumption (20) is

substituted by

(24a,b)

tp

being the duration of the pulse, and ∆ω = ω - 2ωc.

10.

We see from (22) that in lowest order there is no effect if the

velocity at the onset of the pulse is zero.

So we do not expect any

essential effect in an experiment at the second harmonic which is similar
to the experiment performed at the fundamental, i.e., if one starts with

an initially cold plasma and applies two short pulses at twice the gyro

frequency.

The situation is different, however, if the first exciting pulse

is at the gyrofrequency and the second pulse is at the second harmonic.

In this case the first pulse provides the electrons with sufficient energy
so that the second pulse can act on them.
As we obtain some interesting results under these conditions, we

shall study this case in some detail.

We assume the plasma to be ini-

tially cold (vo = 0) and that some slight inhomogeneities exist in the
magnetic field, essentially perpendicular to

the gyrofrequency) gives a velocity

V

.

The first pulse (at

to all particles.

After the first

pulse, phase differences arise due to the inhomogeneities in the magnetic

At the onset of the second pulse the relative phase is given by

field.

(25)

where

η

is given by (3)

and

τ

is the time separation of the pulses.

The second pulse (at the second harmonic) induces a quadrupole moment and

we have, according to equations (22) at the end of the second pulse in the
rotating frame (quantities after the second pulse are indicated by a star)

(26a)
(26b)

11.

with
(27)

where

t2

is the duration of the second pulse.

In order to calculate the relative phase

φ*(t)

at a time

t

after the second pulse, we have to make an assumption about the differences in the gyrofrequencies of the different electrons.

We consider

two cases;
a) The differences in gyrofrequency are given only by the
inhomogeneities in the magnetic field
(28)

In this case the only nonlinearity taken into account is

that during the second pulse.
b) The relativistic mass effect is essential in addition to

the inhomogeneities (corresponding to I eq. (24)
(29)

At first we ask for the radiation at the gyrofrequency, i.e., we
ask for

Φ1(t).

From (2) and (26) we find

(30)

In case a), i.e., assuming eq. (28) to be valid, we have

(31)

12.

Just one radiation maximum arises at a time

after the second

t = τ

pulse, when the second term in the curly bracket of (31) becomes independent of

η.

The time dependence of this maximum is given by the

square of the Fourier transform of
to

h(η) .

If this is narrow compared

τ , the first term does not contribute essentially and we have for

the maximum

(32)

if

S << 1

we have

(32a)

It should be noted that at

t = 0,

Φ1

is essentially zero, due to the

fact that the second pulse induces a quadrupole moment but no dipole
moment.
The occurrence of this single radiation maximum is due to the

nonlinearity during the second pulse and can easily be understood qualitatively by using the diagrams introduced by Gould2.

Fig. 2 gives the

distribution of the electrons in the v'-space (which rotates with the

average gyrofrequency) at different times: a) at the end of the first
pulse, b) at the onset of the second pulse, and c) at the end of the

second pulse.

The second pulse deforms the circle in b) into an ellipse

according to eq. (22).

Particles at the point

their phase during a time interval

τ

by

E

in this diagram change

π ± 2nπ.

So, at a time

τ

after the second pulse (Fig. 2d) the particle group E coincides with
group A and, more generally, all particles have the same phase (modulo

2π) which were out of phase by

π

at the end of the second pulse.

This

13.

shows that at this particular time a macroscopic dipole moment has

been built up, the particles being distributed on a circle, the center
of which is displaced with respect to (b).
Next we consider the case b), i.e., we assume

by equation (29).

∆*ω

as given

From equation (26) we find

(33)
with

(34)

As we now have a cosine in the last exponential function in (30), we

make an expansion into Bessel functions and obtain

(35)

Radiation maxima arise at times

(36)

where

ℓ

is an integer with the restriction

radiation peaks at times

tℓ > 0, i.e., we have

τ , 3τ, 5τ, etc. after the second pulse.

Under the assumption (8) we find for the maxima

(37)
If

S << 1

this can be approximated by

14.

(37a)

For

ℓ = -1

the last term in (37) corresponds to the result (32).

Next we consider the radiation at the second harmonic, i.e., we

ask for

Φ2(t).

From (2) and (26) we find

(38)

In the case a), i.e., with equation (28). there arises again just one

(weaker) maximum at a time

τ

after the second pulse.

For this maximum

we find

(39)

If

S << 1

we have

(39a)

This is essentially smaller than the maximum at the fundamental as given

by (32a).

In case b), i.e., taking Δ*ω

from equation (29), we find radiation

maxima at times

(40)

with

15.

(41)

or with

S << 1

(41a)
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Appendix:

Solution of the Equation of Motion

Combining equations (15) and (16) we obtain

(A1)

We now assume

(A2)
and expand the trigonometric functions in
which are quadratic in

integration constant

ky

C

ky

or of higher order.

and neglect all terms
Next, we determine the

from the initial condition

(A3)

From (A1) we find

(A4)

With this we have

(A5)

17.

With the assumption

(A6)

we can approximate (A5) by equation (19)

(A7)

This is an inhomogeneous Mathieu equation.

One has at first to solve the

homogeneous problem which is characteristic for parametric resonance and
has a resonance at

(A8)

If we assume

ω

to have the value (α8) we have as an approximate solution

of the homogeneous equation according to Bogoljubow and Mitropolski1

(A9)
with

(A10)

where

CI

tions and

and

yII

and

s

CII are constants to be determined by the initial condi

is given by (23).

We have two independent solutions

yI

with

(A11a)

(A11b)

Using this fundamental system which solves the homogeneous equation, one

18.
finds as a solution of the inhomogeneous equation10

(A12)

where

f

represents the inhomogeneous term (right-hand side) in (A7).

To this solution there must be added multipoles of

yI

and

yII

in

order to fulfill the initial conditions.

Using equations (A9 - A11) one can perform the integral in (A12).
Having found an approximate solution for
from equation (15).

y(t) one can determine

If one then goes to a coordinate system

x(t)

(in velocity

space) which rotates with the average gyrofrequency

(A13a)

(A13b)

and keeps only the lowest order terms (i.e., one neglects terms proportional
to

ε, ε2, etc.) one obtains

(A14a)

(A14b)

If one further assumes (21), i.e., that the velocity which a gyrating

electron gains in one period is small compared to the initial velocity,
the expression (A14) reduces to the expression given in (22).

19.

Equation (A7) has further resonances in addition to those at

2ωc.

But these show up only in approximations of higher order in

ε

and are therefore not meaningful in the present context, as in equation

(A7) itself, higher order terms have been neglected.

20.
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Fig. 1.

Amplitude of the first radiation maximum at the second
harmonic as a function of τ in the case where the plasma
is excited by two pulses at the fundamental.

Fig. 2.

Distribution of particle velocities in a rotating velocity
space a) at the end of the first pulse, b) at the onset
of the second pulse, c) at the end of the second pulse,
d) at a time τ after the second pulse, the first pulse
being at ωc and the second at 2ωc
.
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A magneto-plasma excited by two short pulses at the gyrofrequency
or a multiple thereof, is considered in the single particle approach. After
the second pulse radiation maxima arise at the gyrofrequency and its
harmonics. In a situation where the time separation of these maxima is τ*
(in the simplest case τ* = τ) at the fundamental, it is τ*∕n at the n-th harmonic.
As the resonances at the harmonics are a finite Larmor radius effect,
excitation at these frequencies requires an initial energy. As an example,
the case is studied where the first pulse has the gyrofre- quency while the
second has the frequency 2ωc. In this case radiation maxima arise with
2ωc at times tℓ = ℓτ (ℓ = 1, 2, 3 . . .) after the secondpulse. At the

fundamental the maxima arise at times tℓ = (2ℓ - 1)τ ,where the maximum
at the time τ is initially due to the nonlinearity during the second pulse.
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