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Slowing light with Fabry-Perot resonator arrays

Joyce K. S. Poon,* Philip Chak, John M. Choi, and Amnon Yariv

Department of Electrical Engineering and Department of Applied Physics, California Institute of Technology,
MS 128-95, Pasadena, California 91125, USA
*Corresponding author: joyce.poon@utoronto.ca

Received May 2, 2007; revised August 3, 2007; accepted September 4, 2007;
posted September 10, 2007 (Doc. ID 82648); published October 1, 2007

We analyze the transmission of light through coupled-resonator optical waveguides in the form of evanescently
coupled Fabry—Perot resonator arrays. We develop a transfer matrix method to calculate the amplitude and
phase responses of the arrays. We also discuss the inclusion of optical gain in the system to compensate for
losses in these structures. Owing to the compact length along the propagation direction in evanescently
coupled arrays, large slowing factors of the order of 102—10% can be achieved even with a weak index contrast
of ~0.1%. The large slowing factor, coupled with weak index contrast, makes this structure a promising can-
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didate for artificial slow light system. © 2007 Optical Society of America
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1. INTRODUCTION

A coupled-resonator optical waveguide (CROW) is a peri-
odic array of resonators in which light propagates due to
the weak coupling between nearest neighbors [1]. In arti-
ficially structured materials, the interresonator coupling
can be made small by tuning the intercavity coupling
spacing. As a result, CROWSs have the potential to signifi-
cantly slow down the propagation of light, which may find
applications such as optical delay lines, interferometers,
optical buffers, and nonlinear optics [2-5].

To achieve significant slowing in CROWSs, and indeed in
any medium, the optical delay should be achieved over as
short a device length as possible in the direction of propa-
gation. In many realizations of CROWs, such as coupled
Bragg grating defects [6], photonic crystal defect cavities
[7], or ring resonators [5,8,9], maximizing the slowing fac-
tor necessitates using a high refractive index contrast ma-
terial system to keep the resonators compact and the in-
terresonator coupling strength weak.

However, a high refractive index contrast poses some
practical challenges. First, a high-index contrast signifi-
cantly increases scattering loss due to sidewall rough-
ness. Second, more complex fabrication procedures may
be required for the devices. For example, small (submi-
crometer) feature sizes and a large etch depth (approxi-
mately micrometers) or even suspended membranes as in
photonic crystal cavities may be needed [10]. Third, the
high-index contrast can lead to a greater modal size and
effective index mismatch between an optical fiber and the
mode of the CROW, further increasing the insertion losses
of the system.

Here we propose to use an array of evanescently
coupled Fabry—Perot resonators as a low-index contrast
slow light structure. Despite the low-index contrast, a
high slowing factor is obtained by decoupling the length of
the device in the propagation direction from the size of
the resonators. The CROW consists of an array of linear
waveguides terminated by reflectors in the direction per-
pendicular to the periodicity, so the waveguides become
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Fabry—Perot resonators. Certain implementations of the
CROW are depicted in Figs. 1(a) and 1(b). Although simi-
lar structures have been studied for discrete solitons, we
will be analyzing slow light propagation in these struc-
tures [11]. A large slowing factor is possible because along
z, the direction of propagation, the period of the device, A,
can be short, say ~5 um for evanescently coupled single-
mode waveguides (2-3 um wide waveguides spaced
~1 pm apart). The periodicity of the structure is similar
to what is achievable in high-index contrast photonic
crystal, ring, or disk resonators. In the y direction, propa-
gating optical waves are resonant with the cavities. More-
over, optical gain and electronic control can be readily in-
corporated into the coupled waveguide array, by
leveraging diode laser array techniques [12,13].

To excite the structure, an optical signal can be input to
the resonator array in a side-coupled [Fig. 1(c)] or end-
coupled [Fig. 1(d)] configuration. The output can be out-
coupled in a similar manner out of the last element of the
array. In the side-coupled scheme [Fig. 1(c)], the first and
last element, or equivalently the input and output ports,
of the structure do not possess reflectors and hence be-
have only as waveguides. In the end-coupled scheme [Fig.
1(d)], every element of the structure is a resonator. The
differences in the input and output coupling mechanisms
and configurations lead to a qualitative change of the
transmission properties.

This paper presents a transfer matrix analysis of
CROWs in the form of low-index contrast coupled Fabry—
Perot resonator arrays. These CROWSs have the potential
to slow light hundreds of times compared to the free-space
velocity. A high slowing factor compared to other systems
is obtained because of its geometric configuration. We will
first show how the conventional coupled mode approach
commonly used to analyze waveguide arrays [13] can be
extended to the treatment of coupled Fabry—Perot resona-
tors. Using the technique outlined here, the dispersion
properties of coupled Fabry—Perot resonators can be char-
acterized by a few parameters. We will show how the
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Fig. 1. Schematic of (a) waveguide laser and (b) DFB laser ar-
rays in a planar geometry as implementations of CROWs. The
input—output can be (c) side coupled or (d) end coupled into—out
of the array. A is the period of the CROW. The slanted lines rep-
resent reflectors that define each resonator. The arrows indicate
the field propagation direction inside each resonator or wave-
guide. An optical pulse in the structure propagates in the direc-
tion of periodicity of the resonators.

transfer matrix formalism can be used to easily study ar-
rays with side-coupled or end-coupled input and output
ports. Finally, we will discuss the dispersion and trans-
mission in the presence of optical gain.

2. COUPLED-MODE THEORY

Weakly coupled waveguide arrays are commonly analyzed
using coupled-mode theory [13]. In this section, we will
briefly review the approach and show how the dispersion
relation of a tight-binding form [1] can be recovered from
the analysis.

Using the coordinate system in Fig. 1, for an array of N
coupled, identical waveguides, we write the dielectric con-
stant of the structure as
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e(r) = &r) + >, Ae(r, —nA3), (1)
n=1

where €(r) is the dielectric constant in the absence of any
waveguides, r, represents the transverse coordinates
(x,2), Ae(r ) defines each waveguide, and A is the period
in the z direction. In coupled-mode theory, we write the
total field as a superposition of the modes of the constitu-
ent waveguides,

N

E(r) = X, e, ()& (x,2)exp(= i Byy), 2)
n=1

where &(r) is electric field in the array, c,(y) are coeffi-
cients of expansion, and &,(x,2z) and By=wn.mw)/c are the
mode profile and propagation constant of the nth wave-
guide in the uncoupled case, respectively. o is the optical
frequency and n.w) is the effective index of the mode.

Expressing the y-dependent part of the total field as a
column vector, we write

c1(y)e™Po E(y)
co(y)e™Po Eyy)

E(y) = 3)

En(y)
Neglecting  interaction  between  nonneighboring

waveguides, the coupled-mode equations can thus be
written in matrix form as

enly)e P

dE
—=CE,
dy
where
Bo+M,; Ky 00 0 0
K] ,30+M1 K 0 0 0
C=-i : : . (4

K Bo+ M,
Here «; is the per length nearest-neighbor coupling coef-

ficient and M; is the per length self-coupling coefficient
given by

K= wTEOJ €Z(ri)[f(rl) - Ae(r —nA)]E, 1 (r,)dr,,

(5a)

M, = wjeof E,(r)[elr,) - Aelr - nA)]E,(r,)dr,, (5b)

where we have used the normalization

Bo (7 .
gm(rL)gn(rL)er = 5m,n' (6)
20m)_,
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The propagation constants of the array modes, B, are
determined by the solution of the eigenvalue equation

(C+ipDE=0, (7)

where I is the N XN unit matrix, and o represents the
frequency of interest.

Implicit in Eq. (4) is the boundary condition cy=cp,1
=0 (which corresponds to no field propagating in the two
end waveguides). Furthermore, we assume the sth mode
of the waveguide array takes the form &9(r)
=E],:’:laif)é'n(x,z)exp(—i/_?(s)y). The associated eigenmodes
and propagation constants are given by

s
) = By + M, + 2k; cos , 8a
B =Bo+ M+ 2k N+l (8a)
" ns b
= si , 8
a,’ =sin Nal (8b)
where s=1,...,Nand n=1,...,N are integers and n enu-

merates positions of the waveguides.

Thus far, the coupled-mode theory we have used is in
the spatial domain where we have solved for the N propa-
gation constants of the waveguide array supermodes [13],
BY, at a fixed (given) frequency embodied by S,
=wnqw)/c. If we introduce reflection at the end of each
waveguide in an array of resonators, the feedback along
the y direction discretizes 8 such that the modes of the
resonator arrays satisfy B®L+¢o=mm, where L is the
length of the array length in y, ¢ is the phase shift in-
curred at each reflector, and m is an integer. Hence, to
find the dispersion relationship of a resonator array, we
use Eq. (8a) to determine the frequencies (or values of 8;)
for which B®)L + ¢y=mr. For the calculations that follow,
we will set ¢ to zero to simplify the expressions, but this
phase shift can be easily accounted for in the results by
subtracting ¢, wherever mm appears.

Figure 2 clarifies the effects of imposing an additional
set of boundary conditions in y to the coupled-mode treat-
ment of an array of waveguides. For the calculations, we
have assumed eight coupled resonators with a coupling
constant of 8 X10~4 um~1. Without the feedback in the y
direction, we compute N=8 values of B¢ at each fre-
quency, thus arriving at the linear dispersion relations
(the sloped lines) shown on the left half of the figure. The
condition B¥L=m= (L=500 um, m=2097), denoted by
the vertical line in the plot, “selects” the resonance fre-
quencies of the resonator array, which are marked by
“X”s. These resonance frequencies in turn correspond to
particular values of s7/(IN+1) shown on the right side of
Fig. 2. Through this process, the waveguide dispersion re-
lations from the time-independent coupled-mode theory
are converted to the dispersion relation of the coupled
resonators, and the relation between eigenmode splitting
in the time-independent coupled-mode theory and the
modes of a CROW is highlighted.
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Fig. 2. (Color online) Schematic illustrating the role of the ad-
ditional resonance or boundary condition in y. On the left, the
resonance condition B¥)L=m selects the resonance frequencies
from the dispersion relations of the waveguide array. These fre-
quencies correspond to particular values of s#/(IN+1) on the
right.

Assuming that Q) is the resonance frequency of an un-
coupled resonator, such that By(Q)L=Qn{Q)L/c=mm,
setting B8 L=m gives

neff(Q) MlL KZL s
0=0——|1-——-2—cos .9

Neg(@®) mmT  mw N+1

For N coupled cavities, there are N discrete resonant fre-
quencies.

As N— =, the array modes described by Eq. (9) form a
continuum and the array eigenmodes of the structure can
be treated as the Bloch modes of the system. A Bloch
mode is a periodic function in which the field in the (n
+1)th period differs from the nth period by a phase factor
of KA, where K is the (continuous) Bloch wavenumber
and A is the period. Because the fields described by Eq.
(8b) are standing waves along z, they can be decomposed
into superposition of counterpropagating traveling waves
along 2. Therefore, by comparison with Eq. (8b), we can
replace

lim s@/(N +1) — KA. (10)
N

This leads to the dispersion of a CROW based on an array
of coupled Fabry—Perot resonators

[ )|
wK)=Q|1-—-2—cos(KA) |, (11)
ma

m

where we have assumed ng(w)=n.{Q)=n is a constant,
and x;L=x and M;L=M are dimensionless coupling coef-
ficients. The frequency dependence of x and M are given
by Eq. (5); however, since the bandwidth of a CROW is not
expected to be large (w/Q<1), the coupling coefficients
can be assumed to be constant.

The dispersion relation described by Eq. (11) is of the
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same form as the CROW dispersion from the tight-
binding approximation and the dispersion calculated us-
ing transfer matrices for ring resonators [14]. The key dif-
ference between Fabry—Perot and ring resonators is that
only two K vectors correspond to a particular eigenfre-
quency for the Fabry—Perot resonators while there are
four K vectors for the rings. Physically, this is because a
ring resonator supports two degenerate modes on reso-
nance (i.e., even and odd, or clockwise and anticlockwise),
while a Fabry—Perot resonator supports one mode on
resonance.

The slowing factor, given by the ratio of the speed of
light to the maximum group velocity in the CROW, is

(12)

Unlike coupled grating defects or ring resonators, the pe-
riod A of the CROW is decoupled from L. Since for weakly
coupled single-mode waveguides x;~10"*-10"2 um~! and
A can be ~5 um even for modest index contrast (An/n
~1073-1072), large slowing factors of the order of a few
hundred to a thousand are possible.

3. TRANSFER MATRIX ANALYSIS

While the modes and the dispersion relation of a wave-
guide array CROW can be determined from the coupled-
mode theory of a waveguide array, the transmission spec-
trum does not immediately follow from the calculations.
One approach to calculate the spectrum is to expand the
input excitation field in terms of the eigenmodes of the
CROW and propagate the modes individually. A second,
more convenient approach, which we shall describe in
this section, is to use a transfer matrix formalism. This
method can account for an arbitrary input excitation at

------- e (15)
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the array end facet, applies to asymmetric structures, and
can also be used for arrays with side-coupled input—
output waveguides.

To use the transfer matrix formalism, we describe the
propagation of light through the structure with a 2N
X 2N matrix. The matrix acts on a column vector describ-
ing both the forward and backward propagating fields at
each waveguide as shown in Figs. 1(c) and 1(d). We denote
the fields at each interface by

UWy) =[EY() EY ) ...EF )],

D(y)=[E{(y) EY))...EY W), (13)

where E;Jr)(y) and Eil_)(y) are the forward and backward
propagating fields, respectively, in each element at a par-
ticular value of y. Thus, the fields at y=L are related to
those at y=0 by

UL) =S@ps® uo) 14
D) |~ © D) | (14)

Here S12) are matrices describing the reflectors at y=1;
and y=I[,, which can arise from Fresnel or Bragg reflec-
tion. () is the transfer matrix that describes the coupling
and propagation in the array region.

To simplify the numerics and make the system more
tractable, we assume that light is not coupled from one el-
ement to the next in the reflector sections (from y=0 to
y=[7 and from y=[4 to y=L). This assumption is valid for
reflection from cleaved facets and for well-confined wave-
guide modes in short gratings. For the intercavity cou-
pling (from y=I[; to y=I,), we are primarily interested in
the weak coupling regime, where only nearest-neighbor
coupling is significant. The inclusion of the more general
effect (e.g., nearest-neighbor coupling in the grating sec-
tions) will lead to quantitative, but not qualitative,
changes in our results.

The form of 8@ (where g=1,2) is given by
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where Sg?) are N XN diagonal submatrices, PEJ‘-’ ) are 2x2
transfer matrices for the input and output waveguides or
resonators, and FEq) are derived from the 2X 2 transfer
matrices for the reflectors. In other words, for the middle
waveguides (where n #1,N) we have

EX@) | | FY 3| EN0) 6
EV | [FY R [[EDO)]
EPL) | |FR FR|| £ )
EP@)| [FE FR]ETG) |

For an array of N-2 resonators with sidecoupled
waveguides for input and output coupling, P(1‘12)=P(2ql)=0
and P\)'=(P)-! describes the accumulation of phase.
This leads to P} =exp(-iByl;) and PZ =exp[-iBy(L-1s)].
Otherwise, for input coupling at the end facet of an array
of N resonators, PE'?):FE‘?). The elements Fl(-‘-’) can be
readily calculated for an arbitrary type of mirror (e.g.,
Bragg reflectors, cleaved facets).

In the waveguide—coupler section of the structure in
Figs. 1(c) and 1(d), one can use the coupled-mode theory
described in Section 2:

d | U(y) ~ C 2 || Uy 18
dy| D) | |2 CT||De) | (18)
Therefore,
[U(lﬂ_[Q @MU(A)}:([U@)} (19
Dl | |2 Q||Diy ]| *|DUy ] 2
Q =exp(CL). (19Db)

Combining Egs. (15) and (19), the transfer matrix for
the overall system is given by

ur)| s sP|[Q @]|s s |[u©
DL | |sP sy |l2 Q]|sy sy || DO
_ G Gyo || U(0) 20)
|Gy Gy || D(O) |
where G=8®(s®,

Rearranging terms in Eq. (20) and assuming D(L)=0
(no field is incident from the right), we have

U(L) = (Gy; - G15G33G;)U(0), (21a)

D(0) = (- G33G,)U(0), (21b)

which relates the input and output fields of our structure.
The transfer matrices can account for an arbitrary in-
put field at y=0 and can be used to calculate the reflection
and transmission coefficients of any resonator. However,
in most cases, we are primarily interested in exciting the
first element and the transmission and reflection coeffi-
cients in the first and last elements only. In this case, the
boundary conditions are UT(0)=[10 0 0...0] and DT(L)
=[0000...0]. Using Eq. (21) and the boundary condi-
tions, the transmission and reflection coefficients are
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~ D,(0) ~ Dy(0) ©2)
U0 YT Uy0)°

U@ _Un(L) o8)
) VT U0

with U, (y) representing the nth element of U(y), and R,
and T'; are the reflection and transmission coefficients at
the input—through port as marked in Fig. 1, while R, and
Ty are the coefficients at the drop—output port.

The transmission and reflection spectra for a CROW
with five resonators with side-coupled input and output
waveguides are shown in Fig. 3. The reflectors in the cal-
culations consist of Bragg gratings with alternating lay-
ers of thicknesses dy=119 nm and d;=123 nm, with ef-
fective indices nyz=3.25 and n;=3.15, respectively. The
gratings are 24 um or 100 periods long. The waveguide
sections have an effective index of 3.25 and are 50 um
long. The coupling constant is x;=4X 1073 um™'. These
parameters can be accomplished by 1.25 um wide
waveguides with an effective index of 3.25 spaced about
~900 nm apart surrounded by a cladding of index 3.15.
The resultant length of the coupled resonators in the di-
rection of periodicity is about ~10 um.

By design, the standing-wave cavities supports a reso-
nance mode at a free-space wavelength of 1.551 um. It is

1
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Fig. 3. (Color online) (a) Transmission spectrum at the through
port and (b) the transmission and reflection spectra at the input
and drop ports for the side-coupled array.
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apparent from Fig. 3 that the transmission properties of
our structures resemble that of microring CROWs [14]. In
close vicinity of the resonance frequency (), the transmis-
sion across cavities is increased. In contrast to CROWs
consisting of traveling wave cavities (e.g., ring—disk reso-
nators), the maximum transmission in the present situa-
tion is 25% rather than unity as in the case of ring reso-
nators. This is attributed to the fact that the standing-
wave cavity has no degenerate modes at (), and the fields
in the cavity can decay into the two waveguides in both
the forward and backward directions [15]. This poses a
limitation on the practicality of a passive system, but will
not be a main concern for systems with optical gain. In
passive systems, the maximum transmission shown in
Fig. 3(b) can be improved by increasing the reflectivity of
the Bragg gratings through increasing the number of pe-
riods and/or the index contrast. The ripples in the spec-
trum can be reduced by apodizing the coupling constants
[16-18].

4. OPTICAL GAIN

The most straightforward implementation of the Fabry—
Perot CROWs is an array of waveguides with cleaved fac-
ets providing the feedback for the resonators. Since the
Fresnel reflection coefficient is only ~30%, a large optical
gain is necessary to compensate for the losses. Gain intro-
duces an imaginary component to the coupling constants,
x; and M, and can be used to tune the CROW dispersion
if the gain-loss modulation is strong [19].

Optical amplification (and loss) can be built into the
coupled-mode theory by writing the dielectric constant as
a complex function:

N 266t
e(r)=¢(r) + D | Ae(r—nA) + iﬁ—Ay(r -nA) |, (24)
0

n=1

where Ay denotes the gain coefficient in the waveguides,
and €. normalizes Ay/B, to €(r) and is the effective di-
electric constant of the waveguides. The gain is a periodic
function in z in practice because the gain in the wave-
guide core and cladding areas will not be identical.

We assume the uncoupled modes of the individual
waveguides are &,(x,z)exp(—iByy). Using the normaliza-
tion condition [Eq. (6)], the coupling constants in the pres-
ence of gain are

N o0
B WEEgy )
K=K+ i——— > | ELE AT = jA)E, 1 (r,)dr
0 j=1J_
=K +iK], (25a)
CL)E()G ff N “
=~ . € # .
My=M;+i S| & )AYr —jAE,(r,)dr,
2By o .

where k; and M, are the coupling constants in the passive
structure and are given in Eq. (5).

The coupling coefficients are now complex. In typical
semiconductor materials, Ay is of the order of
1073-10"2 um~!, while B, is of the order of 10 um~'. On
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the other hand, even in low-index contrast systems, A€ is
of the order of 107! (An~0.01). Therefore, in most cases,
Kyl , M IM;<1.

If the Bloch vectors are complex (i.e., to account for net
gain—loss in the direction of propagation), K=Kgp+iKj,
then the dispersion relation for the CROW is

M K
o(K)=0| 1-—-2— cos(KzrA)cosh(K;A)
mar

m

’

K
— 2— sin(KpA)sinh(K;A) |. (26)
mar
K; can be determined from the net gain of the supermodes
of the waveguide array:
YK) = M] + 2k, cos(KrA)cosh(KA)
- 2k; sin(KzA)sinh(K;A). (27)

Approximating the gain of the supermodes is roughly
equal to the gain of the individual waveguides, y(K)
~M;, K/A is given by

K,
coth(K;A) = — tan(KzA), 28)
K;

where K;A=0 when KrA=0,7/2, .
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Fig. 4. (Color online) (a) Transmission and (b) phase responses
of a resonator array for various gain values. The input is end
coupled into the first element of the array.
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Near the band center, which is the frequency range of
interest as the CROW group-velocity dispersion is mini-
mum, K;A is of the order of 1073 and is negligibly small.
Hence, the dispersion relation does not change signifi-
cantly with gain. However, in real systems, the refractive
index is expected to change with the gain through ther-
mal and carrier injection effects. If these effects induce a
large gain—loss modulation in the CROW, then the disper-
sion relation can be significantly modified with the optical
gain [19].

In the approximation that the coupling constant re-
mains constant with gain, the gain can be modeled in the
transfer matrices by the inclusion of a complex propaga-
tion constant By+i7y,. Figure 4 shows the transmission
and phase responses of the drop port (or the last resona-
tor) for various values of gain calculated using the trans-
fer matrices by adding an imaginary component to the
propagation constant for an array of 15 resonators. The
input is end coupled into first element of the array as in
Fig. 1(d) and the output is taken from the last resonator.
The length of the waveguides is 500 um, and the coupling
constant is 8 X 10~* um™!. The gain values correspond to
85%, 90%, 95%, and 99.8% of the mirror losses
1/(2L)In(r?), where r2=0.28 is about the reflectivity of
cleaved facets. The coupling strength can be achieved
with 3 um wide waveguides separated by about ~1 um
with an index contrast of An/n~0.05, resulting in slow-
ing factors of about 600.

5. CONCLUSION

We have presented a means of slowing light with low-
index contrast CROWSs using coupled waveguide and la-
ser resonator arrays. Low-index contrast systems have
the advantage of having smaller sidewall scattering
losses for a given roughness and typically requiring sim-
pler fabrication processes (e.g., larger feature sizes, shal-
lower etch depth). We have analyzed evanescently
coupled arrays and show that they can achieve slowing
factors of several hundreds times with bandwidths of tens
of gigahertz. Optical amplification, naturally present in
laser arrays, overcomes the severe limitation of high op-
tical attenuation characteristic of most passive slow light
structures. Combining evanescent coupling in the propa-
gation direction with Bragg or Fresnel reflection in the or-
thogonal direction provides an approach for engineering
more complex periodic structures to slow light.
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