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ABSTRACT
Recent polarization measurements of fast radio bursts (FRBs) provide new insights on these
enigmatic sources. We show that the nearly 100 per cent linear polarization and small variation
of the polarization position angles (PAs) of multiple bursts from the same source suggest that
the radiation is produced near the surface of a strongly magnetized neutron star. As the
emitted radiation travels through the magnetosphere, the electric vector of the X-mode wave
adiabatically rotates and stays perpendicular to the local magnetic field direction. The PA
freezes at a radius where the plasma density becomes too small to be able to turn the electric
vector. At the freeze-out radius, the electric field is perpendicular to the magnetic dipole
moment of the neutron star projected in the plane of the sky, independent of the radiation
mechanism or the orientation of the magnetic field in the emission region. We discuss a
number of predictions of the model. The variation of PAs from repeating FRBs should follow
the rotational period of the underlying neutron star (but the burst occurrence may not be
periodic). Measuring this period will provide crucial support for the neutron star nature of
the progenitors of FRBs. For FRB 121102, the small range of PA variation means that the
magnetic inclination angle is less than about 20◦ and that the observer’s line of sight is outside
the magnetic inclination cone. Other repeating FRBs may have a different range of PA variation
from that of FRB 121102, depending on the magnetic inclination and the observer’s viewing
angle.
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1 IN T RO D U C T I O N

Fast radio bursts (FRBs) are millisecond-duration, bright, transient
events, first detected at ∼GHz frequencies by the Parkes Telescope
during pulsar surveys (Lorimer et al. 2007; Thornton et al. 2013).
These bursts are distributed roughly isotropically in the sky, and
have an all-sky rate of ∼103 to 104 d−1 above ∼1 Jy ms fluence
(Thornton et al. 2013; Keane & Petroff 2015; Champion et al. 2016;
Rane et al. 2016; Bhandari et al. 2018). One object (FRB 121102)
has produced numerous bursts (Scholz et al. 2016; Spitler et al.
2016), and its sky location has been determined with an accuracy
of ∼0.1 arcsec by interferometry with the Jansky Very Large Array
(Chatterjee et al. 2017). The source is found to be associated with a
dwarf star-forming host galaxy at redshift z = 0.19273 (Tendulkar
et al. 2017). The FRB is also associated with a persistent radio
source (Chatterjee et al. 2017), and their projected separation is
further pinned down to �0.01 arcsec (�40 pc in physical distance)
by the European VLBI Network (Marcote et al. 2017).

� E-mail: wenbinlu@caltech.edu

The dispersion measure for FRBs, i.e. the number of free elec-
trons per unit area between the source and the Earth, is between
∼200 and 2.5 × 103 cm−3 pc.1 For most of the reported bursts, this
column density is larger than the contribution from the interstellar
medium in the Milky Way by roughly an order of magnitude, which
suggests that these events lie at a distance of a billion light-years or
more (see Katz 2016, 2018, for recent reviews). This is confirmed by
the host galaxy of the repeater FRB 121102, which is at ∼1 Gpc. If
the source radiates isotropically, then the energy release in the radio
band for bursts from the repeater FRB 121102 varies from ∼1037

to 1040 erg (Scholz et al. 2016; Spitler et al. 2016; Law et al. 2017;
Oostrum et al. 2017). For other FRBs with unknown distances, if
the dispersion measure is dominated by the intergalactic medium,
then the isotropic equivalent energy release in the radio band ranges
from ∼1039 to 1042 erg (data from the FRB catalogue).

Polarization properties of many of the (so-far) non-repeating
FRBs have been measured (e.g. Masui et al. 2015; Petroff et al.
2015; Ravi et al. 2016; Petroff et al. 2017; Caleb et al. 2018), and

1A list of all reported FRBs and their properties can be found at the FRB
catalogue http://frbcat.org (Petroff et al. 2016).
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the reported degree of linear polarization is between ∼0 per cent and
∼80 per cent. However, the frequency resolution of most surveys is
limited (e.g. channel width of 0.4 MHz at 1.4 GHz), so the measure-
ments could be affected by Faraday depolarization. Therefore, the
above measurements of the degree of linear polarization should be
viewed as lower limits. Polarization of the repeater (FRB 121102)
was measured at 4–8 GHz with high accuracy for 26 bursts spread
over 7 months in the rest frame of the host galaxy (Gajjar et al. 2018;
Michilli et al. 2018). The degree of linear polarization for all these
bursts was nearly 100 per cent. Over the duration of each burst, the
polarization position angle (PA), or the orientation of the electric
field plane at frequency ν → ∞, stayed nearly constant. However,
the PA was found to vary from burst to burst but within a small range.
The (error-weighted) standard deviation for the PAs of the 26 bursts
detected is σ ≈ 11.◦5, so we have a crude estimate of PA variation
range2 to be ±�PAmax ∼ ±2σ ∼ ±20◦. Moreover, the rotation
measure (RM) was found to be about 105 rad m−2, which varied
from one burst to another by about 10 per cent. The contribution to
the RM from the Milky Way galaxy and the intergalactic medium is
estimated to be less than about 102 rad m−2 (Michilli et al. 2018), so
most of the RM is likely to be from the host galaxy and possibly the
close vicinity of the burst; the magnetic field strength inferred from
the RM is, therefore, of order milli-Gauss. The high degree of linear
polarization and the small range of PA variations among different
bursts over 7 months provide important constraints on the radiation
mechanism and the FRB source properties, which we address in
this paper.

2 PO L A R I Z AT I O N A N G L E C H A N G E
A S WAV E S MOV E TH RO U G H A N E U T RO N
STAR MAGNETOSPHERE

The sub-millisecond variability of FRB light curves (e.g. ∼30μs
for FRB170827, Farah et al. 2018) suggests that the underlying
object is likely to be a neutron star or a stellar-mass black hole.3

Considering that the brightness temperature of FRB radiation is
�1035 K (Katz 2014; Luan & Goldreich 2014), the radiation mech-
anism must be a coherent process where particles in the source
radiate in phase. Broadly speaking, this means that the radiation
mechanism is either a maser-type process (such as synchrotron,
curvature, cyclotron-Cherenkov, or other plasma masers) or the an-
tenna mechanism. Most maser and plasma processes require the
wave frequency to be closely related to either the plasma frequency
or the cyclotron frequency, and thus the source region should have
a relatively low electron density (of the order of 1010γ 1/2 cm−3)
and/or modest magnetic field strength of the order of 103γ G (Lu &
Kumar 2018), where γ is the typical Lorentz factor of the radiating
particles. These conditions arise naturally far from the neutron star
(or black hole), near or beyond the light cylinder radius, RL = c/�,
where � is the rotational angular frequency of the neutron star, and
c is the speed of light. The antenna mechanism, on the other hand,
requires very strong magnetic field (B � 1014 G) and high elec-
tron density (n � 1017 cm−3), which means that it can only operate

2The model presented in this paper does not depend on the precise value of
�PAmax, which could be different for other repeating FRBs.
3The progenitors of FRBs could be much larger objects if bursts are produced
in small patches, or if the emission is produced by a source that is moving
towards the Earth at a speed close to the speed of light (e.g. Lazar, Nakar &
Piran 2009; Narayan & Kumar 2009; Narayan & Piran 2012).

within a distance of a few Rns from the surface of the neutron star
(Kumar, Lu & Bhattacharya 2017), where Rns is the neutron star
radius.

The small PA variation between bursts from the repeater may re-
quire fine tuning for any mechanism that operates at large distances
from the neutron star or black hole, because the magnetic field di-
rection can change randomly in time and space (and hence from
burst to burst). In this paper, we assume that FRBs are produced in
the magnetosphere of neutron stars somewhere between the surface
and the light cylinder, where the magnetic field configuration is
likely to be stable (in the corotating frame of the neutron star) over
a long period �7 months. For models in which the bursts are gener-
ated near the surface, if the emitting region moves around randomly
between bursts, and hence samples different local magnetic field
configurations (which would generally be a superposition of dipole
plus higher order multipoles and could, in principle, be arbitrarily
complicated), it might seem that the PA should correspondingly
change by a large amount between bursts. This turns out not to be
the case.

We show that the PA of bursts generated near the neutron star
surface is modified as the wave travels through the magnetosphere
in such a way that the escaping radiation is nearly 100 per cent
linearly polarized, with the electric vector always perpendicular
to the magnetic dipole moment projected in the plane of the sky.
Thus, the PAs of different bursts are not expected to vary by much
more than the angle between the rotation axis and magnetic axis
of the neutron star (provided the observer is outside the magnetic
inclination cone, see Section 3). This result does not depend on the
radiation mechanism or the magnetic field direction at the source
position.

In the following, we first describe the basic picture of radio waves
propagating through a neutron star magnetosphere (Section 2.1)
and then solve the linear wave equation for the change of PA along
the propagation path (Section 2.2). Then in Section 2.3, we ex-
tend the discussion to the high intensity FRB waves in the non-
linear regime and calculate the location beyond which the mag-
netosphere cannot supply sufficient current density and hence the
PA freezes.

2.1 The basic picture

Consider an electromagnetic (EM) wave of frequency ω propagating
in a quasi-static medium with magnetic field B and plasma frequency
ωp; ω2

p = 4πq2
∑

s(ns/ms), where q, ms, and ns are the charge,
mass, and number density of electrons (s =−) and protons/positrons
(s = +). The magnetosphere of a neutron star is usually not charge
neutral everywhere, and hence n+ �= n−. It is convenient to express
the two polarization states of EM radiation in the presence of a
strong magnetic field (to be quantified shortly) as those with electric
vector perpendicular to the plane of the magnetic and wave vectors
(called the X-mode) and those with electric vector in this plane
(the O-mode). The cyclotron frequency of electrons (or positrons)
is ωB = qB/(mc) and the medium of interest to us has a strong
magnetic field with ωB 	 ω. It can be shown (Arons & Barnard
1986) that, if ωp 	 ω near the source region, the O-mode waves4

4Throughout this paper, the waves with electric vector in the 
k– 
B plane are
in general referred to as the O-mode regardless of the order of ω and ωp.
In the literature, the wave branch with ω � ωp is sometimes also called the
Alfvén-mode.
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Figure 1. Physical picture of an X-mode EM wave travelling through a neu-
tron star magnetosphere. The magnetic field configuration near the source
region, which is near the surface, is complex. As the wave travels out-
wards, the electric vector adiabatically rotates in such a way that it is always
perpendicular to the local magnetic field. At large distances from the neu-
tron star (but still well below the light cylinder), where the plasma density
becomes too small to force the electric vector to follow the changing di-
rection of the magnetic field, the polarization position angle is frozen. At
this freeze-out radius (not shown in this picture since it is 	Rns), the mag-
netic field is nearly dipolar and the wave vector is nearly in the radial
direction from the centre of the star, so the electric vector of the escap-
ing wave is perpendicular to the magnetic dipole moment of the neutron
star.

propagate along the local magnetic field and either hit the neutron
star surface (along closed field lines) or are strongly diluted as they
propagate outwards due to rapidly diverging magnetic field (wave
energy flux dropping ∝r−3 or faster). Based on this consideration,
we assume that a large fraction of the source emission is initially
in the form of the X-mode and we focus on the propagation of
X-mode waves through the magnetosphere of the neutron star. Our
general consideration applies to, but is not limited to, the coherent
curvature emission mechanism, which generates primarily X-mode
waves (Kumar et al. 2017).

We show that, under suitable conditions, as the wave travels to
larger distances from the source, its electric vector adiabatically
rotates in such a way that it stays perpendicular to the local mag-
netic field (and also the wave vector) as shown in Fig. 1. Cheng &
Ruderman (1979) considered this ‘adiabatic walking’ phenomenon
in the context of radio emission from regular pulsars. In this pa-
per, we show that the same phenomenon is applicable for much
stronger magnetic fields (e.g. near a magnetar) and for radio waves
with much higher intensity as inferred from FRBs. Beyond a certain
distance from the neutron star surface the PA of the wave is frozen;
this occurs when the plasma density is too small to be able to force
the electric vector to follow the turning and twisting magnetic field
lines.

The physics behind adiabatic walking of an EM wave travelling
through a neutron star magnetosphere is as follows. The EM wave
induces current oscillations, which in turn generate magnetic and
electric fields oscillating at the same frequency as the wave. The
induced electric field is nearly parallel to the local, non-oscillatory,
magnetic field and its magnitude is such that, when appropriate
conditions are satisfied as described below, the superposition of the
two electric fields remains perpendicular to the local magnetic field.

2.2 Wave propagation through the magnetosphere – linear
regime

In this subsection, we consider the propagation of a weak EM wave
in the linear regime where particles in the magnetospheric plasma
have non-relativistic speeds. Since in this regime the wave equation
can be easily solved analytically and numerically, interesting insight
can be gained on the physics of the adiabatic walking. Additional
discussion of the linear regime can be found in Appendix A. We
extend the discussion to the non-linear regime in the next subsection.

In the following, we decompose vectors into components parallel
and perpendicular to the local static magnetic field B, and identify
these components by subscripts‖ and ⊥, respectively. The velocity
of a particle of charge q and mass m in the presence of a time-
varying wave electric field 
Ewexp(−iωt) and a static magnetic field

B is 
vexp(−iωt) (the Fourier components at other frequencies are
not relevant), where the components of 
v are given by

v‖ = iqEw‖
mω

, 
v⊥ =
q
[
−iω 
Ew⊥ + wB


Ew × B̂
]

m(ω2
B − ω2)

. (1)

For a rotating force-free magnetosphere with angular velocity

�, the Goldreich–Julian number density is equal to (Goldreich &
Julian 1969)

nGJ =

� · 
B
2πqc

. (2)

However, the actual number density of the plasma, n = n+ + n−,
will generally be larger than this by a multiplicity factor M, i.e.

n = MnGJ. (3)

Equivalently, for an electron-position plasma with total number
density n, the net charge density is equal to nq/M. For the case of
a neutron star magnetosphere, where ω � ωB, we can ignore the
second-order small terms O(ω2/ω2

B) in equation (1). The compo-
nents of the current density vector 
j can then be obtained from the
velocity components in equation (1):

j‖ = iω2
pEw‖

4πω
, 
j⊥ ≈ − iωω2

p

4πω2
B

(

Ew⊥ + iωB

Mω

Ew × B̂

)
, (4)

or

4πi

ω

j = −ω2

p

ω2
Ew‖B̂ + ω2

p

ω2
B


Ew⊥ + iω2
p

MωωB


Ew × B̂. (5)

This current affects the wave electric field along the propagation
path according to the following wave equation (which is obtained
by combining Faraday’s and Ampere’s laws)

c2

ω2
∇ × (∇ × 
Ew) − 
Ew = 4πi

ω

j . (6)

In the following, we first show that the second and third current
terms in equation (5) are negligible. The ratio ω2

p/ω
2
B is equal to the

reciprocal of the plasma magnetization parameter (σ ≡ B2/4πnmc2).
In the neutron star magnetosphere, we find

ω2
p/ω

2
B ∼ 10−15MB−1

0,15P
−1(r/100Rns)

3 ≪ 1, (7)

where B0 is the surface dipole magnetic field (we assume B ∝ r−3 for
r 	 Rns). Throughout this paper, we use B0 = 1015 G as our fiducial
value, motivated by the inferred magnetic field strength of nearby
magnetars (e.g. Kaspi & Beloborodov 2017). By equation (7) we see
that the second term in the current equation (5) is always negligible.
The third term (∝ 
Ew × B̂) gives rise to Faraday rotation. Since left
and right circularly polarized waves propagate at different phase
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speeds, the polarization plane rotates by �φ = Rω2
p/(MωBc) =

4πRnq/MB after a propagation length of R. Since n/M = nGJ ∼
B�/(2πqc), we find �φ ∼ 2R�/c = 2R/RL. In Sections 2.3 and
3, we show that the small range of PA variations for FRB 121102
requires the exit point (where the adiabatic walking behaviour stops)
to be much below the light cylinder radius RL. Hence, �φ � 1 rad,
and the third term in equation (5) can also be ignored. We include
this term in Appendix B for our numerical solutions to the full wave
equation and find that its effect on the PA change along the path of
the wave is negligible. We are thus left with only the first term in
equation (5).

An X-mode EM wave has, by definition, electric field 
Ew per-
pendicular to the 
k– 
B plane, hence Ew� = 0. If the wave propagates
in a homogeneous plasma, where the magnetic field is uniform, the
electric vector remains perpendicular to the 
k– 
B plane as the wave
propagates, and the first term on the right-hand side of equation (5)
also vanishes. Thus, the entire right side of equation (5) is essentially
zero, and the wave propagates in a straight line with refractive index
≈1, as if in vacuum (all source terms are negligible). In particular,
the PA remains constant.

The situation is different if we consider an inhomogeneous
plasma, in which the direction of the magnetic field changes (by
∼1 rad) on a length-scale RB 	 λ, where λ is the wavelength of
the EM wave. The plasma density may also change on a similar
length-scale. Now, even if a wave starts off with 
Ew perpendicular
to the 
k– 
B plane, it will not remain so, because the magnetic field 
B
rotates from its initial direction as the wave propagates. As a result,
there will be a non-zero value for the first current term in equa-
tion (5), which is parallel to the local magnetic field. This current
induces an electric field that is also parallel to the local magnetic
field. The superposition of the induced field and the original wave
field causes the electric vector to rotate. As we show, the rotation is
such that the wave polarization follows the twisting magnetic field
as the wave propagates through the magnetosphere.

For simplicity, we consider a plane wave with electric field am-
plitude in the form 
Ew(z1)eiz1 , where z1 = kz and k ≡ ω/c is a
constant. Then the wave equation (6) becomes

2i
d

dz1
(Exx̂ + Eyŷ) = −4πi

ω
(jxx̂ + jyŷ)e−iz1 ,

Ezẑ = −4πi

ω
jze−iz1 , (8)

where we have ignored the second-order derivative terms d2/dz2
1 ∼

O(k2R2
B) (they are included in the numerical calculations in Ap-

pendix B). We further simplify the calculation by assuming that
the magnetic field is in the x–y plane B̂(z1) = cos kBz x̂ + sin kBz ŷ

(where kB ≡ R−1
B ) and hence Ez ≡ 0 (as we show in Appendix B,

the qualitative behaviour of adiabatic walking is the same for an ar-
bitrary magnetic field orientation). Then we make use of the current
density 4πiω
j ≈ −ω2

pEw‖B̂eiz1 (from equation 5) and the wave
equation becomes

2i
d 
Ew

dz1
≈ ω2

p

ω2
( 
Ew · B̂)B̂. (9)

Multiplying (dot-product) equation (9) by B̂, we obtain

d

dz1
( 
Ew · B̂) ≈ ω2

p

2iω2
( 
Ew · B̂) + 
Ew · dB̂

dz1
. (10)

Since the derivative term on the right-hand side can be roughly
written as 
Ew · (dB̂/dz1) ∼ Ew/kRB, the equation above can be
approximately integrated analytically. Using the X-mode boundary

condition Êw · B̂|z=0 = 0, we obtain

Re
(
Êw · B̂

) ∼ 2ω2

kRBω2
p

sin
kzω2

p

2ω2
. (11)

We see that the angle between the wave electric vector and the
magnetic field oscillates with a spatial wavelength of 2πωc/ω2

p

and an amplitude ∼ω2/(kRBω2
p). The electric field will follow the

direction of the magnetic field so long as the amplitude of the above
oscillation is less than about a radian. Therefore, the direction of
the electric vector rotates and stays approximately perpendicular to
the local magnetic field as long as

ω2
p

ω2
� λ̄

RB
, λ̄ = 1

k
= λ

2π
. (12)

A more precise analytical solution of the wave equation under
arbitrary boundary conditions is provided in Appendix A, where we
show, using an eigen mode analysis, how the wave electric vector
rotates as the magnetic field turns. In Appendix B, we present results
from numerical integration of the wave equation when ωp varies
with z. One example of such a numerical integration is shown
in Fig. 2. Here, the magnetic field (only the x–y components are
shown as blue arrows) rotates around the z-axis at a rate kB ≡ R−1

B

with pitch angle θ = 60◦: B̂ = sin θ cos kBz x̂ + sin θ sin kBz ŷ +
cos θ ẑ. The boundary condition is that the wave starts at z = 0
as a pure X-mode 
Ew(z = 0) = ŷ. The plasma density decreases
with z as ω2

pk/ω2kB = 1000(kBz + 1)−5, with ω2
p and kB dropping

as r−4 and r−1 (as a simple example). In a realistic neutron star
magnetosphere, the scaling of ω2

pk/ω2kB as a function of radius may
be more complicated, but the qualitative result should be the same.
For the example shown, we see that the electric vector (red arrows)
stays perpendicular to the rotating magnetic field until ω2

p/ω
2 �

2λ̄/RB (or kBz � 2), beyond which the wave approaches vacuum-
like propagation.

In a neutron star magnetosphere, the condition (12) for adiabatic
walking of 
Ew is violated at some distance from the surface, the
freeze-out radius R̃fo, beyond which the change of PA is negligible.
We assume that the magnetic field far from the neutron star surface,
but well within the light cylinder (RL = c/�), is dominated by the
dipole component B(r) ∝ r−3, as higher order multipoles decline
more rapidly. The particle density is a multipleM of the Goldreich–
Julian density nGJ, so the freeze-out radius is

R̃fo

Rns
� 3.4 × 104

[
B0,15M(RB/R̃fo)

ν9P

]1/2

, (13)

R̃fo

RL
� 7

[
B0,15M(RB/R̃fo)

ν9P 3

]1/2

. (14)

We see that this estimate of the freeze-out radius in the linear
regime may be close to or beyond the light cylinder. At these radii,
the magnetic field is dominated by the toroidal rather than the
dipolar component of the field, so the PA may vary by a large
amount from one burst to another. However, as we show in the next
subsection, the adiabatic walking condition for large amplitude FRB
waves – in the non-linear regime – is quite different.

2.3 Wave propagation through the magnetosphere –
non-linear regime

A more stringent condition than equation (12) needs to be satis-
fied in the case of the high intensity waves present in FRBs. For
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Figure 2. Numerical integration of the 1D linear wave equation (B2) for an example in which the magnetic field rotates around the z-axis at a rate kB ≡ R−1
B

with pitch angle θ = 60◦: B̂ = sin θ cos kBz x̂ + sin θ sin kBz ŷ + cos θ ẑ. The boundary conditions are: 
Ew(z = 0) = ŷ (normalized so that |Ew| = 1) and
d 
Ew(z = 0)/dz1 = 0. The plasma density is taken to vary with z as ω2

pk/ω2kB = 1000(kBz + 1)−5, where k ≡ ω/c. Left-hand panel: The magnetic field
projected in the x–y plane is shown as blue arrows, and the wave electric field is shown as red arrows. Right-hand panel: The angle between the wave electric
vector and the static magnetic field is shown as red dotted line, the angle between the wave electric vector and ẑ × B̂ is shown as blue dashed line, and the angle
between the wave electric vectors at current location 
E(z) and at the right-hand boundary 
Eend(kBzend = 2π) is shown as green solid line. The angle between
two vectors 
A1 and 
A2 is in general denoted as 〈 
A1, 
A2〉 ≡ arccos( 
A1 · 
A2/A1A2). When ω2

pk/ω2kB 	 1 (kBz � 1), the wave electric vector adiabatically

rotates along with the magnetic field, keeping 
Ew nearly aligned with 
k × 
B. As the plasma density drops, when ω2
pk/ω2kB � 2 (kBz � 2), the wave electric

vector stops rotating and the PA freezes (i.e. the wave propagates as if in vacuum).

waves with qEw�/mcω > 1, the particle velocity component parallel
to the local magnetic field becomes relativistic. When Ew⊥ � B,
the transverse velocities also become relativistic (see equation 1).
Relativistic motions break the linear relation between current den-
sity and the wave amplitude, so the wave equation becomes highly
complicated (numerical simulations of particles’ orbits are needed
to calculate the correct current density). In this section, we pro-
vide a rough analytical estimate of the condition at which adiabatic
walking is terminated for large-amplitude EM waves.

Large-amplitude EM waves require a large current in order to
rotate 
Ew and keep it perpendicular to the changing 
k– 
B plane.
However, the maximum current density (parallel or perpendicu-
lar to the magnetic field) that can be supplied by the plasma is
jmax � qnc. If this maximum current oscillates at frequency ω, then
the maximum amplitude of the current term on the right-hand side
of the wave equation (8) is

4π

ω
jmax � ω2

p

ω2

mcω

q
= ω2

p

ω2

Ew

a0
, (15)

where a0 = Ewq/mcω is known as the non-linearity parameter of the
EM wave. The wave amplitude at radius r (	the source size) from
the source is Ew =

√
L/r2c, where L is the isotropic equivalent

luminosity of an FRB. Hence,

a0 ≡ qEw

mcω
� 5.1 × 105 L

1/2
41

r7ν9
	 1, (16)

where we use the typical isotropic equivalent luminosity
L = 1041L41 erg s−1 of bursts detected by Michilli et al. (2018)
and Gajjar et al. (2018) as a fiducial value.

We take the absolute value of xy components of the wave equa-
tion (8) and make use of the maximum current in equation (15), and
obtain

2

∣∣∣∣ d

dz1
(Exx̂ + Eyŷ)

∣∣∣∣ = 4π

ω
|jxx̂ + jyŷ| � ω2

p

ω2

Ew

a0
. (17)

To keep 
Ew perpendicular to (for X-mode) or inside (for O-mode)
the rotating 
k– 
B plane, we require d(Exx̂ + Eyŷ)/dz1 ∼ Ew/kRB.
Thus, we obtain the condition for adiabatic walking

ω2
p

ω2
� a0λ̄

RB
, (18)

which is more stringent than the condition (12) since a0 	 1 (see
equation 16). Thus, the freeze-out radius Rfo in the non-linear regime
is

Rfo

Rns
� 230

B0,15M(RB/Rfo)

PL
1/2
41

, (19)

Rfo

RL
� 4.8 × 10−2 B0,15M(RB/Rfo)

P 2L
1/2
41

. (20)

We see that Rfo here is much smaller than its counterpart in the
linear regime R̃fo (equation 13). This is because the extremely high
intensity of FRB waves enables them to force their way through the
magnetosphere with no change in their PA when the induced electric
field by the plasma current is weaker than the parallel component
of the wave electric field.

The length scale RB over which the orientation of the magnetic
field changes by ∼1 rad along the 
k direction depends on the de-
tailed magnetic field configuration in the magnetosphere. In the
above estimate, we adopted RB = Rfo as our fiducial value but left
RB as a free parameter. Near the neutron star surface (r ∼ afew ×
Rns) or near the light cylinder (r ∼ RL), we may reasonably expect
RB ∼ r. However, this may not hold for Rns � r � RL. For instance,
for a magnetosphere with only dipole and quadruple components
of equal strength near the surface, the dipole component dominates
at increasingly larger radius, and we expect RB/r ∼ r/Rns until the
toroidal component kicks in near the light cylinder, where we have
RB ∼ RL. Thus, for this particular case, we have RB ∼ min(r2/Rns,
RL). However, without a detailed model of the magnetosphere, the
profile RB(r) is currently highly uncertain. Fortunately, as we show
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in Section 3, this does not lead to a large uncertainty on the PA of
FRBs, as long as Rns � Rfo � RL.

We note that the freeze-out radius in equation (19) is frequency
dependent, if the intrinsic emission spectrum L(ν) ∼ νLν is not flat.
Since Rfo ∝ L(ν)−1/4, the dependence of PA on frequency is rather
weak but may still be measurable in the future. For the speculative
case RB ∼ min(r2/Rns, RL) considered above and νLν ∝ να , a rough
estimate of the PA variation is

ν
dPA

dν
∼ α

4
max

(
Rns

Rfo
,
Rfo

RL

)
, (21)

which gives �PA � (|α|/4)
√

Rns/RL ∼ 0.3◦P −1/2(�ν/ν), for
|α| ∼ order unity. Since the profile RB(r) is highly uncertain, the
estimate above is approximate and should be taken with caution.
However, the qualitative prediction is that the wavelength depen-
dence of the measured plane of polarization should deviate from the
standard (ν) − (∞) ∝ ν−2. A simple way to test this is to mea-
sure the PAs with high accuracy at two widely separated frequency
bands (e.g. 4 and 8 GHz).

We note that the condition for adiabatic walking in equation (18)
and the freeze-out radius Rfo in equation (19) apply to O-mode as
well as X-mode waves. As we show in Section 3, the small range
of PA variation for FRB 121102 requires that the source location
to be much below the freeze-out radius Rs � Rfo and the freeze-
out radius to be much below the light cylinder Rfo � RL. Near
the source location (typically ωp 	 ω), the induced electric field
associated with the plasma current (the first term in equation 5)
cancels with the parallel component of the wave electric field, and
hence the wave electric vector 
Ew for the O-mode is in the 
k– 
B
plane and stays perpendicular to 
B. The wave magnetic field 
Bw

is perpendicular to the 
k– 
B plane, so we find that the Poynting
vector points in the direction of 
Ew × 
Bw ‖ 
B, i.e. O-mode waves
propagate along the local magnetic field near the source region.
This can also be seen by calculating the group velocity from the O-
mode dispersion relation (e.g. Arons & Barnard 1986). If the source
generates comparable amount of X- and O-mode waves, the high
density plasma near the neutron star surface (with ωp, ωB 	 ω) acts
like a polarizing beam splitter that efficiently separates the X-mode
(propagating along a straight line) and the O-mode (propagating
along the local magnetic field line). If the wave amplitude is small
(the limit considered by Arons & Barnard 1986, in the radio pulsar
context), as the plasma density decreases towards large radii, the
O-mode phase velocity becomes sub-relativistic (below the typical
thermal speed of particles) and hence the wave is severely Landau
damped. However, since the extremely intense FRB waves have
energy density much larger than what particles (with negligible
inertia, see equation 7) can absorb, the O-mode component may still
be able to escape, as long as the magnetic field line extends beyond
the freeze-out radius in equation (19). Still, the energy flux of O-
mode waves is severely diluted as the magnetic field lines diverge
towards larger radii (the solid angle of the beam increases as ∝r
for a pure dipole or faster if higher-order multipoles dominate), so
the observer may be biased towards detecting the undiluted, much
brighter X-mode flux.

3 FR B P O L A R I Z AT I O N , P RO G E N I TO R STA R
PROPERTIES , AND RADIATION MECHANI SM

Let us consider the FRB source region to be located at a radius Rs.
The physics of wave propagation in the neutron star magnetosphere
shown in Section 2 suggests that the EM waves reaching the ob-
server correspond to the X-mode and will be nearly 100 per cent

linearly polarized. As long as the source is located well below the
freeze-out radius Rs � Rfo, and ωp, ωB 	 ω near the source, the
PA measured by an observer at infinity has no memory of the mag-
netic field configuration at the source but reflects the direction of the
magnetic field at Rfo; the wave electric vector is parallel to k̂ × B̂ at
Rfo. If Rs � Rfo by a factor of 10 or more, then the wave vector at the
freeze-out radius is very nearly in the radial direction. In this paper,
we assume that the magnetic field at radius Rns � r � RL ≡ c/� is
nearly dipolar, 
B(
r) � [3r̂(r̂ · 
m) − 
m]/r3, where 
m is the magnetic
dipole moment of the neutron star. For Rns � Rfo � RL, the direc-
tion of the wave electric field at Rfo is parallel to k̂ × B̂ ‖ k̂ × m̂,
i.e. the PA is perpendicular to the neutron star’s magnetic moment
projected in the plane of the sky. For repeating bursts from the same
object, the PA would vary from one burst to another, if the magnetic
and rotation axes are not parallel.

We denote the angle between the rotational axis and the magnetic
dipole moment, or the magnetic inclination, as θm and the angle
between the rotational axis and the line of sight as θk (both at their
closest approach). If θm < θk, i.e. the line of sight is outside the
magnetic inclination cone, the maximum variation of the PA is

± �PAmax = ± arctan(tan θm/ sin θk), (22)

which is close to ±θm if θk is of the order of ∼1 rad. On the
other hand, if θm > θk, i.e. the line of sight is inside the magnetic
inclination cone, then the PA can change up to 180◦ from burst to
burst. The PAs of the repeating FRB 121102 varied by ±�PAmax

∼±20◦ for 26 bursts detected over a 7-month period (Gajjar et al.
2018; Michilli et al. 2018;). This suggests that (1) the magnetic
inclination angle for the neutron star associated with 121102 is
θm � 20o and (2) the observer is outside the magnetic inclination
cone: θm < θk.

By equation (19), the condition Rfo � 10Rns means that
B0,15/P � 0.04 L

1/2
41 M−1Rfo/RB or the dipole spin-down time

tsd � 104 yr L−1
41 (MRB/Rfo)2. We see that this condition can be

easily satisfied by young neutron stars, especially if the multiplicity
factor5 M 	 1 near Rfo. On the other hand, by equation (20), the
condition RL � 10Rfo means that

B0,15

P 2
� 2

L
1/2
41 (Rfo/RB)

M � 2L
1/2
41 , (23)

where we have used M � 1 and RB(Rfo) � Rfo for the sec-
ond inequality. Thus, the dipole spin-down luminosity Lsd �
1038L41 erg s−1, and the neutron star is rotating slowly:

P � (0.7 s) B
1/2
0,15L

−1/4
41 . (24)

This constrains the dipole spin-down time to be tsd �
(15 yr) B−1

0,15L
−1/2
41 , which is similar to the age constraint from the

non-detection of the time derivative of DM due to the expanding su-
pernova remnant (Piro 2016). We also note that the PA stays nearly
constant over the duration of each burst (within error δPA � 0.1 rad,
Michilli et al. 2018). This can be understood if the neutron star is
a slow rotator ��t � (δPA/�PAmax)π /2 or P > 0.01(�t/1 ms) s,

5In the magnetar model, the magnetic field anchored on the active stellar
crust leads to a twisted external magnetosphere with strong persistent cur-
rents (Thompson, Lyutikov & Kulkarni 2002). For a large global twist angle
of ∼1 rad near the surface, the current is given by j = |∇ × 
B|c/4π∼
Bc/4πr , so the multiplicity factor M(r ∼ Rns) � jP /B ∼ 2.4 × 103P ,
so M/P 	 1 near the surface. At radius r 	 Rns, the current due to mag-
netospheric twist drops as j ∝ r−4 or faster (if the twist does not extend to
large radii), so the multiplicity factor decreases as M ∝ r−1 or faster.
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where �t is the burst duration. This is a weaker constraint than
equation (24).

We conclude that the polarization observations for FRB 121102
suggests: (1) the emitting region is not far from the neutron star’s
surface (since Rs � Rfo � RL); and (2) the neutron star is a slow
rotator with period P � (1 s)B1/2

0,15 (ignoring the weak dependence

of L
−1/4
41 ). These two pieces of information have interesting impli-

cations about the radiation mechanism.
The coherent curvature radiation (or the antenna mechanism)

requires high charge density to produce the high FRB luminosi-
ties, and strong magnetic field to maintain the coherence of charge
bunches, which means it can only operate within a few Rns of the
neutron star surface (Kumar et al. 2017; Lu & Kumar 2018). This
model is consistent with the polarization constraints discussed in
this paper. In the ‘cosmic comb’ model of Zhang (2017) and Zhang
& Li (2018), the EM waves are produced near the light cylinder
of the neutron star and the PA variations among repeating bursts
from the same progenitor should be much larger than ±20◦, be-
cause the magnetic field direction changes due to stellar rotation
and variations of source locations Rs. Most of the proposed maser
mechanisms for FRBs in the literature operate beyond the light
cylinder (and hence Rs > Rfo, e.g. Lyubarsky 2014; Beloborodov
2017; Ghisellini 2017; Waxman 2017), where the magnetic field
configuration is far from a regular dipole field and its direction is
likely to vary by a large amount from burst to burst. Thus, these
models may require fine tuning to explain the observed 100 per cent
linear polarization and small variations in PA for the bursts from
FRB 121102.

4 SU M M A RY

We have proposed a model to explain the recent observations of
nearly 100 per cent linear polarization and small variations of the
PA for dozens of bursts detected from FRB 121102 over 7 months
(in the host-galaxy comoving frame).

In this model, the emission is generated inside the magnetosphere
of a strongly magnetized neutron star, with a significant fraction of
the power initially in the form of X-mode (with the electric vector
perpendicular to the 
k– 
B plane). As the radio waves propagate
outwards through the neutron star magnetosphere, the electric vector
adiabatically rotates and stays perpendicular to the local 
k– 
B plane.
At sufficiently large distances from the neutron star surface, this
‘adiabatic walking’ behaviour stops (and the PA is frozen), when the
plasma density is too small to be able to force the electric vector to
follow the rotation of the local magnetic field along the propagation.
The wave at the exit point is nearly 100 per cent linearly polarized
and the PA seen by an observer at infinity is determined by the
local magnetic field orientation at this point. The small range of
PA variations from FRB 121102 is naturally explained, when the
following two conditions are satisfied: (1) the exit point (or freeze-
out radius Rfo) is far away from the neutron star surface and well
inside the light cylinder, i.e. Rns � Rfo � RL; (2) the emission
radius Rs is much below the exit point Rs � Rfo. Under these two
conditions, the magnetic field at the exit point is expected to be
nearly dipolar and the wave vector (or the observer’s line of sight)
is nearly in the radial direction, so the direction of the wave electric
field at the exit point is parallel to 
k × 
B ‖ 
k × 
m, where 
m is the
neutron star’s magnetic dipole moment. We see that the PA is always
perpendicular to 
m projected in the plane of the sky, independent of
the (highly uncertain) magnetic field configuration near the source
region.

Since Rs � Rfo � RL, the emission radius is near the surface of
the neutron star. This lends support to the coherent curvature radia-
tion mechanism that requires high charge density n � 1017 cm−3 to
generate the high luminosity and strong magnetic field B � 1014 G
to maintain the coherence of charge bunches (Kumar et al. 2017).
Many other models in the literature are based on strong collisions of
magnetized gas flows near or beyond the light cylinder (Lyubarsky
2014; Ghisellini 2017; Waxman 2017; Zhang & Li 2018), where
the magnetic field orientation is irregular and the PA may vary
randomly over a much larger range than observed from FRB
121102.

Under the model proposed in this paper, we use the PA vari-
ations from FRB 121102 to constrain the angle between the ro-
tation and magnetic axes (or magnetic inclination) of the under-
lying neutron star to be θm � 20◦. Moreover, the requirement
Rns � Rfo � RL constrains the rotation period of the neutron star
to be P � (1 s) B

1/2
0,15, where B0 = 1015B0,15 G is the surface dipole

magnetic field strength.
We predict that the burst-to-burst variation of PAs from FRB

121102 (at the same frequency) should follow the rotational pe-
riod of the underlying neutron star (but the burst occurrence is not
necessarily periodic). In the future, when more bursts from the re-
peater are detected with polarization measurements, it should be
possible to measure the rotation period, which will provide cru-
cial support for the neutron star nature of FRB progenitors. Other
repeating FRBs may have a different range of PA variation, de-
pending on the magnetic inclination θm and the observer’s viewing
angle with respect to the rotational axis θk, but the periodic mod-
ulation is still controlled by stellar rotation. The detailed PA vari-
ation pattern may be used to measure (or constrain) θm as well as
θk.

Another prediction of our model is that, for each burst, the
PA is weakly frequency-dependent. This is because the freeze-
out radius (and hence the local magnetic field orientation) is
frequency-dependent, provided the intrinsic spectrum νLν is not
flat. We show that the difference between the PAs measured
at ν and 2ν may be of the order of 0.1◦ to 1◦, although
the exact dependence is highly uncertain (depending on the in-
trinsic FRB spectrum and the detailed magnetospheric field
configuration).

With forthcoming telescopes such as UTMOST (Caleb et al.
2017), Apertif (Maan & van Leeuwen 2017), FAST (Nan
et al. 2011), ASKAP (Bannister et al. 2017), CHIME (The
CHIME/FRB Collaboration 2018), the FRB sample size is ex-
pected to grow by a factor of 10–100 and many more repeaters
may be found and localized. Our predictions could be tested
given a sufficiently large sample of bursts with polarization
measurements.

Finally, we point out a caveat to our simple model. It is possible
that the magnetosphere has significant global twist at radius r 	 Rns

(e.g. Thompson et al. 2002). In this case, the magnetic field config-
uration near the exit point is no longer dipolar (e.g. there may be a
significant toroidal component), so the PA variations for repeating
bursts from the same object will not follow our predictions, which
are based on the dipole field assumption. If this is the case, more
sophisticated, time-dependent modelling of the twisted neutron star
magnetosphere (e.g. Parfrey, Beloborodov & Hui 2013; Chen &
Beloborodov 2017) may be needed. Nevertheless, the condition for
adiabatic walking (equation 18) and the location of the freeze-out
radius (equation 19) presented in this paper would still be useful for
probing the large-scale magnetic field configuration of neutron star
magnetospheres.
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APPENDI X A : A NA LY TI CAL SOLUTI ON
TO T H E L I N E A R WAV E EQUAT I O N

In this Appendix, we provide an exact solution of the 1D linear
wave equation (equation 6) along the z direction,

c2

ω2

d2

dz2
(Exx̂ + Eyŷ) + 
Ew = −4πi

ω

j . (A1)

From equation (5), the amplitude of the current density is

4πi

ω

j ≈ −ω2

p

ω2
( 
Ew · B̂)B̂ + iω2

p

MωBω

Ew × B̂, (A2)

where we have ignored the high-order small term O(ω2
p/ω

2
B), see

equation (7). We consider the simple case of a magnetic field that
is purely in the x–y plane and whose direction rotates uniformly as
a function of z,


B = BB̂ = B(cos kBz x̂ + sin kBz ŷ), (A3)

where the magnitude B is independent of z. We assume kB ≡ R−1
B �

ω/c so that the magnetic field rotates slowly compared to the wave
phase (we are in the WKB regime). We further assume that the
plasma number density ωp is independent of z. A more general
case with magnetic field at arbitrary inclination with respect to the
z-axis and variable plasma density is considered numerically in
Appendix B.

We define two unit vectors parallel and perpendicular to the
magnetic field in the x–y plane,

n̂‖ = B̂, n̂⊥ = − sin kBz x̂ + cos kBz ŷ, (A4)

such that these vectors rotate with the magnetic field, and we de-
compose the wave electric field amplitude as


Ew = (E‖n̂‖ + E⊥n̂⊥ + Ezẑ)eikz. (A5)

The z-component of equation (A1) has no derivatives and it gives

Ez = iω2
p

MωωB
E⊥. (A6)

Inside the neutron star’s magnetosphere, we have ω2
p/MωωB �

4πnGJqc/ωB � 2/Pν = 2 × 10−9P −1ν−1
9 , where P is the rota-

tional period (in seconds) and ν9 = ν/ GHz is the wave frequency.
Thus, the z-component of the wave electric field can be ignored for
our problem.

We assume that E� and E⊥ are independent of z and look for
rotating eigen modes each with an eigenvalue k that serves the role
of a spatial wave vector. Note that, under this approach, we generally
have k �= ω/c. The imaginary part of k corresponds to exponential
damping or growth, and the real part gives the spatial wavelength.
The solution to a given physical problem is a superposition of the
eigen modes (each propagating independently) that satisfies the
given boundary conditions at z = 0.

For convenience, below we set c = 1. The components of the
wave equation (A1) in the x–y plane are

d2

dz2

[
(E‖n̂‖ + E⊥n̂⊥)eikz

]=
[
(ω2

p − ω2)E‖n̂‖ − ω2E⊥n̂⊥
]

eikz.

(A7)

Apart from the eikz factor, the LHS of this equation is
−(k2 + k2

B)(E‖n̂‖ + E⊥n̂⊥) + 2ikkB(E‖n̂⊥ − E⊥n̂‖), so we obtain
two equations for the parallel and perpendicular components:

(k2 + k2
B + ω2

p − ω2)E‖ + 2ikkBE⊥ = 0,

(k2 + k2
B − ω2)E⊥ − 2ikkBE‖ = 0. (A8)
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Any non-trivial solution of the wave equation requires the deter-
minant of the above linear equations to be zero, so we obtain the
following quadratic equation for k2:

k4 − (2ω2 − ω2
p + 2k2

B)k2 − k2
B(2ω2 − ω2

p) + ω2(ω2 − ω2
p) = 0.

(A9)

The solutions for k2 are real when � = (2ω2 − ω2
p + 2k2

B)2 −
4[−k2

B(2ω2 − ω2
p) + ω2(ω2 − ω2

p)] = ω4
p − 8k2

Bω2
p + 16k2

Bω2 ≥ 0.
The two branches of solutions are

k2 = ω2 + k2
B − ω2

p

2
± ω2

p

2

√
1 − 8k2

B

ω2
p

+ 16k2
Bω2

ω4
p

, (A10)

which correspond to two eigen modes of different polarization states
propagating towards +z (and there are two more propagating in the
opposite direction).

In the following, we discuss two cases: (1) high plasma
density ωp 	 ω (near the neutron star surface); (2) low
plasma density ωp � ω (far from the neutron star surface).
Case (1): ωp 	 ω 	 kB; we have � > 0. The eigenvalues of
the two modes are given by

k2
+ ≈ ω2 − k2

B + 4k2
Bω2

ω2
p

, k2
− ≈ ω2 − ω2

p + 3k2
B − 4k2

Bω2

ω2
p

. (A11)

In this case, the k2
−(< 0) branch corresponds to the O-mode and

does not propagate along the z-direction6 (because ωp 	 ω). The
k+ solution corresponds to the X-mode, and it satisfies∣∣∣∣ E‖
E⊥

∣∣∣∣ = k2
+ − ω2 + k2

B

2k+kB
≈ 2kBω

ω2
p

� 1. (A12)

This shows that the electric vector of this eigen mode is nearly
perpendicular to the local magnetic field. In contrast, the electric
vector of the (non-propagating) k− eigen mode is nearly parallel to
the field.

Consider a wave with frequency ω that propagates towards +z

and is initialized at z = 0 with its electric field lying in the xy-plane,
perpendicular to the local 
B. Any electric field in this plane can be
written as a linear sum of the two eigen modes of the problem. In
the present case, the sum will be dominated by the k+ mode, with
only a small amount (of the order of ωkB/ω2

p) of the k−mode. With
increasing z, the k−mode will decay (because it is non-propagating),
and the wave will become a pure k+ mode, with its polariza-
tion rotating so as to remain nearly perpendicular to the magnetic
field. Thus the wave adiabatically walks with the rotating field.
Case (2): ω 	 ωp 	 kB; � > 0 for this case as well. The
square-root term in solutions (A10) has different asymptotic be-
haviours in the following two sub-regimes. The first regime is when
ω4

p/16k2
Bω2 	 1, and we have

k2 ≈ ω2 + k2
B − ω2

p

2
±

(
ω2

p

2
− 2k2

B + 4k2
Bω2

ω2
p

)
, (A13)

6This exponentially decaying solution is due to the specific geometry as-
sumed, i.e. the magnetic field is perpendicular to the allowed direction of
wave propagation. When ωp 	 ω, the O-mode waves can only propagate
along the magnetic field (see Section 2.3).

that is,

k2
+ ≈ ω2 − k2

B + 4k2
Bω2

ω2
p

=⇒
∣∣∣∣ E‖
E⊥

∣∣∣∣ =
∣∣∣∣k2

+ − ω2 + k2
B

2k+kB

∣∣∣∣ ≈ 2kBω

ω2
p

� 1,

k2
− ≈ ω2 − ω2

p + 3k2
B − 4k2

Bω2

ω2
p

=⇒
∣∣∣∣E⊥
E‖

∣∣∣∣ =
∣∣∣∣∣k2

− − ω2 + ω2
p + k2

B

2k−kB

∣∣∣∣∣ ≈ 2kBω

ω2
p

� 1. (A14)

We can see that in this regime, the k+ and k− solutions correspond
to the X-mode (E⊥ dominates) and O-mode (E� dominates), re-
spectively. Both of these are propagating modes, and their electric
vectors rotate adiabatically to keep 
E nearly perpendicular to 
B and

k (X-mode) or in the 
k– 
B plane (O-mode). As in the previous case,
a wave that starts off with its electric field perpendicular to 
B at
z = 0 will adiabatically rotate with the field and will remain nearly
perpendicular to 
B as it propagates.

The second regime is when ω4
p/16k2

Bω2 � 1. Here we find

k2 ≈ ω2 + k2
B − ω2

p

2
± 2kBω

(
1 + ω4

p

32k2
Bω2

− ω2
p

4ω2

)
. (A15)

If we retain only the lowest order terms, we have k2
± ≈ ω2 ± 2kBω −

ω2
p/2 and k± ≈ ω ± kB − ω2

p/4ω, which means(
E‖
E⊥

)
±

= k2
± − ω2 + k2

B

2ikkB
≈ −ω2

p ± 4kBω

4ikkB

≈ i

(
∓1 + ω2

p

4kBω

)
. (A16)

The two eigen modes have electric fields


E± = (E‖±n̂‖ + E⊥±n̂⊥)eik±z

≈
[

iω2
p

4kBω
n̂‖ ∓ in̂‖ + n̂⊥

]
E⊥±ei(ω±kB−ω2

p/4ω)z

=
[

iω2
p

4kBω
n̂‖e±ikB z + (ŷ ∓ ix̂)

]
E⊥±eiωz(1−ω2

p/4ω2), (A17)

where E⊥± ≈ (1 ± ω2
p/8kBω)/

√
2 are determined by normalization

| 
E±| = 1. Since ω2
p/4kBω � 1, the first term corresponds to a weak

rotation of the electric vector at the rate of kB. The second term
represents the commonly used left and right circularly polarized
modes. If we ignore the first term, any linearly polarized wave
at z = 0 can be decomposed into the superposition of 
E+ and

E− with equal amplitudes. Then, as the wave propagates, it stays
linearly polarized with the PA unchanged. However, because of the
first term, the PA rotates by ∼ω2

p�z/(2ω) when the wave travels a

distance �z � k−1
B .

To summarize, we have shown that, in the linear regime, the wave
electric vector adiabatically walks with the twisting magnetic field
as long as the following condition is satisfied: ω2

p � kBω/2. When
the plasma density drops such that ω2

p � kBω/2, the electric vector
stops corotating with the plasma magnetic field and asymptoti-
cally approaches vacuum-like propagation. The transition from adi-
abatic walking to polarization freeze-out happens when ω2

p ∼ ckBω

(where we have restored the c). Writing kB = 2π/RB and using
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ω � ck = c/λ̄, the freeze-out occurs when

ω2
p

ω2
� λ̄

RB
, (A18)

which agrees with equation (12).
To derive the condition (18) in the main text, we start with equa-

tion (A2) and consider the parallel component of the current:

j‖ = iω2
p

4πω
E‖. (A19)

The X-mode is dominated by the perpendicular field, so E⊥ ≈ Ew,
the total electric field. Equations (A12) and (A14) show that, for
both Cases (1) and (2) with adiabatic walking, the ratio of E� to
E⊥ is small and equal to 2ckBω/ω2

p (again restoring c). Thus, the
parallel current can be written as

|j‖| ≈ ckB

2π
Ew. (A20)

As argued in the main text, the maximum current that the plasma
can support is qnc. Therefore, polarization freeze-out will occur
once we have

ckB

2π
Ew � qnc, (A21)

which can be rewritten as the condition

ω2
p

ω2
� a0λ̄

RB
, a0 ≡ qEw

mcω
. (A22)

This agrees with equation (18).

APPENDIX B: NUMERICAL SOLUTION TO
T H E L I N E A R WAV E EQUAT I O N

In this Appendix, we numerically integrate the linear wave equation
in 1D along the z-axis, for variable plasma density and magnetic
field at arbitrary inclination with respect to the z-axis.

We combine the current in equation (5) and the general wave
equation (6), and obtain

c2

ω2

d2

dz2
(Exx̂ + Eyŷ) + 
Ew = ω2

p

ω2
( 
Ew · B̂)B̂ − iω2

p

MωBω

Ew × B̂,

(B1)

where we have ignored the high order small current term O(ω2
p/ω

2
B)

(see equation 7). In the following, we take a different approach from
Appendix A and write the wave amplitude in Cartesian basis as
[Ex(z1)x̂ + Ey(z1)ŷ + Ez(z1)ẑ]exp(iz1), where z1 ≡ kz and k ≡ ω/c
is a constant. Then we obtain a set of coupled ordinary differential
equations(

d2

dz2
1

+ 2i
d

dz1

)[
Ex

Ey

]
=

↔
A

ω2/ω2
p − b2

z

·
[

Ex

Ey

]
, (B2)

where

↔
A =

[
bxbx bxby + χ

bxby − χ byby

]
, χ= iω

MωB

(
ω2

p

ω2
− 1

)
bz, (B3)

Ez =
(Exbx + Eyby)bz − iω

MωB
(Exby − Eybx)

ω2/ω2
p − b2

z

, (B4)

and bx, by, bz are the Cartesian components of the unit vector B̂

(along the direction of the static magnetic field).
We consider the orientation of the magnetic field rotating as

a function of z at arbitrary pitch angle θ with respect to the
z-axis

B̂ = sin θ cos kBz x̂ + sin θ sin kBz ŷ + cos θ ẑ, (B5)

where kB ≡ R−1
B � k (in the WKB regime). If the plasma properties

(θ , kB, ω2
p/ω, ω/MωB) are known at every point z > 0, we can

integrate the wave equation (B2) from the left-hand boundary z = 0.
We use θ = 60◦ and kB/k = 10−4 for the two cases presented in

this paper. The (X-mode) boundary conditions are: 
Ew(z = 0) = ŷ

(normalized so that |Ew(z = 0)| = 1), d 
Ew/dz1(z = 0) = 0. We are
interested in the situation where ω � ωB and M ≥ 1, so the terms
of order ω/MωB are very small. In all cases presented in this paper,
we have tested different choices of ω/MωB = 10−3 (corresponding
to B � 106 G), 10−6 and 10−9, and our results are practically the
same.

In the realistic neutron star magnetosphere, the ratio kB/k is
much smaller than 10−4 near the freeze-out radius, and our cal-
culations (limited by computational cost) can be appropriately
scaled to arbitrarily small kB/k. In Fig. B1, we show the case

Figure B1. Numerical solution to the wave equation (B2) with constant ω2
pk/ω2kB = 1000, θ = 60◦ and boundary conditions: 
Ew(z = 0) = ŷ (normalized so

that |Ew| = 1) and d 
Ew/dz1(z = 0) = 0. Left-hand panel: The wave electric vector (red arrows) rotates with the turning of static magnetic field (blue arrows,
only the projection in the x–y plane is shown) in a way such that 
Ew stays parallel to ẑ × 
B. Right-hand panel: The angle between the wave electric vector and
ẑ × B̂ is very small (blue, which agrees with the analytical estimation in equation 11), and the angle between the wave electric vector and the static magnetic
field is very close to π /2 (red). Both angles oscillate rapidly on length scale of (ω2/ω2

p)k−1 = 10−3k−1
B .
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with constant ω2
pk/ω2kB = 1000, which corresponds to the prop-

agation below the freeze-out radius given by equation (13) in the
linear regime. In Fig. 2, we show the case with decreasing ra-
tio ω2

pk/ω2kB = 1000(kBz + 1)−5 along the propagation. For this
case, we can see that the transition from adiabatic walking (rotating

electric vector) to vacuum-like propagation (non-rotating electric
vector) occurs at kBz � 2 and is quite sharp.

This paper has been typeset from a TEX/LATEX file prepared by the author.
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