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ABSTRACT
We address the degree to which machine learning (ML) can be used to accurately and transferably predict post-Hartree-Fock correlation
energies. Refined strategies for feature design and selection are presented, and the molecular-orbital-based machine learning (MOB-ML)
method is applied to several test systems. Strikingly, for the second-order Møller-Plessett perturbation theory, coupled cluster with singles
and doubles (CCSD), and CCSD with perturbative triples levels of theory, it is shown that the thermally accessible (350 K) potential energy
surface for a single water molecule can be described to within 1 mhartree using a model that is trained from only a single reference calculation
at a randomized geometry. To explore the breadth of chemical diversity that can be described, MOB-ML is also applied to a new dataset
of thermalized (350 K) geometries of 7211 organic models with up to seven heavy atoms. In comparison with the previously reported ∆-ML
method, MOB-ML is shown to reach chemical accuracy with threefold fewer training geometries. Finally, a transferability test in which models
trained for seven-heavy-atom systems are used to predict energies for thirteen-heavy-atom systems reveals that MOB-ML reaches chemical
accuracy with 36-fold fewer training calculations than ∆-ML (140 vs 5000 training calculations).

Published under license by AIP Publishing. https://doi.org/10.1063/1.5088393

I. INTRODUCTION

Machine learning (ML) has recently seen wide application
in chemistry, including the fields of drug discovery,1–3 materials
design,4–7 and reaction prediction.8–12 In the context of quantum
chemistry, much work has focused on predicting electronic ener-
gies or densities based on atom- or geometry-specific features,13–33

although other strategies have also been employed.34 Recently,
we reported an accurate and transferable molecular-orbital-based
machine learning (MOB-ML) approach to the prediction of cor-
related wavefunction energies based on input features from a self-
consistent field calculation such as the Hartree-Fock (HF) method.35

In this communication, we present refinements to the MOB-
ML method with comparisons to test cases from our previous
work. We then demonstrate the performance of MOB-ML across a
broad swath of chemical space, as represented by the QM7b36 and
GDB-1337 test sets of organic molecules.

II. THEORY
The current work aims to predict post-Hartree-Fock correlated

wavefunction energies using features of the Hartree-Fock molecular
orbitals (MOs). The starting point for the MOB-ML method35 is that
the correlation energy can be decomposed into pairwise occupied
MO contributions38,39

Ec =
occ
∑
ij
εij, (1)

where the pair correlation energy εij can be written as a functional of
the full set of MOs, {φp}, appropriately indexed by i and j

εij = ε[{φp}
ij
]. (2)

The functional ε is universal across all chemical systems;
for a given level of correlated wavefunction theory, there is a
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corresponding ε that maps the HF MOs to the pair correlation
energy, regardless of the molecular composition or geometry. Fur-
thermore, ε simultaneously describes the pair correlation energy
for all pairs of occupied MOs (i.e., the functional form of ε does
not depend on i and j). For example, in second-order Møller-
Plessett perturbation theory (MP2),40 the pair correlation energies
are

εMP2
ij =

1
4

virt
∑
ab

∣⟨ij∣∣ab⟩∣2

ea + eb − ei − ej
, (3)

where a and b index virtual MOs, ep is the Hartree-Fock orbital
energy corresponding to MO φp, and ⟨ij∣∣ab⟩ are antisymmetrized
electron repulsion integrals.39 A corresponding expression for the
pair correlation energy exists for any post-Hartree-Fock method, but
it is typically costly to evaluate in closed form.

In MOB-ML, a machine learning model is constructed for the
pair energy functional

εij ≈ εML
[fij], (4)

where fij denotes a vector of features associated with MOs i and j.
Equation (4) thus presents the opportunity for the machine learn-
ing of a universal density matrix functional for correlated wave-
function energies, which can be evaluated at the cost of the MO
calculation.

Following our previous work,35 the features fij correspond to
unique elements of the Fock (F), Coulomb (J), and exchange (K)
matrices between φi, φj, and the set of virtual orbitals. In the cur-
rent work, we additionally include features associated with matrix
elements between pairs of occupied orbitals for which one member
of the pair differs from φi or φj (i.e., non-i,j occupied MO pairs). The
feature vector takes the form

fij =(Fii,Fij,Fjj,Fo
i ,Fo

j ,Fvv
ij , Jii, Jij, Jjj, Jo

i , Jo
j , Jv

i , Jv
j , Jvv

ij ,

Kij,Ko
i ,Ko

j ,Kv
i ,Kv

j ,Kvv
ij ), (5)

where for a given matrix (F, J, or K), the superscript o denotes
a row of its occupied–occupied block, the superscript v denotes a
row of its occupied–virtual block, and the superscript vv denotes
its virtual–virtual block. Redundant elements are removed such that
the virtual–virtual block is represented by its upper triangle, and the
diagonal elements of K (which are identical to those of J) are omit-
ted. To increase transferability and accuracy, we choose φi and φj to
be localized molecular orbitals (LMOs) rather than canonical MOs
and employ valence virtual LMOs41 in place of the set of all virtual
MOs (as detailed in Ref. 35). We separate Eq. (4) to independently
machine learn the cases of i = j and i ≠ j

εij ≈
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

εML
d [fi] if i = j

εML
o [fij] if i ≠ j,

(6)

where fi denotes fii [Eq. (5)] with redundant elements removed;
by separating the pair energies in this way, we avoid the situa-
tion where a single ML model is required to distinguish between
the cases of i = j and φi being nearly degenerate to φj, a distinc-
tion which can represent a sharp variation in the function to be
learned.

In the current work, several technical refinements are intro-
duced to improve training efficiency (i.e., the accuracy and

transferability of the model as a function of the number of training
examples). These are now described.

A. Occupied LMO symmetrization
The feature vector is preprocessed to specify a canonical order-

ing of the occupied and valence virtual LMO pairs. This reduces
permutation of elements in the feature vector, resulting in greater
ML training efficiency. Matrix elements Mij (M = F, J, K) associated
with φi and φj are rotated into gerade and ungerade combinations

Mii ←
1
2
Mii +

1
2
Mjj + Mij,

Mjj ←
1
2
Mii +

1
2
Mjj −Mij,

Mij ←
1
2
Mii −

1
2
Mjj,

Mip ←
1

√
2
Mip +

1
√

2
Mjp,

Mjp ←
1

√
2
Mip −

1
√

2
Mjp,

(7)

with the sign convention that Fij is negative. Here, p indexes any
LMO other than i or j (i.e., an occupied LMO k, such that i ≠ k ≠ j,
or a valence virtual LMO).

B. LMO sorting
The valence virtual LMO pairs are sorted by increasing distance

from the occupied orbitals φi and φj. Sorting in this way ensures that
features corresponding to valence virtual LMOs are listed in decreas-
ing order of heuristic importance and that the mapping between
valence virtual LMOs and their associated features is roughly pre-
served. We recognize this issue could also potentially be addressed
through the use of symmetry functions,42 but these are not employed
in the current work.

For purposes of sorting, distance is defined as

Rij
a = ∥⟨φi∣R̂∣φi⟩ − ⟨φa∣R̂∣φa⟩∥ + ∥⟨φj∣R̂∣φj⟩ − ⟨φa∣R̂∣φa⟩∥, (8)

where φa is a valence virtual LMO, R̂ is the Cartesian position opera-
tor, and ∥⋅∥ denotes the 2-norm. ∥⟨φi∣R̂∣φi⟩ − ⟨φa∣R̂∣φa⟩∥ represents
the Euclidean distance between the centroids of orbital i and orbital
a. Previously,35 distances were defined based on Coulomb repulsion,
which was found to sometimes lead to inconsistent sorting in sys-
tems with strongly polarized bonds. The non-i, j occupied LMO
pairs are sorted in the same manner as the valence virtual LMO
pairs.

C. Orbital localization
We employ Boys localization43 to obtain the occupied LMOs,

rather than intrinsic bond orbital (IBO) localization41 which was
employed in our previous work.35 Particularly, for molecules that
include triple bonds or multiple lone pairs, it is found that Boys
localization provides more consistent localization as a function
of small geometry changes than IBO localization, and the chem-
ically unintuitive mixing of σ and π bonds in Boys localization
(“banana bonds”)44 does not present a problem for the MOB-ML
method.
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D. Feature selection
Prior to training, automatic feature selection is performed using

random forest regression45 with the mean decrease of accuracy cri-
terion (sometimes called permutation importance).46 This technique
was found to be more effective than our previous use35 of the Gini
importance score45 which led to worse accuracy and failed to select
any features for the case of methane.

The reason for using feature selection in this way is twofold.
First, Gaussian process regression (GPR) performance is known
to degrade for high-dimensional datasets (in practice, 50–100 fea-
tures),47 and second, the use of the full feature set with small
molecules can lead to overfitting as features can become correlated.

A reference PYTHON implementation for generating MOB-
ML features is provided online.48

III. COMPUTATIONAL DETAILS
Results are presented for a single water molecule; a series of

alkane molecules; a thermalized version of the QM7b set of 7211
molecules with up to seven C, O, N, S, and Cl heavy atoms; and a
thermalized version of the GDB-13 set of molecules with thirteen C,
O, N, S, and Cl heavy atoms. All datasets employed in this work are
provided in the supplementary material.

Training and test geometries are sampled at 50 fs intervals from
ab initio molecular dynamics trajectories performed with the Q-
CHEM 5.0 software package,49 using the B3LYP50–53/6-31g∗54 level
of theory and a Langevin thermostat55 at 350 K.

The features and training pair energies associated with these
geometries are computed using the MOLPRO 2018.0 software pack-
age56 in a cc-pVTZ basis set unless otherwise noted.57 Valence vir-
tual orbitals used in feature construction are determined with the
IBO method.41 Reference pair correlation energies are computed
with second-order Møller-Plessett perturbation theory (MP2)40,58

and coupled cluster with singles and doubles (CCSD)59,60 as well
as with perturbative triples [CCSD(T)].61,62 Density fitting for both
Coulomb and exchange integrals63 is employed for all results below
except those corresponding to the water molecule. The frozen core
approximation is used in all cases.

Gaussian process regression (GPR)64 is employed to machine
learn εML

d and εML
o [Eq. (6)] using the GPY 1.9.6 software pack-

age.65 The GPR kernel is Matérn 5/2 with white noise regulariza-
tion.64 Kernel hyperparameters are optimized with respect to the
log marginal likelihood objective for the water and alkane series
results, as well as for εML

d of the QM7b results. We use the Matérn
3/2 kernel instead of the Matérn 5/2 kernel for the case of εML

o for
QM7b results as it was empirically found to yield slightly better
accuracy.66

Feature selection is performed using the random forest regres-
sion implementation in the SCIKIT-LEARN v0.20.0 package.67

IV. RESULTS
The ML model of Eq. (6) is a universal functional for any molec-

ular Hamiltonian. In principle, with an adequate feature list and
unlimited training data (and time), it should accurately and simul-
taneously describe all molecular systems. In practice, we must train
the ML model using a truncated feature list and finite data. These
choices determine the accuracy of the model.

Below, we examine the performance of the MOB-ML method
in three increasingly broad regions of chemical space: (i) training
on randomized water molecule geometries and predicting the ener-
gies of other water molecule geometries, (ii) training on geometries
of short alkanes and predicting the energies of longer alkanes, and
(iii) training on a small set of organic molecules and predicting the
energies of a broader set of organic molecules. The first two test
cases were introduced in our previous work,35 and we explore how
the refined methodology reported herein leads to improvements in
accuracy and transferability. The last case represents a demanding
new test of transferability across chemical space. In all cases, we
report the ML prediction accuracy as a function of the number of
training examples.

As a first example, we consider the performance of MOB-ML
for a single water molecule. A separate model is trained to predict
the correlation energy at the MP2, CCSD, and CCSD(T) levels of
theory, using reference calculations on a subset of 1000 randomized
water geometries to predict the correlation energy for the remain-
der. Feature selection with an importance threshold of 1.00 × 10−3

results in 12, 11, and 10 features for εML
o for MP2, CCSD, and

CCSD(T), respectively; ten features are selected for εML
d for all three

post-Hartree-Fock methods.
Figure 1 presents the test set prediction accuracy of each MOB-

ML model as a function of the number of training geometries (i.e.,
the “learning curve”). MOB-ML predictions are shown for MP2,
CCSD, and CCSD(T), and the model shows the same level of accu-
racy for all three methods. Remarkably, all three models achieve a
prediction mean absolute error (MAE) of 1 mhartree when trained
on only a single water geometry, indicating that only a single ref-
erence calculation is needed to provide chemical accuracy for the
remaining 999 geometries at each level of theory. Since it contains
10 distinct LMO pairs, this single geometry provides enough infor-
mation to yield a chemically accurate MOB-ML model for the global
thermally accessible potential energy surface.

For all three methods (Fig. 1), the learning curve exhibits the
expected68 power-law behavior as a function of training data, and
the total error reaches microhartree accuracy with tens of water
training geometries. As compared to our previous results, where

FIG. 1. Learning curves for MOB-ML models trained on the water molecule and
used to predict the correlation energy of different water molecule geometries at
three levels of post-Hartree-Fock theory. Prediction errors are summarized in terms
of mean absolute error (MAE).
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training on 200 geometries resulted in a prediction MAE of
0.027 mhartree for the case of CCSD,35 the current implementation
of the MOB-ML model is substantially improved; the improvement
for this case stems primarily from the use of Boys localization,43

which specifies unique and consistent LMOs corresponding to the
oxygen lone pairs.

Next, we explore the transferability of MOB-ML predictions for
a model that is trained on thermalized geometries of short alkanes
and then used for predictions on thermalized geometries of larger
and more branched alkanes (n-butane and isobutane). For these pre-
dictions, the absolute zero of energy is shifted for each molecule to
compare relative energies on its potential energy surface (i.e., paral-
lelity errors are removed). These shifts are reported in the caption of
Fig. 2; for no other results reported in the paper are parallelity errors
removed.

In our previous work,35 this test was performed using training
data that combined 100 geometries of methane, 300 of ethane, and
50 of propane; the resulting predictions are reproduced in Fig. 2(a).
This earlier implementation of MOB-ML led to predictions for

FIG. 2. MOB-ML predictions of the correlation energy for 100 n-butane and isobu-
tane geometries, using MOB-ML features described in the (b) current work, com-
pared to (a) the MOB-ML features of Ref. 35. Training sets are indicated in each
panel of the figure. MOB-ML prediction errors are plotted vs the (a) true CCSD
correlation energy and (b) true CCSD(T) correlation energy. To remove parallelity
errors, a global shift is applied to the predictions of n-butane and isobutane by
(a) 3.3 and 0.73 mhartree and (b) 0.90 and 0.17 mhartree respectively. Summary
statistics that include this shift (indicated by an asterisk) are presented, consist-
ing of mean absolute error (MAE∗), maximum absolute error (Max∗), MAE∗ as a
percentage of Ec (Rel. MAE∗), and Pearson correlation coefficient (r).69 The gray
shaded region corresponds to errors of ±2 mhartree.

n-butane and isobutane with substantial errors (0.59 mhartree for
n-butane and 0.93 mhartree for isobutane) and a noticeable skew
with respect to the true correlation energy.

The predictions of MOB-ML in the current work [Fig. 2(b)]
are markedly improved. First, the overall prediction accuracy is
improved for all four summary statistics (inset in Fig. 2) despite sub-
stantial reduction in the number of training examples used. (The
current work uses only 50 geometries of ethane, 20 geometries of
propane, and no methane data.) Second, n-butane and isobutane
are predicted with nearly identical accuracy. Finally, the predic-
tion errors are no longer skewed as a function of true correlation
energy. The primary methodological sources of these improvements
are found to be symmetrization of occupied orbitals [Eq. (7)] and
the improved feature selection methodology. The MOB-ML features
in the current work are selected with an importance threshold of 1
× 10−4, resulting in 27 features for εML

d and 12 features for εML
o ; the

results presented in Fig. 2(b) for CCSD(T) are qualitatively identical
to those obtained for CCSD (not shown).

We now examine the transferability of the MOB-ML method
across a broad swath of chemical space. Specifically, we consider
the QM7b dataset,36 which is comprised of 7211 plausible organic
molecules with 7 or fewer heavy atoms. The chemical elements in
QM7b are limited to those likely to be found in drug-like com-
pounds: C, H, O, N, S, and Cl. We refer to the dataset used herein
as QM7b-T to reflect the fact that it contains geometries sampled at
a temperature of 350 K (as described in Sec. II), as opposed to den-
sity functional theory optimized geometries. The MOB-ML model
is trained on a randomly chosen subset of QM7b-T molecules and
used to predict the correlation energy of the remainder. Active learn-
ing was also tested as a training data selection strategy, but was not
found to improve the predictions in the regime of chemical accuracy,
and in fact led to slightly worse transferability.

For comparison, a ∆-ML model21 was trained on the
same molecules using kernel-ridge regression using the Faber-
Christensen-Huang-Lilienfeld (FHCL) representation70 with a
Gaussian kernel function (FCHL/∆-ML), as implemented in the
QML package.71 All hyperparameters of the model were set to those
obtained in Ref. 70, which have previously been demonstrated to
work well for datasets containing structures similar to those in
QM7b-T.71

A possible source of concern for MOB-ML is that the num-
ber of selected features would grow with the chemical complexity
of the training data. For example, 27 features for εML

d and 12 fea-
tures for εML

o were selected in the alkane test case using the ethane
+ propane training data [Fig. 2(b)], whereas only 10 features for
εML

d and 10 features for εML
o were selected for the water test case

at the CCSD(T) level of theory (Fig. 1). To examine this, we per-
form feature selection on increasing numbers of randomly selected
molecules from the QM7b-T dataset. Table I presents two statistics
on the feature importance as a function of the number of training
molecules: (i) the number of “important features” (i.e., those whose
permutation importance46 exceeds a set threshold of 2 × 10−4 and
5 × 10−5 for εML

d and εML
o , respectively) and (ii) the inverse par-

ticipation ratio72 of the feature importance scores. The latter is a
threshold-less measure of the number of important features; it takes
a value of 1 when only 1 feature has nonzero importance and N
when all N features have equal importance. Although the QM7b-
T dataset contains many different chemical elements and bonding
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TABLE I. Number of features selected as a function of the number of randomly
chosen training molecules for the QM7b-T dataset at the CCSD(T)/cc-pVDZ level.
The number of features that exceeds an importance threshold as well as the inverse
participation ratio (IPR) of the feature importance scores is reported (see text).

No. of important features Feature weight IPR

Training size εML
d εML

o εML
d εML

o

20 50 28 4.720 1.116
50 46 28 3.718 1.097
100 46 26 3.450 1.115
200 42 24 3.430 1.120

motifs, Table I reveals that the selected features remain compact and
do not grow with the number of training molecules. Indeed, for a
large number of training molecules, the number of selected features
slightly decreases, reaching 42 and 24 selected features for εML

d and
εML

o , respectively.
The learning curves for MOB-ML models trained at the

MP2/cc-pVTZ and CCSD(T)/cc-pVDZ levels of theory are shown
in Fig. 3(a), as well as the FCHL/∆-ML learning curve for MP2/cc-
pVTZ. At the MP2 level of theory, the MOB-ML model achieves
an accuracy of 2 mhartree with 110 training calculations (repre-
senting 1.5% of the molecules in the QM7b-T dataset), whereas
FCHL/∆-ML requires over 300 training geometries to reach the
same accuracy threshold. Fig. 3(a) also illustrates the relative insen-
sitivity of MOB-ML to the level of electronic structure theory, with
the learning curve for CCSD(T)/cc-pVDZ reaching 2 mhartree accu-
racy with 140 training calculations. An analysis of the sensitivity of
the MOB-ML predictions to the number of selected features is pre-
sented in the supplementary material, Fig. S1, which indicates that
the reported results are robust with respect to the number of selected
features.

As a final test of transferability of the MOB-ML and FCHL/∆-
ML methods across chemical space, Figs. 3(b) and 3(c) show results
in which the ML methods are trained on QM7b-T molecules and
then used to predict results for a dataset of 13-heavy-atom organic
molecules at thermalized geometries, GDB-13-T, which includes six
thermally sampled geometries each of 1000 13-heavy-atom organic
molecules chosen randomly from the GDB-13 dataset.37 Like QM7b,
the members of GDB-13 contain C, H, N, O, S, and Cl. The size
of these molecules precludes the use of coupled cluster theory
to generate reference data; we therefore make comparison at the
MP2/cc-pVTZ level of theory, noting that MOB-ML has consis-
tently been shown to be insensitive to the employed post-Hartree-
Fock method [as shown in Fig. 3(a)]. Transfer learning results
as a function of the number of training molecules are presented
in Fig. 3(b) (on a linear-linear scale) and Fig. 3(c) (on a log-log
scale).

Using the MOB-ML model that is trained on 110 seven-
heavy-atom molecules (corresponding to a prediction MAE of 1.89
mhartree for QM7b-T), we observe a prediction MAE of 3.88
mhartree for GDB-13-T. Expressed in terms of size-intensive quan-
tities, the prediction MAE per heavy atom is 0.277 mhartree and
0.298 mhartree for QM7b-T and GDB-13-T, respectively, indicat-
ing that the accuracy of the MOB-ML results is only slightly worse

FIG. 3. Learning curves for MOB-ML trained on QM7b-T and applied to QM7b-T
and GDB-13-T (see text for the definition of these datasets). FCHL/∆-ML70 results
are provided for comparison. (a) Predictions are made for QM7b-T at the MP2/cc-
pVTZ (red) and CCSD(T)/cc-pVDZ (orange) levels of theory. (b) Using the same
models trained on QM7b-T, predictions are made for GDB-13-T and reported in
terms of MAE per heavy atom. (MOB-ML predictions for QM7b-T are included
for reference.) (c) As in the previous panel but plotted on a logarithmic scale and
extended to show the full range of FCHL/∆-ML predictions. Error bars for FCHL/∆-
ML represent prediction standard errors of the mean as measured over 10 models.
The gray shaded area corresponds to errors of 2 mhartree per 7 heavy atoms.

when the model is transferred to the dataset of larger molecules. On
a per-heavy-atom basis, MOB-ML reaches chemical accuracy with
the same number of QM7b-T training calculations (approximately
100), regardless of whether it is tested on QM7b-T or GDB-13-T.

In contrast with MOB-ML, the FCHL/∆-ML method is found
to be significantly less transferable from QM7b-T to GDB-13-T. For
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models trained using 100 seven-heavy-atom molecules, the MAE
per heavy atom of FCHL/∆-ML is over twice that of MOB-ML
[Fig. 3(b)]. Moreover, whereas MOB-ML reaches the per-heavy-
atom chemical accuracy threshold with 140 training calculations, the
FCHL/∆-ML method only reaches that threshold with 5000 training
calculations.

V. CONCLUSIONS
Molecular-orbital-based machine learning (MOB-ML) has

been shown to be a simple and strikingly accurate strategy for pre-
dicting correlated wavefunction energies at the cost of a Hartree-
Fock calculation benefiting from the intrinsic transferability of the
localized molecular orbital representation. The starting point for the
MOB-ML method is a rigorous mapping from the Hartree-Fock
molecular orbitals to the total correlation energy, which ensures
that the use of sufficient training data and molecular orbital fea-
tures will produce a model that matches the corresponding corre-
lated wavefunction method across the entirety of chemical space.
The current work explores this possibility within the subspace of
organic molecules. It is shown that MOB-ML predicts energies of
the QM7b-T dataset to within a 2 mhartree accuracy using only 110
training calculations at the MP2/cc-pVTZ level of theory and using
140 training calculations at the CCSD(T)/cc-pVDZ level of theory.
Direct comparison with FCHL/∆-ML reveals that MOB-ML is three-
fold more efficient in reaching chemical accuracy for describing
QM7b-T. Furthermore, a transferability test of a MOB-ML model
trained on QM7b-T to GDB-13-T reveals that MOB-ML exhibits
negligible degradation in accuracy; as a result, chemical accuracy
is achieved with 36-times fewer training calculations using MOB-
ML vs FCHL/∆-ML. These results suggest that MOB-ML provides
a promising approach toward the development of density matrix
functionals that are applicable across broad swathes of chemical
space.

SUPPLEMENTARY MATERIAL

The datasets used in this work are available for download;73

they include MOB-ML features, HF energies, pair correlation
energies, and geometries. MOB-ML and FCHL/∆-ML predic-
tions corresponding to Fig. 3 and an analysis of the sensitivity
of the results in Fig. 3 to the number of selected features are
available in the supplementary material. A reference PYTHON
implementation for generating MOB-ML features is available at
https://github.com/thomasfmiller/MOB-ML.
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59J. Čížek, “On the correlation problem in atomic and molecular systems. Calcu-
lation of wavefunction components in Ursell-type expansion using quantum-field
theoretical methods,” J. Chem. Phys. 45, 4256 (1966).

J. Chem. Phys. 150, 131103 (2019); doi: 10.1063/1.5088393 150, 131103-7

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.4966192
https://doi.org/10.1007/s10822-016-9938-8
https://doi.org/10.1021/acs.accounts.6b00285
https://doi.org/10.1021/acs.accounts.6b00285
https://doi.org/10.1038/ncomms13890
https://doi.org/10.1038/s41467-017-00839-3
https://doi.org/10.1039/c7sc02664a
https://doi.org/10.1063/1.5024577
https://doi.org/10.1039/c7sc04934j
https://doi.org/10.1063/1.5016317
https://doi.org/10.1021/acs.jctc.8b00873
https://doi.org/10.1021/acs.jctc.8b00873
https://doi.org/10.1021/acscentsci.8b00551
https://doi.org/10.1021/acscentsci.8b00551
https://doi.org/10.1103/physrevlett.120.143001
https://doi.org/10.1063/1.4986081
https://doi.org/10.1021/acs.jctc.8b00636
https://doi.org/10.1088/1367-2630/15/9/095003
https://doi.org/10.1021/ja902302h
https://doi.org/10.1103/physrev.109.1632
https://doi.org/10.1103/physrev.46.618
https://doi.org/10.1021/ct400687b
https://doi.org/10.1103/physrevlett.98.146401
https://doi.org/10.1103/revmodphys.32.296
https://doi.org/10.1063/1.1840963
https://doi.org/10.1023/a:1010933404324
https://doi.org/10.1214/ss/1009213726
https://doi.org/10.1016/j.jcp.2016.05.039
https://github.com/thomasfmiller/MOB-ML
https://doi.org/10.1080/00268976.2014.952696
https://doi.org/10.1139/p80-159
https://doi.org/10.1139/p80-159
https://doi.org/10.1103/physrevb.37.785
https://doi.org/10.1063/1.464913
https://doi.org/10.1021/j100096a001
https://doi.org/10.1007/bf00533485
https://doi.org/10.1103/physreve.75.056707
http://www.molpro.net
https://doi.org/10.1063/1.456153
https://doi.org/10.1146/annurev.physchem.44.1.213
https://doi.org/10.1146/annurev.physchem.44.1.213
https://doi.org/10.1063/1.1727484


The Journal
of Chemical Physics COMMUNICATION scitation.org/journal/jcp

60C. Hampel and H. J. Werner, “Local treatment of electron correlation in coupled
cluster theory,” J. Chem. Phys. 104, 6286–6297 (1996).
61R. J. Bartlett, J. D. Watts, S. A. Kucharski, and J. Noga, “Non-iterative fifth-order
triple and quadruple excitation energy corrections in correlated methods,” Chem.
Phys. Lett. 165, 513–522 (1990).
62M. Schütz, “Low-order scaling local electron correlation methods. III. Linear
scaling local perturbative triples correction (T),” J. Chem. Phys. 113, 9986–10001
(2000).
63R. Polly, H.-J. Werner, F. R. Manby, and P. J. Knowles, “Fast Hartree-Fock
theory using local density fitting approximations,” Mol. Phys. 102, 2311–2321
(2004).
64C. E. Rasmussen and C. K. I. Williams, Gaussian Processes for Machine Learning
(MIT Press, Cambridge, MA, 2006).
65GPy, GPy: A gaussian process framework in python, http://github.com/
SheffieldML/GPy, since 2012.
66In principle, the smoothness of the Matérn kernel could be taken as a kernel
hyperparameter; however, this possibility was not explored in this work.
67F. Pedregosa, G. Varoquaux, A. Gramfort, V. Michel, B. Thirion, O. Grisel,
M. Blondel, P. Prettenhofer, R. Weiss, V. Dubourg, J. Vanderplas, A. Passos,
D. Cournapeau, M. Brucher, M. Perrot, and E. Duchesnay, “Scikit-learn: Machine

learning in Python,” J. Mach. Learn. Res. 12, 2825 (2011), http://www.jmlr.org/
papers/v12/pedregosa11a.html.
68C. Cortes, L. D. Jackel, S. A. Solla, V. Vapnik, and J. S. Denker, “Learning curves:
Asymptotic values and rate of convergence,” in Advances in Neural Information
Processing Systems 6, edited by J. D. Cowan, G. Tesauro and J. Alspector (Morgan-
Kaufmann, 1994), pp. 327–334.
69K. Pearson, “Mathematical contributions to the theory of evolution. III. Regres-
sion, heredity, and panmixia,” Philos. Trans. R. Soc., A 187, 253–318 (1896).
70F. A. Faber, A. S. Christensen, B. Huang, and O. A. von Lilienfeld, “Alchemical
and structural distribution based representation for universal quantum machine
learning,” J. Chem. Phys. 148, 241717 (2018).
71A. S. Christensen, F. A. Faber, B. Huang, L. A. Bratholm, A. Tkatchenko, K. R.
Muller, O. A. von Lilienfeld, “QML: A Python toolkit for quantum machine
learning,” https://github.com/qmlcode/qml (2017).
72B. Kramer and A. MacKinnon, “Localization: Theory and experiment,” Rep.
Prog. Phys. 56, 1469 (1993).
73L. Cheng, M. Welborn, A. S. Christensen, and T. F. Miller III, “Thermalized
(350 K) QM7b, GDB-13, water, and short alkane quantum chemistry dataset
including MOB-ML features,” CaltechDATA dataset, https://doi.org/10.22002/
d1.1177 (2019).

J. Chem. Phys. 150, 131103 (2019); doi: 10.1063/1.5088393 150, 131103-8

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1063/1.471289
https://doi.org/10.1016/0009-2614(90)87031-l
https://doi.org/10.1016/0009-2614(90)87031-l
https://doi.org/10.1063/1.1323265
https://doi.org/10.1080/0026897042000274801
http://github.com/SheffieldML/GPy
http://github.com/SheffieldML/GPy
http://www.jmlr.org/papers/v12/pedregosa11a.html
http://www.jmlr.org/papers/v12/pedregosa11a.html
https://doi.org/10.1098/rsta.1896.0007
https://doi.org/10.1063/1.5020710
https://github.com/qmlcode/qml
https://doi.org/10.1088/0034-4885/56/12/001
https://doi.org/10.1088/0034-4885/56/12/001
https://doi.org/10.22002/d1.1177
https://doi.org/10.22002/d1.1177

