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Abstract To address uncertainties in the values and mathematical form of the radiative thermal
conductivity krad in the mantle, we developed new models for the transport, scattering, and absorption of
thermal radiation in semitransparent multiphase polycrystalline assemblages. We show that the Rosseland
diffusion equation correctly describes the diffusion of thermal radiation and infer the form of the effective
spectral coefficients through numerical experimentation. We show that the scattering coefficient depends
on the grain size and on interphase contact statistics in complicated ways, but that simplifications can be
employed in practice. The effective opacity of a composite random material is a harmonically weighted
mixture in the limit of infinitely large grain size and an arithmetically weighted mixture in the limit of
infinitesimal grain size. Using existing absorption spectra for major upper mantle minerals, we estimate
krad as a function of temperature, grain size, and petrology. In mantle assemblages, the scattering
effect is important for small grain sizes (<1 mm), but the grain size effect on the effective opacity of a
multiphase medium is important for grain sizes up to 10 cm. We calculate that upper mantle krad is about
2–3.5 W·m−1·K−1 for a representative mean grain size range of 0.01 to 1 cm. This translates to a total
thermal conductivity of 5.5–7 W·m−1·K−1. Application of our model to the cooling of oceanic lithosphere
shows that krad increases net cooling by about 25%.

1. Introduction
The thermal conductivity k of solid-Earth materials is a fundamental control on the dynamics of plane-
tary interiors across all length and time scales. It is generally recognized that the total thermal conductivity
ksum in electronic insulators (e.g., silicate minerals) is the sum of two transport mechanisms: lattice (or
phonon) transport and radiative (or photon) transport. A major feature of thermal conductivity is its tem-
perature dependence, which is different for each mechanism. The lattice thermal conductivity klat typically
decreases with temperature, whereas the radiative thermal conductivity krad increases with temperature
(e.g., Hofmeister, 1999). Although knowledge is incomplete for both, klat is perhaps better understood
because lattice transport is fundamentally microscopic and experimental techniques have been developed to
reliably isolate lattice transport in single crystals (e.g., Hofmeister et al., 2014). In contrast, direct measure-
ment of radiative thermal conductivity is complicated because the diffusive transport of thermal radiation
is a macroscopic phenomenon in semitransparent materials like silicates. The radiative thermal conduc-
tivity is thus routinely calculated, not measured, from the spectral properties of minerals (e.g., Schatz &
Simmons, 1972) and equations describing diffusive radiation, such as the Rosseland equation (Howell et al.,
2011; Rosseland, 1936).

Most previous work on krad in the Earth has been focused on values in the lower mantle and core-mantle
boundary (e.g., Goncharov et al., 2008, 2009, 2015; Keppler et al., 2008; Lobanov et al., 2016). This focus
mainly stems from the recognition that lower mantle values control a number of important but poorly under-
stood phenomena such as heat loss of the core (Lay et al., 2008), the generation of the Earth's magnetic field
(Stevenson, 2003), and plume formation in the Earth's deep interior (Dubuffet et al., 2002; Matyska & Yuen,
2007; van den Berg et al., 2005). However, experiments have shown that lower mantle minerals are opaque
and thus that krad is low in these settings (e.g., Lobanov et al., 2016, 2017).
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Thermal conductivity in the upper mantle is certainly also important. The largest temperature gradients
occur in the upper mantle, and heat fluxes down these temperature gradients control the cooling of oceanic
lithosphere (e.g., Denlinger, 1992; Grose & Afonso, 2013, 2015; Hasterok, 2013; Parsons & Sclater, 1977;
Sclater & Francheteau, 1970), the thermal structure of continental lithosphere (Hasterok & Chapman, 2007,
2011), the reheating of subducting slabs (Maierova et al., 2012; Syracuse et al., 2010), and small-scale convec-
tion in the asthenosphere (e.g., Sleep, 2011; Zlotnik et al., 2008). Although spectra of upper mantle minerals
at temperature are limited, olivine has been shown to be relatively transparent, suggesting that krad in the
upper mantle is a significant contributor to the total thermal conductivity (Aronson et al., 1970; Clark, 1957;
Fukao et al., 1968; Hofmeister, 2005; Schatz & Simmons, 1972; Shankland et al., 1979).

A problem with previous studies is that the use of olivine as a representation of upper mantle material
is a nontrivial simplification. The presence and distribution of secondary phases in the mantle assem-
blage certainly control effective material properties, but it is not clear how. The effective opacity of a
composite medium has been addressed in the engineering literature (e.g., Clouet, 1997; Pomraning, 1988;
Vanderhaegen, 1988), but no comprehensive theory for polycrystalline media has been offered. Increasing
confusion still further, some aspects of the fundamental equations have recently been disputed (Hofmeister,
2014).

In this work, we attempt to clarify the nature of radiative heat transport in mantle assemblages using numer-
ical techniques which treat the fundamental behavior of thermal radiation. We first set the stage for an
analysis of mantle krad with an overview of krad fundamentals and some previous efforts to constrain mantle
krad. Next, we describe our approach of using digital microstructures representing multiphase polycrystalline
rocks and simulating radiation transport within these microstructures with new models for the diffusion
of thermal radiation. By studying radiation transport in synthetic assemblages with widely varied spectral
properties, we confirm that the Rosseland diffusion equation describes krad and develop a general effective
medium theory for the mean free path. We use our models to estimate mantle krad as a function of tem-
perature, grain size, and mineralogy. As an application of our theory we calculate krad for a petrologically
realistic upper mantle assemblage as a function of temperature, depth, and grain size. We also consider the
classical problem of cooling oceanic lithosphere using our final model.

2. krad Overview
All materials at finite temperature emit thermal radiation. In a semitransparent medium, emitted radiation is
transported a distance away from its origin. During transport, radiation is gradually absorbed by the medium
and scatters as it encounters defects and boundaries. For an isolated system in which all parts have equal
temperature, the system will be in thermodynamic and radiative equilibrium. The intensity of locally emitted
and absorbed radiation is everywhere equal, resulting in no change in temperature over time. However, if a
temperature gradient exists, the region of higher temperature will emit more energy than it receives and a
net flux of thermal radiation occurs until thermodynamic equilibrium is achieved. When the distance over
which a temperature gradient exists is large compared to the mean free path of radiation, the medium is said
to be optically thick and heat flux down the gradient is a diffusive process. The flux of heat in such a system
is described by the Rosseland diffusion equation (Howell et al., 2011; Rosseland, 1936)

qr,x = −4𝜋
3 ∫

∞

0
l𝜈
𝜕n2

𝜈
I𝜈b

𝜕x
d𝜈, (1)

where x is distance in the direction of the flux vector, I𝜈b is the black body radiance per unit frequency 𝜈 and
per unit solid angle given by the Planck function

I𝜈b(𝜈,T) = 2h𝜈3

c2

[
exp

(
h𝜈

kbT

)
− 1

]−1

, (2)

where h is the Planck constant, c is the speed of light in a vacuum, kb is the Boltzmann constant, T is
temperature, and where l𝜈 is the spectral mean free path composed as

l𝜈 =
1
e𝜈

= 1
A𝜈 + 𝜎𝜈

, (3)

where e𝜈 , A𝜈 , and 𝜎𝜈 are the spectral extinction, absorption, and scattering coefficients, respectively. As
materials with high A are opaque to radiation, A is also referred to as the opacity. From Fourier's law, the
associated radiative thermal conductivity is therefore
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krad = −qr,x

(
𝜕T
𝜕x

)−1
= 4𝜋

3 ∫
∞

0
l𝜈
𝜕n2

𝜈
I𝜈b

𝜕T
d𝜈. (4)

For a homogeneous single-phase medium with known absorption spectra and no scattering, the calculation
of radiative thermal conductivity is straightforward from equation (4) (Clark, 1957; Goncharov et al., 2015;
Keppler et al., 2008; Shankland et al., 1979). However, for a material with highly transparent spectral bands,
multiple phases, and small grain size, the process of scattering may be significant and the effective spectral
coefficients are not straightforward to define. Previously, the role of scattering in solid-Earth materials has
usually been ignored due to poor constraints, simplicity, or the assumption that it is negligible (Aronson
et al., 1970; Clark, 1957; Hofmeister, 1999; Shankland et al., 1979). Shärmeli (1979) attempted to experimen-
tally constrain the scattering coefficient in a typical olivine polycrystal based on an assumed functional form
of the temperature-dependent lattice conductivity, but no fundamental theory was offered. Clark (1957) rec-
ognized that the scattering coefficient must be proportional to 𝜀∕d where d is the grain diameter and 𝜀 is a
factor related to the grain boundary reflection coefficient, averaged over all angles of incidence, and is less
than unity. Similarly, Pitt and Tozer (1970) and Nitsan (1976) argued that this form is correct and that the
value of 𝜀 is of the order 0.02. We will later conclude with a formulation in some agreement with this view.
However, Hofmeister (2005) and Hofmeister and Yuen (2007) recently developed a krad model with partic-
ularly unique characteristics. Their formulation predicts that as the grain size or A𝜈 goes to either zero or
infinity, krad goes to 0. This agrees with equations (3)–(4) for the case where e𝜈 goes to ∞ but not for cases
where e𝜈 goes to 0 since the mean free path and heat flux should become infinite.

If the medium consists of multiple phases characterized by unique refractive indices and absorption spec-
tra, then A𝜈 must have some effective value for the mixture. The effective opacity in random media has been
a subject of some work in the engineering literature (e.g., Clouet, 1997; Pomraning, 1988; Vanderhaegen,
1988), although investigations have usually been confined to two-phase media in which second phases are
spherical. Including all effects together in multiphase polycrystalline media results in a complicated problem
for which a general effective medium theory is so far unavailable. Moreover, Hofmeister (2014) has sug-
gested that the usual inclusion of n2 in the source function n2I𝜈b (equation (4)) is fundamentally erroneous,
although we dispute this (supporting information section S1).

3. Methods
3.1. Microstructure Model
Our modeling strategy is twofold. First, we generate digital microstructures which accurately characterize
the geometry of crystals and the distribution of phases in 3-D space. For this we employ the Monte-Carlo
Potts model (c.f., Janssens et al., 2007; Tikare et al., 1998), which is a dimensionless, albeit time-dependent
statistical thermodynamics model frequently used to represent material coarsening processes. We developed
a model adapted for multiple phases and high surface resolution. For our experiments we generate 2-D and
3-D micsotructures with, on the order of, 100 grains with arbitrarily defined phase fractions. In the case of
representative mantle assemblages, we use phase fractions from equilibrium thermodynamic calculations
(Connolly, 2009; Xu et al., 2008) for the composition of fertile mantle peridotite (Herzberg, 2004). A typical
mantle microstructure is shown in Figure 1. Details are provided in supporting information section S2.

3.2. Radiation Transport Modeling
The second part of our modeling strategy is to use the method of Monte-Carlo radiation transport to describe
radiation transport in synthetic microstructures. In Monte-Carlo radiation transport, photons (or “photon
bundles”) are emitted and transmitted through a medium and interact with it by scattering off grain bound-
aries according to the Snell and Fresnel equations and gradually lose energy to the medium until all energy is
absorbed. The general feature of models which allow calculation of krad is the gradual absorption of radiation
with distance from its emission site.

To study the diffusion of thermal radiation in materials we designed two model applications of the
Monte-Carlo radiation transport method. In both of these models, a large number of photons are emitted in
all directions at all radiant frequencies from all parts of the microstructure. The first model is a formulation
which we call Ballistic Radiation Transport in which radiation emission and transport is modeled explicitly
in space according to the time-dependent temperature field and spectral heterogeneity of the medium, and
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Figure 1. Illustration showing (a) an example 3-D microstructure representing the upper mantle assemblage, and flux
functions for absorbed radiative energy in (b) 3-D, and (c) 1-D. The 3-D flux function shows a perspective view for all
emissions originating from a plane in the microstructure. Notice that the plane from which emission originates in this
illustration corresponds with the top surface of the microstructure shown in (a). Also, note that we take the log of the
flux for the purposes of visualization only. ol = olivine; opx = orthopyroxene; cpx = clinopyroxene; grt = garnet.

krad is estimated from the resulting thermal evolution. The essence of the method is the use of Monte-Carlo
transport to construct functions for the absorbed and emitted energy such that thermal evolution is described
by solving an equation of the form

Cv
𝜕T
𝜕t

= ∫
∞

0
(Qr − Er)d𝜈, (5)

where Cv is isobaric heat capacity, t is time, Qr is a function for radiative energy absorbed, and Er is a func-
tion for radiative energy emitted. Although the emission function is straightforward, the absorption function
depends on the transport of photons throughout the microstructure. Figure 1 shows a perspective view of
such a function in the case that the emitting plane is hot and the surroundings are zero temperature (none-
mitting). Because the phase distribution results in optical heterogeneity it is easy to perceive the opaque
phases as incident radiation is more strongly absorbed when traversing them. The second model approach is
a simplification of the first which we call Diffusive Radiation Transport. In this approach, Monte-Carlo tech-
niques are used to estimate the mean free path of radiation from a large sample of rays emitted throughout
the polycrystal. After the mean free path is obtained from Diffusive Radiation Transport, krad can be calcu-
lated via equation (4). Details of the Monte-Carlo radiation transport approach are provided in supporting
information section S3 and the Ballistic Radiation Transport and Diffusive Radiation Transport methods are
developed in supporting information section S4.

4. Effective Medium Theory
From sensitivity analysis of Diffusive Radiation Transport models in microstructures generated by the
Monte-Carlo Potts model, we have developed a comprehensive homogenization, or effective medium the-
ory, for the mean free path of radiation in isotropic multiphase polycrystalline assemblages. Figure 2a shows
predictions of krad from 3-D Diffusive Radiation Transport models in single-phase defect-free mediums with
A𝜈 = 2 cm−1 over all frequencies, T = 500 K, and a constant refractive index between 1 and 3. Since
the refractive index is everywhere constant in these tests, scattering does not occur, but krad increases due
to a dependence on n2 (supporting information section S1). Our radiation transport calculations and the
Rosseland diffusion equation are consistent, confirming that the Rosseland equation is at least correct for
homogeneous media. The remaining question is thus whether or not the Rosseland equation can be applied
to an inhomogeneous medium, which requires that there be an effective mean free path which can be
represented in terms of effective spectral coefficients (ne,𝜈 , Ae,𝜈 , and 𝜎e,𝜈).
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Figure 2. (a) Predictions of krad for semi-infinite (single-phase) crystals from 3-D Diffusive Radiation Transport (DRT)
versus that predicted from the Rosseland diffusion equation (equation (4)). (b) Comparison of scattering interaction
parameters predicted by our Diffusive Radiation Transport models and our effective medium theory (EMT).

4.1. Effective Spectral Coefficients
The effective refractive index of a multiphase polycrystal was found to be arithmetically weighted as

n2
e,𝜈 =

1
V ∫V

n2
𝜈
dV =

Nk∑
k
𝜙kn2

k,𝜈 , (6)

where 𝜙k is the volume fraction of phase k and Nk is the number of phases in the medium. The mixing law
describing the effective opacity Ae is substantially more complicated because of a dependence on grain size as
well as phase fractions. Figure 3 shows calculations of Ae as a function of mean grain size rm for a two-phase
assemblage with equal phase fractions, a homogeneous refractive index, and where one phase is defined by
A = 2 cm−1 and the other phase is defined by A between 10 and 100 cm−1. 3-D Diffusive Radiation Transport

Figure 3. (a) Calculations of the effective absorption coefficient Ae (opacity) of a two-phase composite medium with
equal phase fractions over a large grain-size range and where the first phase has the opacity of 2 cm−1 and the second
phase opacity is between 10 and 100 cm−1. Dots show predictions from individual Diffusive Radiation Transport (DRT)
models (see supporting information section S4) and solid lines show predictions of our effective medium theory (EMT)
from equation (14). The black line highlights the case where the second phase has the opacity of 20 cm−1. The red
diamonds show predictions of our ballistic radiation transport (BRT) models which have the same optical properties as
the model indicated by the black line. The inset figure shows a close-up of the Ballistic Radiation Transport calculation
results. (b) The same model predictions relative to the arithmetic upper limit Am and harmonic lower limit Ah.
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predictions are shown as dots and the solid lines are predictions of an analytic model inferred from the for-
mer (discussed below). Each dot represents a calculation for a unique randomly generated microstructure,
resulting in some noise. The results indicate that in the limit of infinitely large grain size the opacity mixing
law is harmonic

1
Ae,𝜈

= 1
Ah,𝜈

= 1
V ∫V

dV
A𝜈

=
Nk∑
k

𝜙k

Ak,𝜈
, (7)

whereas in the limit of infinitely small grain size the mixing law is arithmetic

Ae,𝜈 = Am,𝜈 =
1
V ∫V

A𝜈dV =
Nk∑
k
𝜙kAk,𝜈 . (8)

These bounds likely originate in the fact that rays traveling through fine grained media will sample many
crystals of different phases before extinction, resulting in an average of the phases, whereas a ray traveling
through coarse grained media will mainly sample the phase it is emitted from, so bulk transport is dominated
by transparent phases. Critically, the grain size range over which Ae varies substantially occurs over many
orders of magnitude. Moreover, the grain size range where Ae varies is well within the likely mantle grain
size range. Thus, the grain size effect on the opacity is critical for estimating mantle krad, as has been recog-
nized in the engineering literature (e.g., Clouet, 1997; Pomraning, 1988; Vanderhaegen, 1988). Although the
Diffusive Radiation Transport method provides a low level constraint on effective optical properties, a sim-
pler analytic function is desirable for practical applications. Although we did not derive a physical theory,
through inspection we found that the following approximation closely fits the Diffusive Radiation Transport
results:

Ae,𝜈 =
b

rm

[
1 − exp

(
−

rm

b

)] (
Am,𝜈 − Ah,𝜈

)
+ Ah,𝜈 , (9)

where

rm = 1
V ∫V

rV dV (10)

is the grain size where rV is the radius of the crystal occupied by the volume dV, and

b = 2
Am

= 2 − 1
2

Ah. (11)

Predictions of this mixing law are given as solid lines in Figure 3. There is some underestimation of Ae
from the law when grain size is about 0.1–1 cm and the opacity contrast is large. This remains true in our
calculations for mantle assemblages as spectral bands with high opacity contrast give different results by
Diffusive Radiation Transport and equation (9). In our view the most likely problem is that our Diffusive
Radiation Transport models become inaccurate representations of random media when the opacity contrast
is large because our microstructures do not contain enough grains. Our effective medium theory with the
above mixing law is thus preferred.

Equation (9) shows that the grain size at which there is a transition between arithmetic and harmonic mixing
regimes is determined by the product of the grain size and the mean opacity. For example, if we define a
transition grain size rt as the size at which Ae = wAm + (1 − w)Ah, rt may be found by solving

2
rtAm

[
1 − exp

(
−

rtAm

2

)]
= w. (12)

In the case where w = 0.5, the solution is simply

rt =
3.18725

Am
. (13)

Thus, increasing the mean opacity by some factor will decrease the transition size by the same factor. This
also implies that the transition size is linearly proportional to the mean free path.
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4.2. Geometric Scattering
The effective scattering coefficient is complex due to a dependence on grain size as well as phase distribution.
We studied the magnitude of the scattering parameter by constructing digital microstructures with a con-
stant absorption coefficient and assigning a random refractive index for each crystal according to its phase
and orientation. In all cases we assumed that the refractive index was isotropic. Although effective opacity
calculations may use a simplified form of Diffusive Radiation Transport calculation, based on renewal the-
ory (see supporting information section S5), we use full 3-D calculations without simplifications to account
for the geometric complexity of scattering effects. We calculated 𝜎e,𝜈 as

𝜎e,𝜈 = ee,𝜈 − Ae,𝜈 (14)

from 103 Diffusive Radiation Transport simulations each with randomly generated four-phase microstruc-
tures with random phase fractions, A𝜈 = 2 cm−1 everywhere, and a random refractive index for each crystal
generated as nc = ak + bk,c, where ak is a random number between 1 and 3 for each phase k, and bk,c is a
random number between 0 and 1 for each crystal c of phase k.

Consistent with Clark (1957), results of our 3-D Diffusive Radiation Transport models suggest that scattering
in isotropic equilibrium microstructures with isotropic spectral coefficients is described by

𝜎e,𝜈 =
𝜀e,𝜈

rm
, (15)

where 𝜀e,𝜈 is a dimensionless coefficient describing the scattering interaction. We find that a form for 𝜀e,𝜈
which closely fits the 3-D Diffusive Radiation Transport results is

𝜀e,𝜈 =
𝛿ne,𝜈

ne,𝜈
, (16)

where

ne,𝜈 =
1
V ∫V

n𝜈dV (17)

is the mean refractive index of the medium and

𝛿ne,𝜈 =
1
Ŝ ∫

∞

0
Δn𝜈,SS(Δn𝜈,S < ni)dni (18)

is the mean n mismatch (𝛥n𝜈) along all grain surface areas S in the volume, where Ŝ is the total grain bound-
ary surface area, S(𝛥n𝜈,S < ni) is surface area where 𝛿n𝜈,S < ni and ni is refractive index over which to
integrate. Equation (18) may also be rewritten in terms of grain contact statistics as

𝛿ne,𝜈 =
Nk∑
k

Nk∑
𝓁≤k

𝛿n̂k𝓁𝑓k𝓁 , (19)

where Nk is the number of phases, fk𝓁 is the surface area fraction of contacts between phase k and 𝓁 given by

𝑓k𝓁 = 1
Ŝ∫S

gk𝓁ds, (20)

where

gk𝓁 =
{

1 s ∈ 𝛿Ωk ∩ 𝛿Ω𝓁

0 s ∉ 𝛿Ωk ∩ 𝛿Ω𝓁
(21)

is the discontinuous function defining the surface area where phase k and 𝓁 are in contact, 𝛿𝛺k is the surface
of domains of phase k, and where 𝛿n̂k𝓁 is the mean refractive index mismatch between phase k and 𝓁 given
as

𝛿n̂k𝓁 =
∫ ∞

0 ∫ ∞
0 PkP𝓁|nk − n𝓁|dnkdn𝓁

∫ ∞
0 ∫ ∞

0 PkP𝓁dnkdn𝓁

, (22)

GROSE AND AFONSO 2384



Geochemistry, Geophysics, Geosystems 10.1029/2019GC008187

Figure 4. The 2-D Ballistic Radiation Transport simulations of the cooling of a warm block in a fine (left three panels) and coarse grained (right three panels)
medium. For each model the panels show the spectral heterogeneity, temperature after the first time step (0.3 s), and after 100 time steps (30 s). In the full
models the boundary conditions are everywhere periodic, but only the bottom half of the model results are shown (further explanation in text and in the
supporting information). Effective opacities for these models (and intermediate grain sizes) are shown as red diamonds in Figure3.

where nk and n𝓁 are refractive indices in phases k and 𝓁, respectively, and Pk and P𝓁 are density functions
for the refractive indices in phases k and 𝓁, respectively. Although we have developed methods for obtain-
ing contact statistics from arbitrarily complicated digital microstructures, we have not obtained expres-
sions which independently characterize the statistics for more than two phases (supporting information
section S7).

Figure 2b shows the consistency between 𝜀e,𝜈 calculated from the above effective medium theory
(equations (15)–(18)) versus that from 3-D Diffusive Radiation Transport simulations. Although agreement
is good, the effective medium calculation underpredicts 𝜀e,𝜈 for large and small values. Underprediction of
low values probably originates from a numerical error in the value of Ae,𝜈 which becomes pronounced as
the computation of 𝜎e,𝜈 from equation (14) approaches a small but erroneous residual (since Ae,𝜈 is known a
priori, while ee,𝜈 is approximated by the model) as scattering decreases, and not the correct value of zero. On
the other hand, underprediction of high effective medium values probably originates from low resolution
of our voxel mesh and surface normal vectors which become noticeable when photons interact with sur-
faces where the refractive index mismatch is large (which are required for large values of this coefficient).
As the refractive index mismatch increases, the reflectivity and transmission angles for rays incident on
high refractive index crystals increase. Correctly describing geometric scattering with such extreme values
likely requires a more accurate description of the topology of microstructures which exceeds the limits of our
numerical techniques (supporting information section S2). Alternatively, our homogenization for 𝜎e,𝜈 may
only be an approximation. In either case our approximation is reasonable for mantle physics as refractive
indices in real materials are much more restrictive than in our tests.

5. Ballistic and Grain-Scale Effects
So far our analysis has shown that the Rosseland diffusion equation is essentially correct in optically thick
conditions. krad is proportional to the integrated product of the spectral mean free path and the tempera-
ture derivative of the source function (equation (4)). However, consider that in an optically heterogeneous
medium the temperature gradient will not be exactly linear at the grain-scale. Optical heterogeneity, at least
in the case of large grain size, should result in smaller temperature gradients in transparent phases com-
pared to opaque phases, which may result in a complicated deviation from the predictions of the Rosseland

GROSE AND AFONSO 2385



Geochemistry, Geophysics, Geosystems 10.1029/2019GC008187

equation with effective mean free path. Using ballistic radiation transport models, we constructed numerical
experiments in an attempt to measure such an effect.

We calculated Ae from eleven 2-D Ballistic Radiation Transport models with grain sizes between 0.013
and 0.044 cm and show results in Figure 3 so that they may be compared to previously discussed Diffu-
sive Radiation Transport and effective medium calculations. Each Ballistic Radiation Transport model has
two phases with equal phase fractions, with A = 2 cm−1 for the first phase and A = 20 cm−1 for the sec-
ond phase. The model is an elongate 6x tessellated periodic microstructure initially at 900 K with a central
block at 1100 K. Boundary conditions are periodic. Figure 4 shows the temperature field for the two Bal-
listic Radiation Transport models with the smallest and largest grain size after 0.3 (one time step) and
30 s (100 time steps) of heat transport. The cooling of the hot region occurs by radiation transport, and
we only show cooling of one side of the model to save space, since the other side is nearly a reflection.
In these models, krad calculated from the effective cooling rate is initially variable (ballistic behavior in
the optically thin regime) but approaches a constant value after a few hundred seconds (see Figure S1),
showing that heat transport evolves from a ballistic to a diffusive process as temperature gradients relax.
When transport is diffusive, Ae is computed from krad and taken to represent an optically thick medium.
Calculated Ae closely follows the effective medium prediction, within a few percent error (see closeup in
Figure 3a). Although the calculations are consistent, we were not able to fully confirm the grain size effect
predicted by our effective medium theory (i.e., harmonic mixing at large grain sizes) because numerical
tests of our Ballistic Radiation Transport techniques showed that large grain size models (or models with
more opaque phases) become contaminated by inaccuracies that cannot be resolved unless larger computa-
tional resources are employed. In the future, we will improve our techniques so that reduced computational
requirements increase the tractability of Ballistic Radiation Transport models with large grain sizes.

In additional tests, we were able to show that krad and klat mechanisms are coupled via the temperature field
(supporting information section S6). For example, the effective thermal conductivity of a random grainy
medium can be described by a geometric mixing law (e.g., Abdulagatova et al., 2009; Fuchs et al., 2013)

ke,lat ≈
Nk∏
k

k𝜙k
k,lat, (23)

where kk,lat is the lattice thermal conductivity of phase k and 𝜙k is the volume fraction of phase k. However,
we solved the coupled conduction-radiation equation

Cv
𝜕T
𝜕t

= ∇ · klat∇T + ∫
∞

0
(Qr − Er)d𝜈, (24)

in microstructures like those in Figure 4. It is typically assumed that the total thermal conductivity is the
sum of the transport mechanisms

ke,sum = ke,lat + krad. (25)

Although this is surely the case in principle, it is not necessarily the case that the values of each transport
mechanism are independent of the other. Our tests showed that when klat of one phase is much lower than
the other, it acts as a bottleneck to transport, as expected from equation (23). However, if the low klat phase
is also transparent, heat is transmitted by radiation, perturbing the temperature field. The result is that
the bottlenecking effect is reduced and the geometric law underpredicts ke,lat. Fortunately, our tests also
showed that the coupling effect is only important for extreme conductivity and opacity contrasts and so
may only be relevant for porous media in which one phase is a gas. Equation (27) can thus be reasonably
applied to solid-Earth heat transport problems, with values of each mechanism independently constrained
(e.q., equation (4) for krad and equation (23) for ke,lat). Details for these tests are provided in supporting
information section S6.

6. Predictions of krad in the Upper Mantle
6.1. Absorption Spectra
krad prediction in the mantle assemblage requires empirical data for the spectral coefficients (n𝜈 and
A𝜈) as a function of temperature, pressure, and phase. Absorption spectra of Mg0.9Fe0.1SiO4 olivine
has been described by Hofmeister (2005) that based on her measurements and low-temperature
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Figure 5. Fitted functions to absorption spectra for the upper mantle phases olivine (ol), orthopyroxene (opx),
clinopyroxene (cpx), and garnet (grt) at 500 (top) and 2000 K (bottom). Also shown at the top of each panel is the
planck function I𝜈b and its temperature derivative (the horizontal scale is as given, but only relative values on the
vertical scale are important). See text for data sources.

spectra from Taran and Langer (2001) and high-temperature from Ullrich et al. (2002). We
also use low-temperature spectra from Taran and Langer (2001) and Taran et al. (2007) for
(Mg1.63Fe0.27Ca0.04Al0.02)[6]Si1.97Al0.03O6 clinopyroxene, (Ca0.84Na0.12Fe0.01)[8](Mg0.91Fe0.07Cr0.02)[6]Si2.03O6
orthopyroxene, and (Mg1.282Fe1.312Mn0.028Ca0.413)[8](Fe0.04Al1.97Si2.971)[6]O12 garnet. For pyroxene spectra we
approximate the average of crystallographic orientations. Temperature-dependence of absorption spectra
for these phases is estimated by linear extrapolation, for each frequency, from measurements within a range
of low-temperatures (300–600 K). This is an unsatisfying extrapolation, but if no extrapolation were made
to estimate temperature dependence, predicted krad would be significantly higher. Future measurements
at high temperature will be needed to corroborate or correct these spectra. Figure 5 shows absorption
spectra for each phase used in our calculations at 500 and 2000 K. Note that the Planck function and its
temperature derivative are also shown.

For refractive indices, and their variation, we assume equal distributions about a mean value for each phase.
In our models, the refractive index is 1.64 ± 0.045 for olivine, 1.66 ± 0.045 for orthopyroxene, 1.69 ± 0.045 for
clinopyroxene, and 1.73 ± 0.03 for garnet. Ranges represent the variation due to anisotropy and composition.
Because garnet is optically isotropic, it has a smaller range. Values for olivine are based on Laskowski and
Scotford (1980), pyroxenes are based on Deer et al. (1997), and garnet is based on Sriramadas (1957). In our
model, each individual grain in the microstructure has a single randomly defined characteristic refractive
index which is within the prescribed range for its phase.

6.2. krad in Single-Phase Polycrystals
Figure 6a illustrates predictions of krad using our effective medium theory for olivine polycrystals in the
grain size range between 0.01 and 1 cm. Our predictions for orthopyroxene, clinopyroxene, garnet poly-
crystals, and the upper mantle assemblage (UM) are also shown, although we only highlight the range of
their estimates within the same grain size range to reduce clutter (see Figure S2 for more information). Our
results are also compared to estimates for olivine from previous authors (Fukao et al., 1968; Schatz & Sim-
mons, 1972; Shankland et al., 1979). The general agreement with these previous reports can be attributed to
a common physics via the Rosseland diffusion equation (equations (1)–(4)), as well as similar olivine spec-
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Figure 6. (a) Olivine krad as a function of temperature and grain size predicted by our models compared to previous
estimates by Fukao et al. (1968), Schatz and Simmons (1972), and Shankland et al. (1979), or F68, SS72, and S79,
respectively. Also shown are predictions of single-phase models for cpx, opx, grt, and UM. For olivine we show curves
for a range of grain sizes with each grain size having its own curve. Predictions for opx, cpx, and garnet are also shown
for the same grain size range but the estimated ranges are merely highlighted to reduce clutter. (b) Our predictions of
olivine compared to the model for mantle olivine from Hofmeister (2005). cpx = clinopyroxene; opx = orthopyroxene;
grt = garnet; UM = upper mantle.

tra. Our predictions for olivine provide a reasonably close fit to previous estimates by Schatz and Simmons
(1972) and Fukao et al. (1968) for T > 800 K. Olivine is transparent to thermal radiation at low tempera-
ture, but becomes more opaque than pyroxenes around 1200 K and more opaque than garnet around 1500 K.
Orthopyroxene and clinopyroxene have similar krad over all temperatures. Garnet is the most opaque at low
temperature. Notice how the scattering effect does not affect krad unless grain size is less than about 1 mm.
In contrast, Figure 6b compares our olivine predictions to the olivine model of Hofmeister (2005). Because
absorption spectra are the same in both models, the differences reflect major deviations in theory. Overall,
Hofmeister (2005) model predicts a significantly larger dependence on grain size, overall lower krad, and
zero krad for high temperatures and large grain size. The prediction that krad goes to zero at high tempera-
ture for large grain sizes in the model of Hofmeister (2005) is due to the assumption that relatively absorbing
bands contribute nothing to krad, and that the opacity required to contribute to heat transport decreases with
grain size.

6.3. Upper Mantle krad
Figure 7 shows predictions of krad in a typical upper mantle assemblage using our effective medium theory
with phase fractions of 0.55/0.15/0.11/0.19 for olivine/orthopyroxene/clinopyroxene/garnet (similar to that
shown in Figure 1). The colored lines show the grain size range of 0.01 to 10 cm, although grain sizes between
1 𝜇m and 1 m are shown as black lines. The same predictions are also shown in Figure 7b as a function
of grain size instead of temperature. Solid lines include all grain-size effects whereas dashed lines ignore
scattering. The range 0.01 to 10 cm is highlighted as we presume it to be a reasonable bounds for most of
the upper mantle. For this grain-size range, our model indicates that krad is always important, but that the
range of variation at constant temperature is about a factor of two. Even in shear zones, which are thought
to have grain sizes on the order of 50 𝜇m or less (Precigout et al., 2017), krad remains more than negligible
(Figure 7a). Notice that the significant dependence of krad on grain size continues over a more than five
orders of magnitude range of grain size. The variation is also much larger overall than seen in single-phase
polycrystals (Figure 6). The main reason for the large grain-size dependence in multiphase materials is
the effective opacity mixing law. However, there is also a contribution from a large scattering interaction
coefficient because interphase boundaries are stronger scatterers than same-phase grain boundaries.
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Figure 7. krad of an isotropic upper mantle assemblage predicted by our effective medium theory as a function of
temperature and grain size.

6.4. Total Mantle Conductivity
To represent the lattice thermal conductivity of an upper mantle assemblage we use temperature depen-
dent estimates for olivine, enstatite, augite, and garnet from Hofmeister et al. (2014, Table 3 therein). If we
also include the effect of thermal resistance at grain boundaries (Smith et al., 2003) and pressure, the total
thermal conductivity may be given as

ke,sum =

(
1
p

Nk∏
k

1
k𝜙k

k

+ R
2rm

)−1

+ krad, (26)

where R = 10−8 m2·K−1·W−1 is grain boundary resistance per unit area and p is a parameter controlling
pressure dependence (discussed later). Figure 8a shows ke,sum as a function of grain size and temper-
ature calculated with our effective medium theory and no pressure effect (p = 1). krad in this result is
the same as shown in Figure 7. High ke,sum values occur at low temperature due to the long mean-free

Figure 8. (a) ksum (W·m−1·K−1) calculated by our effective medium theory (EMT) for an isotropic fertile peridotite
assemblage as a function of temperature and grain size at zero pressure. (b) The ratio of krad predicted by our effective
medium theory over Diffusive Radiation Transport (DRT) models. In these figures, isolines and the colorscale are
consistent and represent the same data.
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Figure 9. (a) Effective medium theory calculations of krad (W·m−1·K−1) as a function of depth and grain size in an
upper mantle column beneath an ocean ridge consistent with phase fractions from thermodynamic calculations and
contact statistics from isotropic equilibrium microstructures. (b) Same as in panel (a), except that klat as a function of
temperature, pressure, and grain size is added to give ksum. (c) Same as panel (a), except that the geotherm represents a
100 My old oceanic lithosphere. (d) Same as (b), except that the geotherm represents a 100 My old oceanic lithosphere.
(e) Phase equilibrium predictions of phase fractions in the residue of melting (if melting occurs) from equilibrium
thermodynamics and a melting model. (f) Geotherms for ridge oceanic column (black line) and oceanic lithosphere
(red lines), models. Also shown is the scattering interaction coefficient 𝜖e as the blue line (see lower axis for values). In
panels (a) to (d), isolines and the colorscale are consistent and represent the same data. cpx = clinopyroxene;
ol = olivine; opx = orthopyroxene; grt = garnet.

path of phonons and at high temperature due to thermal radiation, with a minimum of 3.5 W·m−1·K−1

occurring around 750 K for reasonable mantle grain sizes. At high temperatures, such as those expected
in thermal plumes (≈2000 K), ke,sum can reach more than 9 W·m−1·K−1. Figure 8b shows the ratio
between krad calculated with our effective medium theory and Diffusive Radiation Transport estimates,
showing that there is substantial agreement except at high temperatures around ∼1 cm grain size. As
remarked earlier, this is attributed to the fact that our Diffusive Radiation Transport calculations use
synthetic microstructures which do not exactly represent random mixtures. The errors are most evi-
dent at high temperature because spectral bands where this effect is seen occur at high wave numbers
(Figure S3) which only become important as thermal radiation is emitted at those wave numbers (Figure 5).

7. Geodynamic Applications
As example applications of our effective medium theory, we show thermal conductivity calculations for
oceanic upper mantle. Figure 9a shows krad as a function of depth and grain size for the adiabatic man-
tle geotherm shown in Figure 9f. The potential temperature is 1573 K. The petrology of the upper mantle
has been calculated following Grose and Afonso (2019). We use Gibbs free energy minimization using the
software of Connolly (2009), the thermodynamic database of Xu et al. (2008), and the composition of the
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Figure 10. Illustration of three model results for the cooling of oceanic lithosphere. The left panels show isotherms (in
Kelvin) overlying a map of total thermal conductivity ksum of oceanic upper mantle (for the case of 2 mm grain size) as
a function of depth and cooling age (My1/2). The right panels show calculations of the effective thermal conductivity of
the cooling mantle as a function of age. The top panels (a and b) show the case of a pure olivine polycrystalline mantle,
middle panels (c and d) show the case of a thermodynamically consistent mantle petrology, and the bottom panels (e
and f) show the case of a thermodynamic petrology with a 7-km insulating oceanic crust. Note that the crust is
assumed to have krad = 0 in this numerical experiment.

residue for decompression melting of fertile peridotite from Herzberg (2004). Phase fractions are shown in
Figure 9e and the scattering interaction coefficient 𝜀e has been calculated using unique 2-D microstructures
calculated at each 1 km depth interval (Figure 9f). ksum (equation (26)) for the same depth and grain size
range is shown in Figure 9b with pressure dependence of klat described by (Hofmeister, 2007)

p =
ke,lat(P,T)
ke,lat(P0,T)

= exp
(

P
KT

𝜕KT

𝜕P

)
, (27)

where P is pressure, P0 is standard pressure, and we assume that KT = 135 + P𝜕KT∕𝜕P GPa is the bulk mod-
ulus and 𝜕KT∕𝜕P = 5.1 is its pressure derivative. A phase-specific formulation would be more precise but
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we do not address pressure-dependence in detail here. Figure S4 shows the arithmetic and harmonic means
of the absorption coefficient as a function of depth and wave number. Figures 9c and 9d show analogous
results for a 100 My oceanic lithosphere with the same petrology as before. Because lithospheric cooling
depends on k and k depends on grain size, there is a range of geotherms for 100 My lithosphere as shown in
Figure 9f.

An additional experiment we perform is a calculation of the effective thermal conductivity of the oceanic
lithosphere as a function of age for three different case models. The calculation method is explained in
supporting information section S8. The first case is that of a pure olivine mantle with results shown in
Figures 10a and 10b. Figure 10a illustrates ksum (case where rm = 2 mm) of the upper mantle as a function of
depth and lithospheric age with isotherms overlain, and Figure10b shows the effective thermal conductivity
of the lithoshere keff as a function of age for a range of grain sizes. keff depends weakly on age because of
a small dependence of klat on depth via the pressure (equation (27)) and adiabatic gradient. Also shown
in Figures 10c–10f are analogous results for the case of a thermodynamically consistent petrology (as was
shown in Figure 9e), and a thermodynamic petrology with an insulating oceanic crust. For the model with
oceanic crust, keff is controlled by the low conductivity of the crust when the lithosphere is thin and young
and becomes more influenced by the high conductivity of the mantle as the lithosphere thickens (Grose &
Afonso, 2013, 2015). An important insight provided by these experiments is that although our krad model
predicts substantially higher ke,sum at high temperature, the effect on the average behavior of the lithosphere
is not far out of bounds from conventional geophysical theories. The total increase in mantle cooling from
conductive transport through the lithosphere is on the order of 25% compared to lattice-only models.

7.1. Cautions and Caveats to Geodynamic Application
Our mantle krad estimates are generally similar to previous estimates for olivine polycrystals, although our
values are significantly higher at ambient mantle temperature and large grain size (Figure 6). On the other
hand, our values are much higher at all temperatures than more recent models (e.g., Hofmeister, 1999,
2005, 2014). Therefore, it may be necessary to reappraise the character of heat transport in a number of
important geodynamic settings. However, some cautions are in order. First, our estimates depend on an
incomplete spectral database. Future experimental studies must be performed to obtain better constraints
on the spectra of upper mantle minerals at high temperature, in particular for pyroxenes and garnet. We have
also not considered the role of the optical anisotropy of minerals or fabrics on the krad tensor. Our models are
only reliable for isotropic equilibrium assemblages. This may be important to appreciate in applications to
lithospheric geotherms since coherent large-scale lattice preferred orientations will induce geodynamically
pertinent conductivity anisotropy. Although a detailed analysis is beyond the scope of the present work, we
note that krad anisotropy is not in line with klat anisotropy. For example, in olivine, k[100]

lat > k[001]
lat > k[010]

lat
(Pertermann & Hofmeister, 2006; Tommasi et al., 2001), but A[100] > A[001] ≈ A[010] (Taran and Langer,
2001) which implies k[100]

rad < k[001]
rad ≈ k[010]

rad . Thus, it is expected that krad will partially counter klat anisotropy.
We should also emphasize that we only considered uppermost mantle minerals. We have not considered
high pressure polymorphs of olivine and pyroxene, or majorite. Data for transition zone minerals show that
they are opaque (e.g., Thomas et al., 2012), suggesting low krad. Also, although the spectra of lower mantle
minerals are controversial in detail, measurements so far accumulated indicate that they are exceptionally
opaque (e.g., Goncharov et al., 2006, 2008, 2015; Keppler et al., 2008; Lobanov et al., 2016, 2017). Our models
may thus be used to clarify details of opaque assemblages, but we do not contradict prior studies indicating
that krad is low in these settings.

7.2. Suggestions for Routine krad Application
We have offered a mathematical description of krad which has some complexity, but a simple analytic form
can be applied to geodynamic problems. The scattering effect is the most complicated because it requires
knowledge of interphase contact statistics. Scattering could be ignored for large grain sizes. However, as we
found that it varies little in the upper mantle (Figure 9f), it can be modeled well with 𝜀e,𝜈 as a constant, or
range of constants, between 0.015 and 0.03 for dunite and fertile mantle, respectively. The other parameters
are easily calculated by mixing models if phase fractions and absorption spectra are known. To facilitate
broader implementation, we provide a MATLAB code which calculates krad using our effective medium
theory and the approximations of absorption spectra used here.
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Data Statement
As this is a modeling study we do not report new data. Quantitative information consists of model results
which are illustrated in the figures and discussed in the text. Modeling details are described in the supporting
information. A MATLAB code for calculating krad using our effective medium theory is also available in the
supporting information.
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