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Lattice models

In this section, we present the topological phase di-
agrams for periodic and open boundary conditions for
several lattice models with chiral symmetry, and discuss
the spatial growth of their bulk Green function.

A non-Hermitian extension of the Su-Schrie!er-Heeger
(SSH) model is given by Eq. (1) with

q±(k) = (m! 1) + e±(!!ik). (16)

The paths q±(k) in the complex plane are circles with
center (m ! 1) and radius e±! . They wind around the
origin whenever the radius exceeds the distance of the
center from the origin. For open boundary condition,
the model can be mapped to the Hermitian SSH Hamil-
tonian H̃ = S!1HS with the same mass parameter by
the similarity transform (S!)j = ej!!j where !j de-
notes the wave function at site j. Thus, the presence
or absence of boundary eigenstates at zero energy is de-
termined solely by m. The topological phase diagram is
shown in Fig. 4(a), (b).

In the literature, a di!erent non-Hermitian extension
of the SSH model has been discussed [32, 39–42, 44]. It
is given by Eq. (1) with

q±(k) = (m! 1)± "/2 + e"ik. (17)

The paths are circles with unit radius, but their cen-
ter is shifted by a distance "/2 along the real axis. For
open boundary conditions, the model can be mapped to
a Hamiltonian H̃ = S!1HS with o!-diagonal entries

q̃±(k) =
!
(m! 1)2 ! ("/2)2 + e"ik. (18)

This Hamiltonian is Hermitian if |m ! 1| > |"/2|; this
region includes the point (m, ") = (0, 0) that features
prominently in the continuum model. Here, the sim-
ilarity transform is given by (S!)j = rj diag(1, r)!j

where diag denotes a 2 " 2-diagonal matrix and
r =

!
[(m! 1)! "/2]/[(m! 1) + "/2] [41]. Thus, the

boundary eigenstates eigenstates at zero energy are de-
termined by a Hermitian SSH model with di!erent pa-
rameters. For the region where this transformation does
not yield a Hermitian Hamiltonian, we refer to Ref. [41].
The phases are shown in Fig. 4(c), (d).

We have indicated that if the non-Hermitian winding
number is nonzero, then the bulk Green function grows
exponentially. For lattice models, this can be justified as
follows: If the model has short-range hopping, then the
Hamiltonian is a (Laurent) polynomial H(k) = H̃(z) in
the variables z = eik and z!1 = e!ik. In the generic
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Figure 4. Topological phases of non-Hermitian SSH models.
For periodic boundary conditions, (a) and (c), solid colors dis-
tinguish four di!erent combinations of the two winding num-
bers (!+, !!). Di!erent grey tones represent di!erent non-
Hermitian phases, where the bulk Green function grows spa-
tially. For open boundary conditions, (b) and (d), red (blue)
indicates the presence (absence) of boundary eigenstates at
zero energy. Around the point (m, ") = (0, 0), both diagrams
agree with the phase diagram of the continuum model from
the main text [Fig. 1]. (a–b) Lattice model Eq. (16). (c–d)
Lattice model Eq. (17).

case, the bulk Green function can be written as a sum of
exponentials zjs , where j denotes a lattice site, and the zs
are the complex zeros of det H̃(z). Each zero inside the
unit circle contributes +1, while each zero outside the
unit circle contributes !1 to the non-Hermitian winding
number #(H) = (2$)!1

" 2"
0 dk %k arg det(H(k)). (There

are also contributions from a pole at z = 0.) Thus, the
winding number changes when one of the zeros crosses
the unit circle, i.e. when |zs| < 1 changes to |zs| > 1, or
vice versa; this means a change in spatial growth. We
refer to the companion paper Ref. [54] for a full proof.
That said, if two zeros cross the unit circle simultane-
ously, then it is possible that no change in spatial growth
occurs; this happens, for example, when the sign of the
mass is changed in the Hermitian SSH model.

The converse statement is not true: It may happen
that the non-Hermitian winding number is zero, but the
bulk Green function grows exponentially. This occurs for
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the model (17) in the parameter region |"/2| > |m!1|+1
[Fig. 4(c), (d)]. If we allow the parameter m to become
complex, thus leaving the BDI symmetry class while re-
maining in AIII, spatial growth may happen even when
the Bloch Hamiltonian can be deformed to a Hermitian
Bloch Hamiltonian without crossing zero energy. Setting
m = 1+tei# where t > 0 and & is real, we find, for " = 0,

q±(k) = tei# + e"ik. (19)

Changing & continuously deforms the corresponding
Hamiltonian; for & = 0, the Hamiltonian is Hermitian
and the bulk Green function decays in space, while for
& = $/2, the Hamiltonian is non-Hermitian and features
gain +it. It is plausible that if t # 1, then the bulk
Green function grows exponentially. In more detail, the
zeros of det

#
H̃(z)! i!

$
are

z1,2(i!) =
i

2

%
1 + !2 ! t2

t
±
&

(1 + !2 ! t2)2

t2
+ 4

'
,

(20)
where ! > 0 denotes an additional dissipation. During
analytic continuation from ! = +$ to ! = 0, both zeros
cross the unit circle if and only if t > 1, which means
that the bulk Green function grows exponentially in this
parameter regime [54].

Phenomenological justification of the
Mahaux-Weidenmüller formula

In this section, we present a phenomenological justi-
fication of the Mahaux-Weidenmüller formula, Eq. (14),
for the scattering setup illustrated in Fig. 3(a) of the
main text.

The Mahaux-Weidenmüller formula calculates the
scattering matrix of a system, which describes how a
monochromatic incoming amplitude &! at energy E is
mapped to an outgoing amplitude &+ = S(E)&!. We
repeat it here for convenience:

S(E) = ! 2iW † 1

E ! Ĥ0 + iWW †
W. (21)

The system is described by the Hamiltonian Ĥ0, while
the matrix W maps the outside field to a state inside
the system, and vice versa for W †. Here, the matrix
products are to be understood as integrals over space
and sums over internal degrees of freedom. For example,
W&! %

(
$

"
dx1 W%$(x, x1)&!$ (x1), where x1, x denote

positions, and ',( internal degrees of freedom.
The formula can be justified by the following

ansatz: [72–74] Let us denote the state of the internal
system by !. If the system were isolated, then this
state would evolve according to the linear Schrödinger

equation i%t! = Ĥ0!. If the Hamiltonian Ĥ0 is Hermi-
tian, then the square integral of the state is conserved,
%t(!†!) = 0; this corresponds to the conservation of
probability in quantum mechanics, or energy in optics.
To couple the system to the outside field, we now make
a linear ansatz

i%t! = A! +B&! (22a)
&+ = C! +D&!, (22b)

with some matrices A,B,C,D, which we assume to be
constant in time. The conservation law now becomes

%t(!
†!) = (&!)†&! ! (&+)†(&+), (23)

which means that the incoming and outgoing amplitudes
may add to or remove from the conserved quantity of
the system state. In optics, this ansatz is known as tem-
poral coupled-mode theory [73, 74]. After some algebra,
we obtain that the combination of the ansatz and the
conservation law is equivalent to the equations

i%t! = Ĥ0! ! 1&
2
W (&+ + S0&

!) (24a)

(&+ ! S0&
!) = i

&
2W †!, (24b)

and the constraints that Ĥ0 be Hermitian and S0 be uni-
tary. The first equation can be viewed as a Schrödinger
equation with a source term, and the second as a con-
straint that relates the outside field and the system. We
proceed by making a change of basis for S0&! ' &!,
so that we can assume that S0 is the identity ma-
trix. Then, we make the ansatz of a harmonic motion
!(t) = e!iEt!(E) and eliminate ! from the equations
and the Mahaux-Weidenmüller formula follows.

The ansatz is phenomenological. In real systems, the
coupling W may be energy-dependent, and instead of
focusing the outside field to a single point x1, one may
have to consider plane waves incident at di!erent angles.
We present a more microscopic derivation in the next
section.

Microscopic derivation of the
Mahaux-Weidenmüller formula

In this section, we present a self-contained derivation
of the Mahaux-Weidenmüller formula, Eq. (14), for a
microscopic model of the scattering setup illustrated in
Fig. 3(a) of the main text. In the setup, we label the
horizontal direction by x and the vertical direction by z.

For simplicity, we will model the outside field as a
scalar field &(t, x, z) that propagates according to the
wave equation, (%2t ! ")& = 0. A monochromatic con-
figuration with energy E that satisfies the wave equation
can be expanded in terms of ingoing amplitudes &+& and
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outgoing amplitudes &!& :

&E(t, x, z) = e!iEt

%
)

&

*
&+& e

ik!
z z + &!& e

!ik!
z z
+
u&(x)

+
)

'

&+' e
!("zu'(x)

,

- . (25)

Here, the functions u&(x) are eigenfunctions of the one-
dimensional Laplacian, u&(x) ( exp(ik&xx) where ) la-
bels the possible horizontal momenta k&x . When this
momentum is not too large, the field can propagate in
z-direction with wave vector k&z =

!
E2 ! (k&x )

2. This
is known as an open scattering channel. On the other
hand, if the horizontal momentum is larger than the
available energy, the scattering channel is closed, and
only an evanescent wave with decay *'z =

!
(k&x )

2 ! E2

remains. For notational clarity, we reserve the label + for
this case.

The scattering problem now asks to calculate the out-
going amplitudes &+& from the incoming amplitudes &!& .
The solution is the scattering matrix S(E), which gives
&&+ =

(
&&̃ S&&̃(E)&!&̃ .

To do that, we need to specify the dynamics of the
internal system and the coupling to the outside. We have
already indicated that internal system is located at z =
0, and its state represented by a function !(t, x) that
evolves according to a Schrödinger equation i%t! = Ĥ0!
with a Hermitian Hamiltonian Ĥ0. The most economic
way to specify the whole setup is to write a Lagrangian

L = L# + L) + LV with terms

L# =
1

2

.
dx

. #

0
dz [(%t&

$)(%t&)! ()&$) · ()&)]

(26a)

L) =

.
dx!†(t, x)(i%t ! Ĥ0)!(t, x) (26b)

LV = !†V &|z=0 + &$|z=0V
†!. (26c)

The first terms gives the wave equation, the second term
the Schrödinger equation, and the third term is a poten-
tial energy that couples the outside field at the boundary
z = 0 to the internal state via an operator V . We proceed
by deriving the equations of motion while paying special
attention to the boundary terms at z = 0, and find

i%t! = Ĥ0! ! V &|z=0 (27a)
%z&|z=0 = !2V †!. (27b)

In other words, the values &|z=0 of the outside field at
the boundary act as a source term for the Schrödinger
equation, while the internal state poses a constraint on
the spatial derivative %z&|z=0 of the outside field. For a
harmonic oscillation, i%t ' E, we can solve the equations
of motion and obtain the scattering matrix

S&&̃(E) = ,&&̃ !
)

i,j

4i

k&z
(V +)&i

/
1

E !He!

0

ij

Vj&̃, (28)

where i, j label orthonormal states of the state !, and

He!,ij = Ĥ0,ij !
)

'

2

*'
Vi'(V

+)'j ! i
)

&

2

k&z
Vi&(V

+)&j

(29)
is an e!ective Hamiltonian. It contains both addi-
tional Hermitian terms that arise from the closed scat-
tering channels, and additional antihermitian terms that
arise from the open scattering channels. To obtain the
Mahaux-Weidenmüller formula in the phenomenological
form presented in the main text, we have to perform sev-
eral simplifications: (a) the Hermitian Hamiltonian Ĥ0 is
redefined to incorporate the potential energy due to the
closed channels, (b) the matrix Wi& is obtained from Vi&

by normalizing the scattering amplitudes with
!
k&z , (c)

the energy dependence of k&z is neglected, making Wi&

independent of energy, and (d) transforming the Fourier
basis u&(x) back to the position basis, if desired.


