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ABSTRACT

Under conditions of high brightness temperature, stimulated Raman scattering of
incident radio waves by Langmuir waves can occur. This process is analysed for a
broad-band radio spectrum, and analytic and numerical models for special cases are
presented. Two cases are identified. In strongRaman scattering, the radio brightness
temperature is so large that the intensity of the Langmuir waves responsible for the
scattering grows to non-linear strength and the radio waves are quickly scattered. In
weak Raman scattering, the electrostatic wave intensity is determined by a balance
between parametric growth and ion-electron collisional damping. In either case,
back-scattering will only occur if the electron density, n, is high enough to allow
Langmuir waves of short enough wavelength to propagate without Landau damping;
at lower density, the radio waves will be scattered through an angle ~ 0.2(n/10 6
cm- 3 ) 112 (T/10 6 Kt 112 (v/1 GHzt 1• In the weak, back-scattering regime, the
reflection length is roughly 3 x 1011 (T/10 6 Kt 312 (v/1 GHzt 2 (TB/1015 Kt 2 cm,
independent of density, where TB is the brightness temperature. It is argued that
intraday variability in compact extragalactic radio sources is probably not caused by a
coherent emission mechanism with brightness temperature ~ 1018 K, because the
plasma density within and around the source would then have to be unreasonably low.
Implications for space very long baseline interferometry (VLBI) and for tracing
accretion flows in active galactic nuclei are also briefly discussed. By contrast, source
models where the brightness temperature :5 1014 K are not seriously constrained by
Raman scattering.
Key words: plasmas - scattering - waves - galaxies: active - galaxies: nuclei - radio
continuum: galaxies.

1

INTRODUCTION

Several astrophysical radio sources, notably pulsars, quasars
and masers, produce radio waves with brightness temperature (T8 =lvc 2/2kv 2, where Iv is the intensity and vis the
frequency} greatly in excess of m.c 2/ k~ 5 x 10 9 K. Under
these conditions, the amplitude of the electric field is so large
that its interaction with the plasma can be significantly nonlinear. Induced scattering associated with the Compton and
(plasma} Raman and Brillouin effects is enhanced by the
large occupation numbers of the scattered states, so that the
radiation that emerges from the vicinity of a source is
strongly atenuated. Conversely, the very fact that the radiation emerges at all can be used to constrain the physical
conditions around the source.

In this paper, we consider possible effects of stimulated
Raman scattering (SRS} in high-brightness, compact extragalactic radio sources associated with active galactic nuclei
(AGN} (e.g. Krishan 1988}. This process involves the
scattering of transverse electromagnetic wave modes by
longitudinal, electrostatic (Langmuir) waves in a plasma. SRS
has been studied extensively in the context of laser-plasma
interaction, where it may imperil attempts to initiate nuclear
fusion by imploding pellets of deuterium and tritium (e.g.
Kruer 1988). In the application to lasers, however, the
incident electromatic wave, known as the pump, is effectively
monochromatic, unlike the situation in an extragalactic radio
source, where the radiation is observed to be broad-band.
The extension of the monochromatic analysis (cf.
Gangadhara & Krishan 1993} to cover the broad-band case
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2

STIMULATED

RAMAN SCATTERING

Stimulated Raman scattering is a non-linear process in which
electromagnetic waves (photons) with frequency w and
wavevector k decay into electromagnetic waves with
frequency w - w 1 and momentum k - q, and Langmuir waves
(plasmons) with frequency w1 = wpe, the electron plasma
frequency, and momentum q.
The process of Raman scattering can be regarded as a
non-linear instability. Formally, one can treat the plasma plus
the large-amplitude driving (pump) wave as one system. It is
then possible to calculate the 'linear' response tensor of this
combined system. In the reactive version of this instability
the growth rate is calculated by solving the corresponding
dispersion equation (e.g. Melrose 1986; Kruer 1988). It can be
shown that maximum growth occurs at a frequency and wave
vector that satisfy the matching conditions given above. The
instability growth rate is largest when the pump is coherent,
and is proportional to the amplitude of the pump. It is
where l:!w is the bandwidth of
reduced by a factor Ycoh/1:!w,
the pump and Ycohis the coherent growth rate, when
l:!w> Ycoh.
There is also a weak turbulence version of Raman
scattering; using quasi-linear analysis, one can derive a set of
kinetic equations to describe the spatial-temporal evolution
of the occupation numbers of photons and plasmons. The
scattering rate is proportional to the occupation numbers in
the final states, which will, in general, be limited by damping
and escape. This approach is more appropriate to our
purpose, and is used in this paper. Derivation of the reactive
growth rates and kinetic equations in the weak turbulence
limit is given in the Appendix.
Below, we assume that the frequency of the scattered
photons is well above the plasma frequency, and neglect the
effect of magnetic fields. The former assumption implies that
the scattering is almost elastic, and allows one to neglect the
frequency change associated with the scattering. The latter
assumption is justified when the frequency of the scattered
photons exceeds the electron gyrofrequency. However, a
very weak magnetic field suffices to mix polarization modes
through Faraday rotation and so we shall treat the radiation
as always unpolarized.

2.1

Basic equations

The rate of change of the occupation number, N( w, 0, z), of
a photon with energy liw, propagating in the direction 0, due
to Raman scattering and spontaneous Thomson scattering is

governed by the equation (Thompson et al. 1994)

'dN

at+ c(O·V)N(w, 0,
=3n.aTcf
1631:
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(2.1)

Here, q + is the wave vector of a plasmon emitted by a
photon which is scattered from a state le = (w / c) O', to a state
k=(w/c)O, q_ is the wave vector of a plasmon associated
with the cross symmetric process, Nq. are the corresponding
occupation numbers, n0 is the electron density, and aT is the
Thomson cross-section. Equation (2.1) is correct to the
lowest order in (wpe/w ). To this order, the frequency change
of the electromagnetic modes due to scattering by plasmons
is neglected.
To the order of (wpe/w )2 , energy and momentum conservation can be expressed in the form
2

W

2

q =2 2 (1-0·0),
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(2.2)
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In steady state, the net photon flux through the slab,
f dOON(w, 0, z) should be conserved. This can be verified
easily by integrating equation (2.1) over solid angle.
The plasmon occupation number obeys the equation
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(Thompson et al. 1994 ), with
C!=O"-2O
w=(qc/2)1O

Q±
11

(O"·O q± )'

·0q.

(2.4)

l- 1•

Note that the intensity at a given frequency is coupled to the
intensity at other frequencies via equations (2.3) and (2.4), as
illustrated in Fig. 1.
In equation (2.3), r.ff is the linear damping rate and is
taken to be the sum of collisional (electron-ion) damping
(Scheuer 1960)

r.i =0.032n

6T

6312 s- 1,

(2.5)

and Landau damping, and r 01 represents the damping rate
due to non-linear interactions (e.g. second-harmonic plasma
emission or plasmon scattering by ion-acoustic waves). At
wavenumbers

q> qL =0.21

in

1

(2.6)

the Langmuir waves are strongly Landau-damped and the
scattering rate is so strongly suppressed that we ignore it. At
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has been described by Thompson et al. (1994) where it is
applied to eclipsing pulsars (see also Eichler 1991; Gedalin
& Eichler 1993 ). In this paper, we specialize in the somewhat
different physical conditions envisaged within a galactic
nucleus, and elucidate the circumstances when SRS is likely
to be important.
In Section 2, we summarize the physics of SRS and, in
Section 3, we analyse and solve the problem of propagation
of broad~band radio waves through a uniform slab. In
Section 4, we consider the application to active galactic
nuclei and, in Section 5, we consider briefly some further
applications. SRS is usually treated using a semiclassical
approach. In Appendix A, we present an alternative,
completely classical approach to deriving the scattering rate.
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beam this occurs, as can be seen from equation (2.10), when

(2.11)
(cf. Thompson et al. 1994).

Figure I. Diagrammatic representation of the kinematic condition
given by equation (2.4) in the text.

A

To study the effect of Raman scattering quantitatively, we
consider steady propagation of a collimated beam through a
uniform scattering slab of thickness L. The beam is taken to
be incident normal to the slab. In what follows we assume
that N is axisymmetric (i.e. depends only onµ= cos 0 = Q · z),
and neglect the loss due to escape of plasmons from the
scattering region; that is, we set (Q·V)Nq± =0. We also
assume that the level of plasma turbulence is determined by
collisional damping and neglect non-linear damping.
Equation (2.3) can then be solved for Nq±:
(3.1)

where
longer wavelengths, Landau damping can be ignored. This
implies that, at frequencies
v>

VL

= 90nJl 2 r;; 112 MHz,

(2.7)

back-scattering of photons is not allowed by the kinematic
condition (2.2), and the maximum angle of scattering is
(2.8)
Consider now an intense beam collimated into a cone of
solid angle .ilQP. Under the assumption that the photon
occupation number in the direction of the beam, Np, greatly
exceeds the occupation number of photons out of the beam,
N, the rate of change of N is given approximately by

x[l+(Q"•Q)2],
and / 2 is given by a similar expression, but with N(w, Q")
N( w,(!) replaced by N( w,Q")- N( w,(!) inside the integral.
Approximating the integrals / 1, / 2 as in equation (2.10), we
arrive at
(3.2)
The boundary conditions depend
radiation, Ndiff,incident on the slab:

upon the diffuse

N(l -Llµ <µ < 1, w, z=0)= Nb(w),
N(l -Llµ > µ > 0, w, z=0)= Ndiff(µ> 0),
x(NP -N)(l +cos 2 0),

(2.9)

where cos 0 = Q · QP. The rate of plasmon production, given
by equation (2.3), can be approximated as

dNq.
dt

=3neaTc LlQ
16:rt

[NN ± N (N _ N)]
P
P
q•
P

N(µ <0, w, z =L)= N<liff(µ
<0),

where Nb is the occupation number of photons in the
incident beam, and Llµ = LlQ /2:rt.

3.1
(2.10)

When the incident electromagnetic wave is strong enough,
the rate of plasmon production by Raman scattering will
exceed the linear damping rate. The plasmon energy density
will then grow quickly to a level at which the non-linear
damping rate balances the growth rate, and the plasmon
density saturates. We call this the strong scattering limit. For a

(3.3)

3./.1

Approximateanalytic solutions
Back-scattering

As a simple example, we solve the above equations analytically assuming that photons in the beam are only scattered
backwards (µ = - 1 ), and neglecting scattering in other directions. This approximation may be justified in the backscattering regime (cf. equation 2.7) since, as can be seen from
equation (2.1), the non-linear scattering rate is fastest for
µ = - l. We find that the analytical results are in reasonable
agreement with the numerical solutions presented in Section
3.2. The neglect of side-scattering removes the frequency
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coupling and simplifies the problem. The plasmon occupation number is then given by
N

N+NNr±(N_ -N+)

=-----q±

N+NNr '

(3.4)

d
-N
dz

0

=0

where N 0 =(N + - N _) is the net photon flux. The equation
describing the evolution of N _ now takes the form

dn_
dz

-=

1
1
(n +1)-AbR - AT'

--n

(3.5)

(3.8)
where µmax- 1 has been used.
The boundary condition is taken to be NP(z=0)AQP+
NdmAQ, =Sc 2/(2liw 3 ) where Ndiffis the occupation number
of the background (diffuse) radiation incident on the slab in
the direction µmax•and S is the net flux density. Let us now
define the characteristic Raman scattering length in the small
angle scattering regime:

with n_ =N _/N 0 , AT= 8:n:/(3aTneAQp), and
(3.9)

AbR= crei [3neaTc
liw2 2 NoAQP]-2
4
8:n: Wpemec
is a characteristic Raman scattering length in the backscattering regime.
Assuming, for simplicity, that the electron density in the
slab is independent of z, the solution of the latter equation,
which satisfies the boundary conditions (3.3), is
(3.6)
with
a± =(No/2)[1 ±(1-

0) 112
]

and restricted to o= (4 AbR/AT) < 1. The eigenvalue N O( w)
can now be found by imposing the boundary condition (3.3):
Ndiff+ a_

[For a power-law spectrum NP(w)<Xw -a, AR<Xw 2(a- 1l.] The
rate of change of nP=(NPAQPliw 3 )/(2:n:Sc2) is then given by

dnP= nP(l-np)[r-(1
dz
AR

(3.10)

where r=AQP/AQ,. Note that, when nis equal to the critical
value ncrt= 3AQ,AR/8:n:AT,the rate at which photons are
transferred from the beam into the direction µmaxby Raman
scattering equals that due to spontaneous Thomson scattering. Equation (3.10) can be solved analytically. The solution
for
n~, restricted
to
the
boundary
condition
nP(z = 0) = l - ndiff•can be expressed as

(3.7)

Ndiff+ a+

(3.11)
_1+2r-n_ln[

3.1.2

+ r)np] np3AQ,
8:n:AT '

Small angle scattering

In Section 2.1 we have shown that, at frequencies much
greater than vL , scattering is allowed only through angles
smaller than 0max- vL/v. The factor 1- µ in equation (2.1),
on the other hand, where µ = cos 0, ensures that the scattering rate is fastest in the direction labelled by µmax,and to a
good approximation, therefore, we can neglect Raman
scattering in other directions. In what follows, we restrict our
analysis to the case in which the Thomson optical depth in
the slab is much smaller than unity. The beam's flux is then
essentially unaffected directly by spontaneous scattering.
However, as will be shown below, in the absence of
sufficiently intense background radiation, the intensity of the
radiation field in the direction µmax grows first linearly
through spontaneous scattering to a level above which
Raman scattering begins to dominate. Thus the spatial

n+ -n_

(l+r)np-n(1 +r)(l-ndiff)-n_

]=(

_
)
r ncrt iR.

Here ndiff=(NdittflQ,liw 3)/(2:n:Sc2), n± = 1/2 ± 1/2(1 + 4ncn)1i2,
where ncrtis defined after equation (3.10). The solution for n
is given by a similar expression with nPreplaced by 1 - n.
We now examine different regimes of the solution. In the
regime n < ncrt• the solutions for n and nP reduce to
n = ndiff+ ( 1 - ndiff)ncrtiR, and nP= ( 1 - ndiff)(1 - ncrt-rR), as
expected. At a Raman depth -r1=(ncrt -ndm)/(1-ndiff)ncrt, n
reaches the critical value ncrt•and Raman scattering begins to
dominate the evolution of-the system. (Note that in the
absence of diffuse radiation this occurs at a distance ARfrom
the edge of the slab.) nP then declines exponentially with -rR,
ultimately approaching its asymptotic value r/(1 + r) at which
scattering of photons out of the beam is compensated by
scattering into the beam. The intensity of the incident beam
will be strongly attenuated, as can be seen from equation
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where N + is the occupation number of photons in the direction of the beam(µ= 1) and N _ is the occupation number of
the back-scattered photons (µ = - 1), and we assume very
weak scattering, Nr » N ±.
Flux conservation implies

evolution of the beam's intensity depends indirectly upon the
Thomson growth length in the direction µmax•We henceforth
retain only scattering (spontaneous and induced) into a solid
angle AQ, - :n:0~ax-Under this approximation, the rate of
change of the occupation number N in the direction µmaxis
governed by equation (2.9). The equation describing the
evolution of NP can be obtained by replacing Nwith NP and
AQP by AQ, in equation (2.9). One can then readily show
that, to this approximation, the net flux is conserved, that is

1995MNRAS.274..717L
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(3.11}when L, the slab thickness, roughly exceeds
).
L>..tRin (--- 2
ncrt+ ndiff

(3.12)

Numerical solutions

3.2

We now turn to the more general problem of solving the
evolution equations, including side-scattering and Landau
damping, numerically. We divide the angular and frequency
intervals into I and m subintervals, respectively. Equations
(2.1} and (2.3} are then discretized by approximating the
integrals over solid angles using Simpson's rule. One difficulty is that, in general, the finite set {Q;, wa} is not closed
under the mappings Q, w,defined by equations (2.4} and
(2.2 ). Here we approximate the mapped values by taking
them to be equal to their nearest neighbours in the set
{Q;, wal• One then obtains the following dimensionless
system of coupled differential equations:
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Figure 2. Evolution of the occupation number through a scattering slab in the small-angle scattering regime for (a) different critical occupation
(see text), and (c) in the presence of diffuse radiation ndiff•
numbers, ncrt {cf.equation 3.10), and no diffuse radiation, {b) different r=f.Qp/t.Q,
rR is the distance from the edge of the slab in units of ,1.R,the non-linear growth length given by equation {3.9). A comparison between the
analytical solution (solid line) and the numerical solution {dashed line) is shown in {d). The non-linear growth length, found numerically,
appears to be smaller than that computed analytically in equation (3.12), due to the inclusion of frequency coupling.
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The solution (3.11} is present graphically in Fig. 2 for a
wide range of parameters. The evolution of nP described
above is clearly seen in the figure. Note that the sharp
transition from the boundary value (nP = 1) to the asymptotic
value [r/(r+ 1)] occurs at a distance which is given to a good
accuracy by equation (3.12}.
The foregoing analysis ignores the coupling between the
occupation numbers at different frequencies and directions.
As can be seen from equation (3.1},this coupling can greatly
enhance the saturation level of plasma turbulence and hence
the scattering rate. This is illustrated in Fig. 2(d} where the
analytical solution (solid line} is compared with a numerical
solution (dashed line} obtained in the next subsection (see
Section 3.2 for further discussion).
The inclusion of spontaneous scattering in directions
other than the direction of maximum growth will alter the

solution presented above slightly. In particular, we expect
Raman scattering to dominate the evolution of nP only when
n exceeds the value (3i\Q./8:rtt 1ncrt·The solution for n and
the condition (3.12}, however, will not be affected significantly, provided that the Thomson depth is sufficientlysmall.
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µ; d:t

= L [nia -n;a]

h(Z)g;JnqJija)+
{(wa)

(3.13)

1

+

~~P TT(z)},

nq, (ija)""'- L (w,/P1i<nliinka,

(3.14)

I

where ~ = z/L, w a is the photon frequency in units of
wL= 2:nvL (cf. equation 2.7), n is the photon occupation
number normalized to NP(wd, gif and P;i are the angular
factors [1 +(Q·Q')2], (1-Q·Q') and [1 +(Q·Q')2] averaged
over angular bins, respectively, TT is the Thomson optical
depth, and
TL

=

4L[3naTflw i, Np(

er ei

----

0

8:nwpmec

WL

) Ar.
L.l~~

p

]

2

•

TL can be interpreted as the Raman optical depth at the
critical frequency, wL. Greek subscripts refer to the
frequency grid-points and Latin subscripts refer to angular
bins. a and k are determined by the kinematic condition
(2.4 ); specifically, ais defined via the condition

0(Aw/2- lwi(ija)-w,,I)=

1,

where 0 is a step function, and k is defined similarly. Lookup tables for a(lija) and k(lij) were computed numerically
using the latter relations.
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Figure 3. (a) Evolution of the occupation number with depth z in the small-angle scattering regime, computed numerically. The different

curves correspond to the evolution of the occupation number in different directions. The scattering angle in units of the beam's opening angle
labels the curves. The curve labelled '1' presents the evolution in the direction of the incident beam. (b) Emergent angular distribution of the
scattered radiation.
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The regimes of small-angle scattering and back-scattering
were treated separately. In practice it is far more complicated
to solve equations (3.13) and (3.14) numerically in the backscattering regime because it is a two-point boundary value
problem. We used the shooting method (e.g. Press et al.
1989) to solve the above system of equations in this case. As
expected, apart from the difference in the net growth length
(the Raman growth length is smaller by roughly a factor 0~ax
in the small-angle scattering regime), we find no significant
differences between the two cases. The accuracy of the
computations is checked using the flux conservation
condition in each integration. To test the code we integrated
equations (3.13) and (3.14) in the back-scattering regime,
averaging over two angular bins, and compared the results
with the analytic solution (3.6). The agreement is found to be
good. The regime of small-angle scattering was tested in a
similar manner.
Several examples are shown in Figs 3-5. Fig. 4(a) gives
emergent spectra in the direction of the beam, obtained for
different Raman optical depths, TL, in the absence of diffuse
radiation. The spectrum of the incident beam in this example
is nP ( w) ocw - 3·5 ; Wo< w (the corresponding flux density is a
power law with index - 0.5, and is shown as a dashed line in
Fig. 4a). The frequency in Fig. 4(a) is normalized to
w 0 =3.6 wL. The angular separation was chosen to be equal
to the beam solid angle, 2:nAµP= AQP- 0.054. The spatial
evolution of the occupation numbers at w = l, in different
directions, is presented in Fig. 3(a). The curves are labelled
by µ/AµP; the curve labelled 'l' presents the evolution in the
direction of the beam, and is the same as that plotted in Fig .

nq_(ija)]

2
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Figure 4. Emergent spectra computed numerically in the small-angle scattering regime for slabs with different i-L (defined in Section 3.2) (a) in
the absence of diffuse radiation, and (b) in the presence of diffuse radiation. The incident flux is shown by the dashed line. The Raman growth
length decreases with decreasing frequency, due to the increase of the brightness temperature, resulting in the low-frequency curvature of the
emergent spectra. The turnover frequency correponds to a Raman optical depth of order unity.
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4 APPLICATION
EXTRAGALACTIC
4.1

TO COMPACT
RADIO SOURCES

Coherent sources of high-brightness radio emission

We now illustrate our results by determining the constraints
that they impose on models of compact extragalactic radio
sources. The conventional interpretation of the highest
brightness sources associated with flat-spectrum quasars and
BL Lac objects is that they are the synchrotron self-absorbed
inner sections of relativistic jets with bulk Lorentz factors
r-10 (e.g. Pearson & Zensus 1987). However, observations
of intraday variability in several sources at GHz frequencies
(Quirrenbach et al. 1989) appear to be incompatible with this
model. Three alternative models have been considered.
(i) It is possible to accommodate the observations by
increasing the bulk Lorentz factor to r - 100 in the most
extreme cases. A consequence of this, however, at least in
simple jet models, is that the bulk kinetic energy in the jet is
increased to unacceptable values (cf. Begelman, Rees &
Sikora 1994b).
(ii) These variations can be attributed to extrinsic, propagation effects in our interstellar medium. Observations of
'flicker', 'ESE' and 'refractive scintillation' (see, for example,
the review of Melrose 1994) make us suspect that this
explanation is actually correct for at least some sources. If,
however, reports of correlated optical variability are substantiated (e.g. Wagner & Witzel 1992 ), this cannot be the
explanation in all intraday variable sources.
(iii) It has been suggested by several authors (e.g. Baker et
al. 1988) that the underlying emission mechanism is not the
synchrotron process but a coherent mechanism capable of
producing high brightness temperature in a stationary
source. Brightness temperatures as large as the maximum
values reported so far, TB~ 10 18 K, are postulated to be
produced in this manner.
There are many precedents for high-brightness emission
in astrophysics. The solar radio bursts (e.g. Stahli & Magun
1986), Jovian decametric radio bursts (e.g. Gordon &

Warwick 1967), water masers (Reid & Moran 1988), flare
stars (Bastian et al. 1990) and especially pulsars (Hankins
1971) are all believed to emit with TB~ 10 15 K. Coherent
excitation of Langmuir modes by anomalous currents behind
shock fronts and cyclotron maser action associated with
electron beams are but two examples of processes that have
been successfully invoked to account for these observations.
Now, the conditions that are required to produce coherent
emission in this manner are just as likely to be present in the
accretion flow on to massive black holes in the nuclei of
active galaxies. In short, there is no problem with proposing
possible mechanisms whereby high-brightness radio flux is
emitted by a compact source. The difficulty arises with the
escape of this radiation from the nucleus. In order for us to
observe a high-brightness source, stringent, and in our view
unlikely, physical conditions are imposed upon the
surrounding physical environment. We now quantify these.
Consider a source of size R, emitting radio waves with
brightness temperature TB, surrounded by a shell of gas of
temperature T, and electron density n, also of thickness - R.
The shell must be optically thin to large-angle, stimulated
Raman scattering; otherwise the observed brightness temperature will be degraded. (Indeed, we can imagine Raman
scattering being part of the emission process and the source
surface being a Raman photosphere.) As we discussed in
Section 2.1, two separate conditions must be met for Raman
scattering of radio waves through an angle - n/2. First, the
scattering plasmons must be able to propagate without
strong Landau damping. This requires

(4.1)

(cf. equation 2.8). Secondly, the Langmuir wave intensity
must be large enough to scatter the electromagnetic waves. In
strong scattering, the waves saturate at non-linear strength.
This requires

(4.2)

Strong Raman scattering will be avoided if either of these two
conditions is violated (cf. Fig. 6), otherwise the Langmuir
wave intensity will reflect incident radio waves very
efficiently.
Alternatively, in weak Raman scattering, the Langmuir
turbulence grows more slowly to a finite level, where linear
growth balances collisional damping. It is still necessary that
the Langmuir waves be able to propagate without
catastrophic Landau damping, and equation (4.1) must still
be satisfied. We must, however, replace equation (4.2) with
the requirement that the wave turbulence be able to grow
over a region of a size comparable to that of the source. It is
convenient to express this condition in terms of a critical
Thomson optical depth TsRs through the shell surrounding
the source. When the actual Thomson optical depth TT
exceeds TsRs, Raman scattering will attenuate the emission at
lower frequency. Conversely, when TT« TsRs, the radiation
should emerge essentially unmodified by SRS. Using
equation (3.9) and adopting ln[2/(ncrt + ndiff)]- 5 in equation
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2(d) (dashed line) for comparison with the analytic solution.
The emergent angular distribution of the scattered radiation
is shown in Fig. 3(b ), and it is seen that the intensity peaks in
the directionµ= 18Aµp, in accordance with equation (2.8),
and is beamed into a solid angle of the order of a few times
the beam solid angle AQP. Emergent spectra obtained in the
presence of diffuse radiation are presented in Fig. 4(b ). The
spectrum of the diffuse radiation, in this example, is taken to
be the same as the spectrum of the beam, but with an overall
normalization that is 1 per cent of that of the beam. The
intensity of the diffuse radiation largely exceeds the corresponding critical intensity, and the evolution of the spectrum
is determined entirely by the boundary conditions. There are
no remarkable differences between this case and that shown
in Fig. 4(a), except that the Raman depths required to get
significant distortion of the beam's intensity are smaller, as
explained in the previous section. Finally, we plotted in Fig. 5
emergent spectra obtained in the back-scattering regime.
Figs 4 and 5 indicate that the spectrum of a bright radio
source could be strongly inverted as a result of propagation
through a non-linear scattering medium, provided that the
Raman depth is sufficiently large.
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Figure 6. Constraints on physical conditions in the environment surrounding a source with radio brightness temperature TB and frequency v
(measured in GHz). The combination n/v 2 is plotted against the plasma temperature T. The regimes in which strong SRS (labelled SR), weak
SRS (labelled WR), free-free absorption (labelled FF), and induced Compton scattering (labelled IC) dominate are shown for (a) TB= 10 12 K,
(b) TB= 10 14 K, (c) TB= 10 16 Kand (d) TB= 10 18 K. The dashed curves in the FF and WR regimes are labelled by the maximum allowed
Thomson optical depth rT around the source and its immediate surroundings. [The maximum Thomson depth in the induced Compton
scattering region is constant and is given by equation (4.4 ).]The precise values are quite sensitive to the model details.

(3 .12 ), we can express
TsRs

Ts Rs

= 0.2 ( n6)
v! T 6-3/2T Bi-22-

as

(4.3)

Raman scattering produces relatively small frequency
shifts, 11wjw-(kT/mec 2 ) 112 , particularly if the plasma
temperature is small, and the total radio spectrum should not
be affected seriously by Raman scattering. If, however, the
source is non-spherical, spectral features will be produced
(cf. Fig. 4 ). In particular, there will be reflection of the
incident beam at low frequencies compensated by attenuation of the transmitted radiation.
There are two competitive processes that may cause
attentuation of the spectrum at low frequency, before the

radiation is scattered by SRS. These are induced Compton
scattering (IC) (e.g. Coppi, Blandford & Rees 1993) and
free-free absorption. The Thomson optical depth required
to produce strong spectral distortion is given by
(4.4)

Similarly, the radio waves will be subject to free-free absorption (e.g. Rybicki & Lightman 1979) at a Thomson optical
depth
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T312)
> 0.16
a12 V9
6

( T. n~

{4.6)

is satisfied, the optical depth for free-free absorption is
smaller than that for either weak SRS or induced Compton
scattering. Conversely, when this inequality is reversed, weak
SRS is the dominant process as long as condition {4.1) is
satisfied. If the Langmuir waves cannot propagate, then
induced Compton scattering is most important. When the
additional condition {4.2) is also obeyed, strong SRS will
dominate the other three processes. These constraints are
exhibited in the (n/v 2 )-T plane in Fig. 6 for brightness
temperatures Ta= 10 12, 10 14, 10 16 and 10 18 K. From Fig. 6{a)
we observe that weak SRS is only likely to be significant
above Ta ~ 10 14 K. Strong SRS requires n6 /v~ ;;:;2 x 105 T 8"li;
:z;;;.:;3.6X103 T 8/2 • Naturally, there is a strong model
dependence in these constraints.
Now, let us turn to the observations of intraday variable
sources. If we assume that some unspecified coherent
emission mechanism operates inside a stationary source of
size :5 ct, where tis the variability time-scale, then we can set
limits on the physical conditions within and around the
source. Suppose that the brightness temperature is 10 18 K, as
would be required for the most rapidly variable powerful
sources; then, essentially over the whole (nfvi)-T plane, the
Thomson optical depth is constrained to be smaller than
~ 1o-8• Equivalently, for t ~ 0.5 d, the density must be n :5 10
cm - 3• This seems to be an unreasonably low value for any
conceivable coherent emission mechanism. However, source
models with intrinsic brightness temperatures Ta :5 10 14 K
are not seriously constrained by SRS.

4.2

Prospects for space VLBI

Earthbound VLBI of a source with flux density S is limited
to resolving brightness temperatures Ta :5 SR~/ k~ 3 x 10 10
SJy K independent of wavelength. However, the two orbiting
VLBI missions under development should improve upon this
bound significantly.
VSOP, scheduled for launch in 1996 September, will
operate between 1.6 and 22 GHz. It will probably be most
sensitive at 5 GHz and should be able to detect flux densities
;.:;50 mJy and provide angular resolution down to 0.35 mas
when, for example, used in conjunction with the phased
VLBA. RADIOASTRON will be launched up to a year later,
and, again at 5 GHz, is projected to be sensitive to ~ 20 mJy
with superior angular resolution ~ 0.13 mas due to its larger
orbit.
The brightest compact radio sources have 5 GHz flux
densities ~ 10 Jy, and, if all of this flux were to emerge from a
compact core, then it would have to have a measured brightness temperature in excess of ~ 10 12 K (RADIOASTRON)
or ~ 6 x 10 11 K ( VSOP). This is comparable with the

maximum brightness temperature already measured using
the TDRSS satellite ;.:;10 12 K {Levy et al. 1989). In conclusion, although space VLBI may be successful in detecting
SRS, failure to do so should not seriously challenge the
standard interpretation of compact radio sources as synchrotron-radiation-emitting relativistic jets.

4.3

Stimulated Raman scatteringby accreting gas

In the shorter term, the next advance in very long baseline
interferometry is anticipated to be the full implementation of
the VLBA which should achieve dynamic ranges of ~ 10 5 in
the strongest sources {e.g.Wilkinson 1987). Now, most AGN
are believed to contain dense gas accreting on to a black
hole, probably through an accretion disc localized in the
equatorial plane. Those AGN that are also powerful compact
radio sources are generally supposed to comprise relativistic
jets beamed in our direction. It is apparent, however, from
observations of FR2 extended radio sources that are not
beamed towards us, such as Cygnus A {Carilli et al. 1991),
and the very existence of compact triple sources (Readhead
et al., in preparation), where two components on either side
of the compact core are observed, that the actual radio beam
has strong 'sidelobes' that illuminate the equatorial regions
where we expect the accreting gas to be localized. The
strongest scattering is likely to come from radial scales
comparable with those associated with the source ~ 1 pc. At
these distances, it is likely that disc gas is primarily molecular.
A significant photoionizing flux may, however, illuminate this
gas and this should lead to a surface ionization zone that may
be a Stromgren length thick {'rT~ 10- 2) and may be
associated with broad emission lines in the case of quasars
(e.g. Dumont & Collin-Souffrin 1991). This should be
adequate for reflection in the weak scattering regime. Now,
the brightness temperature of the sidelobes in a conventional
relativistic jet source model is likely to be much less than
10 14 K, and so the threshold conditions for Raman scattering
are unlikely to be satisfied. This conclusion is even stronger if
we consider small-angle scattering, because the scattering
length for a given flux density oc0;2 {cf. equation 3.9).
Spontaneous {and possibly induced) Compton scattering is
more likely to be important in tracing the accreting gas (cf.
Coppi et al. 1993). The most promising sources in which to
seek this radio reflection are probably the central compact
components of the most powerful double radio sources. If it
is detected, it will provide a crucial link between the scales
probed by the HST through emission-line imaging (cf.
Harms et al. 1994) and those of the central energy source.

5

DISCUSSION

In this paper we have analysed some of the ways in which
broad-band, stimulated Raman scattering might be
important in compact radio sources. We have argued that
there is no evidence as yet in the observations that it is
occurring, and that this very fact essentially precludes
sources of brightness temperature as large as is suggested by
a naive interpretation of intraday variability.
Although we have argued above that the conditions
necessary for SRS are unlikely to be present in AGN, it is
nevertheless important to enquire how SRS could, in
principle, be identified. {We are indebted to the referee for
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Now let us consider which of these four processes is likely
to dominate for sources of radiation with a given frequency
and brightness temperature, and a medium of size comparable to that of the source with density n and temperature
T. By equating these three critical optical depths in pairs, it
can be shown that each process can dominate in a specific
region of the (n/ v 2 )-T plane. It turns out that when the condition

1995MNRAS.274..717L

Raman scatteringin high-radio-brightnesssystems 727

ACKNOWLEDGMENTS

We thank D. L. Meier for information concerning Space
VLBI. This work was supported by NASA grants NAGW
2816 and 2372.

REFERENCES
Baker D. N., Borovsky J.E., Benford G., Eilek J. A., 1988, ApJ,
326,110
Bastian T. S., Bookbinder J., Dulk G. A. Davis M., 1990, ApJ, 353,
263
Begelman M., Rees M. J., Sikora M., 1994, ApJ, 429, L57
Carilli C. L., Perley RA., Dreher J. W., Leahy J.P., 1991, ApJ, 383,
554
Coppi P., Blandford R., Rees M., 1993, MNRAS, 262, 603
Deguchi S., 1994, ApJ, 420,551
de Kool M., Begelman M. C., 1989, ApJ, 345, 135
de Kool M., Begelman M. C., Sikora M., 1989, ApJ, 337, 66
Dumont A. M., Collin-Souffrin S., 1991, A&A, 242, 503
Eichler D., 1991,ApJ, 370, L27
Gangadhara R. T., Krishan V., 1993, ApJ, 415, 505
Gedalin M., Eichler D., 1993, ApJ, 406, 629
Gordon M.A., WarwickJ. W., 1967,ApJ, 148,511
Hankins T. K., 1971, ApJ, 169, 487
Harms R. J. et al., 1994, ApJ, 435, L35
Kardashev N. S., Slysh V. I., 1988, in Reid M. J., Moran J.M., eds,
Proc. IAU Symp. 128. Kluwer, Dordrecht, p. 441
Krishan V., 1988, MNRAS, 230, 183
Kruer W., 1988, The Physics of Laser, Plasma Interactions.
Addison-Wesley, Reading
Levy G. S. et al., 1989, ApJ, 336, 1098
Melrose D. B., 1986, Instabilities in Space and Laboratory Plasmas
Cambridge. Cambridge Univ. Press, Cambridge
Melrose D. B., 1994, in Bicknel G. V., Dopita M.A., Quinn P. J.,
eds, The Physics of Active Galaxies. Astron. Soc. Pac., San
Francisco, p. 91
Pearson T. J., Zensus J. A., 1987, in Zensus J. A., Pearson T. J., eds,
Superluminal
Radio Sources. Cambridge
Univ. Press,
Cambridge, p. 1
Press W., Flannery B. P., Teukolsky S. A., Vetterling W. T., 1989,
Numerical Recipes, The Art of Scientific Computing.
Cambridge Univ. Press, Cambridge
Quirrenbach A. et al., 1989, A&A, 226, L1
Readhead A. C. S., 1994, ApJ, 426, 51
Reid M. J., Moran J.M., 1988, in Ver G. L., Kellerman K. I., eds,
Galactic and Extragalactic Radio Astronomy, Springer-Verlag,
Berlin, p. 255
Rybicki G., Lightman A. P., 1979, Radiation, Processes in Plasmas.
Wiley, New York
ScheuerP.A.G., 1960,MNRAS, 120,231
SikoraM., Begelman M., Rees M.J., 1994,ApJ, 421,153
Sincell M.,KrolikJ. M., 1992, ApJ, 185,297
Stahli M. A., Magun A., 1986, Sol. Phys., 104, 117
Thompson C., Blandford R., Evans C., Phinney E. S., 1994, ApJ,
422,304
Wagner S. J., Witzel A., 1992, in Roland J., Sol H., Pelletier G., eds,
Extragalactic Radio Sources - From Beams to Jets. Cambridge
Univ. Press, Cambridge, p. 59
Wilkinson P. N., 1987, in Zensus J. A., Pearson T. J., Superluminal
Radio Sources. Cambridge Univ. Press, Cambridge, p. 211
Wilson D. B., Rees M. J., 1978, MNRAS, 185, 297

APPENDIX A: ALTERNATIVE APPROACH TO
DERIVING THE SCATTERING RATE

We consider scattering of a pump wave, propagating through
a plasma with a uniform density and temperature, by density
fluctuations. It is convenient to separate the electric field in
the plasma into a transverse part and a longitudinal part,
which, by choosing a Coulomb gauge V ·A= 0, can be
expressed in terms of the vector potential A and the electro-
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emphasizing this question.) As we have described, the effects
of SRS and the competitive processes of SSA, IC and FF are
all characterized by increasing dominance with decreasing
frequency, and it will be hard to discriminate between them
on spectral grounds alone (although a rising spectrum
S • ocv - a, a < 5/2, might rule out SSA, but see de Kool,
Begelman & Sikora 1989; de Kool & Begelman 1989).
Temporal variations are perhaps a better guide. Outbursts
that propagate to lower frequencies are characteristics of
both expanding synchrotron sources and IC, but not SRS. A
free-free absorbing screen would probably change fairly
slowly and would not exhibit rapid temporal changes
associated with a non-linear plasma process. One other way
of distinguishing IC and SRS in reflection (e.g. from the
surface of a disc of accreting gas) is through the angular
distribution of the reflected radiation. As we have discussed,
the ( 1 - µ) term in the Compton recoil formula leads to a
stronger emphasis on forward scattering in IC.
There are other opportunities for observing non-linear
plasma processes in AGN. First, SRS is not the only relevant
coherent process. Stimulated Brillouin scattering, in which
the Langmuir waves are replaced by ion acoustic modes, is
also a possibility and like SRS has been much studied in the
context of laser fusion (e.g. Kruer 1988). The plasma within
an AGN is, however, generally expected to be strongly
magnetized and this allows several more 'idler' wave modes
to propagate. Among several possibilities, we isolate here ion
cyclotron modes, Bernstein waves and whistlers. These
deserve further study.
There are also · other environments within which SRS
might operate. For example, the brightness temperatures in
water masers has been observed to exceed 1016 K (e.g. Reid
Moran 1988). In particular, Deguchi (1994) has invoked
SRS to explain the high velocity shifts in the source
NGC 4258. The observed shifts are attributed to the sideband modes in a plasma with an electron density of about
107 cm- 3 • The brightness temperatures in flare stars can
exceed 1016 K, in excess of the self-absorption limit (Bastian
et al. 1990). (In fact, as the photospheric magnetic fields may
be in excess of a few kG, ·parametric instabilities involving
magnetoactive modes may be relevant.) Finally, extremely
high brightness temperatures are associated with pulsars, and
the apparent absence of SRS, like that of induced Compton
scattering (Wilson & Rees 1978; Sincell & Krolik 1992) can
be used to limit the densities and speed of the pulsar wind. In
addition, as analysed in detail by Thompson et al. ( 1994 ), the
observed properties of eclipsing pulsars, where the pulsar
radio emission propagates through dense plasma associated
with a companion star, probably also involves SRS.
However, of more interest than using the absence of SRS
to limit physical conditions around a source would be its
direct and unambiguous detection. If this should happen, it
would represent one of the first and best ·opportunities to
apply the techniques of non-linear plasma physics beyond
the Solar system.
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static potential <I>,as E 1 =-e- 1 'iJA/'iJt, and E 1=-V<I>,
respectively. The vector potential can be written as a sum,
A=~ + dA, where AP is the amplitude of the pump wave
and dA is the amplitude of the scattered light wave, and is
assumed to be small. By employing Ampere's law one can
easily derive the following equation for the scattered light
wave,
Wpe

U

-

(NL)

(Al)

,

1

4

(Ap;(k)A:j(k'))= (:~; eP;(k) e:ik)IAP (k)l 2 d 4 (k- k'),

where V is the volume of the system and T is an average
time. On averaging the non-linear current over ensemble,
using equation (A9) one finds
J\F-l(k) =a~NLl(k)dAik),

2

(NL)

(AlO)

where the non-linear dielectric tensor is given by

where

J,

(A9)

= -- e dn.Ap

(A2)

me

2

2

e

2

2
Wpe

me2

2

(All)

is the non-linear current associated with the electron density
fluctuation dn., and which produces the scattered light wave.
dne is related to the electrostatic potential through Poisson's
equation. An equation for dne can be derived (e.g. Kruer
1988) by treating the electrons as a warm fluid embedded in
a neutralizing ion background:

a -3veV2
(-a
t

(NL)(k) ~

ar

2

~
+wP•2 ) un.=

~2 V 2( uA·,\.
~
)

(A3)

4;r,me

alf-l can be interpreted as the 'linear' response tensor of a
system comprising the plasma plus the pump wave.
Next, we use equation (Al0) to eliminate dA in equation
(A4 ), thereby obtaining a dispersion equation for the
scattered light wave:
(A12)

The RHS of the above equation is simply the divergence of
the ponderomotive force which generates the density fluctuation. After Fourier transformation, equations (Al) and (A3)
become
(A4)
with
J\NL)(k)

=-

and
2
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:eI(~:i
I
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4

k
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dn 0 (k-k
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4 ;r,me2

1

(AS)

)Ap(k 1),

Here, e;(k) is the i component of the polarization vector of
the scattered light wave. The reactive growth rate is found by
solving the above dispersion equation. For clarity we assume
that the pump wave peaks at some wave-vector k0 , with
w0 = w(k0 ) as the corresponding frequency, and denote
Aw'= w' - w 0 • Maximum growth occurs at a frequency
which satisfies the matching condition, w. = w0 - w•k• and a
wavenumber which satisfies the dispersion equation,
k;e 2 =w;-w~ •. Taking w=w.+dw, and using equations
(All) and (A12), one finds
~

uW-

d k
4

1

( 2 ;r,)4

1

Ap(k)·dA(k-k),

1

_

2

2

e w •

2 2
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(A6)
(Al3)

v;,

where w;k = w;P+ 3k 2
and kdenotes (w, k). Alternatively,
one can derive equations (A4)-(A6) using kinetic theory.
Substitution of equation (A6) into (AS) yields
J'NL)(k)

'

= e2

I

w:.(2;r,)4
d k

m2e2

Now, if the bandwidth of the pump wave is smaller than the
resonance width dw, one can neglect the term Aw' in the
latter integral and readily solve for dw: dw = iy coh with

4 2

(A14)

(A7)
where Eis the vector electric field and is given by,
The amplitude of the pump wave can be written explicitly as
(Melrose 1986)
A(k) =ep(k)A(k)2;r,{d(w-w(k)]+

d[w-w(-k)]},

(AS)

where eP(k) is the polarization vector of the pump and w(k)
is the solution of the dispersion equation obeyed by the
pump wave. We now assume random modulation of the

When the bandwidth of the pump exceeds the resonance
width we can use the Plemelj formula to write (Aw' - dw +
i0t 1 = PP{l/(Aw' - dw)}- i;r,d(Aw' - dw), in the integral on
the RHS of equation (A13). We also write d 3 k' =k' 2 dk' dQ'
and assume that the pump wave is beamed into a cone of
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(~'iJt2 e 2v2
+ 2)~A- 4;r,e]

phases of the pump. Averaging over the phases we obtain
(Melrose 1986)
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solid angle L\QP.We then obtain
(A15)

where Eis now
w~k~IAp(ko)l 2 L\kPL\QP
2
(2Jt}3Vc

(A16)

The physical reason for the reduction in the growth rate, as
can be seen from equation (A13 ), is that only a fraction of
order Ycoh/L\wP of the pump wave intensity couples
resonantly to any unstable mode. A similar reduction in the
growth rate occurs for a narrow-band pump when the
damping rate of the electron-plasma mode, YL,exceeds the
resonant width. In that case one should replace L\wP with YL
in equation (Al 5) (cf.Thompson et al. 1994 ).
In addition there is also a non-linear frequency shift
associated with the principal part of the integral. This implies
that the linear dispersion relations of the scattered wave are
slightly modified due to this incoherent non-linear interaction.

Al

Weak turbulence theory of Raman scattering

We consider the three-wave process p - M + q where p, M
and q refer to the corresponding modes. In the weak turbulence theory, the time-averaged rate of change of the wave
energy in the mode M, WM(k),is given by (Melrose 1986)

(A17)

dNM(k)
dt=

Jd(kJt)dq upMq(k,k,q)Np(k)Nq(q)
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_

k
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(A19)

where k denotes [w(k), k], and NP and Nq denote the pump
and plasmon occupation numbers, respectively. The transition rate of photons from the mode pinto the modes q and M
can be stimulated by the presence of the scattered waves (M).
The stimulated rate is proportional to the occupation
number in the final state viz. NM(k). To include stimulated
emission one should multiply the transition probability upMq
in the last equation by (1 + NM(k)].The rate for the inverse
process, M + q- p, can be obtained by replacing the product
(1 + N)NpNq by N(l + Np)(l + Nq). Combination of these
two processes yields the kinetic equation for Raman scattering (cf. equation B8 in Thompson et al. 1994 ). For a detailed
discussion on non-linear processes and derivation of transition rates from kinetic theory, see, e.g., Melrose (1986 ).
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E2

where RM is the ratio of electric to total energy in the mode
M, and is of order 1/2 for electromagnetic waves ( w » wpe).
The occupation number of the wave in mode Mis defined as
NM(k) = WM(k)/fiwM(k).For the process under consideration, namely Raman scattering, Mand q denote the scattered
electromagnetic wave and electron-plasma wave, respectively. The non-linear current JNL is then given by equation
(AS). The longitudinal electric field, designated as E 1(q), can
be expressed in terms of the density fluctuation as
qE 1(q) =4Jte6n 0 • On substituting the non-linear current into
equation (Al 7), averaging over phases as in equation (A9)
and using the relation [d(k)4]2=(TV/2Jt)d(k), we obtain,
after tedious but straightforward calculations,

