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We present a general formalism for describing stimulated Raman adiabatic passage in a multilevel atom. The
atom is assumed to have two ground state manifolds a and b and an excited state manifold e, and the adiabatic
passage is carried out by resonantly driving the a-e and b-e transitions with time-dependent fields. Our
formalism gives a complete description of the adiabatic passage process and can be applied to systems with
arbitrary numbers of degenerate states in each manifold and arbitrary couplings of the a-e and b-e transitions.
We illustrate the formalism by applying it to both a simple toy model and to adiabatic passage in the cesium

atom.
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I. INTRODUCTION

A number of techniques for coherently manipulating
atomic systems are based on the idea of adiabatically varying
the parameters of a time-dependent Hamiltonian. One such
example is the technique of stimulated Raman adiabatic pas-
sage (STIRAP), which can be used to coherently transfer
population between the two ground states of a three-level
atom in the lambda configuration [1-3]. The STIRAP tech-
nique involves driving the atom with a pair of time-
dependent fields that couple the two ground states to the
excited state and relies on the fact that the Hamiltonian for
the system has an instantaneous eigenstate, called the dark
state, that contains no excited state component. In general
this dark state is a superposition of the two ground states,
where the overlap of the dark state with each ground state
depends on the ratio of the powers in the two fields. Popu-
lation is transfered from the first ground state to the second
by adiabatically varying these powers in such a way that
initially the dark state overlaps entirely with the first ground
state, during the process the dark state is a superposition of
the two ground states, and after the process has been com-
pleted the dark state overlaps entirely with the second ground
state. The STIRAP technique has been studied experimen-
tally [4—10] and has formed the basis for numerous theoret-
ical proposals [11-14]. In addition, STIRAP has been gener-
alized to multilevel systems [15-18], opening up new
possibilities for creating superposition states [19-23].

Here we present a general formalism for describing STI-
RAP in a multilevel atom. The atom is assumed to have two
ground state manifolds ¢ and b and an excited state manifold
e, where each manifold consists of an arbitrary number of
degenerate states, and the adiabatic passage is carried out by
resonantly driving the a-e and b-e transitions with time-
dependent fields. The Hamiltonian for the system is

Q o Q ,
H="cos O(A,+A)) - Esin B(A,+Al), (1)

where () is a time-independent Rabi frequency that charac-
terizes the strength of the fields, 6 is a time-dependent pa-
rameter that is varied to carry out the adiabatic passage, and
A, and A, are lowering operators that connect states in mani-
fold e to states in manifolds a and b. We sweep 6 from O to
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7r/ 2 to transfer states from manifold a to manifold b, and we
sweep 6 from /2 to O to transfer states from manifold b to
manifold a.

Let us denote the Hilbert spaces for manifolds a, b, and e
by H,, H,, and H,. We will show that H, and H, can be
decomposed as follows:

H,=H: o H e H,, 2)

Hy=Hy ® Hi ® M, (3)

Under adiabatic passage from a to b, states in H;‘ coherently
evolve into states in 7)), states in HZ remain unchanged, and
states in H, are driven to the excited state manifold and
scatter incoherently. Similarly, for adiabatic passage from b
to a, states in H),; coherently evolve into states in H;‘, states
in ’HZ remain unchanged, and states in H,’, are driven to the
excited state manifold and scatter incoherently. The coherent
evolution from H? to H}, is described by a unitary transfor-
mation U:H}—H}, and the coherent evolution from } to
H) is described by the unitary transformation U':H),— HJ.
Given arbitrary operators A, and A,, our goal is to perform
the Hilbert space decompositions described in Egs. (2) and
(3) and to calculate the unitary transformation U.

The paper is organized as follows. In Sec. II, we show
how to preform the Hilbert space decompositions described
in Egs. (2) and (3). In Sec. III, we calculate the unitary trans-
formation U :HL‘—VHZ, and consider in detail the special
case dim HA=dim H),=2. The formalism developed in Secs.
IT and IIT gives a complete description of the adiabatic trans-
fer process, and in Sec. IV we illustrate this formalism by
applying it to a simple toy model. Finally, in Sec. V we use
the formalism to analyze adiabatic passage in the cesium
atom.

II. HILBERT SPACE DECOMPOSITIONS

We will first show how to perform the Hilbert space de-
compositions described in Egs. (2) and (3) for a given pair of
atomic lowering operators A, and A;. Let HZ be the space of
states in manifold a that are dark to the a — e transition, let
Hi be the space of states in manifold b that are dark to the
b — e transition, and let HZ be the space of states in manifold
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e that are dark to the e — b transition. Note that Hd HY, and
Hd are just the null spaces of the operators A Ab, and A,

HE={ 1) € M Alp) =0}, (4)
HE={|4h,) € HylA) sy =0}, (5)
He={|.) € HJA,|4.) =0}. (6)

Define H,, H;, and H, to be the complements of these
spaces in H,, Hy, and H,:

H,=Hr & HY, (7)
Hy=Hi & HY, (8)
H,=H} & H’. 9)

Clearly, states in HZ and HZ' are dark states of H. In addition,
H has dark states of the form

|A) =cos @|ep,) + sin ¢|i,), (10)

where [¢,)EH, and |4,y EH; . We will call such states
lambda dark states, and say that |¢,) and |¢;,) form a lambda
pair. Since H|A)=0, we have that

cos @sin @A, |4,) =sin 6 cos pAT|,). (11)

This equation must hold for all values of 6, so ¢ must be
related to 6 by

tan ¢p= \ tan 0 (12)

for some value \. Thus states |¢,) and |¢;,) are related by

NAL ) = Al (13)
Note that by using Eq. (12), we can also express |A) as

|A) = (cos? 8+ \? sin® 6)7*(cos 6|if,) + \ sin 6]4,)).
(14)

Define H)‘ to be the space of states |1,b,l>EHL such that
Aa|¢a) EH and define H, to be the complement of H in
H,;

Hy=H\ o H,. (15)

Note that from the definitions of #_, and H?, it follows that
dim H/ =<dim H’.

We will now show that for every normalized state
|,y EHY, we can construct a normalized state |¢,) € H}
such that |¢,) and |¢,) form a lambda pair. First, note that we
can view the raising operator Al as a mapping A| H —H,.
Since the image of H under A¥ lies entirely in H we can
define a mapping R H}‘—>7"lL by

Ry = AL, (16)

where |¢,) is an arbitrary state in H)‘ Similarly, given the
definitions of Hb and H,, we can deﬁne mappings RT H;
— M, and Rb:Hj—VHb by

R = Allthy), (17)
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Rb|lvbe> EAb|Ir/,e (18)

where [i,) and |¢,) are arbitrary states in H; and . Note
that the only state in H that lies in the null space of AT is the
null state, the only state in H,, that lies in the null space of
Ak is the null state, and the only state in 7"{L that lies 1 1n null
space of A, is the null state; thus the null spaces of R . R},
and R, are trivial. This means that the mapping RbRb HL
—>HL is invertible, and we can define a mapping M: H
H'Hb by

M =Ry(R}R,)"'R]. (19)

Define H), to be the 1mage of M, and define H, to be the
complement of M}, in Hj:

Hy =Hy & H,. (20)

Note that because the null spaces of RZ, RZ, and R, are all
trivial, the null space of M is also trivial, and therefore
dim H}=dim H}. Given a normalized state |¢4,) € M), define
\ by

N = (M My,)' 2, (21)

and define a normalized state |t//b>EH2 by

1
) = ;M| ). (22)

Using Egs. (19) and (22), we find that
NAJ ) = NR}| i) = R;M (i) = RyR,(RIR,) ™ R |,
=Rlly)=Ally).  (23)

Thus states |¢,) and |¢,) satisfy Eq. (13) and therefore form
a lambda pair.

We claim that none of the states in H, can form lambda
pairs with states in ;. To see this, consider a superposition
of states |¢,) €M, and |¢,) EH; :

) = cal ) + ol i) (24)

Because of the way we have defined H/,
state |14,) € H such that

there must be a

(WlAlga) # 0. (25)
Since |¢,) € H? we have that A,|i,)=0, so
(WelAfl ) =0, (26)
and therefore
Q
(Wl H ) == —sim &yelal)e. (27)

Thus for ¢,# 0 and sin ## 0 we have that H|¢p) # 0, so |¢)
cannot be a lambda dark state.

Since all the states in H)‘ form lambda pairs with states in
'Hb, and none of the states in H form lambda pairs with
states in ’Hb, it follows that none of the states in Hb form
lambda pairs with states in . Thus states in #/ and 7, do
not form dark states of H, and under adiabatic passage they
are driven to the excited state manifold and scatter incoher-
ently.
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III. UNITARY TRANSFORMATION

In the previous section we defined Hilbert spaces H;‘ and
HZ, which are subspaces of the total Hilbert spaces for
ground state manifolds a and b. We will now show that under
adiabatic passage from a to b states in Hfl‘ coherently evolve
into states in ’Hg\, and we will derive the unitary transforma-
tion U:H>—H, that describes this evolution.

First, choose an orthonormal basis {|i,),...,|#,.)} for
H?, and use the mapping M given in Eq. (19) to construct a
normalized basis {|¢;), ..., |1,)} for H), where |i,;) is de-

fined by

1
|‘//hj> = ;M|¢aj>’ (28)

J

N = (M Mg, ). (29)

Note that the basis states for ), will not necessarily be mu-
tually orthogonal. The states |1/,;) and |¢,;) form a lambda
pair and define a lambda dark state that is given by

|Aj(0)> =Cos ¢](‘9)| 1/’aj> +sin ¢j(0)| i//hj>» (30)
where
¢,(6) =tan"'(\; tan 6). (31)

The states {|A,),...,|A,)} form a basis for the lambda dark
states, so we can express a general lambda dark state |A) as

[A)=2¢jlA). (32)
J

In the adiabatic limit, the time evolution of |A) is given by
Schrodinger’s equation:

d
—|A)=H|A)=0. 33
i~ [Ny =HIA) (33)
Thus, substituting for |A), we find that
E (éj|Aj>+Cj¢j|Kj>):0’ (34)
j

where the dots indicate derivatives with respect to 6, and
where we have defined

— d
|Aj> = @M/) =-sin ¢j|¢aj> +Cos ¢j|‘//bj>~ (35)

, we obtain

Taking the inner product of Eq. (34) with (A,

(&)

: 2 .
¢ z|* sin ¢, cos ¢, sin
( .l> = (1 —|z|* sin® ¢, sin? ¢2)‘1<| | 1 4 b2

— 7" cos ¢ sin ¢,
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2 (éj<Ak|Aj> + Cj(.bj<Ak|Kj>) =0. (36)
J

Since {|A,), ...,|A,)} is a complete basis for the lambda dark
states, the matrix (Ak|Aj) is invertible; we will denote its
inverse by L;:

2 Lik<Ak|Aj> = 5[/ (37)
k

If we multiply Eq. (36) by L; and then sum over k, we obtain
the following equations of motion for the expansion coeffi-
cients c;:

b==2 Lid\JA ) e (38)
ik

Note that we can express an arbitrary state |¢,) € H(); as

[ = 2 ¢ (0]} = 25 ¢(0)[A;(0)) (39)
J J

for some set of amplitudes c;(0). We can then integrate Eq.
(38) subject to these initial conditions to obtain a state

Ul = 2 ef(m2)|A(m12)) = 2 c)(mi2)| ). (40)
J J

This defines the unitary transformation U.

A. Example: dim H)=dim H}=2
As an example, we will write down the equations of mo-
tion explicitly for the case dim H}=dim H)=2. We choose
an orthonormal basis of states {|1,;),|,,)} for H2, use Eq.
(28) to obtain a basis of states {|1,1),|1,,)} for H}, and use
Eq. (29) to obtain the values \; and \,. The matrices (A;|A;)

and (A;|A;) are given by

1 z sin ¢, sin ¢
<Ak|A_,~>=( L 1 2), (41)
Z" sin ¢ sin ¢, 1
_ 0 z sin ¢ cos ¢
(AA) =( . . 1 ) (42)
Z cos ¢ sin ¢, 0
where
2= P2)- (43)
The inverse of (A A;) is
Ly = (1 - [z* sin* ¢, sin* ¢,)™"
1 s .
X( o ' z sin ¢ smqﬁz). (44)
—Zz sin ¢y sin ¢, 1

Substituting these matrices into Eq. (38), we find that the
equations of motion for ¢, and ¢, are

—z sin ¢ cos ¢, )(¢1C1 ) (45)

[<sin ¢, cos ¢, sin® by ) \ g e
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and from Eq. (31) we have that

cos ¢y = (cos? 0+ \j sin> 6)~'"% cos 6, (46)
sin ¢ = (cos® @+ N} sin> )2\, sin 6, (47)
de=N(cos? G+ \; sin® 6)7". (48)

Given A, \,, and z, these equations of motion can be inte-
grated to obtain the unitary transformation U:H>— HJ. For
certain special cases, we can perform the integration analyti-
cally and write down the explicit form of U.

First, suppose |4, and |¢,,) are orthogonal. Then z=0
and the equations of motion reduce to ¢;=¢,=0, so the uni-
tary transformation U:H}— H) is given by

U|‘/’a1> = |Wb2>’ (49)

U| %2) = |¢b2>~ (50)

Next, suppose A;=A\,, so there is a single angle ¢=¢=¢,
that characterizes both lambda dark states. Also, for simplic-
ity, assume that z is real. Then we can express the equations
of motion as

zsinf ¢ -1 )

-1 zsin’¢

X , (51)
)

where primes denote derivatives with respect to ¢. We can
decouple these equations by defining new variables 7.
=c1*cy:

7. = F zsin ¢ cos ¢(1 *+ zsin® ¢) ' 9. (52)
These equations can be integrated to give

() = (1 = zsin® ¢)?7.(0). (53)

(ci ) =z sin ¢ cos (1 — 7% sin* (ﬁ)_l(

)

Thus

1
ci(¢) = 5{(1 +zsin® ¢)7%[¢1(0) + ¢5(0)]

+(1=zsin’> )", (0) = (O]}, (54)

@)= 51+ 2 5in 97, (0) + (0)]

= (1 =zsin’> ¢)"[¢;(0) = (O]}, (55)

For adiabatic passage from a to b we sweep 6 from 0 to /2,
and from Eq. (31) we see that ¢ also sweeps from O to /2.
Thus after the adiabatic passage has been completed ¢
=/2, and the unitary transformation U:H)— H) is given
by

Ulgha1) = aliy) + Blia) (56)
Ulto) = Bl + ol o), (57)

where
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e— €n €4
b_ bo by
a— aop a4

FIG. 1. Level diagram for the example system. Horizontal lines
indicate states in ground state manifolds a, b and excited state
manifold e; diagonal lines indicate transitions coupled by A, and
AZ; and vertical lines indicate transitions coupled by A, and AZ.

a= %[(1 +2)72 4 (1-2)7", (58)

B=3l1+ 22 (1-27"7) (59)

IV. EXAMPLE SYSTEM

We will now illustrate the formalism developed in Secs. II
and III with a simple example. Consider an atom that has the
following internal states:

Ha = Span{|a+>» (l()), a—>}’ (60)
H,,=span{|b,), by, [b)}, (61)
H, = span{le,),|eo),le_)}- (62)

Define atomic lowering operators A, and A, by

Ay = b )ey] + [boXeo| + [b_)e_|, (63)

Ay =la) (el + eol) + la_)(Ce_| +(eql). (64)

The transitions coupled by these operators are shown in Fig.
1.

We will first apply the results of Sec. II to find the decom-
positions of Hilbert spaces H, and H,,. There is a single dark
state |a0) for the a — e transition, and there are no dark states
for the b— e and e — b transitions, so

Hj = spanflag)}, (65)
M, =span{|a.)}, (66)
Hy={}. (67)
Hy =H,, (68)
M =1}, (69)
H, =H,. (70)

Since AZ|¢Q> EHEl for every state |i,) EHal, we find that
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H) ="M, =spanfla.)}, (71)

Ho=1{}. (72)
The mapping M :’H;‘HH; is given by
M= (|by) + |bo))ay| + (|b2) + |bo)){a-. (73)
We can use this mapping to define states |B.) that form
lambda pairs with states |a. ):

1 —
|Bt>=)\_M|at>=(1/\”2)(|b0>+|bi>)a (74)

where
Ao =(a.|MMla)? =2 (75)
Note that |B,) and |B_) are not orthogonal:
z=(B,|B_y=1/2. (76)
From the results of Sec. II, it follows that
[A+)=cos ¢(0)]a.) +sin (6)|B.) (77)
are lambda dark states of H, where
$(6) = tan™' (12 tan 6). (78)

Define a state |s) in 7, that is orthogonal to both |B,) and
|B_):

[s) = (11\3)(52) = [bo) + b)) . (79)

Since the image of M is span{|B..)}, we find that
H), = span{|B..)}, (80)
H,, = span{|s)}. (81)

Now that we have decomposed the Hilbert spaces H, and
'H,, let us apply the results of Sec. III to calculate the unitary
transformation U:H:—H). We first note that a general
lambda dark state of H is a superposition of |A,) and |A_):

[A)=cilA) +elA). (82)

Since N\, =\_, the equations of motion for ¢; and ¢, are given
by Eq. (51). As was shown in Sec. III A, these equations of
motion can be integrated to give U:H) —H):

U|a+> = a|B+> + :8|B—>’ (83)

Ula_)=B|B,) + a|B_), (84)

where « and 8 are given by Egs. (58) and (59) with z=1/2.

The Hilbert space decompositions and unitary transforma-
tion U give a complete description of the behavior of the
example system under adiabatic passage: for adiabatic pas-
sage from a to b, states |a.) coherently evolve into states
Ula.) and state |a,) remains unchanged; for adiabatic pas-
sage from b to a, states Ula-) coherently evolve into states
|a.), and state |s) is driven to the excited state manifold and
scatters incoherently.

It is interesting to note that if we start in state |a,) and
perform adiabatic passage from a to b, population is trans-
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— F'=5
o —— P =4

6Py ———— 27"
S F=3
— F =2
o F=4

65 /2 .
S —— F=3

FIG. 2. Level diagram for cesium. The two hyperfine ground
state manifolds 6S;,,,F=3 and 6S,,,,F=4 correspond to manifolds
a and b in our theory, and one of the excited state hyperfine mani-
folds, either 6P, F’ =3 or 6P5,,,F' =4, corresponds to manifold e.

ferred to |b_) despite the fact that (b_|A,A|a,)=0. The popu-
lation reaches state |b_) by passing through state |a_); at time
t the population in |a_) is given by

P(la_)) =|cy(¢)|* cos® ¢, (85)

where c¢,(¢) is givren by Eq. (54) with ¢;(0)=1, ¢,(0)=0, and
where ¢=tan~'[\2 tan 6(¢)].

V. ADIABATIC PASSAGE IN CESIUM

In order to show how the formalism developed in Secs. 11
and IIT applies in a more physical context, we will use it to
analyze adiabatic passage in the cesium atom. A level dia-
gram for cesium is shown in Fig. 2; the two hyperfine ground
state manifolds 6S;,,,F=3 and 6S;,,F=4 correspond to
manifolds a and b, and one of the excited state hyperfine
manifolds, either 6P5,,F'=3 or 6P5,,,F’ =4, corresponds to
manifold e. For simplicity, we will denote the 6S;,,,F=3 and
6515, F=4 ground state manifolds by g3 and g4, and the
6P5,,F'=3 and 6P;,,F' =4 excited state manifolds by e;
and ey.

Adiabatic passage between manifolds g; and g, is per-
formed by driving the atom with a pair of classical fields that
connect these manifolds to the excited state manifold er.
The field driving the gp< ey transition corresponds to an
atomic lowering operator that is given by

Ar=Ap- &, (86)
F F F

where € is the polarization of the field. The operator IKF is
defined by

1
A=23 S BF P

mr m q:—]

l’q;F’m>|F,’m,><F7m|é:;’

(87)

where (F',m’|1,q;F,m) is the Clebsch-Gordan coefficient
that connects ground state |F,m) to excited state |F',m’) via
polarization é,,

I
éry= ¥ (XX 0y), (88)
V2
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é() 22 (89)

is a orthonormal basis of polarization vectors, and B(F', F) is
given by the following:

F’ 3
F 4
B(F',F) \3/4 14

3 4 4

3 3 4 (90)
V5/12 NT7/12

In the following sections we apply the results of Sec. II to
perform the Hilbert space decompositions given in Egs. (2)
and (3) for adiabatic passage via both the F'=3 and F'=4
excited state manifolds.

A. Adiabatic passage via the F’' =3 manifold

For the g4« e5 transition there are two dark states |dy,),
|d,,) in g4 (these dark states are calculated in the Appendix),
and there are no dark states in ez, so

HZ = Span{|d4e>7 d40>} > (9 1)

HI={}. (92)

For the g5+« e transition there is a single dark state |d3) in g5
(this dark state is calculated in the Appendix), so

H4 = spanf|d3)}. (93)

From the dimensions of Hd, Hd, and H‘:, we can work out
the dimensions of all the Hilbert spaces in the decomposi-
tions of H; and H,. First, note that because dim Hf!=0 and
dim H}=dim ¢ we must have that dim 7;=0. Next, since
the dimensions of Hg‘, H4 and Hé must sum to 7, we find
that dim H3=6. Finally, since dim H}=dim }=6 and the
dimensions of Hf{, Hi, and H; must sum to 9, we find that
dim H}=1. Thus the dimensions of the Hilbert spaces are

F dim H} dim H¢ dim H,
36 1 0
4 6 2 1

Note that these dimensions are independent of the polariza-
tions of the classical fields.

1. Example: é&;=¢€,=7%

The Hilbert space decompositions are

HY = span{|3,0)}, (94)

Hy={1}, (95)

H) = span{[3, = 1),|3, = 2),|3, = 3)}, (96)

’Hff =span{|4, = 4)}, (97)

H, = span{|4,0)}, (98)

H) = span{|4, + 1),]4, * 2),|4, = 3)}. (99)

States |3,m) and |4,m) are lambda pairs for m

==*1,*2,*+3. Since the lambda dark states corresponding
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to these pairs are mutually orthogonal, Eq. (38) decouples
and the unitary transformation U:H}— ) can be written
down explicitly:

U=2 |[4,mX3,m], (100)
where the sum is taken over m=*+1, +2, £3.
2. Example: €3=%, €;=x
The Hilbert space decompositions are
H‘§= span{|3,0)}, (101)
Hy={}, (102)
HA =span{|3, * 1),]3, * 2),]3, * 3)}, (103)
M4 = span{|dy,),|dy,)}, (104)
H, = spani]s)}, (105)
Hﬁ = span{|Bil>s B.5),|B.3)}, (106)
where
sy = (1/72)(4,1) = |4,— 1)) (107)

and the dark states are given by

) = (1/842)(|4,4) + \28]4,2) + 170]4,0) + \284,— 2)

+|4,-4)), (108)
(o) = (1/4) (14,3 + V714, 1) + T[4~ 1) + |4,- 3)).
(109)
We have defined states |B-;), |B-,), and |B.;) that form
lambda pairs with states |3, = 1), |3, =2), and |3, = 3); they
are given by
B ) = (1/8v254)(127/4, =+ 4) — 247/4, + 2) — \70/4,0)
—2\7]4, 7 2) - |4, F 4)), (110)
By = (1/4415)(15/4, = 3) = \7]4, = 1) = 7|4, 7 1)
— |4, ¥ 3)), (111)
B ) = (1/24\638)(99]4, + 4) + 198\7|4, + 2)
—29\704,0) — 58\74, T 2) - 294, T 4)),
(112)
and the corresponding N\ values are
N3 =110 287/1792, (113)
Nop = \45/14, (114)
N+ =V8613/8960. (115)

The unitary transformation U:H}— H) can be obtained by
numerically integrating Eq. (38) using the above expressions
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for the states and N\ values. We can say something about the
structure of this unitary transformation by noting that the
polarizations of the classical fields impose the selection rule
Am= = 1. Thus it is useful to decompose H3 and H} into
subspaces of even and odd Zeeman states:

H§=H§6@H§0, (116)
HY = 1 @ H, (117)
where
HA¢ = span{|3, * 2)}, (118)
HA? = span{|3, = 1),]3, = 3)}, (119)
)’ = span{|B.,)}, (120)
13 = spanf]B. ) [B-o)). (121)

The selection rule implies that U maps H3¢ to H};° and H3°
to H}°. Since dim H}*=dim H}°=2 and \,,=\_,, we can
use the results of Sec. III A to write down the unitary trans-
formation U:HA*— H} explicitly:

Ul

3,+2>=CM|B+2>+B|B_2>, (122)

Ul

3,-2)= BB,y +a|B_y), (123)

where « and B are given by Egs. (58) and (59) with z
=(B,,|B_y)=-1/15.

B. Adiabatic passage via the F'=4 manifold

For the g, < e, transition there is one dark state |d,) in g4
and one dark state |d,) in e, (these dark states are calculated
in the Appendix), so

H4 = spanf|d,)}, (124)

M =span{|d,)}. (125)

For the g5« e, transition there are no dark states in g3, so

H={}. (126)

As with adiabatic passage via F'=3, we can use the dimen-
sions of HY, H?, and Hf to say something about the dimen-
sions of the other Hilbert spaces in the decomposition of H;
and H,. For adiabatic passage via F' =4, however, there are
two separate cases to consider: since dim H}=dim H¢ and
dim HZ:l, we find that dim 'Hé can be either O or 1. For
dim H;=0 the dimensions of the Hilbert spaces are

F dimH) dim H% dim H},
37 0 0
4 7 1 1

and for dim H;=1 the dimensions of the Hilbert spaces are
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F dimH} dim H% dim H},
36 0 1
4 6 1 2

Thus for adiabatic passage via F'=4 the dimensions of the
Hilbert spaces depend on the polarizations of the classical
fields.

1. Example: é=¢€,=7

For this example dim H}=1, and the Hilbert space de-
compositions are

Hs={}. (127)

H,, = span{|3,0)}, (128)

HY =span{|3, = 1),|3, = 2),|3, = 3)}, (129)
HY = span{[4,0)}, (130)
H,, = span{|4, = 4)}, (131)

H) = span{|4, = 1),]4, = 2),]4, * 3)}. (132)

States [3,m) and |4,m) are lambda pairs for m
==*1,*2,*+3. Since the lambda dark states corresponding
to these pairs are mutually orthogonal, Eq. (38) decouples,
and the unitary transformation U:H}— ) can be written
down explicitly:

4,m)(3,m

) (133)

U=2

where the sum is taken over m=*1,+2, =3,
2. Example: =%, =%

For this example dim H}=1, and the Hilbert space de-
compositions are

HI={}, (134)
Hj = span{|- )}, (135)
H)=span{|3, £2),[3, £3),[3,0),| +)},  (136)
H4 = span{]4,0)}, (137)
H =span{|s,).|s,)}, (138)
H} = span{|B..,),|B3).|Bo).|B,)}, (139)

where
| =)= (142)(3,1) = [3,- 1)) (140)

and
Is,) = (1/4)(|4,4) + \7]4,2) = \7|4,- 2) - |4,— 4)),

(141)
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Is,y = (1/V32)(3]4,3) + \7]4,1) = \7]4,— 1) - 3|4,- 3)).
(142)
We have defined states |B,), |By), |B+»), and |B.3) that form
lambda pairs with states |+), |3,0), |3, =2), and |3, =3);
they are given by
B.yy=(1/\8)(\7/4, = 4)— |4, =2)),  (143)
Bo) = (/4)(\V7]4, =3) =34, £ 1),  (144)
[Boy = (1\2)([4,1) + |4,- 1)), (145)
|B.) = (12)(|4.2) + |4.-2)), (146)
and the corresponding N\ values are
Nas = \25/49, (147)
Nan = V200/147, (148)
No = V250/49, (149)
N, = 375/392. (150)

The unitary transformation U:H}— )} can be obtained by
numerically integrating Eq. (38) using the above expressions
for the states and A values. As with the example given in Sec.
V A 2, the polarizations of the classical fields impose the
selection rule Am= = 1, so it is useful to decompose Hg‘ and
H)) into subspaces of even and odd Zeeman states:

H§=H§€@H)3‘”, (151)
Hy=HY @ H)?, (152)
where
Hg‘e =span{|3,0),|3, = 2)}, (153)
HA? = span{| +),|3, = 3)}, (154)
Hgo = Span{|BO>’ Bi2>}’ (155)
Hie = span{[B,). B ). (156)

The selection rule implies that U maps H3¢ to H}° and H3°
\e .
to H4 .
3. Example: é3=¢€4=¢,,

For this example dim H}=0, and the Hilbert space de-
compositions are

Hi={}, (157)
Hj; = span{ }, (158)
Hjy = span{|3,0),]3, = 1),3, = 2),]3, £ 3)},  (159)
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Hi =span{|4,4)}, (160)

H, = span{|4,— 4)}, (161)

H)y = span{|4,0),[4, + 1),|4, = 2,4, = 3)}.  (162)

States [3,m) and |4,m) are lambda pairs for m

=0, =1, =2, =3. Since the lambda dark states correspond-
ing to these pairs are mutually orthogonal, Eq. (38) de-
couples, and the unitary transformation U:H3— HJ} can be
written down explicitly:

3
U= 2>
m=-3

4,m)3,m|. (163)

VI. CONCLUSION

We have presented a general formalism for describing
stimulated Raman adiabatic passage in a multilevel atom
with ground state manifolds a and b and excited state mani-
fold e, where each manifold consists of an arbitrary number
of degenerate states. This formalism describes how the Hil-
bert spaces for manifolds @ and b decompose into subspaces,
each of which evolves in its own characteristic way under
adiabatic passage. In particular, we identified subspaces H;‘
and ), that coherently evolve into one another under adia-
batic passage and calculated the unitary transformation that
describes this evolution. We have illustrated the formalism
with a simple toy model and used it to analyze adiabatic
passage in the cesium atom. The formalism gives a complete
description of the adiabatic passage process and should be
useful for analyzing adiabatic passage in a wide variety of
atomic systems.
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APPENDIX: DARK STATES

Here we calculate the dark states for an optical field driv-
ing an F— F or F— F—1 transition. We will choose a coor-
dinate system such that the field propagates along the 7 axis,
and define a basis of Zeeman states relative to this quantiza-

tion axis. The polarization € of the field can be expressed as
(A1)

E=a,l +a_é_y,

where é.. are given by Eq. (88). If |d) is a dark state of the
field, then

¢-Alldy=0. (A2)

Thus for every state |F ",m') in the excited state manifold,
we have that

E(F’,m’|é-f{T

m

F,m)c,,=0, (A3)

where
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cp = (F,m|d). (A4)

Using Eq. (87) to substitute for XT, we obtain the following
dark state conditions:

(F',m L= 1;Fm+ Da_c,.,
=0 (A5)

for -F'=m=F'. We will now consider F—F and F—F
—1 transitions as separate cases.

L+ 1;Fm—Da,c,_+(F',m

1. Dark state for an F — F transition

The Clebsch-Gordan coefficients for —F<m<F are
given by

12
(F.m 1,+1;F,m_1>=_((F+m)(F+1_m)> /,
2F(F+1)
(A6)
12
(Fm|l,—1;Fm+1)= +<(F—m)(F+1+m)>
2F(F+1)
(A7)

Thus the dark state conditions are

VE+m)(F+1-m)a,c, = (F-—m)(F+1+m)ac,,,
(A8)
for —-F<m<F, and
(A9)

A, Cp_1 = CY_C_(F_I) =0.

For each value of F there is single dark state that meets these
conditions. The dark state for a 3— 3 transition is

|d3>=N(\Gai 3,-1)
(A10)

3,3) + \Eaia_ 3,1)+ \//goqaz

3’_3»,

!/— 3
+\V5aZ

and the dark state for a 4 — 4 transition is
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ld,) = N(\r’gai 4,4) + \"%aia_ 4,2) + \r’ﬁaiaz

+120a,a2l4,-2) + 3502 |4,~ 4)),

4,0)
(A11)

where N is a normalization constant that depends on «..

2. Dark states for an F — F -1 transition

The Clebsch-Gordan coefficients for —F<m<F are
given by

(F-1,m

(F-m)(F+1-m))“2

L+ 1:Fm—1)=
" >( 2F(2F + 1)

(A12)

(F-1,m

(F+m)(F+1+m)>”2

L= 1:F,m+1)=
" >< 2F(2F + 1)

(A13)

Thus the dark state conditions are

VF-m)(F+1- M)A Cppyy = — V(F + m)(F+1+m)a_c,,.,
(A14)
for —F <m < F. For each value of F there are two dark states

that meet these conditions. The dark states for a 4 — 3 tran-
sition are

|ds.) = N(ai 4,4) - \r’TSaia_|4,2) + V%aﬁag 4,0)
—\28a,a’|4,-2) + a4, 4)), (A15)

|ds,) =N(ai 4,3) - \Eaia_ 4,1)+ \Ea+az|4,— 1)
—a’l4,-3)), (A16)

where N is a normalization constant that depends on «. .

[1] E. T. Hioe, Phys. Lett. 99A, 150 (1983).

[2]J. Oreg, F. T. Hioe, and J. H. Eberly, Phys. Rev. A 29, 690
(1984).

[3]J. R. Kuklinski, U. Gaubatz, F. T. Hioe, and K. Bergmann,
Phys. Rev. A 40, 6741 (1989).

[4] U. Gaubatz, P. Rudecki, M. Becker, S. Schiemann, M. Kiilz,
and K. Bergmann, Chem. Phys. Lett. 149, 463 (1983).

[5] U. Gaubatz, P. Rudecki, S. Schiemann, and K. Bergmann, J.
Chem. Phys. 92, 5363 (1990).

[6] H. G. Rubahn, E. Konz, S. Schiemann, and K. Bergmann, Z.
Phys. D 22, 401 (1991).

[7] B. Broers, H. B. van Linden van den Heuvell, and L. D. Noor-
dam, Phys. Rev. Lett. 69, 2062 (1992).

[8] S. Schiemann, A. Kuhn, S. Steuerwald, and K. Bergmann,
Phys. Rev. Lett. 71, 3637 (1993).

[9] M. Weitz, B. C. Young, and S. Chu, Phys. Rev. Lett. 73, 2563
(1994).

[10] A. D. Boozer, A. Boca, R. Miller, T. E. Northup, and H. J.
Kimble, Phys. Rev. Lett. 98, 193601 (2007).

[11] P. Marte, P. Zoller, and J. L. Hall, Phys. Rev. A 44, R4118
(1991).

[12] R. G. Unanyan, M. Fleischhaur, B. W. Shore, and K. Berg-
mann, Opt. Commun. 155, 144 (1998).

[13] H. Theuer, R. Unanyan, C. Habscheid, K. Klein, and K. Berg-
mann, Opt. Express 4, 77 (1999).

[14] R. G. Unanyan, B. W. Shore, and K. Bergmann, Phys. Rev. A
59, 2910 (1999).

[15] B. W. Shore, J. Martin, M. P. Fewell, and K. Bergmann, Phys.
Rev. A 52, 566 (1995).

[16] J. Martin, B. W. Shore, and K. Bergmann, Phys. Rev. A 52,
583 (1995).

[17] Z. Kis and S. Stenholm, Phys. Rev. A 64, 063406 (2001).

[18] Z. Kis, A. Karpati, B. W. Shore, and N. V. Vitanov, Phys. Rev.
A 70, 053405 (2004).

023411-9



A. D. BOOZER PHYSICAL REVIEW A 77, 023411 (2008)

[19] B. Y. Chang, 1. R. Sol4, V. S. Malinovsky, and J. Santamaria, [22] Z. Kis, N. V. Vitanov, A. Karpati, C. Barthel, and K. Berg-

Phys. Rev. A 64, 033420 (2001). mann, Phys. Rev. A 72, 033403 (2005).
[20] Z. Kis and S. Stenholm, J. Mod. Opt. 49, 111 (2002). [23] I. Thanopulos, P. Kral, and M. Shapiro, Phys. Rev. Lett. 92,
[21] A. Karpati and Z. Kis, J. Phys. B 36, 905 (2003). 113003 (2004).

023411-10



