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Abstract 

 

We propose a protocol for identifying genuine risk factors. A genuine risk factor must be related 

to the covariance matrix of returns, must be priced in the cross-section of returns, and should yield 

a reward-to-risk ratio that is reasonable enough to be consistent with risk pricing. A market factor, 

a profitability factor, and traded versions of macroeconomic factors pass our protocol, but many 

characteristic-based factors do not. Several of the underlying characteristics, however, do 

command premiums in the cross-section. (JEL G1, G11, G12) 
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Internet Appendix A 

This Internet Appendix shows the results of some robustness checks on our simulation. First, we 

apply randomly selected portfolios as candidate factors in Table A1.  Each of these portfolios are 

based on going long-short on randomly selected deciles.  While we use the case of 6,000 stocks, 

the results do not substantially differ for a smaller sample.  The fifty random portfolios each pass 

less than 10% of the time; the passing rate is mostly between four and six percent.  Second, we 

consider the passing rate of a factor that involves replacing 10% of the sample in each period and 

of another factor that is a randomly selected stock in Table A2. We find that the passing rate 

of the factor with random replacement is less than 0.05%.  Our analysis indicates that changing 

the replacement rate to 20% per period does not materially alter the pass rate.  The randomly picked 

stock passes the first stage less than 10% of the time when the standard deviation of measurement 

errors is 1% and virtually never when it is 0.25%.   Third, we apply as a candidate factor a linear 

combination (average) of the first two factors in Table A3.  The motivation for the latter is that we 

may not observe factors individually in reality.  This candidate passes the sufficient condition more 

than 90% of the time.    

  



Table A1 

Passing Rates (Necessary Condition) of Random Factors  
 

This table presents the percentage passing rate of candidate factors from 5,000 simulations. f.1 to f.5 are factors that are associated with risk premiums. 

Factors g.1, g.2, and g.3 do not command risk premiums. Zi (i=1,...5) represents five characteristics. f.1 has a mean and standard deviation equal to those 

of the excess return on the value-weighted CRSP index. The factors f.2 to f.5 are generated independently from a normal distribution with the actual mean 

and standard deviation of HML. Factors g have mean zero, with standard deviation equal to that of HML. The five characteristics represent firm-specific 

information that varies across time, and they are generated at each time period from the uniform distribution [-0.1%, 0.1%]. The standard deviation for the 

error term is computed to ensure that for a “typical” stock, whose betas equal their cross-sectional means, the 𝑅2 from a regression of individual stock 

returns on the factors equals 25%. Random factors a are long-short portfolios where 10% of all stocks are randomly selected and longed and another 10% 

of all stocks are randomly chosen and shorted. This table shows the passing rates for the fifty a factors.  The factors that pass the first stage are those that 

are significantly related to any canonical variate or that have mean t-statistics in the second row of Table 4 Panel B in the manuscript that exceed the one-

tailed, 2.5% cutoff based on the Chi-square value of 1.96. The simulation in this table is based on 6,000 stocks, 720 and 840 periods of time, and standard 

deviation of measurement errors 𝜂𝑖,𝑡  and 𝜄𝑖,𝑡 of 𝑓𝑖,𝑡  and �̃�𝑖,𝑡, respectively of 1.00% and 0.25%. Section 6 of the manuscript describes the Data Generating 

Process used for 𝑓𝑖,𝑡and �̃�𝑖,𝑡.  

 

Factor candidates 

Standard deviation of measurement errors = 1.00%  Standard deviation of measurement errors = 0.25% 

 

Periods of time = 720  Periods of time = 840 Periods of time = 720  Periods of time = 840 

 

a.1 5.9  9.4  0.02  0.02 

a.2 5.9  8.7  0.02  0.04 

a.3 5.7  8.5  0.00  0.00 

a.4 5.7  8.6  0.00  0.00 

a.5 5.6  9.6  0.00  0.00 

a.6 5.9  8.9  0.02  0.02 

a.7 5.9  8.1  0.02  0.10 

a.8 6.1  9.1  0.00  0.02 

a.9 6.0  9.2  0.00  0.00 

a.10 6.2  9.8  0.02  0.00 

a.11 5.9  8.3  0.02  0.00 

a.12 5.5  8.6  0.00  0.00 

a.13 5.8  8.1  0.02  0.00 

a.14 5.7  8.6  0.02  0.00 

a.15 6.0  8.9  0.00  0.04 

a.16 5.8  10  0.02  0.00 

a.17 6.0  9.0  0.02  0.04 
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Factor candidates 

Standard deviation of measurement errors = 1.00% 

 

 Standard deviation of measurement errors = 0.25% 

Periods of time = 720  Periods of time = 840 Periods of time = 720  Periods of time = 840 

 

a.18 5.6  9.2  0.04  0.00 

a.19 5.5  9.3  0.00  0.00 

a.20 5.6  9.5  0.00  0.00 

a.21 5.5  8.7  0.00  0.00 

a.22 5.4  9.3  0.00  0.00 

a.23 6.3  9.3  0.02  0.04 

a.24 5.7  9.8  0.00  0.02 

a.25 5.7  7.9  0.02  0.00 

a.26 5.6  9.3  0.00  0.00 

a.27 6.0  8.6  0.00  0.00 

a.28 5.8  11  0.00  0.00 

a.29 5.7  9.5  0.00  0.04 

a.30 5.3  9.8  0.00  0.02 

a.31 5.1  8.1  0.00  0.04 

a.32 5.7  8.1  0.00  0.00 

a.33 5.7  9.0  0.04  0.00 

a.34 6.0  8.9  0.00  0.00 

a.35 5.9  8.3  0.00  0.02 

a.36 6.1  8.1  0.00  0.02 

a.37 5.5  9.4  0.00  0.00 

a.38 5.8  8.8  0.00  0.08 

a.39 6.1  9.0  0.04  0.02 

a.40 5.8  10  0.02  0.00 

a.41 5.7  9.6  0.00  0.02 

a.42 5.6  11  0.00  0.00 

a.43 5.7  8.0  0.00  0.00 

a.44 5.7  8.6  0.00  0.02 

a.45 5.7  10  0.00  0.00 

a.46 6.0  8.8  0.00  0.04 

a.47 5.9  9.5  0.00  0.00 

a.48 5.3  9.7  0.02  0.00 

a.49 5.2  9.4  0.00  0.02 

a.50 5.8  9.0  0.06  0.02 

 

  



 5 

Table A2 

The Passing Rate of the Necessary Condition of the Two New Random Factors  
 
This table presents the percentage passing rate of candidate factors from 5,000 simulations. f.1 to f.5 are factors that are associated with risk 

premiums. Factors g.1, g.2, and g.3 do not command risk premiums. Zi (i=1,...5) represents five characteristics.  f.1 has mean and standard deviation 

equal to those of the excess return on the value-weighted CRSP index. The factors f.2 to f.5 are generated independently from a distribution with the 

actual mean and standard deviation of HML. Factors g.1, g.2, and g.3 do not command risk premiums and thus have mean zero, with standard 

deviation equal to that of HML. The five characteristics represent firm-specific information that varies across time, and they are generated at each 

time period from the uniform distribution [-0.1%, 0.1%]. The standard deviation for the error term is computed to ensure that, for a “typical” stock 

whose betas equal their cross-sectional means, the 𝑅2  from a regression of individual stock returns on the factors equals 25%. Factor new.a1 is 

constructed by going long on randomly chosen 10% of stocks and shorting another randomly chosen 10% of all stocks in the first period, and 

randomly replacing 10% of the long leg and 10% of the short leg in subsequent periods.  The return on each portfolio in each period is the new.a1. 

The factor “new.a2” represents the return on a single randomly selected stock.   The selected factors are those that are significantly related to any 

canonical variate or that have mean t-statistics in the second row of Table 4 Panel B of the manuscript that exceed the one-tailed, 2.5% cutoff based 

on the Chi-square value of 1.96. The simulation in this table is based on 6,000 stocks, 720 and 840 periods of time, and standard deviation of 

measurement errors 𝜂𝑖,𝑡  and 𝜄𝑖,𝑡 of 𝑓𝑖,𝑡  and 𝑔𝑖,𝑡, respectively of 1.00% and 0.25%. Section 6 of the manuscript describes the Data Generating Process 

used for 𝑓𝑖,𝑡  and 𝑔𝑖,𝑡. 
 

Factor candidates 

Standard deviation of measurement errors = 1.00% 
 

 Standard deviation of measurement errors = 0.25% 

Periods of time = 720  Periods of time = 840 Periods of time = 720  Periods of time = 840 
 

new.a1  0.00  0.02    0.00    0.00 
new.a2 9.6  8.6    0.00    0.00 
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Table A3 

Simulation Results with f.new 
 
This table presents the percentage pass rates (1st column) for the necessary condition (Columns (1)) and the sufficient condition (Columns (2)) from 5,000 

simulations. f.new to f.5 are factors that are associated with risk premiums where f.new is the average of f.1 and f.2 plus 𝜂𝑡  (see Section 6 of the manuscript). 

f.1 and f.2 are defined in Tables A1 and A2. Z represents five characteristics. f.1 has mean and standard deviation equal to those of the excess return on the 

value-weighted CRSP index. The factors f.2 to f.5 are generated independently from a distribution with the actual mean and standard deviation of HML. 

Factors g.1, g.2, and g.3 are independent of each other and diversifiable and thus have mean zero, with standard deviations equal to that of HML. The five 

characteristics represent firm-specific information that varies across time, and they are generated at each time period from the uniform distribution [-0.1%, 

0.1%]. The standard deviation for the error term is computed to ensure that for a “typical” stock whose betas equal their cross-sectional means the 𝑅2  from 

a regression of individual stock returns on the factors equals 25%. The simulation is based on 6,000 stocks, 720 periods and 840 periods, and standard 

deviation of measurement errors 𝜂𝑖,𝑡  and 𝜄𝑖,𝑡 of 𝑓𝑖,𝑡  and �̃�𝑖,𝑡, respectively of 1.00% and 0.25%. Section 6 of the manuscript describes the Data Generating 

Process used for 𝑓𝑖,𝑡  and �̃�𝑖,𝑡. 

 

 

Factor 

Candidates 

Standard deviation of measurement errors = 1.00%  Standard deviation of measurement errors = 0.25% 

 

Periods of time = 720  Periods of time = 840 Periods of time = 720  Periods of time = 840 

 

Necessary 

passing rate 

(1)  

Significance 

rate 

(2) 

Necessary 

passing rate 

(1)  

Significance 

rate  

(2) 

Necessary 

passing rate 

(1)  

Significance 

rate  

(2) 

Necessary 

passing rate 

(1)  

Significance 

rate  

(2) 

f.new 100 95  100 98  100 95  100 98 

f.3 100 91  100 93  100 90  100 93 

f.4 100 90  100 94  100 90  100 93 

f.5 100 90  100 93  100 90  100 94 

g.1 100 3.8  100 4.2  100 4.3  100 4.1 

g.2 100 3.8  100 4.6  100 4.3  100 4.7 

g.3 100 3.2  100 4.9  100 3.6  100 4.1 

a.1 / Z.1 - 100  - 100  - 100  - 100 

a.2 / Z.2 - 100  - 100  - 100  - 100 

a.3 / Z.3 - 100  - 100  - 100  - 100 

a.4 / Z.4 - 100  - 100  - 100  - 100 

a.5 / Z.5 - 100  - 100  - 100  - 100 

 

 

 



 7 

Internet Appendix B 

Results Including the Amihud Illiquidity Measure 

 

This Internet Appendix B presents the equivalents of Tables 6 through 9 in the paper for a limited sample that includes Amihud’s 

illiquidity ratio as a characteristic.  The Table 7 equivalent is omitted as it is unchanged relative to the one in the manuscript  

 

 

Table B-6 

Estimated Risk Premiums for Factors Candidates that Satisfy the Necessary Conditions 

with a Sample Limited by the Inclusion of Amihud’s Illiquidity Ratio 

 

The paper’s Table 6, Models 3 and 4 are redone here using a sample limited by the inclusion of Amihud’s illiquidity ratio (“Amihud”.)  

Risk Premiums (in %/month) are estimated from cross-sectional regressions computed using individual stock returns from 1968-2014 

as dependent variables and, as explanatory variables, decile-sorted portfolio betas of the nine factors that pass necessary conditions 

including Rm-Rf, SMB, HML, RMW, MOM, LT_REV, ∆DP, ∆TS and UNEXPI and associated characteristics in Models 3 and 4 . 

Characteristics include RetLag1, Lag2_12, Lag13_36, Size, Book/Mkt, ProfRato, and AsstGrth. See variable definitions in the 

Appendix. These selected factors are those that are significantly related to any canonical variate in all decades or that have mean t-

statistics in the second row of Table 4 Panel B that exceed the one-tailed, 2.5% cutoff based on the Chi-square value and an average 

number of significant t-stats exceeding 2.5 (see the bottom row of Table 4 Panel B).   For the non-EIV estimation, OLS multiple 

regressions are run for each stock on all (nine) factors using all available observations for that stock.  For the EIV calculations, stocks 

are sorted into ten groups (deciles) by market capitalization (Size), annually at the end of each June, based on NYSE size 

decile breakpoints. Then within each Size decile, stocks are sorted further by the OLS betas of the first factor (Rm-Rf) into ten deciles, 

thus resulting in 100 Size/first factor beta groups.   Within each of the 100 groups, the equal-weighted average first factor beta of the 

group is assigned to each stock within that group.   For each of the other eight factors, this procedure is repeated independently; 

ultimately, each stock’s beta (for all nine betas) is replaced by the equal-weighted portfolio beta of the double sorted size/beta group to 

which the stock belongs.  This same procedure is redone every June, 1965-2014; then cross-sectional regressions are calculated in the 

12 subsequent months of individual stock returns on the double-sorted portfolios betas (six months only after the 2014 sort.)  The time 

series average over all months of the cross-sectional coefficients, termed the “risk premiums,” along with associated sampling statistics, 

are reported in the table. Critical rejections levels for the T-Statistic are 1.65 (10%), 1.96 (5%), and 2.59 (1%).  T-Statistics breaching 

the 5% (1%) critical level are in boldface (boldface italic.) 

 

(The table is continued on the next page) 
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 No EIV Correction 

(Model 3) 

 EIV Correction 

(Model 4) 

 Mean T-Stat  Mean T-Stat 

Constant 2.390 8.827  2.649 6.489 

SMB -0.320 -2.522  -0.161 -2.391 

HML -0.395 -3.077  -0.190 -3.210 

RMW 0.300 3.021  0.071 1.738 

MOM 0.426 2.260  0.189 1.832 

LT_Rev -0.301 -2.788  -0.088 -1.470 

∆DP 0.025 2.106  0.020 2.820 

∆TS 0.039 0.992  0.057 2.474 

UNEXPI -0.103 -2.929  -0.018 -0.915 

RetLag1 -0.060 -19.831  -0.056 -15.933 

Lag2_12 0.103 7.818  12.528 7.596 

Lag13_36 0.032 2.396  0.626 0.375 

SizeLag1 -0.137 -7.608  -0.146 -5.210 

Book/Mkt 0.218 5.360  0.131 2.152 

ProfRato 0.144 3.979  0.275 3.750 

AsstGrth -0.326 -6.692  -0.470 -5.970 

Amihud -0.005 -0.388  -0.044 -2.265 

RSquare 0.129  0.078 

SamplSize 1946   1171 
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Table B-8 

Returns of Hedge Portfolios Associated with Characteristics with a Sample 

Limited by the Inclusion of Amihud’s Illiquidity Ratio 

 

Table 8 is redone here using a sample limited by the inclusion of Amihud’s illiquidity ratio. Here are summary statistics for returns (in 

%/month) on hedge portfolios associated with the seven characteristics RetLag1, Lag2_12, Lag13_36, Size, Book/Mkt, ProfRato, and 

AsstGrth.  See variable definitions in the Appendix.  For each characteristic, hedge portfolios are formed by a long position in a group 

of the stocks with high values of the characteristic and a short position a group with low characteristic values; this is done with 

replacement.   Panel A (C) shows the returns of the hedge portfolios with the top and bottom deciles (the top 30% and bottom 

30%).   Panel B (D) show the returns of market (Rm-Rf) and augmented returns, which is the hedged portfolio returns added to the 

market return (Rm-Rf). The Sharpe ratio and t-statistic of the Sharpe ratio against 0.6, the MacKinlay (1995) threshold, are reported. 

Critical rejections levels for the T-Statistic are 1.65 (10%), 1.96 (5%), and 2.59 (1%).  T-Statistics breaching the 5% (1%) critical level 

are in boldface (boldface italic.) 

 
Panel A: Hedge portfolio from 10% top and bottom  

 

 

Month RetLag1 Lag2_12 Lag13_36 SizeLag1 Book/Mkt Profit AsstGrth Amihud 

Mean -1.461 0.831 -0.886 -1.230 -1.403 0.707 -0.075 0.912 

Std. Dev 3.954 5.122 3.675 4.006 4.993 3.436 2.876 3.830 

t(Mean) -8.774 3.855 -5.723 -7.290 -6.672 4.885 -0.617 5.658 

 

Panel B: Market return plus 10% top and bottom hedge portfolio returns 

 

 

Rm-Rf 

Augmented returns 

 RetLag1 Lag2_12 Lag13_36 SizeLag1 Book/Mkt Profit     AsstGrth       Amihud 

Mean 0.490 -0.971 1.321 -0.395 -0.740 -0.913 1.197 0.415 1.402 

Std. Dev 4.584 5.060 6.708 6.330 6.169 6.101 5.247 6.104 5.491 

t(Mean) 2.539 -4.556 4.679 -1.484 -2.847 -3.553 5.417 1.616 6.065 

Sharpe Ratio 0.370 0.665 0.682 0.216 0.415 0.518 0.790 0.236 0.885 

t against. 0.6 -5.275 1.386 1.764 -9.004 -4.210 -1.824 3.943 -8.532 5.732 
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Panel C: Hedge portfolio 30% top and bottom 

 

 

Month RetLag1 Lag2_12 Lag13_36 SizeLag1 Book/Mkt Profit AsstGrth Amihud 

Mean -0.957 0.535 -0.502 -0.732 -0.904 0.486 0.013 0.560 

Std. Dev 2.654 3.494 2.529 3.150 3.434 2.088 2.007 2.981 

t(Mean) -8.563 3.638 -4.714 -5.522 -6.251 5.530 0.159 4.463 

 

 

 

Panel D: Market return plus 30% top-and-bottom hedge portfolio return 

 

 
Rm-Rf 

                             Augmented returns 

 RetLag1 Lag2_12 Lag13_36 SizeLag1 Book/Mkt Profit AsstGrth Amihud 

Mean 0.490 -0.467 1.025 -0.012 -0.242 -0.414 0.976 0.504 1.050 

Std. Dev 4.584 4.528 5.618 5.502 5.517 5.039 4.820 5.630 5.112 

t(Mean) 2.539 -2.448 4.335 -0.052 -1.043 -1.950 4.810 2.124 4.880 

Sharpe Ratio  0.370 0.357 0.632 0.008 0.152 0.284 0.702 0.310 0.712 

t against 0.6 -5.275 -5.592 0.701 -14.070 -10.574 -7.348 2.162 -6.731 2.372 
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Table B-9 

Cross-correlations between Hedge Portfolios Based on Factors and Characteristic  

with a Sample Limited by the Inclusion of Amihud’s Illiquidity Ratio 

 

 

Here are correlations between the hedge portfolios corresponding to the nine factors that pass necessary conditions and the hedge 

portfolios corresponding to the seven characteristics for the restricted sample after including Amihud’s illiquidity ratio.  The construction 

of the hedge portfolios is explained in Tables 7 and 8.  See the Paper’s Appendix for variable descriptions. Correlations that are greater 

than or equal to 0.5 in absolute value are in boldface. 

 
 

 Rm-Rf SMB HML RMW MOM LT_Rev DYldCurv UnexpInf 

RetLag1 -0.328 -0.216 0.087 -0.032 0.344 -0.099 0.071 0.035 

Lag2_12 -0.098 -0.139 -0.060 -0.046 0.678 -0.056 -0.026 0.072 

Lag13_36 0.084 -0.101 -0.243 -0.049 0.040 -0.361 -0.013 0.060 

Size 0.011 -0.741 -0.110 -0.006 0.289 -0.069 0.001 0.466 

Book/Mkt -0.237 0.142 0.567 0.171 -0.247 -0.014 -0.218 -0.129 

Profit -0.148 -0.437 0.261 0.555 0.308 -0.067 0.003 0.379 

AsstGrth 0.299 0.050 -0.484 -0.110 0.098 -0.126 -0.010 0.035 

Amihud -0.169 0.639 0.225 0.041 -0.124 0.058 -0.005 -0.398 
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