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The AC impedance response of mixed ionic and electronic conductors (MIECs)

exposed to a chemical potential gradient is derived from first principles. In such a system,

the chemical potential gradient induces a gradient in the carrier concentration. For the

particular system considered, 15% samarium doped ceria (SDC15) with

Ba0.5Sr0.5Co0.8Fe0.2O3�d (BSCF) and Pt electrodes, the oxygen vacancy concentration is a

constant under the experimental conditions and it is the electron concentration that varies.

The resulting equations are mapped to an equivalent circuit that bears some resemblance to

recently discussed equivalent circuit models for MIECs under uniform chemical potential

conditions, but differs in that active elements, specifically, voltage-controlled current sources,

occur. It is shown that from a combination of open circuit voltage measurements and AC

impedance spectroscopy, it is possible to use this model to determine the oxygen partial

pressure drop that occurs between the gas phase in the electrode chambers and the

electrode|electrolyte interface, as well as the interfacial polarization resistance. As discussed in

detail, this resistance corresponds to the slope of the interfacial polarization curve. Measurements

were carried out at temperatures between 550 and 650 1C and oxygen partial pressure at the

Pt anode ranging from 10�29 to 10�24 atm (attained using H2/H2O/Ar mixtures), while the

cathode was exposed to either synthetic air or neat oxygen. The oxygen partial pressure drop at

the anode was typically about five orders of magnitude, whereas that at the cathode was about

0.1 atm for measurements using air. Accordingly, the poor activity of the anode is responsible for

a loss in open circuit voltage of about 0.22 V, whereas the cathode is responsible for only about

0.01 V, reflecting the high activity of BSCF for oxygen electro-reduction. The interfacial

polarization resistance at the anode displayed dependences on oxygen partial pressure and on

temperature that mimic those of the electronic resistivity of SDC15. This behavior is consistent

with hydrogen electro-oxidation occurring directly on the ceria surface and electron migration

being the rate-limiting step. However, the equivalent resistance implied by the oxygen partial

pressure drop across the anode displayed slightly different behavior, possibly indicative of a

more complex reaction pathway.

1. Introduction

Mixed oxygen ionic and electronic conductors have important

applications in oxygen permeation membranes, oxygen sen-

sors, and solid oxide fuel cells. The steady state behavior of

such materials under exposure to a chemical potential gradient

has been explored in several studies which either exclude1–9 or

include10,11 a discussion of the electrolyte|electrode interfaces,

with the earliest studies dating back to the classic work of

Wagner.2 In addition to this type of investigation, the beha-

vior of mixed conductors exposed to a small signal perturba-

tion but in a uniform chemical potential, i.e., conventional

impedance spectroscopy, has recently been examined by Jam-

nik and Maier and the present authors.12–14 In those studies

the impedance behavior is derived from first principles, and

the resulting expressions are mapped to an equivalent circuit

to permit physical insight into the meaning of the mathema-

tical relationships. The validity of the approach was subse-

quently confirmed by the present authors in an experimental

study of doped ceria.14

In the present work, we consider the situation in which a

mixed conductor is exposed to both a chemical potential

gradient and a small signal perturbation, that is, impedance

spectroscopy under fuel cell conditions. We begin with the

fundamental physical equations governing transport and, as in

the Jamnik and Maier approach, map the expressions to an

equivalent circuit. Although this circuit bears some resem-

blance to that derived under uniform chemical potential

conditions, it contains unique elements not typically consid-

ered in phenomenological treatments of impedance spectro-

scopy. Moreover, it is not possible to derive an analytical

expression for the impedance and we further develop numer-

ical procedures for analyzing the experimental data.
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2. Background

The physical situation, considered in one dimension, is sche-

matically depicted in Fig. 1. The electrolyte is sandwiched

between an anode (denoted ‘‘a’’) and a cathode (denoted ‘‘c’’).

The electrolyte area is A and its length L, with the anode|elec-

trolyte interface fixed at x = 0, and the cathode|electrolyte

interface fixed at x = L. The electrolyte, being a mixed ionic

and electronic conductor, is taken to have two mobile species

denoted ‘‘ion’’ for ionic species and ‘‘eon’’ for electronic

species. In addition, the material is extrinsically doped with

the dopant species, taken to be immobile and uniformly

distributed through the material; furthermore, grain boundary

effects are ignored, as justified below. The oxygen partial

pressures within the anode and cathode chambers are experi-

mentally fixed and denoted pO2
(a) and pO2

(c), respectively,

with pO2
(a) o pO2

(c). In such a system, oxygen potential drops

are expected not only across the electrolyte, but also across the

two electrodes, depending on the effectiveness of the electrode

materials in catalyzing the respective electrochemical reac-

tions. Thus, the oxygen partial pressures at the electrode|elec-

trolyte interfaces, pO2
(0), and pO2

(L), respectively, for the

interface with the anode and that with the cathode, in general,

do not equal pO2
(a) and pO2

(c).

While the formalism developed in this work is applicable to

any mixed conductor with one mobile ionic species and one

mobile electronic species, the specific system considered here is

that of acceptor doped ceria, with overall stoichiometry

Ce0.85Sm0.15O1.925�d. In this system, the mobile ionic species

are oxygen ion vacancies with an effective charge of +2,

denoted V��o in Kröger–Vink notation, and the mobile electro-

nic species are electrons, e0, with charge �1. The acceptor

dopant species, Sm0Ce, is also indicated as ‘‘AD’’.

2.1 Basic equations: transport through a mixed conductor

A set of three fundamental equations govern charge transport in

solids. The first is the generalized transport equation that relates

the driving force (electrochemical potential) to the mass flux15

Jmass
i ðx; tÞ ¼ � siðx; tÞ

ðzieÞ2
@~miðx; tÞ
@x

ð1Þ

where x is position, t is time, i is the species of charge carrier, zi
is the number of charges carried by species i, e is the electron

charge, Jmass
i (x,t) is the carrier mass flux, si(x,t) is the electrical

conductivity and ~mi(x,t) is the electrochemical potential. The

electrical conductivity si(x,t) of charge carrier i is related to the

diffusivity by the Nernst–Einstein relation

siðx; tÞ ¼
ðzieÞ2Di

kBT
ciðx; tÞ ð2Þ

whereDi is the diffusivity (assumed independent of position and

concentration), ci(x,t) is the carrier concentration, kB is the

Boltzmann constant and T is the absolute temperature. The

electrochemical potential ~mi(x,t) is the sum of the chemical

potential mi(x,t) and electrical energy zief(x,t)

~miðx; tÞ ¼ miðx; tÞ þ ziefðx; tÞ ð3Þ

where f(x,t) is the electrical potential. The chemical potential

mi(x,t) in the dilute limit is, in turn, given as

miðx; tÞ ¼ m0i þ kBT ln
ciðx; tÞ
c0i

ð4Þ

where m0i is the standard chemical potential, c0i is the concentra-

tion of the total available lattice sites (where mobile electrons

are taken to reside at cerium ion sites).

Eqn (1) can be rewritten in terms of charge flux and reduced

potentials as

J
charge
i ðx; tÞ ¼ � siðx; tÞ

zie

@~miðx; tÞ
@x

¼� siðx; tÞ
@~m�i ðx; tÞ
@x

ð5Þ

with

J
charge
i ðx; tÞ ¼ zieJ

mass
i ðx; tÞ ð6Þ

~m�i ðx; tÞ ¼
~miðx; tÞ
zie

¼ m�i ðx; tÞ þ fðx; tÞ ð7Þ

m�i ðx; tÞ ¼
miðx; tÞ
zie

ð8Þ

where Jchargei (x,t) is the carrier charge flux, ~m*i (x,t) is the

reduced electrochemical potential and m*i (x,t) is the reduced

chemical potential. It is worth noting that both ~m*i (x,t) and

m*i (x,t) have units of electrical potential. Inserting the expres-

sion for the chemical potential (4), the mass flux, eqn (1),

becomes

Jmass
i ðx; tÞ ¼ �Di

@ciðx; tÞ
@x

� siðx; tÞ
zie

@fðx; tÞ
@x

¼�Di
@ciðx; tÞ
@x

� zieDiciðx; tÞ
kBT

@fðx; tÞ
@x

ð9Þ

and the charge flux, eqn (5), becomes

J
charge
i ðx; tÞ ¼ � zieDi

@ciðx; tÞ
@x

� siðx; tÞ
@fðx; tÞ
@x

¼� zieDi
@ciðx; tÞ
@x

� ðzieÞ
2Diciðx; tÞ
kBT

@fðx; tÞ
@x

ð10Þ

Fig. 1 Schematic of the 1-D situation under consideration, with an

electrolyte placed between an anode and a cathode. The electrolyte has

thickness L and contacts the anode (a) at x = 0 and the cathode (c) at

x = L. The electrodes have finite (but unspecified) thicknesses. The

oxygen partial pressures in the electrode chambers, pO2
(a) for the

anode and pO2
(c) for the cathode, may differ from the respective values

at the electrode|electrolyte interfaces.
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Eqns (9) and (10) have been given a variety of different names

in the literature such as the diffusion-drift, diffusion-migra-

tion, Nernst–Planck or electrodiffusion equation.

The second fundamental equation is that describing con-

tinuity. In the case where there are no internal sources or sinks

of mass, continuity requires that the variation in mass flux

with position balances the variation in concentration with time

according to

@ciðx; tÞ
@t

þ @

@x
Jmass
i ðx; tÞ ¼ 0 ð11Þ

In terms of charge flux, the continuity equation can be written

as

zie
@ciðx; tÞ
@t

þ @

@x
J
charge
i ðx; tÞ ¼ 0 ð12Þ

The third fundamental equation is that due to Poisson, which

relates the sum of the charges in the system,
P
i

zieciðx; tÞ, to
the electrical potential according to

�ere0
@2fðx; tÞ
@x2

¼
X
i

zieciðx; tÞ ð13Þ

where er is the dielectric constant or relative permittivity,

assumed to be time and position invariant, and e0 is the

permittivity of free space (or vacuum).

Together, the continuity and Poisson equations imply the

existence of a displacement flux. This is obtained as follows.

As (12) is true for any species, it must also be true for the sum

of all the species such that

@

@t

X
i

zieciðx; tÞ
" #

þ @

@x

X
i

J
charge
i ðx; tÞ ¼ 0 ð14Þ

Insertion into eqn (13) yields

@

@x
� @

@t
ere0

@fðx; tÞ
@x

� �� �
þ @

@x

X
i

J
charge
i ðx; tÞ ¼ 0 ð15Þ

The integral of (15) with respect to position must thus be a

constant (with respect to x), and this term can readily be

recognized as the total charge flux:

J
charge
T ðtÞ ¼ J

charge
dis ðx; tÞ þ

X
i

J
charge
i ðx; tÞ ð16Þ

where the displacement flux is

J
charge
dis ðx; tÞ ¼ � @

@t
ere0

@fðx; tÞ
@x

� �
ð17Þ

2.2 Boundary conditions: electrode properties

In order to solve the above system of equations to obtain such

quantities as the concentration, the electric field, the chemical

potential, and the flux, one requires, in principle, knowledge of

the relevant boundary conditions. These can be formulated in

terms of the fluxes at the electrolyte|electrode interfaces,

quantities which are fixed by the values of the electrochemical

potential at the respective interfaces and in the respective gas

phase chambers. This type of boundary condition can be

written in the most general case as

J
charge
i ð0; tÞ ¼ g½~m�i ða; tÞ; ~m�i ð0; tÞ� ð18Þ

J
charge
i ðL; tÞ ¼ h½~m�i ðc; tÞ; ~m�i ðL; tÞ� ð19Þ

where ~m*i (a,t) and ~m*i (c,t) are the reduced electrochemical

potentials at the electrodes a and c, g and h are functions

which embody the characteristics of the electrochemical reac-

tions. The boundary conditions for the displacement flux can

be treated analogously.

The explicit forms of the boundary condition functions, g

and h, depend on the details of the electrode reactions includ-

ing steps such as adsorption, surface diffusion, charge transfer

etc. Specification of the boundary conditions would further

require complete knowledge of the relevant physical para-

meters such as surface coverage, surface diffusivity, charge

transfer rate constants etc. In the absence of such detailed

information, two typical expressions commonly encountered

in the literature for the boundary functions are considered

here. The first is the Butler–Volmer (B–V) equation, in which a

portion of the voltage is taken to drive a concentration

gradient and hence the overall rate of reaction.16 Written in

terms of the reduced electrochemical potential for the elec-

trode a, the B–V equation is

J
charge
i ð0; tÞ ¼Ji0ðaÞ exp aiðaÞ

eð~m�i ða; tÞ � ~m�i ð0; tÞÞ
kBT

� ��

� exp �ð1� aiðaÞÞ
eð~m�i ða; tÞ � ~m�i ð0; tÞÞ

kBT

� ��
ð20Þ

where Ji0(a) is the exchange current density and ai(a) is the

transfer coefficient. When the arguments of the exponential

terms are small, the B–V boundary condition can be approxi-

mated as a linear function

J
charge
i ð0; tÞ ¼ Ji0ðaÞe

~m�i ða; tÞ � ~m�i ð0; tÞ
kBT

ð21Þ

The second common expression for g or h is the Chang–Jaffé

(C–J) equation,17 in which the overall rate of reaction is

proportional to the voltage driving force

J
charge
i ð0; tÞ ¼ kiðaÞ½~m�i ða; tÞ � ~m�i ð0; tÞ� ð22Þ

where ki(a) represents the rate constant of the electrochemical

reaction.

If g and h are linear functions, as they are for the specific

cases of eqns (21) and (22), then one can define a charge

transfer resistance, R>
i (a), which relates the electrochemical

potential drop at the interface to the flux across the interface:

~m�i ða; tÞ � ~m�i ð0; tÞ ¼ J
charge
i ð0; tÞAR?i ðaÞ ð23Þ

For the linearized B–V boundary condition, the charge trans-

fer resistance is simply

R?i ðaÞ ¼
kBT

eJi0ðaÞA
ð24Þ
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whereas for the C–J boundary condition it is

R?i ðaÞ ¼
1

kiðaÞA
ð25Þ

In addition to the specification of the electrochemical potential

drop at the interface, a final set of boundary conditions is

implied by the experimental conditions employed. That is,

typically the total flux is given as an experimental input. In

such a case, the solution to the coupled equations becomes

relevant only to given experimental conditions. The two sets of

conditions appropriate to the experiments performed here are

discussed below.

2.3 Steady state solution under open circuit conditions

2.3.1 Transport through the MIEC. Under steady state

conditions the system behavior is, by definition, independent

of time. Explicitly removing the time dependence of the

concentration profiles and of the fluxes from the continuity

eqn (12) yields

d

dx
J
charge
i ðxÞ ¼ 0 ð26Þ

which thus implies that the charge flux is constant with

position as well as time. The time independence of the general-

ized transport eqn (5) implies

J
charge
i ¼ �siðxÞ

d~m�i ðxÞ
dx

ð27Þ

Similarly, the time independent form of the Poisson eqn (13) is

�ere0
d2fðxÞ
dx2

¼
X
i

zieciðxÞ ð28Þ

The absence of a time dependence for the electric field, eqn

(17), further implies that the displacement flux is zero. Thus,

eqns (26)–(28) along with Jchargedis (x) = 0, become the governing

equations under steady state conditions. In the absence of an

external applied electric potential gradient, i.e., under open

circuit conditions, the charge flux of all the carriers is balanced

so as to produce no net charge flow. That is

J
charge
T ¼

X
i

J
charge
i ¼ 0 ð29Þ

which provides an additional constraint on the system.

It is of value to explicitly state the form of these relation-

ships for the specific system under consideration here, acceptor

doped ceria in which the three relevant species are oxygen ion

vacancies, electrons and immobile acceptor dopants. Inserting

the nature of the species into (27)–(29) yields

J
charge
ion ¼ �sionðxÞ

d~m�ionðxÞ
dx

ð30Þ

Jcharge
eon ¼ �seonðxÞ

d~m�eonðxÞ
dx

ð31Þ

�ere0
d2fðxÞ
dx2

¼ 2ecionðxÞ � eceonðxÞ � ecAD
ð32Þ

and

J
charge
ion þ Jcharge

eon ¼ 0 ð33Þ

The above set of eqns (30)–(33), which completely describe the

state of the system, are coupled, nonlinear, differential equa-

tions for which only numerical solutions are typically avail-

able. However, some approximate methods can be used to

simplify the solution process. Two widely used approxima-

tions are the constant-field approximation and the electroneu-

trality approximation, both of which rely on the fact that the

terms in eqn (32), and more generally in eqn (28), are small.9,18

The constant-field approximation results when the left side

term in eqn (28) is assumed to be zero, but the right side

remains non-zero

�ere0
d2fðxÞ
dx2

¼ 0;
X
i

zieciðxÞa0 ð34Þ

This implies

dfðxÞ
dx

¼ �E ð35Þ

in which E is the electric field and is a constant. In the

biological literature, this approach is usually called the Gold-

man constant field approximation.19 The electroneutrality

approximation results when the right-side term in eqn (28) is

assumed to be zero, but the left side remains non-zero, the

result is simply

X
i

zieciðxÞ ¼ 0; � ere0
d2fðxÞ
dx2

a0 ð36Þ

This is called the electroneutrality approximation since the

total charge at any position is zero. This approximation has

been employed in the work of Tannhauser3 and of Liu.6 There

have been some investigation in the literature aimed at eval-

uating the validity of these approximations under various

conditions.18,20 The constant field approximation is more

widely used because relatively simple analytical expressions

can be obtained under certain conditions.

Another common approximation often employed is the so-

called constant vacancy approximation. For a system such as

that investigated here, in which the concentration of mobile

ions (i.e., oxygen vacancies) is essentially fixed by the constant

dopant concentration, it is reasonable to approximate the

mobile ion concentration as also being constant. Specifically,

for acceptor doped ceria, the approximation becomes

cion ¼ cAD
=2 ð37Þ

It is important to recognize that the constant field approxima-

tion is implicit in the constant oxygen vacancy approximation

and this can be shown as follows. If the oxygen vacancy

concentration is constant, then

dcionðxÞ
dx

¼ 0 ð38Þ

Combining this with the drift-diffusion eqn (10), and with the

implication of a constant ionic conductivity as a result of the

constant vacancy concentration one obtains

dfðxÞ
dx

¼ � J
charge
ion

sion
¼ �E ð39Þ

and thus the field is also a constant.
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With these various approximations explicitly defined, it is

possible to solve for the various unknown quantities in the

system. Two basic approaches have been pursued in the solid

state ionics literature, both within the context of the constant

vacancy (and therefore constant field) approximation. The

first is that of Riess,4 most typically used to understand the

electrical characteristics of mixed conductors and the second is

that of Wagner,2 most typically used to understand mass flux

through such materials. The equivalence of these two ap-

proaches has been shown by Choudhury and Patterson1 and

by Yuan and Pal.5 Here we base our analysis on the Riess4

approach and explicitly extend it to a discussion of interfacial

properties at the MIEC|electrode boundary.

In the approach developed by Riess,4 the unknown concen-

tration profiles are evaluated by taking the derivative of the

flux (as given for the dilute limit approximation, eqn (9)) with

respect to position

0 ¼ � d2ciðxÞ
dx2

� zie

kBT

dciðxÞ
dx

dfðxÞ
dx

� zie

kBT
ciðxÞ

d2fðxÞ
dx2

ð40Þ

Under the constant field approximation, (35), this becomes

0 ¼ d2ciðxÞ
dx2

� zieE

kBT

dciðxÞ
dx

ð41Þ

Taking eqn (41) to apply to the electron concentration (and

not vacancies which are instead described by the constant

vacancy approximation), the solution for ceon(x) is

ceonðxÞ ¼ceonð0Þ � ceonð0Þ � ceonðLÞ½ �

�
1� exp � eE

kBT
x

� �
1� exp � eE

kBT
L

� � ð42Þ

which also implies

seonðxÞ ¼seonð0Þ � ½seonð0Þ � seonðLÞ�

�
1� exp � eE

kBT
x

� �
1� exp � eE

kBT
L

� � ð43Þ

Inserting the electron concentration and conductivity profiles

of eqns (42) and (43) into the drift-diffusion equation, eqn (10),

and again making use of the constant field approximation,

(35), yields the electron flux:

Jcharge
eon ¼

seonðLÞ � seonð0Þ exp � eE
kBT

L
� �

1� exp � eE
kBT

L
� � E ð44Þ

Using the fact that the electron and ionic charge fluxes

are exactly balanced under steady state conditions, eqn (33),

and combining this with the solution to the electric field

under the constant vacancy approximation, eqn (39), one

obtains the electric field, necessary for the evaluation of eqns

(42)–(44).

E ¼ � kBT

eL
ln
sion þ seonðLÞ
sion þ seonð0Þ

¼ fðLÞ � fð0Þ
L

ð45Þ

The ionic charge flux can then be evaluated either from

Jchargeion = �Jchargeion , with the latter as given in (44), or from

J
charge
ion ¼ sionE ¼ �

kBTsion
eL

ln
sion þ seonðLÞ
sion þ seonð0Þ

ð46Þ

The voltage across the mixed conducting electrolyte is given

not directly by the electric field, but is rather determined by the

difference in reduced electrochemical potential of the electro-

nic species

VðLÞ � Vð0Þ ¼ ~m�eonðLÞ � ~m�eonð0Þ ð47Þ

Rewriting (47) in terms of the chemical and electrical poten-

tials, eqns (7) and (8), and making use of the dilute limit

approximation for the chemical potential of electrons, eqn (4),

gives

VðLÞ � Vð0Þ ¼ kBT

�e ln
ceonðLÞ
ceonð0Þ

þ fðLÞ � fð0Þ ð48Þ

Inserting the value of the electric field, eqn (45), into the above

then yields

VðLÞ � Vð0Þ ¼ � kBT

e
ln
ceonðLÞ
ceonð0Þ

þ kBT

e
ln
sion þ seonðLÞ
sion þ seonð0Þ

ð49Þ

for the voltage. Thus, under the constant vacancy approxima-

tion, one need only know the value of the material properties

at the electrolyte|electrode interfaces (i.e., at x= 0 and x= L)

and one can immediately evaluate the charge fluxes and the

electronic conductivity and concentration profiles.

If one wishes to extract a virtual oxygen potential profile

based on the constant vacancy approach, one requires a

relationship between electron concentration and oxygen par-

tial pressure. This can be achieved by assuming local equili-

brium for the reaction

O�O $
1

2
O2 þ V��O þ 2e0 ð50Þ

where O�o represents, in the Kröger–Vink notation, oxygen

residing on a regular oxygen site. Under this assumption, the

electrochemical potentials of the relevant species are related

according to

1

2
mO2
ðxÞ þ ~mionðxÞ þ 2~meonðxÞ ¼ 0 ð51Þ

(where ~mO2
(x) = mO2

(x)), or, in terms of reduced electroche-

mical potential for the charged species, according to

1

4e
mO2
ðxÞ þ ~m�ionðxÞ � ~m�eonðxÞ ¼ 0 ð52Þ

Taking oxygen to behave as an ideal gas, its chemical potential

is

mO2
¼ m0O2

þ kBT ln pO2
ð53Þ

and the equilibrium reaction constant,Kr, for eqn (51) becomes

Kr ¼ cionðxÞc2eonðxÞp
1=2
O2
ðxÞ ð54Þ
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The oxygen partial pressure profile is then simply

pO2
ðxÞ ¼ Kr

cionc2eonðxÞ

� �2
ð55Þ

where the electron concentration can be evaluated according

to eqn (42), and the vacancy concentration is now explicitly

indicated as position independent.

The local equilibrium approximation further allows one to

express the voltage and the flux across the mixed conductor in

terms of the oxygen partial pressures at the electrode|electro-

lyte interfaces. Specifically, the electron conductivity profile

becomes

seonðxÞ ¼
Deone

2

kBT
ceonðxÞ ¼ s0eon p

�1=4
O2
ðxÞ ð56Þ

with

s0eon ¼
Deone

2

kBT

Kr

cion

� �1=2

ð57Þ

Upon insertion of (56) and the oxygen partial pressure depen-

dence of ceon(x) implied by (55) into (49), the voltage becomes

VðLÞ � Vð0Þ ¼~m�eonðLÞ � ~m�eonð0Þ

¼ kBT

e
ln
s0eon þ sion p

1=4
O2
ðLÞ

s0eon þ sion p
1=4
O2
ð0Þ

ð58Þ

Similarly, insertion of (56) into the flux expression of (46)

yields

J
charge
ion ¼ � kBTsion

eL
ln
sion þ s0eon p

�1=4
O2
ðLÞ

sion þ s0eon p
�1=4
O2
ð0Þ

ð59Þ

These expressions emphasize the significance of knowledge of

the oxygen partial pressure at the electrode|electrolyte inter-

faces, rather than merely within the electrode chambers, in

order to describe the various characteristics of the system.

As already indicated, many of these relationships have been

previously presented in the literature. They are summarized

here for completeness and because they serve as a starting

point for understanding the influence of electrode behavior

and for evaluating charge transport under a broader set of

experimental conditions.

2.3.2 Electrode behavior: application of boundary condi-

tions. A complete description of the electrode|MIEC|electrode

system requires application of the boundary conditions dis-

cussed in section 2.2. While the flux through the system is a

constant under steady state conditions, the voltage will be

influenced by the electrochemical activity of the electrodes.

The macroscopically measured voltage generated between the

anode and cathode electrodes, corresponding to the open

circuit voltage (OCV or Voc), is given as

Voc ¼ VðcÞ � VðaÞ ¼ ~m�eonðcÞ � ~m�eonðaÞ ð60Þ

Under the assumption of local chemical equilibrium for reac-

tion (50), the electrochemical potentials of the species in the

electrodes chambers are related according to

1

4e
mO2
ðaÞ þ ~m�ionðaÞ � ~m�eonðaÞ ¼ 0 ð61Þ

1

4e
mO2
ðcÞ þ ~m�ionðcÞ � ~m�eonðcÞ ¼ 0 ð62Þ

Inserting the expressions implied by these relationships for

~m*ion(c) and ~m*ion(a) into (60) yields

Voc ¼
1

4e
mO2
ðcÞ � 1

4e
mO2
ðaÞ þ ~m�ionðcÞ � ~m�ionðaÞ ð63Þ

The difference between the first two terms in (63) is readily

recognized as the Nernst potential, VN, of the system

VN ¼
1

4e
½mO2
ðcÞ � mO2

ðaÞ� ¼ kBT

4e
ln

pO2
ðcÞ

pO2
ðaÞ ð64Þ

The final two terms in (63) can be evaluated by reference to the

charge transfer resistance, as defined in (23). That definition

implies

~m�ionðaÞ � ~m�ionð0Þ ¼ J
charge
ion AR?ionðaÞ ð65Þ

~m�ionðLÞ � ~m�ionðcÞ ¼ J
charge
ion AR?ionðcÞ ð66Þ

and thus (63) becomes

Voc ¼ VN þ ~m�ionðLÞ � ~m�ionð0Þ � J
charge
ion A½R?ionðaÞ þ R?ionðcÞ�

ð67Þ

The quantity ~m*ion(L) � ~m*ion(0) in this expression can be

obtained by integration of (30) and is given as

~m�ionðLÞ � ~m�ionð0Þ ¼ �J
charge
ion ARion ð68Þ

with

Rion ¼
Z L

0

dx

sionA
ð69Þ

where Rion is defined as the total ionic resistance of the

electrolyte. Thus, the externally measured voltage or OCV is

Voc ¼ VN � J
charge
ion A½R?ionðaÞ þ Rion þ R?ionðcÞ� ð70Þ

This voltage depends not only on the oxygen partial pressures

at the electrodes (which establish VN), but also on the ionic

resistivity of the electrolyte and the electrochemical activity of

the electrodes.

The voltage can also be alternatively expressed in terms of

the electronic properties of the MIEC, if again, appropriate

boundary conditions are applied. If the electrodes are taken to

be reversible with respect to electrons, such that the variation

in electrochemical potential of electrons throughout each

electrode and across each electrode|electrolyte interface is

assumed to be negligible, then

~m�eonðaÞ ¼ ~m�eonð0Þ ð71Þ

~m�eonðcÞ ¼ ~m�eonðLÞ ð72Þ

Insertion into (60) simply yields

Voc ¼ ~m�eonðLÞ � ~m�eonð0Þ ð73Þ
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which can be evaluated by integration of (31) to obtain

~m�eonðLÞ � ~m�eonð0Þ ¼ �Jcharge
eon AReon ¼ Voc ð74Þ

with

Reon ¼
Z L

0

dx

seonðxÞA
ð75Þ

where �Reon is defined as the total electronic resistance of the

electrolyte. The assumption of electron-reversible electrodes

moreover implies that the voltage across the mixed conductor,

as expressed in (58) becomes identical to the measured

OCV, i.e.,

Voc ¼
kBT

e
ln
s0eon þ sion p

1=4
O2
ðLÞ

s0eon þ sion p
1=4
O2
ð0Þ

ð76Þ

This treatment takes the voltage drop across the electrode|e-

lectrolyte interfaces to be zero (implied in the statement that

there is no change in the electrochemical potential of the

electrons across these interfaces). However, there is a change

in oxygen chemical potential (and hence also a change in

virtual oxygen partial pressure) across the electrodes and/or

across the interface as a consequence of non-ideal kinetics for

the electrochemical reactions. The situation is shown schema-

tically in Fig. 2. For simplicity, the oxygen chemical potential

and the oxygen ion electrochemical potential are taken to be

single-valued at the electrode|electrolyte interface, but such a

situation is not required, and these properties may, in princi-

ple, be discontinuous at the interface. By influencing the

potentials at the surfaces of the electrolyte, the characteristics

of the electrodes influence the electrochemical behavior of the

MIEC. Specifically, the electrodes establish the oxygen partial

pressures at x = 0 and L, which, in turn, set the total

electronic conductivity of the MIEC by fixing the values of

the electronic conductivity at the integration limits of (75). The

change in partial pressure across the electrodes and across the

electrode|electrolyte interfaces, furthermore, contributes,

along with the electronic leakage, to the reduction of the cell

voltage below the Nernstian value.

Physically, the oxygen chemical potential change across the

electrodes must be related to the atomistic terms describing the

boundary conditions. The electron reversibility of the electro-

des implies from (61)

1

4e
mO2
ðaÞ þ ~m�ionðaÞ � ~m�eonð0Þ ¼ 0 ð77Þ

Simultaneously, the local chemical equilibrium at the anode|

electrolyte interface implies

1

4e
mO2
ð0Þ þ ~m�ionð0Þ � ~m�eonð0Þ ¼ 0 ð78Þ

Taking the difference yields

1

4e
ðmO2
ðaÞ � mO2

ð0ÞÞ þ ~m�ionðaÞ � ~m�ionð0Þ ¼ 0 ð79Þ

Defining DmO2
(a,0) as the difference between the oxygen

chemical potential in the anode gas chamber and that at the

electrolyte interface, and making use of (65) gives

DmO2
ða; 0Þ ¼ �4eJcharge

ion AR?ionðaÞ ð80Þ

Inserting the expressions for the charge transfer resistance

obtained from the B–V and the C–J boundary conditions, (24)

and (25), respectively, yields

DmO2
ða; 0Þ ¼ �4kBT

J
charge
ion

Jion;0ðaÞ
ð81Þ

and

DmO2
ða; 0Þ ¼ �4e

kionðaÞ
J
charge
ion ð82Þ

These relationships yield the expected result that, in the limit

of infinitely large exchange current density or infinitely large

reaction rate, the change in oxygen chemical potential across

the electrodes is zero.

For ease of interpretation, eqns (70) and (74) can be mapped

to an equivalent DC circuit, specifically, to that shown in

Fig. 3. Here, an electronic path (or rail) lies in parallel with an

ionic path (or rail), where the latter includes resistors repre-

sentative of the electrode characteristics and also the Nerns-

tian voltage source. A flux Jchargeeon flows through resistor Reon,

and the voltage across this resistor, which corresponds to that

measured at open circuit, is that expressed in (74). Similarly, a

flux Jchargeion (of identical magnitude but opposite sign to Jchargeeon )

flows through resistors R>
ion(a), Rion, and R>

ion(c). The sum of

the voltage drops across these three resistors together with the

Nernstian voltage source corresponds to expression (70) for

the open circuit voltage. Depending on the nature of the

boundary conditions, the resistors R>
ion(a) and R>

ion(c) can be

replaced by nonlinear components while retaining the simpli-

city of the depicted equivalent circuit. Although the mapping

produces the desired mathematical result, it is emphasized that

there is no physical voltage drop across the electrodes under

the assumption of electron reversible electrodes. The electrode

‘‘resistors’’ account for the oxygen partial pressure drop across

the electrodes which generate effective voltage drops.

Given the relationship between Jchargeeon and Jchargeion , (33), the

measured open circuit voltage can be expressed as

Voc ¼
Reon

Reon þ R?ionðaÞ þ Rion þ R?ionðcÞ
VN ð83Þ

Fig. 2 Schematic illustration of the chemical potential changes

occurring at an electrode|electrolyte interface, shown for the particular

case of the anode, under the assumption of an electron reversible

electrode.
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a result that can be obtained from direct evaluation of

the circuit of Fig. 3 or by combining (70), (74) and (33).

The effective contribution of the electrodes to the loss in

open circuit potential is immediately evident in this

formulation. In the case of ideally active electrodes with

R>
ion(a), R>

ion(c) - 0, the oxygen partial pressures at the

x = 0 and x = L match precisely the respective values

in the anode and cathode chambers (see eqn (80)), and the

theoretical maximum voltage across the mixed conductor, Vth
oc,

is obtained, where

V th
oc ¼

Reon

Reon þ Rion
VN ¼

Reon

Reon þ Rion

kBT

4e
ln

pO2
ðcÞ

pO2
ðaÞ ð84Þ

By making use of (58) and the equality of the oxygen partial

pressures at the interfaces to those values in the electrode

chambers, this can alternatively be expressed as

V th
oc ¼

kBT

e
ln

s0eon þ sion p
1=4
O2
ðcÞ

s0eon þ sion p
1=4
O2
ðaÞ

ð85Þ

A noteworthy consequence of these relationships is that

it is not possible to directly evaluate the mean ionic transfer-

ence number of a mixed conductor from a simple measure-

ment of the voltage at open circuit unless care is taken

to develop ion reversible electrodes (which is not the case for

the typical experiment). That is, in general, htioni a Voc/VN,

a result which has received some attention in the recent

literature.21

In light of the ambiguity inherent in (83), it is of value to

consider what one can, in fact, establish from a measurement

of the OCV. As expressed in (76), Voc contains two unknown

parameters, pO2
(0) and pO2

(L). If one has some basis for

specifying the value of one of these terms (perhaps using a

reference electrode or from independent studies of one of the

electrode materials), and one additionally has knowledge of

s0eon and sion, then the oxygen partial pressure at the other

interface can be specified. An example of the correlation

between the two interfacial partial pressures in SDC15 is

plotted in Fig. 4, where the bulk material properties are taken

from ref. 14 the experimental conditions are taken to be pO2
(c)

= 0.21 atm, pO2
(a) = 8.3 � 10�28 atm and temperature =

600 1C, and the ‘‘experimental’’ OCV is taken to be 0.90 V.

Under these conditions, the Nernst voltage is 1.208 V and the

theoretical OCV for ideal electrodes, calculated according to

(85), is 1.025 V. For a given measured voltage, an increasing

cathode activity, as reflected by high pO2
(L), implies a low

anode activity, as reflected by high pO2
(0). Most significantly,

the experimentally measured voltage, although it cannot alone

yield the values of pO2
(0) and pO2

(L), places a lower boundary

on the activities of the individual electrodes. For the example

illustrated here, the activity of the cathode must be such that

pO2
(L) is at least 2.9 � 10�4 atm and that of the anode must be

such that pO2
(0) is less than 1.8 � 10�22 atm.

2.4 Small signal impedance solution under open circuit

conditions

2.4.1 Transport through the MIEC. With the steady state

solution in hand, it is possible to consider the situation upon

application of a small perturbation. Such a perturbation,

which could be a sinusoidal signal, a square-wave signal or

other periodic or aperiodic form, causes the system to evolve

with time. For a sufficiently small perturbation, all quantities

can be written as the sum of their steady state values and the

time dependent perturbations to those values

fðx; tÞ ¼ fðxÞ þ Dfðx; tÞ

ciðx; tÞ ¼ ciðxÞ þ Dciðx; tÞ

siðx; tÞ ¼ siðxÞ þ Dsiðx; tÞ

~m�i ðx; tÞ ¼ ~m�i ðxÞ þ D~m�i ðx; tÞ

J
charge
i ðx; tÞ ¼ J

charge
i þ DJcharge

i ðx; tÞ

J
charge
dis ðx; tÞ ¼ DJcharge

dis ðx; tÞ

J
charge
T ðtÞ ¼ DJcharge

T ðtÞ

ð86Þ

Fig. 4 Correlation between pO2
(0) and pO2

(L) according to equation

assuming an experimental value for Voc across SDC15 of 0.90 V at

conditions T = 600 1C, pO2
(c) = 0.21 atm and pO2

(a) = 8.3 � 10�28

atm. The oxygen partial pressure at the anode|electrolyte interface

must fall within the range 8.3 � 10�18 and 1.8� 10�22 atm, and that at

the cathode|electrolyte interface within the range 2.9 � 10�4 and

0.21 atm.

Fig. 3 DC equivalent circuit of a mixed conductor under open circuit

conditions. Ion transfer across the electrode|electrolyte interface is

assumed to display Chang–Jaffé or linearized Butler–Volmer behavior,

whereas electron transfer is assumed to be reversible.
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Insertion of (86) and the steady state expression (27) into the

generalized flux eqn (5) and the continuity eqn (12) then yields

DJcharge
i ðx; tÞ ¼ �siðxÞ

@D~m�i ðx; tÞ
@x

� Dsiðx; tÞ
d~m�i ðxÞ
dx

ð87Þ

� @DJ
charge
i ðx; tÞ
@x

¼ zie
@Dciðx; tÞ

@t
ð88Þ

where the second order term Dsiðx; tÞ @@xD~m�i ðx; tÞ has been

ignored. Further evaluation of these relationships is made

possible by converting the terms in Ds and Dc into terms in

D~m* and Dm*. This is achieved as follows. In the dilute limit,

(4), perturbations in concentration are related to perturbations

in chemical potential according to

Dciðx; tÞ ¼ciðxÞ
ciðx; tÞ
ciðxÞ

� 1

� �

¼ciðxÞ exp
Dmiðx; tÞ
kBT

� �
� 1

� � ð89Þ

For small values for the argument of the exponent (i.e. a

small perturbation), the second order term Dmi(x,t)Dmi(x,t)
can be ignored and the exponential term can be approxi-

mated as

exp
Dmiðx; tÞ
kBT

� �
� 1þ Dmiðx; tÞ

kBT
ð90Þ

Thus (89) becomes

Dciðx; tÞ ¼ ciðxÞ
Dmiðx; tÞ
kBT

¼ zieciðxÞ
Dm�i ðx; tÞ
kBT

ð91Þ

and (88) can be rewritten as

� @DJ
charge
i ðx; tÞ
@x

¼ ðzieÞ
2ciðxÞ

kBT

@Dm�i ðx; tÞ
@t

ð92Þ

The perturbation in conductivity can, via the Nernst–Einstein

relationship, (2), and the result in (91), also be written in terms

of the perturbation in chemical potential

Dsiðx; tÞ ¼ siðxÞ
Dmiðx; tÞ
kBT

ð93Þ

Along with (27) this allows (87) to be rewritten as

DJcharge
i ðx; tÞ ¼ � siðxÞ

@D~m�i ðx; tÞ
@x

þ zieJ
charge
i

Dm�i ðx; tÞ
kBT

ð94Þ

The perturbation in the total charge flux, DJchargeT ,

and the displacement flux, DJchargeT (x,t), are readily obtained

by direct insertion of (86) into (16) and (17), respectively,

giving

DJcharge
T ðtÞ ¼

X
i

DJcharge
i ðx; tÞ þ DJcharge

dis ðx; tÞ ð95Þ

and

DJcharge
dis ðx; tÞ ¼ �ere0

@

@x

@

@t
Dfðx; tÞ ð96Þ

Experimentally, it is typical to apply a sinusoidal perturbation

to a materials system. Hence, it is convenient to transform the

above relationships from the time to the frequency domain.

The Laplace transforms, respectively, of (94), (92), (96), and

(95) are

DJcharge
i ðx;oÞ ¼ � siðxÞ

@D~m�i ðx;oÞ
@x

þ zieJ
charge
i

kBT
Dm�i ðx;oÞ

ð97Þ

@DJcharge
i ðx;oÞ
@x

¼ �jo ðzieÞ
2ciðxÞ

kBT
Dm�i ðx;oÞ ð98Þ

DJcharge
dis ðx;oÞ ¼ �joere0

@Dfðx;oÞ
@x

ð99Þ

DJcharge
T ðoÞ ¼ DJcharge

dis ðx;oÞ þ
X
i

DJcharge
i ðx;oÞ ð100Þ

where j =
ffiffiffiffiffiffiffi
�1
p

and o is angular frequency.

In analogy to previous studies of the electrical properties

of a mixed conductor under uniform chemical condi-

tions,22 solutions to this new set of coupled differential

equations can be approached by discretization. This is

achieved by replacing the continuous position variable x

with a set of discrete grid points, xi, Fig. 5. In principle,

these points may be separated from one another by differ-

ing distances, as illustrated in the figure, but for the com-

putations performed here the distance between grid points

was fixed to a constant value, l. The total number of

grid points is N + 1 with x0 = 0 and xN = L, and each

differential unit is taken to extend between the midpoints

of neighboring grid points, as shown in Fig. 5. After establish-

ing the grid system, the system of volume elements is

constructed by assigning the entire structure and thus

each of the differential units cross-sectional area A. Evaluation

of the flux terms at the edges of the volume elements (between

grid mid-points) and the remaining functions, Dfi, D~m*i ,

Fig. 5 The system of grid discretization and volume elements

used in the numerical solution of the transport equations. Grid

points correspond to xn positions and the volume elements extend

between the midpoints of neighboring gridpoints, i.e. between xnþxnþ1
2


 �
points.
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and Dm*i , ci and si, directly at the grid points transforms eqns

(97)–(99) into

DJcharge
i ð�xn;oÞ ¼ � siðxnÞ

D~m�i ðxnþ1;oÞ � D~m�i ðxn;oÞ
xnþ1 � xn

þ zieJ
charge
i

kBT

Dm�i ðxnþ1;oÞ þ Dm�i ðxn;oÞ
2

;

::::::::::::::::::::0 � n � N � 1

ð101Þ

DJcharge
i ð�xn;oÞ � DJcharge

i ð�xn�1;oÞ

¼ �jo ðzieÞ
2ciðxnÞ
kBT

xnþ1 � xn�1
2

Dm�i ðxn;oÞ;

:::1 � n � N � 1

ð102Þ

DJcharge
dis ð�xn;oÞ ¼ � joere0

Dfðxnþ1;oÞ � Dfðxn;oÞ
xnþ1 � xn

;

::::::::::::::::::0 � n � N � 1

ð103Þ

where

�xn ¼
xn þ xnþ1

2

sðxnÞ ¼
sðxnÞ þ sðxnþ1Þ

2

Expression (100) states that the perturbation in total charge

flux is independent of position and therefore of the grid point

at which it is evaluated. This observation allows one to write

DJcharge
dis ð�xn�1;oÞ þ

X
i

DJcharge
i ð�xn�1;oÞ

¼ DJcharge
dis ð�xn;oÞ þ

X
i

DJcharge
i ð�xn;oÞ; ::::::1 � n � N � 1

ð104Þ

completing the transformation to discretized relationships.

Physical insight into the significance of above set of trans-

port eqns (101)–(104) can be gained by expressing them in the

general form I= V/Z, where I is current, V is voltage and Z is

electrical impedance, which ultimately allows the equations to

be mapped to electrical circuit elements. Specifically, upon

multiplication by the area, A, the DJcharge terms can be

replaced by electrical current I terms; the driving force terms

Dfi, D~m*i , and Dm*i can be replaced by voltage terms; and the

material properties can be collected into impedance terms. The

result is

IiðnÞ ¼ �
Viðnþ 1Þ � ViðnÞ

ZiðnÞ
þ Viðnþ 1Þ � Vdisðnþ 1Þ

Z0
i

þ ViðnÞ � VdisðnÞ
Z0

i

¼ �Viðnþ 1Þ � ViðnÞ
ZiðnÞ

þ I0i ðnþ 1Þ þ I0i ::::::::::::::::0 � n � N � 1

ð105Þ

IiðnÞ � Iiðn� 1Þ ¼ �ViðnÞ � VdisðnÞ
Zchem

i ðnÞ
; ::::::::::1 � n � N � 1

ð106Þ

IdisðnÞ ¼ �
Vdisðnþ 1Þ � VdisðnÞ

ZdisðnÞ
; ::::::::0 � n � N � 1

ð107Þ

Idisðn� 1Þ þ
X
i

Iiðn� 1Þ

¼ IdisðnÞ þ
X
i

IiðnÞ; ::::::::::1 � n � N � 1
ð108Þ

where

ZiðnÞ ¼ RiðnÞ ¼ sðxnÞ
h i�1xnþ1 � xn

A
¼ l

sðxnÞA
; ::::::0 � n � N � 1

ZdisðnÞ ¼ ½joCdisðnÞ��1; ::::::::::0 � n � N � 1

CdisðnÞ ¼ ere0
A

xnþ1 � xn
¼ ere0

A

l
; :::::::::0 � n � N � 1

Zchem
i ðnÞ ¼ ½joCchem

i ðnÞ��1; ::::::::::1 � n � N � 1

Cchem
i ðnÞ ¼ ðzieÞ

2ciðxnÞ
kBT

xnþ1 � xn�1
2

A

¼ ðzieÞ
2ciðxnÞ
kBT

lA; ::::::::1 � n � N � 1

Z0
i ¼ R0

i ¼
2kBT

ðzieÞ2Jmass
i A

IiðnÞ ¼ DJcharge
i ð�xn;oÞA; ::::::::::0 � n � N � 1

IdisðnÞ ¼ DJcharge
dis ð�xn;oÞA; ::::::::0 � n � N � 1

ViðnÞ ¼ D~m�i ðxn;oÞ; :::::::::::::::0 � n � N

VdisðnÞ ¼ Dfðxn;oÞ; :::::::::::::::0 � n � N

ViðnÞ � VdisðnÞ ¼ Dm�i ðxn;oÞ; ::::::0 � n � N

I0i ðnÞ ¼
ViðnÞ � VdisðnÞ

Z0
i

; ::::::::::::0 � n � N

ð109Þ

Interpretation of several of the terms in (109) is immediately

possible by direct inspection. It is apparent, for example, that

Ri in (109) is the (mean) resistance of carrier i in volume

element n and Cdis is the dielectric capacitance of the element.

The term Ii is simply the perturbation current flowing through

resistor Ri and Idis is the perturbation displacement current

flowing through the capacitor Cdis. The term Cchem
i is the
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‘‘chemical capacitance’’ of carrier i. This quantity reflects the

ability of the system to store chemical energy in the form of

changes in stoichiometry in response to changes in chemical

potential and has been discussed at length elsewhere.13 The

voltage terms, Vi, Vdis and Vi�Vdis correspond simply to

perturbations in the reduced electrochemical potential, the

electrical potential and the reduced chemical potential, respec-

tively. In addition to these elements, which are encountered

relatively frequently in the solid state ionics literature, two new

terms, Z0
i and I0i appear in (109). The first, Z0

i (or R0
i ) is a

frequency-independent ‘‘source resistance’’ caused by the con-

stant flux, Jmass
i , which is nonvanishing in a mixed conductor

exposed to a chemical potential gradient. The second, I0i , is a

voltage-dependent current source, where the magnitude of the

perturbation flux is directly proportional to the magnitude of

the perturbation in chemical potential gradient driving the

current. The distinction between this behavior and that of a

passive resistor element is described more fully below.

Using Kirchoff’s laws,23 the reformulated transport eqns

(105)–(109) can further be mapped to an equivalent circuit, the

result of which is presented in Fig. 6a for a single element in

the grid system and for the specific case of the two-carrier

material considered here. This circuit bears a strong resem-

blance to that recently presented for MIECs under uniform

chemical potential conditions,13,14 Fig. 6b, in that two carrier

rails run in parallel with a displacement rail, with the carrier

rails each coupled to the displacement rail via chemical

capacitors. However, in addition to passive resistor (Ri) and

capacitor (Cdis, C
chem
i ) elements, the equivalent circuit under

potential gradient conditions contains the newly derived active

elements, I0i , voltage-controlled current sources. As evident

from eqn (105), there are three current terms that contribute to

the ionic current through element n shown in Fig. 6a. The first

is the conventional ohmic current resulting from the electrical

potential difference between points C and E. The additional

terms, I0ion(n) and I0ion(n + 1), as defined in (109), are,

respectively, proportional to the voltage differences between

points C and D, and between points E and F rather than to the

voltage difference across the element (i.e., points C and E, as

the ohmic current is). The ‘‘voltage’’ difference between points

along the carrier rails and the displacement rail is, as also

defined in (109), in fact, the perturbation in chemical potential

experienced by the mobile species. Thus, while Ohm’s law

describes the flow of charge in response to an applied electrical

potential gradient, it is apparent here that there is also a flow

of charge in response to a perturbation in the chemical

potential field.

The validity of this formulation can be evaluated by exam-

ining the behavior under equilibrium conditions Jmass
i = 0,

which must reduce to the earlier literature results for mixed

conductors under uniform atmospheres.13,14 Under such con-

ditions, because the mass flux is zero, the voltage controlled

current source of (109) is also zero, explicitly

I0i ðnÞ ¼ 0 ð110Þ

Eqn (105) thus becomes

IiðnÞ ¼ �
Viðnþ 1Þ � ViðnÞ

Ziðnþ 1Þ ð111Þ

and the equivalent circuit indeed reduces to the appropriate

form.

It is to be emphasized that, in fact, equilibrium conditions

can never be attained in a mixed conductor exposed to a

chemical potential gradient because the flux in such a system

will always be non-zero. That is, whereas fixed partial pres-

sures in the anode and cathode chambers (achieved via a

Fig. 6 AC equivalent circuits for the volume elements of a mixed

conductor under selected conditions: (a) a bulk element under a

chemical potential gradient (1 r n r N � 1); (b) a bulk element

under uniform chemical potential (1 r n r N � 1); (c) a boundary

element under a chemical potential gradient (n = 0).
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constant flow of gases) can generate steady state conditions,

the system, by definition, cannot equilibrate. The non-zero

flux, in turn, is responsible for the occurrence of the new

equivalent circuit elements in the physical representation of

the mixed conductor. For these reasons the equivalent circuit

derived for a mixed conductor exposed to a uniform chemical

potential (and thus equilibrium conditions) can not be directly

applied to represent the electrochemical behavior of mixed

conductors exposed to chemical potential gradients.

2.4.2 Numerical solution for arbitrary boundary conditions

As already shown, under steady state conditions it is possible,

by making use of the constant vacancy approximation, to

derive analytical expressions for quantities such as the electron

concentration profile, the oxygen chemical potential, etc.

Under a small signal perturbation, given the complexity of

the equations given in (105)–(109) it is not obvious what

approximations would be required in order to obtain analo-

gous analytical solutions. Instead, a numerical methodology is

pursued here to derive the solutions for the position dependent

quantities. The approach has the benefit of being directly

compatible with any arbitrary set of boundary conditions,

and this aspect is discussed first.

At the boundary, the circuit, comprising N elements of the

form depicted in Fig. 6a, is terminated at the anode (and

analogously at the cathode) as shown in Fig. 6c, where Vion(0),

Vdis(0) and Veon(0) are unknown voltage drops in the ionic,

discharge and electronic rails, respectively. These rails are not

coupled to one another via the chemical capacitors at the

boundaries because the continuity equation is not applicable

at these locations. The electrode characteristics are embodied

in the phenomenological functions Zion(a), Zdis(a) and Zeon(a),

which can represent any level of complexity in the electro-

chemical reaction pathways. Mathematically, they are the

small signal perturbations to the boundary functions g and h

introduced in section 2.2. Considering both electrodes, the

boundary conditions can be written as

VðaÞ � Við0Þ ¼ ZiðaÞIið0Þ

VðaÞ � Vdisð0Þ ¼ ZdisðaÞIdisð0Þ

ViðNÞ � VðcÞ ¼ ZiðcÞIiðNÞ

VdisðNÞ � VðcÞ ¼ ZdisðcÞIdisðNÞ

ð112Þ

where Zi(a), Zi (c), Zdis(a) and Zdis(c) are the boundary

impedances as already described, V(a) and V(c) are the (input)

boundary voltages at the anode and cathode, respectively, and

i, as already discussed, refers to the species. The complete

equivalent circuit including the electrodes is shown in Fig. 7.

Expressions (105), (106), (107), (108), and (112) can, respec-

tively, be rewritten by simply algebraic manipulation as

½Z0
i þ ZiðnÞ�ViðnÞ þ ½ZiðnÞ � Z0

i �Viðnþ 1Þ

� ZiðnÞVdisðnÞ � ZiðnÞVdisðnþ 1Þ

� ZiðnÞZ0
1IiðnÞ ¼ 0; . . . . . . 0 � n � N � 1

ð113Þ

ViðnÞ � VdisðnÞ � Zchem
i ðnÞIiðn� 1Þ þ Zchem

i ðnÞIiðnÞ ¼ 0;

1 � n � N � 1

ð114Þ

VdisðnÞ � Vdisðnþ 1Þ � ZdisðnÞIdisðnÞ ¼ 0;

1 � n � N � 1
ð115Þ

X
i

½Iiðn� 1Þ � IiðnÞ� þ Idisðn� 1Þ � IdisðnÞ ¼ 0;

1 � n � N � 1

ð116Þ

�Við0Þ � ZiðaÞIið0Þ ¼ �VðaÞ

�Vdisð0Þ � ZdisðaÞIdisð0Þ ¼ �VðaÞ

ViðNÞ � ZiðcÞIiðNÞ ¼ VðcÞ

VdisðNÞ � ZdisðcÞIdisðNÞ ¼ VðcÞ

ð117Þ

Because there are two mobile species under consideration for

SDC, oxygen vacancies and electrons, these expressions imply

a set of 6N+ 3 equations, in 6N+ 3 terms. Accordingly, they

can be written in matrix form as

AX ¼ B ð118Þ

where A is a (6N+ 3) � (6N+ 3) sparse matrix with elements

of Zi(n), Zdis(n), Z
chem
i (n), Z0

i , Zi(a), Zi(c), Zdis(a) and Zdis(c); B

is a 6N + 3 column vector with only six non-zero elements,

	V(a) and 	V(c); and X is a 6N + 3 column vector with

elements of Ii(n), Idis(n), Vi(n) and Vdis(n). The terms in B are

Fig. 7 Complete AC equivalent circuit for a mixed conductor including the electrodes, under a chemical potential gradient.

876 | Phys. Chem. Chem. Phys., 2008, 10, 865–883 This journal is �c the Owner Societies 2008



given by the experimental input voltage. The terms in A are, in

principle, unknown because the material properties depend on

the unknown concentration profiles, etc., however, their values

can be estimated from the steady state solution and some

assumed behavior of the electrodes. With A and B as known

quantities, the solution to the small signal problem reduces to

finding the solution for the matrix X, a mathematically

tractable problem.

Of particular interest in the small signal solution is the

impedance, Z(o). This quantity can be calculated from the

ratio of the perturbation voltage to the perturbation current,

according to

ZðoÞ ¼ VðaÞ � VðcÞ
DJcharge

T ðoÞA
¼ VðaÞ � VðcÞ

Iionð1Þ þ Ieonð1Þ þ Idisð1Þ
ð119Þ

where, for ease, the flux terms are evaluated at the first

element.

It is of value to note that mixed conductors exposed to a

chemical potential gradient may be considered to be ‘‘purely’’

ionic under some range of the applied chemical potential. This

situation certainly applies to doped ceria which, at moderate

temperatures, is considered a ‘‘pure’’ ionic conductor at the

cathode and a mixed conductor at the anode. The analysis

here emphasizes that even under oxidizing conditions, the

resistance to electronic transport cannot be infinite. The

electron flux at the oxidized side of the electrolyte must be

exactly equal to that at the reduced side. For this reason, the

electronic carrier rail extends completely across the length of

the sample from x = 0 to x = L.

3. Experimental procedure

3.1 Data acquisition

The bulk of the electrochemical data were collected from

Sm0.15Ce0.85O1.925�d (SDC15) based cells configured with

Ba0.5Sr0.5Co0.8Fe0.2O3-d (BSCF) as the cathode and Pt as the

anode. Additional data were also obtained from symmetric

cells of BSCF|SDC15|BSCF and Pt|SDC15|Pt.

Commercial Sm0.15Ce0.85O1.925 (SDC15) powders were pur-

chased from NexTech Materials Ltd. They were first calcined

at 950 1C in air for 5 h in order to lower the surface area and

obtain the desired sintering characteristics and then uniaxially

pressed at 300 MPa to form pellets. These were sintered at

1350 1C for 5 h, to yield samples with relative densities of over

95%. The samples used for measurement were between 0.6 and

0.7 mm in thickness with a diameter of approximately 13 mm.

The BSCF cathode material was prepared in-house by a sol-

gel method in which both EDTA and citric acid served as

chelating agents. Complete details are provided elsewhere.24

The resulting powder was mixed with a-terpineol (Alfa Aesar),

0.1 ml liquid to 100 mg powder, to form a paste, which was

then brush-painted onto the SDC pellet and fired at 1075 1C

for 5 h. The Pt electrodes consisted of a commercial ink

(Engelhard 6082), which was also applied by brush painting

and then fired at 900 1C for 2 h. In the case of the symmetric

cells, the electrodes were applied so as to completely cover the

faces of the SDC pellets. In the case of the asymmetric cell, the

electrode area was limited to a diameter of 10 mm. The cell

was then sealed onto an alumina tube with an inner diameter

of around 9.5 mm and a outer diameter of 12.5 mm, using an

alumina-based adhesive (Aremco, Cerambond 552-VFG). All

experiments on both symmetric and asymmetric cells were

carried out in a two point configuration, using silver mesh

current collectors with silver paste and silver wire leads.

Electrical characterization by AC impedance spectroscopy

of all three cells was performed under uniform, oxidizing

conditions, in addition to chemical potential gradient condi-

tions for the asymmetric cell. Measurements were performed

at selected temperatures between 550 and 650 1C, depending

on the particular experiment. The oxidizing conditions were

achieved by flowing synthetic air (Ar + O2) at a rate of

100 ml/min to unsealed symmetric cells or to both sides of

the sealed asymmetric cell. The chemical potential gradient

experiments were performed by supplying either oxygen

or synthetic air to the cathode (O2 or Ar + O2, at a total

flow rate of 100 ml/min) and Ar + H2 mixtures (with Ar:H2

ratios of 0:100; 50:50; 80:20; and 90:10, and total flow rate of

50 ml/min), saturated with 3% H2O at the anode. The oxygen

partial pressure in the anode chamber was calculated assuming

thermodynamic equilibrium between O2, H2 and H2O. Gas

flow rates for all experiments were controlled by MKS mass

flow controllers.

The electrochemical data were collected using a Solartron

1260A frequency response analyzer in combination with a

Princeton Applied Research EG&G 273A potentiostat/galva-

nostat. Both the voltage under open circuit conditions and the

electrical impedance response were measured. In the latter

case, the applied voltage amplitude was 10 mV (potentiostatic

mode) and the frequency measurement range was 1 mHz–

65 kHz. At each condition, the sample was allowed to equili-

brate for at least 30 minutes before recording the data. At the

lower temperatures the electrode resistance became exceed-

ingly large under mildly oxidizing conditions, limiting the

acquisition of meaningful data to highly reducing conditions.

It was observed that, for the combination of sample processing

conditions employed and electrical characterization tempera-

tures probed, grain boundary effects were absent from the

impedance spectra.14

3.2 Data analysis

Analysis of the impedance spectra measured under chemical

potential gradient conditions in terms of the procedure out-

lined in section 2.4.2 required the values for several physical

quantities as input parameters, and they were obtained as

follows. The lattice constant of SDC15 was determined from

Rietveld structure refinement utilizing powder X-ray diffrac-

tion data collected using a Philips X’Pert Pro diffractometer

(Cu Ka radiation) over the 2y range 20–1001. Nickel was

employed as an internal 2y standard. The coefficient of

thermal expansion and the relative dielectric constant were

taken to be 12.1 ppm and 11, respectively, after ref. 25. The

electronic conductivity and equilibrium reduction constant

were taken from ref. 26. The active area of the asymmetric

cell was also considered an unknown because of the difference

between the electrode and electrolyte areas. This area was

determined from a comparison of the ionic conductivities
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obtained at 650 1C from the symmetric Pt|SDC|Pt cell with

well-defined geometry and from the asymmetric cell (as mea-

sured in both cases under oxidizing conditions).

The AC impedance data displayed measurable inductance

effects which resulted from the electrode and wiring geometry,

as well as a non-negligible ohmic resistance due to the lead

wires. Given the level of accuracy required of the experimental

data in order to extract the physical terms described here,

particular care was aimed at minimizing the influence of these

extraneous effects. Specifically, the lead wire resistances for the

symmetric and asymmetric experimental configurations, Rs
0

and Ras
0 , were obtained from resistance measurements in which

the apparatus was shorted at the sample location. These

resistance values were subsequently treated as constants. To

account for the inductance behavior, a freely fitted inductance

term was included in all equivalent circuit models in addition

to the fixed lead wire resistance term.

The AC impedance data collected under fuel cell conditions

were analyzed in terms of the formalism outlined in section

2.4.2. First, the impedance boundary conditions were simpli-

fied from the general functions indicated in Fig. 7 to ones with

limited numbers of free fitting parameters. The interfacial

impedances of the electronic and discharge rails were taken

to be zero, as justified by the high electronic conductivity of

the Pt and BSCF electrodes; the interfacial impedance of the

ionic rail was taken to behave as a resistor, R̃>
ion, and constant

phase element, Q̃>
ion, in parallel with one another, where the

impedance of a constant phase element is Q = [(jo)aY]�1 and
the effective capacitance is [Y]1/a[R]1/a�1. The ‘‘tilde’’ here is

used to emphasize that the quantities correspond to the small

signal perturbations of the values under steady state condi-

tions, rather than the steady state values themselves. Inter-

facial capacitance effects are captured via Q̃>
ion (explicitly in

terms of the quantities Ỹ>
ion and ~a>ion). At the anode side,

because the large electrolyte chemical capacitance overwhelms

any influence of the interfacial capacitance, the latter was

omitted from the analysis. The equivalent circuit under these

assumptions reduces to that shown in Fig. 8. Although, in the

most general case, electrodes cannot be described by this

simple empirical representation, this model, as shown below,

yields an impedance that fits the experimental data very well.

Some subtleties inherent in the equivalent circuit presented

in Fig. 8 require comment. The driving force for charge

transport along the charge carrier rails is the gradient in

electrochemical potential, whereas that along the displacement

rail is the gradient in electric potential field. Moreover, because

the electric potential, Df, is physically required to be single-

valued at any location in the material, it has the same value at

points 1, 2 and 3 indicated on the three different rails.

Considering the anode, the absence of a terminal impedance

along the electronic carrier rail implies that the electrochemical

potential of electrons, D~m*eon, at the point labeled 3 is equal to

that at the termination of the circuit at V(a). Because a

measurement of the voltage drop corresponds to changes in

electron electrochemical potential, the absence of a terminal

impedance further implies the absence of a voltage drop across

the electrode|electrolyte interface, as previously discussed. The

absence of a terminal impedance for the displacement rail, in

turn, implies that there is no change in the electric field across

the interface, i.e., between point 2 and the termination of the

circuit at V(a). On the other hand, the occurrence of a terminal

impedance along the ionic carrier rail implies that there is

difference in the electrochemical potential of the ions between

point 1 and the termination of the circuit at V(a). In light of

the absence of a change in electric field (no terminal impedance

along the displacement rail) this electrochemical potential

difference is simply equal to the chemical potential difference

across the interface. Thus, the (RQ) terminal impedance along

the ionic rail reflects the ‘‘effective’’ resistor and capacitance

behavior in response to a chemical rather than electrical

driving force. It is to be emphasized that the existence in the

circuit of this terminal impedance does not contradict the

statement that there is no voltage drop across the interface, a

point already alluded to in the discussion of the steady state

solution, section 2.3.2.

In accordance with these simplification to the equivalent

circuit, six terms, pO2
(0), pO2

(L), R̃>
ion(c), Ỹ

>
ion(c), ~a>ion(c) and

R̃>
ion(a), are to be specified to describe the electrochemical

state of the system. Given the measured value of OCV, the

first two terms are related according to eqn (76), leaving five

independent terms to be determined from an analysis of the

impedance data. To obtain these, arbitrary initial guesses were

made for pO2
(L), R̃>

ion(c), Ỹ
>
ion(c), ~a>ion(c) and R̃>

ion(a), and the

first of these terms, pO2
(L) was used, together with pO2

(0), to

calculate an initial electron concentration profile within the

electrolyte. With this, all the elements in matrix A of eqn (118)

Fig. 8 Simplified AC equivalent circuit used to fit to the experimental data of Pt|SDC|BSCF. See text for discussion of marked points (1), (2),

and (3).
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are established. Upon solution of the matrix equation, which

was accomplished here using the sparse matrix direct solver

UMFPACK 4.6,27–30 the impedance was evaluated according

to eqn (119) for each measurement frequency, om The calcu-

lated value, Zcalc(om), was compared to that measured experi-

mentally, Zcalc(om), and the difference between the two

iteratively minimized by the complex nonlinear least squares

method using the Levenberg-Marquardt algorithm. Explicitly,

the following function was minimized31

S ¼
X
m

Re ZmeasðomÞ �Re ZcalcðomÞ
jZcalcðomÞj

� �2
"

þ Im ZmeasðomÞ � Im ZcalcðomÞ
jZcalcðomÞj

� �2
# ð120Þ

where Re and Im represent, respectively, the real and imagin-

ary parts of the impedance, the summation is over all experi-

mental frequencies, and the square of the inverse modulus of

the calculated impedance serves as the weighting function. The

number of elements in the discretization, N, was set at 20 000,

for which convergence was attained.

4. Results and discussions

The results of the open circuit voltage measurements are

presented in Fig. 9 as a function of temperature for the

conditions in which ‘‘100%’’ H2 (saturated with 3% H2O)

was supplied to the anode. These values are compared in the

figure to the Nernst and theoretical values, where, as already

described, the Nernst values corresponds to what would be

measured with a pure ionic conductor and the theoretical

values correspond to what would be measured across SDC15

using ideal electrodes. The complete set of results is presented

in Table 1. Returning to Fig. 9, the substantial decrease in all

three voltage terms with increasing temperature is largely a

result of the equilibrium between H2, H2O and O2 generating

less oxidizing conditions at the anode at high temperatures. As

evident from the behavior of Vth
oc, the mixed conducting nature

of SDC15 inherently causes a loss of open circuit voltage of

0.09 to 0.15 V under these conditions, whereas the non-ideality

of the electrodes leads to even greater voltage losses, as evident

from the behavior of the measured OCV. Similar results were

obtained for the experiments with ‘‘50%’’, ‘‘20%’’ and ‘‘10%’’

H2 at the anode, Table 1.

Before presenting the impedance spectra of the asymmetric

cell under fuel cell conditions, it is of value to consider the

spectra of the symmetric, Pt-electroded cell under reducing

conditions and of the symmetric, BSCF-electroded cell under

oxidizing conditions. The behavior of the former has been

discussed extensively in our previous work,14 and, in brief, the

spectra display a single, asymmetric, half-tear-drop shaped arc

that is displaced from the origin, in complete agreement with

the predictions of the Jamnik–Maier model.12,14 The displace-

ment along the real axis in the Nyquist representation corre-

sponds primarily to the total bulk conductivity of the mixed

conductor, whereas the half-tear-drop shaped (also termed

Warburg-like) asymmetric arc broadly corresponds to the

interfacial characteristics. Turning to the cathode material,

the behavior of the BSCF-electroded symmetric cell is pre-

sented in Fig. 10 in the Nyquist representation (Re Z vs. �Im
Z) for a measurement under synthetic air at 600 1C. In general

agreement with previous studies,24 the interfacial resistance

between SDC and BSCF is small, amounting to 0.38 O cm2 in

this particular measurement. The observed arc displays slight

asymmetry, but, in contrast to the Pt|SDC|Pt system, the data

can be adequately described by a (RQ) subcircuit.

A typical impedance spectrum for the asymmetric

Pt|SDC15|BSCF cell under fuel cell conditions (synthetic air

supplied to the cathode and H2 + 3% H2O supplied to the

anode) at 600 1C is presented in Fig. 11. In the Nyquist

representation, Fig. 11(a), the spectrum appears to be com-

posed of a large Warburg-like arc at low frequencies, a small

apparently symmetric arc at higher frequencies, and an in-

ductor at the highest frequencies. These characteristics can be

readily understood to reflect the properties of the Pt|SDC

interface under reducing conditions and the BSCF|SDC inter-

face under oxidizing conditions. The solid lines in Fig. 11 are

the values of the fit performed according to the procedures

outline above, with a final value of the refinement statistic, S,

Fig. 9 Nernst, theoretical and experimental voltage values as func-

tions of temperature. The cathode gas is synthetic air and the anode

gas is ‘‘100%’’ H2, supplied saturated with 3% H2O.

Table 1 Nernst, theoretical and experimental voltages for different
temperatures and oxygen partial pressures

T Anode pO2
(c) pO2

(a) VN Vth
oc Voc

1C H2, % Atm atm V V V

650 100 0.21 3.42E-26 1.135 0.987 0.882
650 50 0.21 1.34E-25 1.108 0.982 0.867
650 20 0.21 8.72E-25 1.071 0.973 0.845
650 10 0.21 2.63E-24 1.049 0.966 0.830
600 100 0.21 8.30E-28 1.144 1.024 0.912
600 50 0.21 3.28E-27 1.118 1.018 0.897
600 20 0.21 2.13E-26 1.083 1.007 0.876
600 10 0.21 6.50E-26 1.062 0.998 0.862
600 100 1 8.30E-28 1.173 1.053 0.938
600 50 1 3.28E-27 1.147 1.047 0.922
600 20 1 2.13E-26 1.112 1.036 0.893
600 10 1 6.50E-26 1.091 1.028 0.875
550 100 0.21 1.50E-29 1.149 1.057 0.941
550 50 0.21 5.90E-29 1.125 1.050 0.926
550 20 0.21 3.84E-28 1.092 1.036 0.905
550 10 0.21 1.17E-27 1.072 1.027 0.890
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being 0.20%. Overall, it is evident that the model captures

quite well the experimental behavior.

For each experimental condition, analysis of the OCV and

impedance data were used, as already described, to determine

the six terms pO2
(0), pO2

(L), R̃>
ion(c), Ỹ

>
ion(c), ~a>ion(c) and R̃>

ion(a).

From (59), which relates the charge flux to the oxygen partial

pressures at the electrode|electrolyte interfaces, the term

Jchargeion was evaluated, and using (80), which relates the oxygen

partial pressure change across each interface to the effective

interfacial resistance, the values of R̃>
ion(a) and R̃>

ion(c) were

individually determined. For comparative purposes, the theo-

retical value of Jchargeion was also calculated, in this case by using

the values of the oxygen partial pressures in the anode and

cathode chambers for the evaluation of (59). The complete set

of results is presented in Table 2, along with the value of S for

each fit. An example of the virtual oxygen potential profile,

evaluated according to eqn (55), is presented in Fig. 12, where

the calculation corresponds to the conditions of Fig. 11

(T = 600 1C, pO2
(0) = 0.21 atm, pO2

(a) = 8.30 � 10�28

atm). Given that the derivation of eqn (55) is based on the

steady state solutions already known in the literature,

the behavior within the mixed conductor is typical. Across

the thin electrodes, particularly the anode, the change in

oxygen partial pressure is extremely steep, and appears on

the scale of the figure as discontinuous.

Several aspects of the results summarized in Tables 1 and 2

are noteworthy. Consistent again with the high electrochemi-

cal activity of the BSCF cathode, the oxygen partial pressure

drop from the cathode gas chamber, pO2
(c), to the cathode|e-

lectrolyte interface, pO2
(L), is rather small in relative terms,

approximately 0.1 atm when synthetic air was supplied to the

cathode and approximately 0.5 atm when oxygen was sup-

plied. In contrast, at the Pt anode, there is a large oxygen

partial pressure drop (around 5 orders of magnitude) from the

anode gas chamber, pO2
(a), to the anode|electrolyte interface,

pO2
(0). These oxygen partial pressure drops correspond

to a loss in the OCV of about 0.01 and 0.22 V for the cathode

and anode, respectively. The OCV loss due to the mixed

conducting electrolyte is only on the order of 0.02 V, much

lower than suggested by Fig. 9 because the oxygen partial

pressure at the electrolyte|anode interface is much larger than

in the anode chamber.

The precise values of the oxygen partial pressures at the

electrode|electrolyte interfaces depend strongly on the oxygen

partial pressures within the electrode chambers. Overall, as the

oxygen partial pressure of the anode chamber, pO2
(a), was

raised, that at the anode|electrolyte interface, pO2
(0), in-

creased, and, similarly, with increasing pO2
(c), pO2

(L) in-

creased, much as would be expected. Examining the

correlations across the electrolyte, it is evident that as the

oxygen partial pressure in the cathode chamber was increased

from 0.21 to 1 atm (at 600 1C), the value at the anode|elec-

trolyte interface, pO2
(0), also increased slightly, an intuitively

satisfying response. In contrast, as the oxygen partial pressure

in the anode chamber, pO2
(a), was increased (at a given

temperature), the oxygen partial pressure at the cathode|elec-

trolyte interface, pO2
(L), decreased, with just one exception,

when the cathode gas was synthetic air, the anode gas H2 +

3% H2O, and the temperature 650 1C. Because the contribu-

tion of the cathode impedance to the overall system impedance

is small, the possibility that this effect is an artifact of the

fitting procedures cannot be entirely ruled out. However, such

artifacts are considered unlikely given the excellent agreement

between the model and the measured impedance data.

Furthermore, the physically related, but numerically indepen-

dent parameter, R̃>
ion(c) (increasing with increasing pO2

(a))

displays an analogous trend. Physically, such behavior can

plausibly be the result of a sharp increase in the cathode

interfacial resistance in response to an increase in the oxygen

chemical potential. That is, if the material properties

Fig. 10 Measured impedance response of BSCF|SDC15|BSCF under

synthetic air at 600 1C. Numbers on the spectrum correspond to the

frequency at the indicated point.

Fig. 11 Comparison of the measured and fit impedance obtained from the Pt|SDC15|BSCF system at conditions T = 600 1C, pO2
(c) = 0.21 atm

(synthetic air) and pO2
(a) = 8.3 � 10�28 atm (‘‘100% H2’’ with 3% H2O). (a) Nyquist representation, and (b) Bode–Bode representation.
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governing the electrochemical reaction rate are inherently

dependent on the oxygen chemical potential, the requirement

that the flux be constant across the system can lead to this type

of unusual solution of the transport equations. While a

physical explanation can be hypothesized, a detailed study of

the behavior of the BSCF cathode was not the objective of this

study and this point is not discussed further.

In order to understand the significance of the variations in

the resistance terms with experimental conditions, it is of value

to understand the relationship between R̃>
ion and R>

ion. As

stated previously, the former is the perturbation value of the

latter. Schematically, the measurement can be described as

shown in Fig. 13. Here, a difference in electrochemical poten-

tial, D~m*ion(a,0) = ~m*ion(a) � ~m*ion(0), across an interface (as

indicated here for the anode) drives an electrochemical reac-

tion to generate a flux. The ‘‘D’’ here does not refer to the

perturbation in electrochemical potential. The functional de-

pendence of the flux on the driving potential is arbitrary, but

as discussed in section 2.2 several expressions have been

considered in the literature, with the Butler-Volmer equation

being most commonly assumed in electrochemical studies. The

term R̃>
ion corresponds to the ratio between the total flux and

the total electrochemical potential drop across the interface at

the experimental conditions (i.e., at the point P), whereas the

term R̃>
ion corresponds to the inverse of the slope of the

function, again at the specified point, P. Under uniform

chemical potential conditions, the perturbations are applied

about zero flux, and hence such measurements (not performed

as part of this study) yield the inverse of the slope of the

function about the origin, which we define here as R̃>
ion|J=0.

Thus, it is apparent that the specific manner in which these

three terms are related to one another depends on the details of

the functional form of J[D~m*ion(a,0)]. Nevertheless, one

can generally expect that they will be positively correlated,

such that conditions which increase one will also increase the

other two.

Table 2 Results for the interfacial oxygen partial pressures, electrode resistances, charge fluxes from fitting to the experimental impedance spectra
and the experimental open circuit voltage. The interfacial oxygen partial pressures, pO2

(L) and pO2
(0), and the perturbation values of the interfacial

resistances at the electrolytes, R̃>
ion(c) and R̃>

ion(a), were obtained directly from the experimental data. The effective interfacial resistances, R>
ion(c)

and R>
ion(a), were determined from the interfacial oxygen partial pressures using (80). The flux Jchargeion is the experimentally implied flux based on the

measured OCV, whereas Jcharge, thion is the theoretical flux under the conditions of ideally active electrodes. S is the goodness of fit to the impedance
spectra

T 1C Anode pO2
(c) pO2

(L) pO2
(0) R>

ion(c) R>
ion(a) R̃>

ion(c) R̃>
ion(a) Jchargeion Jcharge, thion S

H2, % atm Atm atm O O O O A/m2 A/m2 %

650 100 0.21 0.121 2.00E-21 1.154 23.147 0.092 5.177 103.63 642.08 0.57
650 50 0.21 0.139 6.36E-21 1.127 29.268 0.094 7.067 80.38 545.42 0.31
650 20 0.21 0.128 2.23E-20 1.795 36.648 0.115 11.027 60.52 424.19 0.33
650 10 0.21 0.122 5.09E-20 2.391 43.153 0.120 14.618 50.00 359.83 0.51
600 100 0.21 0.126 4.45E-23 2.181 46.785 0.194 11.501 48.11 334.91 0.20
600 50 0.21 0.120 1.11E-22 2.956 55.136 0.224 15.628 39.12 279.53 0.22
600 20 0.21 0.114 3.88E-22 4.329 69.142 0.238 23.386 29.33 211.93 0.48
600 10 0.21 0.101 7.92E-22 6.082 78.428 0.255 31.087 24.80 176.60 0.54
600 100 1 0.563 5.12E-23 2.548 48.883 0.169 11.927 46.64 334.91 0.29
600 50 1 0.550 1.40E-22 3.329 59.435 0.185 16.015 37.09 279.53 0.33
600 20 1 0.434 6.37E-22 6.615 81.611 0.226 24.126 26.10 211.93 0.60
600 10 1 0.378 1.59E-21 9.562 99.428 0.221 31.288 21.01 176.60 0.79
550 100 0.21 0.129 5.80E-25 4.642 100.756 0.475 28.527 20.43 152.71 0.38
550 50 0.21 0.116 1.37E-24 6.952 117.021 0.536 39.311 16.74 124.84 0.36
550 20 0.21 0.092 4.08E-24 12.340 139.374 0.572 61.760 12.96 91.86 0.56
550 10 0.21 0.070 7.69E-24 19.120 153.649 0.596 81.714 11.15 75.21 1.02

Fig. 12 Oxygen potential profile across Pt|SDC15|BSCF at condi-

tions T= 600 1C, pO2
(c) = 0.21 atm (synthetic air) and pO2

(a) = 8.3�
10�28 atm (‘‘100% H2’’ with 3% H2O).

Fig. 13 Schematic relationship between current and electrochemical

overpotential. The slope at point P corresponds to (R̃>
ion)
�1, the slope

of line extending the origin to P corresponds to (R>
ion)
�1 and the slope

at the origin corresponds to (R̃>
ion|j=0)

�1.
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From an examination of the data in Table 2, it is apparent

that there is indeed a correlation both between R̃>
ion(c) and

R>
ion(c) and between R̃>

ion(a) and R>
ion(a), with two slight

exceptions in the case of the cathode. Furthermore, it is

apparent that R̃>
ion is substantially smaller than R>

ion for all

conditions, by a factor of about three or four for the anode

and as much as a factor of forty for the cathode. While a

complete determination of the functional form of J[D~m*ion(a,0)]
or J[D~m*ion(c,L)] is beyond the scope of the present work, the

observed behavior is generally consistent with the Butler-

Volmer type kinetics, with the slope of the I–V curve increas-

ing with increasing overpotential. However, any rate-limiting

step with non-linear behavior can also give rise to this

behavior.

For the anode, because several different anode atmospheres

were utilitized, it is possible to examine the dependence of

R̃>
ion(a) and R>

ion(a) on oxygen partial pressure. This behavior

can further be directly compared to the results we have

obtained previously from Pt|SDC15|Pt cells under uniform

chemical potentials at reducing conditions. Such a comparison

is presented in Fig. 14(a) (limited to those experiments in

which the cathode was supplied with synthetic air), where the

R>
ion(a) values are converted to area specific terms, r> =

AR>
ion(a), and the inverse of r> is plotted versus pO2

in

log–log form. The quantities r>, ~r>, and ~r>|J=0 correspond,

respectively, to R>
ion(a), R̃

>
ion(a) and R̃>|J=0, with the latter as

previously measured.14 It is immediately evident that ~r> and

~r>|J=0 depend on oxygen partial pressure in the same manner,

with the inverse of each being proportional to pO2

�1/4. In

contrast, the term r>, although also decreasing with decreas-

ing oxygen partial pressure with a pO2

n form (no 0), displays a

weaker dependence on oxygen partial pressure. The exponent

in the fit ranges between �0.15 and �0.10, which we take to

reflect a perhaps physically significant slope of �1/8. From a

fit to the general form 1/r> = (1/r>0 )pO2

n, where n is either

�1/4 or �1/8, we obtain the corresponding oxygen partial

pressure independent terms. Each of the 1/r>0 terms has an

Arrhenius temperature dependence, Fig. 14b, with activation

energies of 1.60, 2.46 and 2.75 eV, respectively, for R>
ion(a),

R̃>
ion(a) and R̃>

ion|J = 0. In our earlier study, because of the

similarity of the temperature and oxygen partial pressure

dependences of (R̃>
ion|J = 0)

�1 with those of the electronic

conductivity of SDC (seon = s0eonpO2

�1/4, E = 2.44 eV), we

proposed that the electrochemical oxidation of hydrogen

occurs directly on the surface of ceria, with the removal of

electrons from the ceria surface to the Pt current collector

being the rate limiting step. The observation that R̃>
ion(a)

behaves in a manner almost identical to R̃>
ion|J = 0 lends some

support to the notion that this mechanism for hydrogen

electro–oxidation also holds true under fuel cell conditions.

The much greater value of R̃>
ion(a) over R̃>

ion|J = 0 is likely a

result of microstructural differences between samples rather

than extreme non-linearities in the electronic conductivity of

ceria. The distinctive behavior of R>
ion(a) relative to the other

two interfacial resistance terms may, however, reflect a more

complex reaction pathway.

Final points of consideration are the ‘‘internal short circuit’’

current densities, Jchargeion and Jcharge,thion , reported in Table 2. The

former corresponds directly to the flux of oxygen ions across

the mixed conducting electrolyte which cannot contribute to

the electrical energy output of a fuel cell composed of the three

component materials utilized here. The summary in Table 2

emphasizes the need to restrict operation of SDC based fuel

cells to temperatures of 550 1C or less in order to limit losses

due to electronic conductivity. More relevant to the present

study, the data also reveal that ideally active electrodes would,

in fact, increase the internal short-circuit density by increasing

the oxygen partial pressure gradient across the membrane. The

difference between the actual value of the flux for the electro-

des utilized here and the ideal-electrode case is as much as a

factor of seven.

5. Conclusions

A method for obtaining the small signal impedance solution

for a mixed conductor exposed to a chemical potential

Fig. 14 (a) Inverse of the area specific electrode resistances of Pt in Pt|SDC15|BSCF, ~r> (open symbols) and r> (open-crossed symbols) under

different anode atmospheres. For comparison, the inverse of the area specific electrode resistance obtained from Pt in Pt|SDC15|Pt from symmetric

cell measurements (ref. 14 uniform atmosphere), ~r>|J=0, is also plotted (closed symbols). (b) Inverse of the oxygen partial pressure independent

term in area specific electrode resistances of Pt in Pt|SDC15|BSCF as a function of temperature. Data are plotted in an Arrhenius form. Again,

open, open-crossed and closed symbols are for ~r>, r> and ~r>|J=0, respectively, taking the respective n values in the pO2

n dependences to be

�1/4, �1/8, and �1/4.
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gradient that induces a gradient in carrier concentration is

presented. Overall, the experimental data, obtained from the

system Pt|SDC|BSCF, are well described by this first princi-

ples model. The analysis yields both the perturbation values of

the electrochemical interfacial impedances and the oxygen

partial pressure drops between the electrode chambers and

the respective electrode|electrolyte interfaces. While a detailed

study of interfacial properties is not the goal of this work, the

observation that the perturbation term in the electrochemical

impedance of the Pt|SDC15 interface displays similar tem-

perature and oxygen partial pressure dependences as that

measured previously for Pt|SDC|Pt under uniform, reducing

conditions, suggests that the electrochemical reaction mechan-

isms may be similar for the two conditions, specifically, that

electron migration through SDC15 is the rate-limiting step in

hydrogen electro-oxidation.
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