Equivalent electric circuit of a carbon nanotube based molecular conductor
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Abstract
We apply our first-principles method to simulate the transient electrical response
through carbon nanotube based conductors under time-dependent bias voltages, and
report the dynamic conductance for a specific system. We find that the electrical response
of the carbon nanotube device can be mapped onto an equivalent classical electric circuit.
This is confirmed by studying the electric response of a simple model system and its
equivalent circuit.

As the Moore’s Law Roadmap for semiconductor industry is followed into the
scale of 20 nm, it becomes important to understand dynamic response of nanometer scale
molecular electronic devices.[1-14] This requires the use of quantum mechanics to ensure
the proper treatment of transient and quantum effects. For practical use by design
engineers, it is crucial to cast these quantum effects into the form of classical electric
circuits. An important question is whether such a mapping is possible, and if so, what are
the forms of the equivalent circuits?
As potentially important components of next-generation integrated circuits,
carbon nanotubes (CNTs) have been studied extensively.[3-9,15] High frequency
electrical response of micrometer-long individual and bundled CNTs have been
measured,[5] and equivalent electric circuits have been proposed.[5,8-9] In this work, we
concentrate on a nanometer-scale CNT-based electronic device, and apply firstprinciples quantum mechanics (QM) to determine its dynamic electrical response. Our
system is a (5,5) CNT (0.68 nm in diameter and 0.62 nm in length) which is bonded
covalently between two aluminum electrodes and shown in Fig. 1a.

Fig.1 (a) Prototype used for explicit QM calculations of a carbon nanotube based
conductor: the (5,5) CNT device with aluminum electrodes. (b) A two-site system
coupled to the left and right electrodes. !L = !R = "/2
To predict the transient electrical response of this molecular device, we use the
rigorous time-dependent density functional theory (TDDFT) that we developed
recently[16] to evaluate the time-dependent current through the device. We included
explicitly in the simulation box 48 Al atoms of each electrode along with 60 C atoms of
the CNT.

Figures 2a and 2b show the current versus time for two different types of bias
voltage switched on at t = 0. In Fig. 2a bias voltage Vb is turned on exponentially. We
observe that the current reaches its steady state in 12 fs. The time dependent current can
be fitted by I0 (1-e-t/!) with ! = 2.8 fs and I0 =13.9 nA, leading to a characteristic time of
2.8 fs. The reason for such a fast switch-on time is that the process involves only
electrons. Figure 3a plots the potential energy change for an electron along the central
axis at t = 0.02, 1 and 12 fs. The potential change is the sum of the applied potential and
the potential caused by the induced charge. Our calculation leads to following
observations:
• After turning on the bias voltage, at t = 0.02 fs the electrons have not yet responded to
the applied voltage, and the external field is hardly screened, dropping uniformly
across entire Al-CNT-Al system.
• At t = 1 fs the potential drop occurs mostly on the CNT since aluminum is more
polarizable. It takes less than 1 fs for the electrons on the Al electrodes to screen the
applied potential.
• In Fig. 3b we plot induced charge along Al-CNT-Al at t = 4 fs. The red indicates
positive charge while the blue indicates the negative charge. Alternating positive and
negative charge distributions on CNT cancel each other so that its net induced charge
is zero. The excess charge resides primarily at two interfaces and forms an effective
capacitor as depicted schematically in Fig. 3c.
We also considered the response to a sinusoidal bias voltage turned on at t = 0.
Fig. 2b shows the corresponding time-dependent current. We see a phase delay in the
current response to bias voltage. This implies at this frequency the device is overall
inductive.
The Al-CNT-Al system is symmetric. As a consequence, there is no net charging
of the device, and the time dependent current is conserved.[17] This was confirmed by
our numerical simulation. The current entering the system has the same magnitude as the
current leaving as shown in Figs. 2a and 2b. Therefore, the conductance matrix element
G#$(%) (#, $ = L or R) satisfies GLL = GRR = -GLR = -GRL = G(%).[17,18] Taking the
Fourier transform, the simulated transient dynamics leads to I(%) and V(%), from which
we obtain the dynamic conductance G(%) = I(%) / V(%). We find that both types of bias
voltages lead to essentially the same dynamic conductance. This implies that the
electrical response is in linear response regime and also validates the accuracy of our
calculations. Figure 2c shows the real and imaginary parts of the resulting dynamic
conductance.

Fig. 2 (a) and (b) Transient current (red lines and squares) and applied bias voltage (green
lines) for Al-CNT-Al system. (a) Bias voltage is turned on exponentially, Vb = V0 (1-e-t/a)
with V0 = 0.1 mV and a time constant a = 1 fs. Blue line in (a) is a fit to transient current.
(b) Bias voltage is sinusoidal with a period of 5 fs. Red line is for current from right
electrode, and squares are current from left electrode. (c) Dynamic conductance
calculated from the exponential bias voltage turned on at t=0 (solid squares) and the
sinusoidal bias voltage (solid triangle) turned on at t=0. The red lines are the fitted
results. The upper curves are the real part of the conductance while the lower ones are the
imaginary part.

Fig. 3. (a) Electrostatic potential energy distribution along the central axis at t = 0.02, 1
and 12 fs. (b) Charge distribution along Al-CNT-Al at t = 4 fs. (c) Schematic diagram
showing the induced charge accumulation at two interfaces, which forms an effective
capacitor.

Now the question is how to model the Al-CNT-Al device. Our above results and
analysis show that our molecular device has both inductive and capacitive components.
As the current enters into the device region from the left electrode, a part of it, Ic, charges
the left interface (see Fig. 4a). The remaining current, IL, goes straight through the device
and is joined by Ic at the right interface. Therefore, our device can be modeled by the

classical circuit depicted in Fig. 4b. At zero frequency, the steady current goes only
through the R-L branch. RL is simply the steady state resistance [19,20], which we
calculate to be 7.39 k". A similar circuit was proposed to fit the numerical dynamic
conductance of a model quantum wire [21] with an additional inductor to account for a
resonance at a high frequency.
Büttiker and coworkers [10] studied a mesoscopic capacitor made of two plates
with each coupled to an electron reservoir via a narrow lead. They discovered that the
charge relaxation resistance Rc is universal independent of transmission details, leading
to RC = R1 + R2 with R1 and R2 given by
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was confirmed by a recent experiment. [22]
In our Al-CNT-Al system, two interfaces correspond to two plates of the
capacitor (see Fig. 3c) and couple to the electrodes via Al leads. Our CNT has two
degenerate orbitals for transmission. Both spin-up and spin-down electrons contribute to
the transmission. Therefore, there are four charging channels for each interface, and
according to Eq. (2), the charge relaxation resistance for the Al-CNT-Al system is
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We tune the values of L and C to fit the calculated dynamic conductance while
h
fixing RC = 2 and RL = 7.39 k". The resulting values of L and C are 16.6 pH and
4e
0.073 aF, respectively. Red lines in Fig. 2c are the real and imaginary values of the
dynamic conductance of the equivalent electric circuit, which agree well with our
calculated dynamic conductance up to 450 THz. We can estimate the capacitance C
directly from the excess charge Q at the interfaces. For bias voltage Vb = 0.1 mV, we find
that at the steady state Q is ~0.03 e. Therefore, we estimate the capacitance as
Q/Vb = 0.05 aF,
which is of the same magnitude as the calculated C = 0.073 aF. Since there is uncertainty
to define the excess charge at the interfaces, the value (0.05 aF) is meant to be an
&h#
estimation only. According to Eqs. (5) & (7) below, the inductance L is ~ $$ !! RL .
%' "

&h#
Average line width <"/4> at the Fermi energy is ~0.38 eV. Thus, $$ !! RL # 18.8 pH.
%' "
This is close to the calculated L = 16.6 pH.

Fig. 4. (a) Current flow in the parallel circuit. (b) The equivalent electric circuit. RL =
7.39 k", L = 16.6 pH, RC = 6.45 k", and C = 0.073 aF.
To confirm further the equivalent electric circuit for our CNT based molecular
conductor, we designed a simple model: a two-site system in contact with the left and
right electrodes (see Fig. 1b). The two sites are degenerate in energy &0. For the capacitor
"
limit where d = ! , 0<'<<1 and $0=µL=µR, we derive analytically the frequency
4
dependent conductance as follows,
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Expanding the dynamic conductance of the electric circuit in Fig. 4b in % leads to a
dynamic conductance:
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Comparing Eqs. (3) and (4), we find that
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For the ballistic transport limit where d = (1 ± ! ) and 0 < ( << 1 and $0=µL=µR, which
4
is similar to our system, the dynamic conductance is
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Comparing Eq. (6) with Eq. (4), we find that
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The above calculation shows that near both capacitive and inductive limits the electrical
response of two-site system can be modeled by the classical circuit in Fig. 4b, and its
h
h
h
charging relaxation resistance RC is
+ 2 = 2 which agrees with Eq. (1). If
2
4e
4e
2e
each site is two-fold degenerate, the charge relaxation resistance is reduced to half this
value, i.e. RC = h/4e2, which is exactly the same as our Al-CNT-Al system.
An R-L circuit was proposed for long CNT with L as the kinetic
inductance.[5,8,9] In the presence of a substrate, extra parallel capacitors are introduced
between the tube and substrate.[8,9] When a CNT sits on top of an electrode via van der
Waals attraction, an effective capacitor is introduced between the CNT and electrode in

addition to a parallel contact resistor.[5] The kinetic inductance and quantum capacitance
of a long CNT are intrinsic properties of the tube, being determined by the DOS at the
Fermi energy or the Fermi velocity vf. In our case, the CNT is much shorter, and is
welded to the electrodes covalently. The electrical responses of the interfaces and tube
cannot be separated. Our inductance L is determined by its self-energy due to the
coupling to the electrodes or the dwell time of the conducting electron inside the
device.[23] Our capacitance C is mostly dictated by the local DOS at interfaces. As the
length of CNT increases, the capacitance due to the interfaces decreases and the kinetic
inductance of the tube dominates. As a result, our equivalent circuit is reduced to the R-L
branch only, which is consistent with the equivalent electric circuit proposed for the long
CNTs. [5,8,9] Wang and coworkers[23] introduced the dwell time ! d to unify the
h
inductance expression for short and long tubes as L ~ ! d 2 . For a long 1D system of
e
length l, ! d ~ l / vf, leading to an expression for the kinetic inductance per length L/l ~
h
.
v f e2
Our nanoscale device has very small values of L and C, leading to the short
switching time. Such a fast switching speed for electronic devices based on nanometersize CNTs indicates that these devices will not limit switching speeds in the foreseeable
future. The equivalent electric circuit of the parallel R-L and R-C circuit in Fig. 4b is not
limited to the CNT-based conductor studied in this work. It also applies to other twoterminal molecular, nanoscopic and mesoscopic electronic devices. RL is given by
Landauer-Buttiker formula for steady state current,[19,20] and Rc is the universal charge
relaxation resistance depending only on the number of charging channels and spin
polarization.[10] L is determined by the dwell time of the electrons inside the device as L
h
~ ! d 2 .[23] C is the electro-chemical capacitance which is determined by the geometry
e
and the DOS at interfaces.[10,23] These results should be useful in designing the
nanoscale electronics systems required over the next decade.
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