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A Proper Orthogonal Decomposition (POD) is constructed for a Mach 0.9 turbu
lent jet using a well-validated direct numerical simulation database. Norms are defined 
based on near-field volume integrals of pressure, turbulence kinetic energy, streamwise 
velocity, and total enthalpy, two-dimensional integrals of streamswise velocity (to match 
experimental measurements), and far-field integrals of pressure over a sphere. We find 
substantially different POD modes for the different norms, and their efficiency at rep
resenting the full data is strongly dependent upon the norm and specifically which data 
we attempt to represent. To reproduce near-field turbulence statistics requires relatively 
few modes computed by a kinetic energy or pressure norm. However, a large number of 
the POD modes computed using a near-field norm are required to represent the sound 
field. The dominant near-field POD modes computed with either the near-field pressure 
norm or the sound field norm have the structure of wave packets.

Nomenclature
a Sound speed
J Number of POD modes retained
Re, Reynolds number
M Mach number
N Total number of snapshots
n Azimuthal (Fourier) mode number
r Radial coordinate
r0 Jet nozzle radius
t Time
vx Axial velocity
vr Radial velocity
Vff Azimuthal velocity
x Axial coordinate
V-' Directivity angle
p Density
ip POD mode
9 Cylindrical polar coordinate

Subscripts
J Jet exit
oo Ambient

Other
() Base flow (potentially time dependent)
' Acoustic perturbation
() Inner product
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Introduction
The Proper Orthogonal Decomposition (POD)1 uses 

data to generate a set of basis functions that opti
mally represent the flow’s energy as defined by a user- 
selected norm. This basis is optimal in the sense that 
a finite number of these orthogonal modes represent 
more of the flow energy than any other set of orthog
onal modes. For this reason, the POD is often used 
to define energetic structures in the flow,2-6 which can 
be used in modeling either by the inspiration they pro
vide for phenomenological models or quantitatively by 
Galerkin projection of a small number of modes onto 
the governing equations to generate a reduced-order 
model.

The POD has recently been used to study jets.2,3,7 
Norms involving pressure fluctuation just outside the 
jet give modes that look like a wave packets,2 similar 
to what one would expect for a growing and decaying 
instability wave. Citriniti & George7 obtained POD 
modes using a streamwise velocity norm at a single al
locations and found that aside from the axisymmetric 
component, the most energetic modes had azimuthal 
Fourier coefficient n = 5 in the shear-layer portion of 
the jet. Further downstream, this same group found 
n = 2 modes to dominate.8

In past, it has not been possible to measure or 
compute three-dimensional POD modes and, in turn, 
quantify their dynamical significance. However, a re
cent simulation discussed in the following section pro
vides the necessary database for such a study.

The mere existence of POD modes does not guaran
tee that they have dynamical significance, especially to 
a particular process such as sound generation. Indeed 
the sound radiated by turbulence is a very small frac
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tion of the total energy. In other words, norms that 
highlight the near-field energetic structures may not 
be an efficient way to represent the noise generating 
flow, even if the dynamics of these structures are ul
timately responsible for generating the sound. An in
triguing question is whether an appropriate norm can 
be defined that would efficiently represent the sound 
producing dynamics of the flow, and a long term goal 
of the present work is to address this issue. In other 
words, we seek to determine what is a good norm to 
define such that relatively few POD modes contribute 
to the generation of radiated sound. This, we hope, 
will in turn lead to phenomenological models for sound 
radiation by large-scale structures in turbulent jets.

The immediate goals of the present paper are more 
modest: we examine the structure of three dimen
sional POD modes in the turbulent jet and compare 
those that are produced using different norms. These 
including some two-dimensional norms related to pre
vious experimental measurements, and norms defined 
over the acoustic field to highlight the sound genera
tion process. We also study the efficiency with which 
the POD modes are able to reconstruct various point- 
wise statistics, such as turbulence kinetic energy or 
sound pressure level.

Simulation Database
The simulation database is reported on in detail by 

Freund.9 It is a Mach 0.9, Reynolds number 3600 
jet with uniform stagnation temperature. Results 
agree with the mean flow development, sound field 
directivity, and noise spectrum of the corresponding 
experiments of Stromberg et a/.10 In addition, down
stream of the potential core, where the turbulence be
comes fully developed, Reynolds stresses match those 
measured in much higher-Reynolds-number jets.9,11,12 
Though the Reynolds number is low, kinetic energy 
spectra are broad-banded, two-point velocity correla
tions decay rapidly in space, and physically resolved 
dissipation of turbulence kinetic energy is a significant 
factor in the overall energy budget.

In the course of the simulation, all flow variables 
were saved every 20 numerical time steps of At = 
().()()85;'0/ax on every other mesh point in space. This 
resolution is sufficient to compute most flow quanti
ties. There are, in all, 2333 such file saves which are 
used to compute POD modes in this study.

The Proper Orthogonal Decomposition
In this section we briefly outline the notation and 

properties of the POD and the procedures we used 
to compute it. Results are stated here without proof. 
Our approach follows closely that of Rowley;13 see that 
text for further details and references.

We seek a representation for a vector of flow quanti
ties, functions of space and time q(x,f), as an expan
sion in vector-valued orthogonal modes, ifij(x). The

POD expansion provides an optimally convergent se
ries representation of a specified L2 norm of q. For 
incompressible flow fields, this norm is typically taken 
to be the fluctuation kinetic energy. In general, we can 
specify q, the region over which the norm is defined, 
and how the individual components of q are weighted 
in the norm.

For compressible flows, the best choices of variables, 
norms, and weightings are not obvious, as many of 
the (interrelated) dependent variables, including ther
modynamic quantities, can be important. Rowley13 
found that the stagnation enthalpy was particularly 
useful, which in our cylindrical coordinates would give 
q = (vx,vr, vg,a), where a the speed of sound, and the 
norm
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(1)

where again, 0 is the region of interest. In the present 
study, we are primarily interested in acoustics, and in 
order to compare with earlier studies,2 we would like 
the pressure of the POD modes to be defined. So we 
generalize and use q = (vx,vr,vg,a,p) with scaling 
factor a = («i,..., as) and define

(2)

where a consistent non-dimensionalization of q is im
plied. The constants a determine the specific norm. 
Choosing a = (1,1,1, -zpO) recovers the stagnation 
enthalpy norm used by Rowley,13 and a = (1,1,1,0,0) 
recovers the standard kinetic energy norm often used 
in incompressible flow.

It is well known that for homogeneous (periodic) 
coordinate directions, Fourier modes are identical to 
POD modes. We anticipate this result by starting with 
the azimuthal Fourier transform of q,

(3)

where we have removed the mean, q, and computed 
POD modes for each m as

(4)
To reduce computation we take Mg = 9 and use the 
q '" = q'"* symmetry.

Method of snapshots
For clarity, we drop the superscript m in this section. 

In the method of snapshots,14 we use the simulation 
data saved at the N = 2333 different times denoted by 
tj. The POD modes are

(5)



Thus the defining /.2 norm is (2).

Norms considered
We have computed vector valued POD modes, (pa

using the norms listed in table 1. The first 3 are 
integrations over the computational domain, with a 
chosen so that the kernel represents the fluctuating 
kinetic energy, pressure, and streamwise velocity, re
spectively. The fourth norm uses only the streamwise 
velocity, and integrates over a slice at a single stream
wise positions, x = 18r0. This is chosen to match 
the experimental setup of George and co-workers.6 s'15 
Finally, we consider a norm defined by the integration 
of the sound pressure level over a portion of a sphere at 
60ro from the origin, and extending to spherical angles 
between 10 and 90 degrees (limited by the truncation 
of the extended acoustic domain discussed below).

The Near Field 
Energy representation

The relative eigenvalues for the modes defined with 
the p-3d and A'-3d norms (see table 1) are shown in 
figure 1. The nine largest eigenvalues are shown for 
each of the first 10 azimuthal modes numbers. The 
most energetic A-3d mode is at n = 2, while the most 
energetic p-3d mode is at n = 1. The p-3d mode en
ergies decay more rapidly with both n and eigenvalue 
number at a particular n. Azimuthal spectra have, in 
the past, shown that the p Fourier coefficients peaks at 
smaller n than the u Fourier coefficients.16 At small n, 
the energetic p-3d modes come roughly in pairs that 
seem to represent propagation with nearly constant 
phase speed. In table 2, the percentage of energy cap
tured in J modes, for varying J, is listed for all the 
norms discussed in this paper.

Using the «-2d norm (see table 1), Citriniti & 
George7 found that in the shear layer region of a turbu
lent jet, the most energetic POD mode had n = 0. The 
next most energetic mode was at n = 4, and their sec
ond most energetic mode at each azimuthal mode num
ber typically contained less than one-third the energy 
of the most energetic mode at the same n. It would be 
misleading to make a direct comparison to this data

Fig. 1 Relative mode energies: (a) three-
dimensional AA3d, and (b) p-3d as defined in (table 
1). The nine largest eigenvalues for each azimuthal 
mode are shown.

J p-3d A-3d U-3d U-2d p-sp
1 4.0 2.2 3.1 4.7 27
5 15 8.6 11 20 56
10 25 14 18 35 70
50 53 36 44 72 96
100 64 49 57 85 99
500 88 81 84 99 100

Table 2 Percent induced norm captured with J 
POD modes.

because our low-Reynolds-number jet is laminar for 
much of the shear layer region. It is only downstream 
that it becomes turbulent, starting to match Reynolds 
stresses of high-Reynolds-number jets downstream of 
the potential core’s closing. However, George and his 
group have more recently obtained POD modes further 
downstream in the jet.6,8,15 In figure 2 (a) the relative 
energies of the modes computed using the «-2d norm 
at x = 18r0 in the same way as these references.6,8,15 
Like Jung et al.8 saw at x = 12r0* we too see that 
the most energetic mode is at n = 2 and energies fall 
off for both higher and lower n’s. In agreement with 
Jung,6 the next most energetic mode at each is n is ap
proximately one-third the energy at the most energetic 
mode.

However, the «-3d norm shown in figure 2 (b) 
reflects the greater complexity of the full three- 
dimensional flow as compared to a two-dimensional 
slice. Although the peak energy is still at n = 2 and 
energy of the most energetic modes at neighboring n’s 
drop in a similar fashion as in two dimensions, the

*A direct comparison at the same downstream location does 
not seem possible because our potential core is longer since the 
turbulence is slower to develop in this low-Reynolds-number jet.
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where each k = 1,2,..., N, is an eigenvector of

(6)

and the matrix is the inner product of the snap
shots

(7)
where the inner product of qi and q2 is

(8)



Norm # Name n dV oc
1 A'-3d .r 6 (1,33), r e (0,8) 2nr dr dx (1,1,1,0,0)
2 p-3d x e (1,33), r e (0,8) 27rr dr dx (0,0,0,0,1)
3 17-3(1 x e (1,33), r e (0,8) 2nr dr dx (1,0,0,0,0)
4 [7-2d x = \&ro, r e (0,8) 2ivr dr (1,0,0,0,0)

5 p-sp y/af2 + r2 = R = 60ro. 
e (10°, 90°) 4irR2 sin ip dtp (0,0,0,0,1)

Table 1 Various norms (and regions of integration) considered.

Fig. 2 Relative mode energies for streamwise ve
locity norms defined in table 1: (a) it-2d norm; (b) 
u-3d norm. The nine largest eigenvalues for each 
azimuthal mode are shown.

drop off in energy at. a fixed n is significantly slower. 
The most energetic modes now account for much less 
of the total energy of the flow.

POD Modes
The different norms discussed in lead to very dif

ferent looking POD modes. Figures 3 and 4 show 
constant value surfaces of pressure for the four most 
energetic axisymmetric and first helical modes, respec
tively. Both show a growth and decay similar to that 
observed by Arndt et al.'2 in pressure fluctuation adja
cent the jet. Both the third and fourth most energetic 
modes show a streamwise period doubling consistent 
with a pairing phenomenon. The two most energetic 
modes do not show this.

Iso-surfaces of the axial and radial velocities and 
pressure associated with the most energetic A'-3d 
mode are shown in figure 5. We see a very differ
ent character than for the pressure modes. The axial 
velocity, which dominates this norm, appears as long, 
slowly rotating streamwise structures. The radial ve
locity and pressure have, as they must for n = 2, a 
two-fold symmetry in 0 like the u components, but are

Fig. 3 Most energetic axisymmetric pressure POD 
modes visualized with iso-surfaces of pressure.

discontinuous in the streamwise direction.

Extension to the acoustic far field
To investigate the relation between POD modes and 

acoustic radiation, it is necessary to first extend the 
solution into the acoustic far field. The acoustic ap
proximation is appropriate for the present sound in-
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Fig. 4 Most energetic first helical (n = 1) pressure 
POD modes visualized with iso-surfaces of pres
sure.

tensity and the propagation distance of interest, so we 
assume the fluctuations are governed by the classical 
wave equation. Data from the flow simulation on a 
surface bounding the jet are used to extend to the far- 
field. A practical difficulty is that the truncation of 
the jet in the streamwise direction occurs in a region 
of the flow where fluctuations are nonlinear and vorti
cal. However. Freund9 found that data on a cylinder at 
?7?*0 = 8 and ignoring the contributions from the ends 
produced reasonable results at angles not to shallow to 
the jet axis. No attempts to correct1' for the missing 
ends was made. It has been found that the predictions 
for the acoustic far field are reliable at angles greater 
than about 20 degrees from the jet axis.

Here we solved the wave equation in the time do
main using a finite-difference method in x and r 
and a Fourier expansion in 0. Sixth-order compact 
finite-difference and fourth-order Runge-Kutta time

Fig. 5 Most energetic /\-3d modes: (a) vx‘, (b) 
and (c) p.

advancement were used. A Dirichlet boundary con
dition for the pressure was imposed along r/r0 = 
8, and approximately nonreflecting boundary condi
tions18 were used to absorb outgoing disturbances at 
r = 80ro (131 points) and x = -20ro (left bound
ary) and x = 80ro (right boundary). The mesh had 
151 x 131 point in x and r, respectively. Because the 
field is linear, the azimuthal modes evolve indepen
dently and only the first 10 have so far been evaluated.

Because of the transient corresponding to the time 
required for the first wave emitted to propagate the 
length of the extended computational domain, the 
full acoustic field was unavailable for roughly the first 
quarter of the snapshots of the simulation time se
ries. Thus in what follows, only the last 1750 of the 
snapshots (and the extensions to the far field) are con
sidered.

Though the POD decomposition discussed above
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Fig. 6 Extension of the most energetic POD mode 
(P-3d norm) for n = 1. The real part of the complex 
mode is plotted with contour levels that the show 
acoustic field but are saturated in the near field.

works with vectors of (fluctuating) flow quantities. 
We only use the fluctuating pressure in the far field 
(a = [0,0. 0.0.1]). Given the acoustic approximation, 
other far-field norms are, of course, linearly dependent 
on the pressure norm.

In figure 6, we confirm that the POI) modes (pres
sure component) computed using the far-field method 
described here extends smoothly between the near and 
far fields. This is of course necessary result if the in
stantaneous pressure field extends smoothly from near 
to far field, but it nevertheless confirms I he latter and 
shows the extension of the view of the first azimuthal 
most energetic POD mode shown above in figure fig
ure 3.

Reconstruction of flow-field statistics
In this section we examine the extent Io which a por

tion of the POD modes capture statistics of the flow 
relevant to both the near-field evolution (turbulence 
kinetic energy and pressure fluctuations) and the far 
field sound pressure level. We examine these for sev
eral of the different norms defined in section .

For each norm, the extent to which a subset of the 
modes captures, on average, the given norm is the par
tial sum of the eigenvalues. The first ./ modes capture

(9)

of the total energy. However, this is not I rue for statis
tics, such as the turbulence kinetic energy at a point 
in the flow, or the sound pressure level at a point in 
the far field. The reconstruction of these quantities is 
easily found by simply summing the appropriate com
ponents of the eigenfunctions. For example, the (local)

turbulence kinetic energy in the first M modes is, un
der appropriate normalization of the POD modes,

where the second subscript on 9?^ indicates the com
ponent of the vector mode (one of vx, vr, vg, a, or p). 
Similarly, amplitude of the pressure fluctuation at any 
point is

If all the modes are summed, M = Mg and J = N, we 
recover the total quantity, an average over all 3 and 
all snapshots. In what follows, we have restricted our 
attention to sums over the first 10 azimuthal modes, 
M = Ng. When all the POD modes were used with 
just the 10 azimuthal modes, it was found that the 
statistics were essentially indistinguishable from the 
full statistics found by simple averaging all the original 
simulation data. Therefore in what follows we take 
M = Mg and varying numbers for J.

It is expected that a particular norm will efficiently 
reproduce (with small J) the quantities on which it 
is based. However, it is of primary interest to in
vestigate the efficiency with which it can reproduce 
other quantities. For example, how well is the far-field 
sound pressure level reconstructed based on the near
field turbulence kinetic energy norm (A'-3d), or how 
well is the near-field kinetic energy (point-wise) recon
structed based on the pressure integrated over a large 
sphere in the far-field (p-sp)?

Near-field reconstruction
Figure 7 shows how well the turbulence kinetic en

ergy is recovered to answer the first question. We 
examine the energy as a function of r at two stream
wise positions in the flow: x = 8r0 and x = 16r0. The 
first is representative of the shear layer fluctuations 
prior to the close of the potential core; the second is 
close to the location where the kinetic energy reaches a 
maximum and is near the position where the potential 
core closes. Shown in figure 7 are reconstructions with 
J = 10, 50, 100, 500 and all 17500 modes.

Near x = 16r0 (figure 7 b), the A'-3d norm cap
tures the point-wise turbulence kinetic energy most 
efficiently, as one might expect. But nearly 500 modes 
(table 1). The nine largest eigenvalues for each az
imuthal mode are needed before the shape of the 
curve is indistinguishable from the full statistics cor
rect. Somewhat more surprisingly, the (table 1).
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Fig. 7 Reconstruction of turbulence kinetic energy 
(TKE) at (a) x = 8r., and (b) x = Mir...

The nine largest eigenvalues for each azimuthal mode 
are shownp-3d norm (dashed lines) also captures the 
nearly as effectively as the A'-3d norm. The p-sp norm 
is inefficient, but this is not unexpected since most en
ergy in the near field does not directly contribute to 
the acoustic field. This is discussed further in the next 
section.

At the position further upstream (figure 7 a), we 
see that the p-3d modes actually capture the point- 
wise turbulence kinetic energy more efficiently than 
the A'-3d modes do (by a very considerable margin). 
One would expect more efficient reconstruction down
stream where the fluctuations (both turbulence energy 
and pressure) are larger (and therefore contribute more 
to the norm). But for the pressure the reconstruction 
is equally good at both locations, despite the fact that 
the pressure fluctuations are an order of magnitude 
smaller at x = 8r0 than at x = 16r0. It is interest
ing to further compare the reconstruction of p'p' as 
is done for the same streamwise positions in figure 8. 
In both cases the p-3d norm also better captures the 
point-wise pressure fluctuations in fewer modes. This 
better convergence may have to do with the fact that 
the most energetic A'-3d modes appear to primarily 
represent large structures (with n = 2 dominant) in 
the region somewhat downstream of the close of the 
potential core.

In general, it may at first seem disappointing to re
quire -500 modes to capture only about 60% of the 
peak kinetic energy at x/r0 = 16. In many flows

Fig. 8 Reconstruction of pressure fluctuations at 
(a) x = 8ro and (b) x = 16ro.

one would hope for only a few modes to be domi
nant, to capture some relevant dynamical feature of 
the flow at low-order. However, when one considers 
that this is just 2.86% of the modal content of the 
data set (there were 10 azimuthal modes and 1750 
snapshots, so 500/10/1750=2.86%), it seems more im
pressive. Clearly further work is warranted to deter
mine whether reduced-order models based on Galerkin 
projection of the modes have the ability to capture a 
similar portion of the energy or pressure, and to deter
mine whether the lowest-order modes reveal something 
interesting about the dynamics of the turbulence.

Far-fleld reconstruction

We turn now to the reconstruction of the acoustic 
field by the POD modes. As in the last section, we 
sum over the first 10 azimuthal modes and various 
numbers of POD modes, J. Despite the fact that we 
used 10 modes, modes n = 0 and n = 1 are dominant 
in the far-fleld, with virtually no contribution from 
the higher azimuthal modes. We consider the data 
on a large spherical shell at R = y/x2 + r2 = 60ro, 
the same area over which the p-sp norm was defined. 
Plotted in figure 9 is p'p' versus directivity angle 
measured from the downstream axis, for reconstruc
tions with J = 10,50,100, and 500 modes. The peak 
radiation is at roughly ss 30° for the total and most 
of the reconstructions. The dotted line shows recon
struction based on the p-sp norm. It is not surprising 
that only a few modes, so-defined, capture the radi-
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Fig. 9 Reconstruction of the far-field sound pres
sure level.

ation. It was already remarked in section that area 
based norms converge much more rapidly than volume 
based norms. Moreover, the far-held fluctuations are 
are made up of relatively lower frequency contributions 
than the near field.

We see in figure 9 that for the near-field norms, K- 
3d and p-3d, we obtain relatively poorer convergence 
of the POD partial sums (the p-3d norm is somewhat 
better with fewer modes as before). Because the field 
is dominated by the first two azimuthal modes, the 
compression factor less impressive than for the near 
field. For example, with 500 modes here, we are really 
only compressing by 500/2/1750 = 14%.

It is interesting to inquire about the inverse pro
cess: given the p-sp modes, how well are the near-field 
quantities reconstructed? The near-field reconstruc
tions were already shown in figures 7 and 8, and it 
was remarked in the previous section that the p-sp 
modes had relatively poor convergence compared to

.-r/r0
Fig. 10 Extension of the most energetic POD 
mode (p-sp norm) for n = 1. The real part of the 
complex mode is plotted with contour levels that 
the show acoustic field but are saturated in the 
near field.

the modes based on near-field norms. This is not sur
prising, however, when one considers that a very small 
fraction of the near-field energy is radiated as sound.

Finally, it is of interest to examine the near-field 
structure of the dominant modes contributing to the 
far-field norm, as this may reveal something about the 
mechanism of sound generation. In figure 10 we show 
the most energetic mode, which corresponds to az
imuthal mode to = 1. The pressure contours again 
show a fairly regular wave packet, not dissimilar to 
that produced by the dominant p-sp mode (figure 6). 
However, the latter mode has a very regular struc
ture throughout (figure 4) while the mode educed from 
the far-field norm has an abrupt change in structure 
in a region localized to the end of the potential core. 
It is known (c.fy. Freund9'19) that rapid disruption of 
the wave packet structure, as might occur near the 
end of the potential core, can radiate noise efficiently. 
Further work is needed to see whether this structure 
is well-correlated with the radiating portion of the 
Lighthill source. If so, then such POD modes may 
be a valuable component of a reduced-order model for 
the sound radiated by the large-scale turbulence in the 
jet.

Summary
We have presented POD modes computed for vari

ous energy norms for a jet, showing qualitative agree
ment with experimentally derived POD expansions 
based on streamwise velocity. We find that norms that 
involve integration over three dimensions lead to POD 
expansions that convergence considerably more slowly 
than those whose norm is defined as an integral in two
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dimensions (as is most often done in experiments due 
to measurement difficulties).

POD modes computed for a pressure volume come 
in pairs and have a clear wave-packet structure. 
Other norms give very different distributions of energy 
amongst the modes and very different looking eigen
functions.

To converge to 50% of the turbulence kinetic energy 
(globally) requires 100 modes from a turbulence ki
netic energy norm, 0.57% of the total modes used to 
represent the full flow statistics. The pressure norm is 
nearly as efficient (better in some places) at represent
ing the energy. However, obtaining a good representa
tion of the sound field requires virtually’ all the POD 
modes from either TKE or pressure based norms. Of 
course, one may define the norm as an integration over 
the far field and obtain rapid convergence to the ra
diated sound. Such a norm does not offer an efficient 
compression of the near-field data, but the modes that 
it docs illuminate appear to have an interesting wave- 
packet appearance and may be dynamically’ relevant 
to the sound radiated by large structures in the flow.
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