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Abstract: What is the dimension of spacetime? We address this question in the context of
the AdS/CFT Correspondence. We give a prescription for computing the number of large
bulk dimensions, D, from strongly-coupled CFTd data, where “large” means parametrically
of order the AdS scale. The idea is that unitarity of 1-loop AdS amplitudes, dual to nonplanar CFT correlators, fixes D in terms of tree-level data. We make this observation
rigorous by deriving a positive-definite sum rule for the 1-loop double-discontinuity in the
flat space/bulk-point limit. This enables us to prove an array of AdS/CFT folklore, and
to infer new properties of large N CFTs at strong coupling that ensure consistency of
emergent large extra dimensions with string/M-theory. We discover an OPE universality
at the string scale: to leading order in large N , heavy-heavy-light three-point functions,
with heavy operators that are parametrically lighter than a power of N , are linear in
the heavy conformal dimension. We explore its consequences for supersymmetric CFTs
and explain how emergent large extra dimensions relate to a Sublattice Weak Gravity
Conjecture for CFTs. Lastly, we conjecture, building on a claim of [1], that any CFT with
large higher-spin gap and no global symmetries has a holographic hierarchy: D = d + 1.
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1

Introduction

This work aims to prove some fundamental aspects of the AdS/CFT Correspondence using
bootstrap-inspired techniques at large N , and to extract new properties of strongly coupled
large N CFTs in the process. Our motivation comes from several directions:
1. Locality and sparseness in AdS/CFT : much has been written about the interplay
between strongly coupled CFT dynamics and the hallmarks of gravitational effective
field theory (e.g. [1–5]). Famously, sub-AdS locality in an Einstein gravity dual requires a large gap to single-trace higher-spin operators in the CFT [2, 6]: ∆gap ≫ 1.
But in how many dimensions is the bulk theory local? Large ∆gap is, despite occasional claims to the contrary, not the same thing as sparseness of the low-spin
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2 Counting dimensions with 1-loop amplitudes
2.1 1-loop sum rule
2.2 Extra dimensions at large ∆gap
2.3 Adding global charge
2.3.1 SCFTs
2.4 1/∆gap corrections and AdS quartic vertices

spectrum, another oft-invoked avatar of strong coupling. As we will explain, the
answer to the previous question is directly correlated with the degree of sparseness.

3. Bulk reconstruction from large N bootstrap: there has been recent progress in building
up AdS amplitudes from large N bootstrap, or bootstrap-inspired, methods. This
is true both for “bottom-up” ingredients such as Witten diagrams [2, 20–25], and
top-down, complete amplitudes in string/M-theory at both genus zero [26–34] and
genus one [35–43]. It is natural to apply these insights to more abstract investigations
of the AdS landscape.
These topics invite many questions. We will answer the following one:
Define D as the number of “large” bulk dimensions, of order the AdS scale.
Given the local operator data of a large ∆gap CFT to leading order in 1/c, what
is D?
Unlike other questions in the realm of holographic spacetime, this is not possible to answer
classically using a finite number of fields: consistent truncations exist.
On the other hand, quantum effects in AdS can tell the difference between D dimensions and d + 1 dimensions. Our key idea is that AdS loop amplitudes are sensitive to D
because all (d + 1)-dimensional fields generically run in loops. This philosophy, together
with recent understanding of the structure of AdS loops imposed by unitarity [22] and
of the constructibility of CFT correlators from their double-discontinuity [44, 45], allows
us to derive a positive-definite sum rule for D in terms of tree-level data. Central to our
approach is the flat space/bulk-point limit [2, 46–49], in which D dimensions decompactify
and the correlator becomes an S-matrix.
1−loop
The sum rule is given in (2.21), where βn,ℓ
is defined in (2.17). The formula (2.17)
holds for arbitrary ∆gap , but the sum rule (2.21) holds at large ∆gap . Its application
efficiently proves statements about bulk emergence from large N , large ∆gap CFT that are
widely believed to be true based on inference from the bulk side of tractable AdS/CFT
examples. (See sections 2 and 3 and appendix A.) They include the following:
• Degree-x polynomial growth of single-trace degeneracies grows x large extra dimensions: D = d + 1 + x. This is the converse of the inference of such growth from Weyl’s
1

Some older works in the AdS/CFT context include [7–11]. Some works from the swampland or string
cosmological perspective include [12–19].
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2. String/M-theory landscape beyond supergravity: what is the landscape of consistent
AdS vacua? This question is old because it is challenging. The scales in the problem
are the AdS scale L, the KK scale LM (where M is some internal manifold), the
Planck scale ℓp , and (in string theory) the string scale ℓs . Reliable bulk construction
of scale-separated AdS vacua (LM ≪ L) in string theory requires control at finite
α′ and, perhaps, at finite gs . This is not currently possible without resorting to
parametric effective field theory arguments, and/or assumptions about the structure
of α′ perturbation theory and/or backreaction of sources, which existing works all
employ in some way.1

law scaling of eigenvalue degeneracies of a transverse manifold M in an AdS×M
solution.
• For superconformal CFTs (SCFTs), we derive a “characteristic dimension” due to
the existence of towers of Higgs or Coulomb branch operators. This places a lower
bound on D for SCFTs with these structures. The same is true for other non-R
global symmetries, quantified in terms of the dimension of their irreps.

Along the way, we make several remarks about emergent behavior at strong coupling.
A particularly notable one is a new universal property of the OPE in planar CFTs, which
we motivate and explore in section 4: at leading order in 1/N , the three-point coupling
Cφpp of two “heavy” operators Op with 1 ≪ ∆p ≪ N #>0 to a “light” operator φ with
∆φ ≪ ∆p is linear in ∆p . This appears to hold generically. Applied to CFTs with
string duals where Op is taken to be a string state, this is a universality in the string
scale OPE. We provide several arguments, and independent evidence from myriad CFT
computations in the literature. While we arrived at this by way of arguments from 1loop unitarity, this is a general property, independent of holography, that we expect to
find wider applicability. We explain an implication for non-BPS spectra of SCFTs in
section 4.1. In appendix B we sketch a worldsheet proof and discuss other consequences of
the OPE linearity. This includes a connection between this OPE asymptotic, large extra
dimensions, and a parametric form of the Sublattice Weak Gravity Conjecture for CFTs
which we formulate in (B.14): the upshot is that not all symmetries in all large c, large
∆gap CFTs satisfy even a parametric form of the sLWGC, and whether this happens is
closely related to large extra dimensions in the bulk.
Finally, in section 5 we apply lessons learned to formulate a “Holographic Hierarchy
Conjecture” on the conditions required for prototypical bulk locality, D = d + 1. This
conjecture, like much of this paper, owes inspiration to the discussion of [1]. It also makes
contact with recent investigations into symmetry and UV consistency in quantum gravity [50–53]. We believe our intuition from the 1-loop sum rule to place the suggestions
of [1] on a firmer, and slightly modified, conceptual footing.

2

Counting dimensions with 1-loop amplitudes

As stated in the introduction, we will present a formula from which one can derive D from
planar single-trace data in a dual CFT.
2.1

1-loop sum rule

We begin with some dimensional analysis. Consider a D-dimensional two-derivative theory
of gravity coupled to low-spin matter (ℓ ≤ 2). Its scattering amplitudes admit a perturbative expansion in GN . In this expansion, the connected four-point amplitudes of massless
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• Requiring that AdS vacua are realized in critical or sub-critical string theory (D ≤ 10)
or M-theory (D ≤ 11) bounds the asymptotic growth of planar CFT data at large
quantum numbers. This implies quantitative bounds on which global symmetries
with towers of charged operators may be geometrized at the AdS scale.

fields — call them AD (s, t), where s and t are the two independent Mandelstam invariants
— take the form
1−loop
2
AD (s, t) = GN Atree
(s, t) + O(G3N )
D (s, t) + GN AD

(2.1)

In order for this solution to be consistent with bulk effective field theory, LM ∼ L, where
L is the AdS scale. Using the holographic dictionary, we can express GN in terms of c, the
CFT central charge, to leading order, as
GN ∼

LD−2
c

(2.3)

Then expressing Ad+1 (s, t) in these variables,
Ad+1 (s, t) =

Ld−1 tree
LD+d−3 1−loop
Ad+1 (s, t) +
Ad+1 (s, t) + O(c−3 )
c
c2

By dimensional analysis, at high energy s, t ≫ 1,
√
√
(L s)d−1 tree
(L s)D+d−3 1−loop
Ad+1 (s ≫ 1, θ) =
fd+1 (θ) +
fd+1 (θ) + O(c−3 )
c
c2

(2.4)

(2.5)

1−loop
tree
where cos θ = 1 + 2t
(θ) are some angular functions.
s is kept fixed and fd+1 (θ) and fd+1
This expression must be reproduced by the flat space limit of an AdSd+1 four-point amplitude, order-by-order in 1/c.
The AdSd+1 amplitude is dual to a CFTd four-point function. For simplicity, we study
a scalar four-point function of a single-trace primary operator φ,

hφ(0)φ(z, z̄)φ(1)φ(∞)i = (z z̄)−∆φ A(z, z̄)

(2.6)

We assume an orthonormal basis of single-trace operators on Rd . To make contact with
the dual AdS amplitude, let us write the 1/c expansion of the connected correlator as
1
1
A(z, z̄) = Atree (z, z̄) + 2 A1−loop (z, z̄) + O(c−3 )
c
c

(2.7)

A(z, z̄) may be reconstructed from its double-discontinuity via the Lorentzian inversion
formula [45], where we define the t-channel dDisc as the sum of the two discontinuities
across the branch cut starting at z̄ = 1 (with z fixed),
1
1
dDisc(A(z, z̄)) ≡ Discz̄=1 (A(z, z̄)) + Disc
z̄=1 (A(z, z̄))
2
2
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where GN is the (renormalized) D-dimensional Newton’s constant. Suppose this theory admits a solution of the form AdSd+1 × M, where M is an internal manifold with
dim(M) = D − d − 1. The solution need not be a direct product, but we will continue
to use this simple notation. The amplitude AD (s, t) may be trivially expanded in powers
D−d−1
of the AdSd+1 Newton’s constant by dividing by Vol(M) ∼ LM
. Call the resulting
amplitude Ad+1 (s, t),
AD (s, t)
Ad+1 (s, t) ≡
(2.2)
Vol(M)

We would like to understand dDisc(A1−loop (z, z̄)) and relate it to (2.4) in the flat space/
bulk-point limit.
In general, the t-channel exchange of a primary with twist τ ≡ ∆ − ℓ contributes to
dDisc(A(z, z̄)) as
dDisc(A(z, z̄)) =

2
2Cφφτ

 
 ∆φ
 
τ − 2∆φ
z z̄
G∆,ℓ (1 − z, 1 − z̄) (2.9)
sin π
2
(1 − z)(1 − z̄)
2

where G∆,ℓ (1 − z, 1 − z̄) is the t-channel conformal block, normalized as
(2.10)

in the t-channel limit (z, z̄) → 1. What are the contributions to A1−loop (z, z̄)? There is
renormalization of tree-level single-trace exchanges — for example, (normalized) singletrace three-point coefficients hφφOi can receive non-planar corrections — but for the purposes of our discussion we can safely ignore these terms, as we will justify later. All
other contributions are double-trace exchanges [φφ]n,ℓ and [OO]n,ℓ , where O is another
single-trace operator; by large-c counting, triple- and higher multi-traces don’t appear in
A(z, z̄) until O(c−3 ), i.e. 2-loop in AdS.2 The double-traces are spin-ℓ primaries defined
schematically as
[φφ]n,ℓ ≡ φn ∂µ1 . . . ∂µℓ φ − (traces)
(2.11)
where n, ℓ ∈ Z≥0 , and likewise for [OO]n,ℓ . In the 1/c expansion, its anomalous dimension
γn,ℓ is
1 (1)
1 (2)
γn,ℓ = γn,ℓ + 2 γn,ℓ + O(c−3 )
(2.12)
c
c
and similarly for the squared OPE coefficients,
1 (2)
1 (1)
(0)
2
an,ℓ ≡ Cφφ[φφ]
= an,ℓ + an,ℓ + 2 an,ℓ + O(c−3 )
n,ℓ
c
c

(2.13)

(0)

an,ℓ are the squared OPE coefficients of Mean Field Theory (MFT).
Let us first consider the contribution of [φφ]n,ℓ to dDisc(A1−loop (z, z̄)). From (2.9),
these are clearly proportional to squared anomalous dimensions of [φφ]n,ℓ , where the overall
coefficient is determined by
dDisc((1 − z̄)n log2 (1 − z̄)) = 4π 2 (1 − z̄)n

(2.14)

The [OO]n,ℓ terms are more interesting. Each O is a single-trace operator. There are two
categories of O. First, those with τO 6= ∆φ + Z give rise to double-traces which do not
2

[φO]n,ℓ and [OO′ ]n,ℓ , with O 6= O′ , may also appear in the 1-loop amplitude, but their three-point
functions with φφ are allowed to be zero at O(c−1 ) because there is no stress-tensor exchange in any channel
of hφφφOi or hφφOO′ i; this is as opposed to hφφ[OO]n,ℓ i, which must be nonzero at O(c−1 ) due to stress
tensor exchange φφ → T → OO. For our purposes, and given this lack of universality, we will only include
[OO]n,ℓ within this class, leaving the (straightforward) inclusion of the others implicit. Also, O can have
spin, but because spin-dependence is not important for us, we are leaving implicit the different Lorentz
representations that the double-traces “[OO]n,ℓ ” can furnish.
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τ

G∆,ℓ (1 − z, 1 − z̄) ∼ ((1 − z)(1 − z̄)) 2

mix with [φφ]n,ℓ and only appear for the first time in the φ × φ OPE at O(c−2 ), since
Cφφ[OO]n,ℓ ∼ c−1 . (This scaling follows from the coincident limit of the connected fourpoint function hφφOOi.) On the other hand, those with τO = ∆φ + Z lead to double-trace
mixing between [φφ]n,ℓ and the finite subset of [OO]n′ ,ℓ with ∆φ + n = ∆O + n′ . These
operators contribute in the same way as [φφ]n,ℓ . The mixing leads us to define
X
(1)
(1)
h(γn,ℓ )2 i ≡
ρ ST (∆O )hγn,ℓ (O)i2
(2.15)
O

(1)

dDisc(A1−loop (z, z̄)) =



z z̄
(1 − z)(1 − z̄)

∆φ X
n,ℓ

(0)

1−loop
βn,ℓ
an,ℓ Gn,ℓ (1 − z, 1 − z̄)

(2.16)

with coefficients
1−loop
βn,ℓ

≡2

X

ρ ST (∆O )

O




π 2 (1)
2
2
2
hγ (O)i + sin (π(τO − ∆φ ))kCφφ[OO]n,ℓ k
4 n,ℓ

(2.17)

(0)

Our notation is that an,ℓ Gn,ℓ (1 − z, 1 − z̄) is the weighted conformal block for the exchange

1−loop
1−loop
of a given double-trace operator [OO]n,ℓ in the sum βn,ℓ
(i.e. that βn,ℓ
acts as a
projector). For future convenience we have defined the MFT-normalized OPE data

2
kCφφ[OO]
k
n,ℓ

≡

2
Cφφ[OO]
n,ℓ
(0)

a[OO]n,ℓ

(2.18)

It is obvious that as O and φ become degenerate modulo integers, a contribution to the
second term shifts to the first term. For conceptual reasons we have split off the two types
of terms. In what follows, we sometimes refer to the first and second terms of (2.17) as
the “integral” and “generic” pieces, respectively.
We now consider the flat space limit. The external local operators that define the
correlator are located on the Lorentzian cylinder, boundary of AdSd+1 . By using suitable
wavepackets we can focus onto a point in the bulk, effectively accessing (bulk) flat space
physics, see [2, 46–48]. At the level of the cross-ratios the relevant limit is z − z̄ →
0, where the limit is taken after analytically continuing the Euclidean correlator to the
Lorentzian regime of the scattering process. In this limit the correlator develops a bulkpoint singularity. It can be seen that the leading singularity arises from intermediate
operators with large scaling dimension, including double-traces with n ≫ 1. At large n,
the leading order relation between the AdS radius L, the flat space center-of-mass energy
s, and the double-trace twist n is
√
(2.19)
L s ∼ 2n
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where ρ ST (∆O ) is the single-trace density of states, and hγn,ℓ (O)i is the contribution to
the anomalous dimensions due to mixing of [φφ]n,ℓ with [OO]n′ ,ℓ . Our notation is that
(1)
hγn,ℓ (O)i = 0 when τO 6= ∆φ + Z.
Therefore, modulo terms whose exclusion we explained earlier, the general 1-loop
double-discontinuity dDisc(A1−loop ) has the following conformal block decomposition:

On the other hand, the angular dependence of the flat space S-matrix is encoded in the
spin dependence of the CFT data in the n ≫ 1 limit. For example, at tree-level, anomalous
dimensions obey [54]
(1)
hγn≫1,ℓ i ∼ nd−1 f tree (ℓ)
(2.20)
where f tree (ℓ) is a function of spin which encodes the angular dependence of the tree-level
S-matrix. At 1-loop, comparing the O(c−2 ) term of (2.5) with (2.16), and taking the
flat-space limit, we read off the scaling of the 1-loop OPE data as n ≫ 1:
(2.21)

As before, f 1−loop (ℓ) encodes the angular dependence of the 1-loop S-matrix.
Equation (2.21), together with (2.17), is our central observation. The key feature is the
1−loop
D-dependence of the n-scaling. In addition, the coefficients βn,ℓ
are manifestly positive:
1−loop
βn,ℓ
>0

(2.22)

In fact, every term in the sum (2.17) is positive. Therefore, knowledge of the tree-level
single-trace OPE data in the n ≫ 1 regime may be used to read off D using (2.21).
The scaling (2.21) followed from ∆gap ≫ 1, which allows us to probe only the D large
bulk dimensions. Positivity ensures the absence of cancellations. Note that taking the
double-discontinuity was crucial: positivity is not an inherent property of the partial wave
coefficients of A1−loop , but it is a property of dDisc(A1−loop ).3
We emphasize that we are using a 1-loop amplitude, of a single operator φ, to derive
the emergence of bulk spacetime from tree-level data. Note from (2.5) that individual
tree
tree-level amplitudes are insufficient for this purpose: the behavior βn≫1,ℓ
∼ nd−1 is the
well-known scaling of OPE data in a CFTd with ∆gap ≫ 1, dual to Einstein gravity in
AdSd+1 .4 This reflects the existence of consistent truncations, valid only classically.
2.2

Extra dimensions at large ∆gap

Equations (2.21) and (2.17) lead to the following conclusions. Let’s first focus on the
generic piece of (2.17). In a typical chaotic CFT with an irrational spectrum of low-energy
states, most contributions are of this type. To relate single-trace operator growth to D, we
first note that at ∆gap ≫ 1 for finite ∆O ,
2
kCφφ[OO]
k
n,ℓ

n≫1

∼ n2(d−1) fℓ (∆O )

(2.23)

for some nonzero fℓ (∆O ).5 This just follows from graviton dominance at strong coupling,
i.e. the large ∆gap condition. For a more detailed argument see appendix A.1. Now suppose
3

In comparing the scaling of dDisc(A1−loop ) to that of Ad+1 , we are using the fact that A1−loop can
be constructed from dDisc(A1−loop ) [45]; equivalently [35], that Ad+1 may be constructed via dispersion
relations from its Disc(Ad+1 ).
4
This scaling is subleading to (2.21), which justifies having dropped single-trace renormalization terms
at 1-loop.
5
Henceforth we will not include the ℓ-dependence in similar expressions, since we focus on the n-scaling.
The symbol “∼” captures the leading scaling in n, up to multiplicative factors which we suppress.
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1−loop
βn≫1,ℓ
∼ nD+d−3 f 1−loop (ℓ)

that the single-trace degeneracy has asymptotic polynomial growth,
ρ ST (∆O ≫ 1) ∼ (∆O )x−1

(2.24)

Plugging into (2.17) and approximating the sum as an integral up to ∆O ∼ n, we find the
following n-scaling:
X
O

2
ρ ST (∆O ) sin2 (π(τO − ∆φ ))kCφφ[OO]
k =
n,ℓ

n2d+x−1
+ O(n2d+x−2 )
2(x + 1)

(2.26)

Therefore, we read off from (2.21) that
D =d+1+x

(2.27)

R ∆∗
That is, polynomial growth
d∆ ρ ST (∆) ∼ ∆x∗ implies the emergence of exactly x large
bulk dimensions.
This is the converse of a basic fact about AdS×M backgrounds in holography. Suppose
M is a compact manifold with smooth boundary, of real dimension dim(M). Anticipating the holographic application, we parameterize the eigenvalues λ of Laplace-Beltrami
operators on M as λ = (mLM )2 ∼ ∆2 and the degeneracy as ρM (∆). Then Weyl’s law
states that
Z ∆∗ ≫1
vol(M)
 ∆dim(M)

(2.28)
d∆ ρM (∆) ∼
∗
dim(M)
dim(M)
+1
(4π) 2 Γ
2
Via ZAdS = ZCFT , one infers the polynomial growth of single-trace operators in the CFT.
Our derivation from the CFT proves the converse: every large N , large ∆gap CFT with
degree-x polynomial growth of single-trace degeneracies grows x large bulk dimensions, i.e.
the dimensions of M.
Now we turn to the integral piece of (2.17). The anomalous dimension receives a universal contribution from the presence of the stress tensor in the φ×φ OPE. Under a crossing
transformation, t-channel stress tensor exchange maps to s-channel [φφ]n,ℓ exchange, with
fixed anomalous dimension, γn,ℓ T . This contribution scales at n ≫ 1 as
(1)

γn≫1,ℓ

T

∼ nd−1

6

(2.29)

One can also examine explicit double-trace data as a function of n and ∆O , taking either one large
with the other held fixed or taking a double-scaled limit of fixed n/∆O , whereupon one always finds the
same scaling. A particularly relevant example is the universal contribution to anomalous dimensions due
(1)
to stress-tensor exchange, γn,ℓ |T , which was derived explicitly in d = 4 in [24] and in general d in [55, 56].
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Inserting this into (2.17), we want to extract the asymptotic growth at n ≫ 1. We must
also account for the ∆O ≫ 1 growth of the operator sum. Because the radial localization
of AdS two-particle primary wavefunctions is determined by the total energy, dual to the
conformal dimension ∆n,ℓ = 2∆O + 2n + ℓ + γn,ℓ , the parametric regime relevant for the
computation is6
1 ≪ n ∼ ∆O ≪ ∆gap
(2.25)

Now let us assume that there exists a single tower of scalar operators Op with dimensions7
∆p = ∆φ + p − 2 , where p = 2, 3, . . . .

(2.30)

where O2 ≡ φ. We choose this convention to make contact with N = 4 super-Yang-Mills
(SYM), where Op are superconformal primaries and O2 = O20′ . To compute (2.17), we
need to resolve the double-trace operator mixing within the family
[φφ]n,ℓ , [O3 O3 ]n−1,ℓ , . . . , [On+2 On+2 ]0,ℓ .

(2.31)

(1)

leading order in 1/c, and therefore so is hγn,ℓ (p)i. In our flat space limit context, we want
to evaluate this in the regime (cf. (2.25))
1 ≪ n ∼ p ≪ ∆gap

(2.32)

Based on computations in d = 2, 4, 6 using explicit expressions for conformal blocks, we find
(1)

hγn,ℓ (p)i

1≪n∼p

2
∼ Cφpp

p≫1

× nd−3

(2.33)

The kinematic piece scales as nd−3 , but the overall scaling depends on the asymptotics of
Cφpp . The derivation of (2.33) is given in appendix A.2.
We can now put the pieces together. In the absence of the tower Op , the stress tensor
contribution gives
2
(1)
γn≫1,ℓ T ∼ n2(d−1) .
(2.34)

By (2.21), this implies D = d + 1. This is the expected result: in a theory of gravity
coupled to a finite number of fields, no large extra dimensions are required. Now we add
the tower Op . Parameterizing
α
p1+ 4
Cφpp p≫1 ∼ √ ,
(2.35)
c
√
where the 1/ c follows simply from large-c factorization, we plug (2.35) and (2.33)
into (2.17). Then (2.21) implies
D =d+2+α
(2.36)
It is interesting that this result depends on the asymptotics of Cφpp . If Cφpp
D =d+2

p≫1

∼ p, then
(2.37)

A single extra dimension has grown. Cφpp is, in fact, proportional to p when φ is a scalar
in the stress tensor multiplet of an SCFT: the action of supersymmetry relates Cφpp to
√
CT pp ∝ ∆p / c, which is fixed by the conformal Ward identity. Cφpp ∝ p also holds when
φ is the Lagrangian operator, by a conformal perturbation theory argument of [58]. The
above computation suggests that α = 0 is natural, in the sense that a single tower of Op
contains an S 1 worth of operators. In section 4, we will argue that α = 0 is, in fact, the
generic asymptotics.
7

The generalization to spinning Op just requires more technical aspects, e.g. multiple tensor structures [57].
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This can be done by computing the family of tree-level correlators hφφppi. In particular, the
t-channel exchange φp → p → φp implies a contribution to tree-level anomalous dimensions
(1)
2
hγn,ℓ (p)i. This exchange is manifestly proportional to the squared OPE coefficient Cφpp
at

2.3

Adding global charge

At p ≫ 1, this scales as pn−2 . This asymptotic density, in turn, modifies D: with the
asymptotic scaling (2.35), one finds
D =d+n+α

(2.39)

Assuming linearity of Cφpp (α = 0), one has
D =d+n

(2.40)

These are the symmetry and dimensionality of an AdSd+1 ×S n−1 compactification. Indeed,
maximally supersymmetric SCFTs in d = 2, 3, 4, 6 have so(n) R-symmetry for appropriate
values of n, and towers of superconformal primaries in symmetric traceless representations
thereof. The extension to products so(n1 ) × so(n2 ), etc, is immediate.
More generally, suppose Op furnish a sequence of irreps Rp of some global symmetry
G, indexed by p. Parameterize the dimension of Rp in terms of p ≈ ∆p≫1 , where
ρ ST (∆p≫1 ) = dim(Rp≫1 ) .

(2.41)

Again assuming that α = 0, as we will for the rest of this section, if
dim(Rp≫1 ) ∼ prp

(2.42)

D = d + 2 + rp

(2.43)

then
Dimensions of irreps of Lie algebras may be computed by Weyl’s dimension formula. For
su(n), for example,
!
Pk
k
n−1
YY
j=i aj
+1
(2.44)
dim([a1 . . . an−1 ]) =
k−i+1
k=1 i=1

where ai are Dynkin labels. [p 0 . . . 0 p] irreps of su(n) grow as (2.42) with rp = 2n − 3.
This is relevant for the case of the N = 6 ABJM theory in the type IIA ‘t Hooft limit at
large ∆gap ∼ λ1/4 [59], whose superconformal primaries of ∆p = p/2 furnish [p 0 p] irreps of
su(4)R with p ≥ 2. The above formulas imply rp = 5 and hence D = 10, which saturates
the correct bulk dimension.
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The result (2.36) immediately generalizes if we add a density of states for Op with asymptotics ρ ST (∆p ≫ 1) ∼ px−1 , whereupon D = d + 1 + x + α. This happens if — to take one
physically relevant example — the integral tower Op is charged under a global symmetry G.
For concreteness, take G = so(n), and the Op to furnish rank-p symmetric traceless
irreducible representations of so(n). The dimension of this representation equals the total
density of states ρ ST (∆p ), that is, the total number of operators in the rank-p irrep. This
dimension is known to be
(n + 2p − 2)(n + p − 3)!
(2.38)
p!(n − 2)!

2.3.1

SCFTs

dimC MH = 24(c − a)

(2.45)
(R;r)

where typically c − a ∼ N # for some # > 0. Denoting quantum numbers as [j; j̄]∆
where j, j̄ are Lorentz spins, R is the su(2)R Dynkin label, and r is the u(1)r charge, the
superconformal primaries have (e.g. [61])
Higgs branch, B̂R :
Coulomb branch, Er :

(R;0)

[0; 0]2R

[0; 0](0;r)
r

(2.46)

Assume that Cφpp ∼ p at large p. Alternatively, take φ to be the ∆ = 3 scalar in the
stress-tensor multiplet. Then by (2.43), a tower of Higgs branch operators grows two large
extra dimensions, while a tower of Coulomb branch operators grows one. Assuming their
existence, the characteristic dimension of N = 2 SCFT is
Higgs branch, B̂R :

Coulomb branch, Er :

DN =2 ≥ 7

DN =2 ≥ 6

(2.47)

The DN should be viewed as bounds, not equalities, if only because the growth of “generic”
single-trace operators with ∆O 6= ∆p can add more dimensions.
Note that for a N = 2 SCFT with a Higgs branch and a point p∗ on moduli space
where ∆gap ≫ 1, we bound DN =2 ≥ 7 everywhere on moduli space continuously connected
to p∗ : this is because our calculation relies only on Cφpp asymptotics, and Higgs branch
three-point correlators are not renormalized [62, 63].
• At N = 1, the R-symmetry is u(1)r . The story is similar: given a tower of Or with
∆ ∝ |r| — e.g. (anti-)chiral primaries with ∆ = 32 |r| — we infer
DN =1 ≥ 6

(2.48)

This confirms the folklore expectation. Note the central role of the Or , and of the linearity
of Cφrr : without them, the u(1)r does not necessarily generate an extra dimension. The
reader may note that the classic constructions of AdS/CFT pairs with 4d N = 1 SUSY
have D = 10. We discuss this further in section 5.
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The previous arguments allow us to associate a “characteristic dimension”, DN , to SCFTs
with N supersymmetries at large c and large ∆gap , if we assume the existence of a tower
of operators Op . Let us take d = 4 for concreteness. We have already treated the N = 4
case above; below we treat N = 2, 1 (the case N = 3 is easily constrained likewise).
• At N = 2, the R-symmetry is su(2)R × u(1)r . Towers of Op are ubiquitous in
N = 2 SCFT, namely, as Higgs or Coulumb branch operators. The former are present in
any Lagrangian N = 2 SCFT with hypermultiplets, and are common in class S theories;
e.g. in class S theories of genus-zero, the Higgs branch moduli space MH has complex
dimension [60]

2.4

1/∆gap corrections and AdS quartic vertices

Let us assume we have another scale in the flat space amplitude, denoted by ℓs . Now the
√
amplitude depends on the dimensionless combination ℓs s and its high-energy limit is no
longer fixed by dimensional analysis. For example, at tree-level,
√
√ 
(L s)d−1 tree
Ld−1 tree
Ad+1 (s, t) ∼
fd+1 θ; ℓs s
(2.49)
c
c

φ

We can also consider quartic vertices with derivatives, schematically of the form αq φ2 ∂ q φ2 ,
with q = 4, 6, · · · . The large n behaviour is now [2, 64]
(1)

γn≫1,ℓ

φ2 ∂ q φ2

∼ αq nd−3+q

(2.51)

with allowed spins ℓ ≤ q/2. Note that consistency with (2.5) in the flat space limit implies
that all vertices with q > 2 should be suppressed by powers of 1/∆gap . Furthermore, we can
estimate the suppression of each vertex αq . Since the flat space amplitude at high-energy is
√
a function of n/∆gap (due to the identification ℓs s ∼ n/∆gap ) and since the contribution
of the stress tensor appears with coefficient of order one, we estimate
αq ∼

1
(∆gap )q−2

,

q≥2

(2.52)

in analogy with effective field theory in flat space.9
We now derive a new constraint for the case of quartic vertices involving heavier
fields using the 1-loop sum rule. Let us assume the existence of the tower Op . We first
8

This scale does not have to coincide with the gap to higher spin single-trace operators, although in
several contexts it does. With this understanding, we will keep using the name ∆gap .
9
Since no unsuppressed vertex grows with a higher power of n than the stress tensor contribution, it is
straightforward to check that at 1-loop (upon squaring the anomalous dimension) the presence of vertices
will not change our conclusions about D. Said in reverse, one can also motivate the suppression (2.52) by
1−loop
demanding that at 1-loop, the vertices don’t give a contribution to βn,ℓ
that exceeds the scaling set by
1−loop
D, where D is read off from the squared stress tensor contribution to βn,ℓ
at sufficiently high ℓ where
the vertices don’t contribute.
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The CFT data will depend on a corresponding extra scale ∆gap ,8 with the correspondence
√
1−loop
ℓs s ∼ n/∆gap (cf. (2.19)), in the flat space limit. The n-scaling of OPE data in βn,ℓ
will
exhibit crossover between the regime (2.25), which counts large bulk dimensions LM ≫ ℓs ,
and the regime ∆gap ≪ n ∼ ∆O ≪ c, which also counts “small” extra dimensions LM . ℓs .
From the point of view of the effective theory in AdS, the derivative expansion generates
a tower of quartic vertices which contribute to the anomalous dimensions of double-trace
operators at O(c−1 ). To warmup, we first consider a quartic vertex without derivatives,
αφ4 . From the CFT perspective this corresponds to a ’truncated’ solution to the crossing
equations where only scalar double-trace operators acquire an anomalous dimension. In
d = 2 and d = 4, this solution was constructed in [2]. The expression for general ∆φ and d
is quite cumbersome, but for our purposes we are interested in the large n behaviour. For
a αφ4 coupling [64],
(1)
γn≫1,0 4 ∼ α nd−3
(2.50)

consider truncated solutions to the tree-level correlator hφφOp Op i. These correspond to
AdS vertices of the form α(p)φ2 φ2p and similar vertices with derivatives. For each finite p, it
turns out the flat space limit at tree-level does not impose further constraints, besides the
suppression discussed above for vertices with more than two derivatives. But at p ≫ 1, we
can constrain α(p) as follows. Let us focus on the vertex without derivatives. The solution
in spacetime can be written as
α(p)
up D̄pp∆φ ∆φ
Γ(p − 1)

Aφφpp (z, z̄) =

(2.53)

(1)

hγn,0 (p)i

φ2 φ2p

∼ α(p)nd−3 f∆φ (x)

(2.54)

where the form of f∆φ (x) will not be important for us, but it can be found for specific
cases.10 More generally, if we consider a vertex with q derivatives we obtain
(1)

(q)

hγn,0 (p)i

φ2 ∂ q φ2p

∼ αq (p) nd−3+q f∆φ (x) .

(2.55)

Now, plugging this into (2.17) and the 1-loop sum rule (2.21) yields constraints on α(p).
Consider for instance the vertex without derivatives, which is not suppressed by ∆gap , and
let us assume α(p ≫ 1) ∼ pσ . The square of the anomalous dimension will contribute to
1−loop
βn,ℓ
as
n
X
1−loop
ρ ST (p) α(p)2 n2d−6 ∼ n2d−5+2σ+rp
(2.56)
βn,ℓ
⊃
p=2

where we have allowed for asymptotic degeneracies of the Op as ρ ST (p ≫ 1) ∼ prp . Now
we have a constraint: the growth in (2.56) must not exceed n2d−1+rp , where we have used
D = d + 2 + rp .11 This implies σ ≤ 2. Put in a different way, if α(p) grows faster than
p2 , then the vertex φ2 φ2p must be suppressed by the gap scale, which would be inconsistent
with bulk effective field theory. Similar bounds arise for each non-suppressed vertex.
The case of N = 4 SYM is conceptually similar, but the scalings are different because of
supersymmetry. The picture at tree-level for the correlator hO2 O2 O2 O2 i, where O2 = O20′ ,
is the following, see [20]. The contribution from the stress tensor, namely the supergravity
result, scales again like nd−1 = n3 . Vertices again scale as nd−3+q , but there is an overall
eight-derivative operator acting on the vertices, so that q = 8 + q̂, with q̂ = 0, 4, · · · . It
then follows that already the first vertex is suppressed. In this case ∆gap ∼ λ1/4 , which
10

For instance, for ∆φ = 2 we find
f2 (x) =

d
2

d
2

Γ 3−
2d Γ



(x + 1)

d−4
2

(2x + 1)

d−2
4

.

1−loop
That D = d + 2 + rp can be seen from looking at βn,ℓ>0
, where the quartic vertex vertex does not
contribute, and using (2.43).
11
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where the D̄-function is the famous AdS quartic integral, see e.g. [65]. We can then compute
(1)
the contribution of this vertex to the tree-level anomalous dimension hγn,0 (p)i, upon solving
the mixing problem. In the limit (2.32) with p/n ≡ x fixed, we find

corresponds to the mass of the string states, and the first vertex is suppressed by ∆6gap ,
in agreement with (2.52). At 1-loop, it is important to take into account the tower of
operators Op . The supergravity contribution and the first vertex, in the limit n ≫ 1 with
p ∼ n, is given by
(1)

hγn,ℓ (p)i

sugra

∼ n5 ,

(1)

hγn,ℓ (p)i

V

∼ α(p) n7 ∼ n11 ,

α(p) ∼ p4

(2.57)

3

Bounding holographic spectra

Having derived from CFT some features of AdS×M compactifications and values of D for
known setups, let us turn the logic around, by using our derivation to rigorously constrain
possible behaviors of planar strongly coupled CFTs and of string theory. That is, we can
use 1-loop unitarity in the flat space limit to “bootstrap” spectral properties of AdS/CFT
dual pairs. We will show only a sample of what is implied by 1-loop unitarity in the flat
space limit, leaving an exhaustive analysis of permissible symmetries, irreps and dimensions
D for the future.
First we focus on the single-trace growth, (2.24) and (2.27). Insisting that the bulk
does not have more than the 10 large dimensions of critical superstring theory implies that
ρ ST (∆ ≫ 1) . ∆8−d

(3.1)

A similar bound applies for CFTs with M-theory duals,
ρ ST (∆ ≫ 1) . ∆9−d

(3.2)

Conversely, polynomial growth that violates (3.2) would imply that the ground state of the
bulk dual is a stable AdS vacuum of supercritical string theory (or, perhaps, some other
high-dimensional theory of quantum gravity).12
Note that in d = 2, these are stronger constraints than the HKS [70] sparseness bound
c
on the total density of states, ρHKS (∆ ≤ 12
) . exp(2π∆). That condition was shown to
imply various hallmarks of semiclassical 3d gravity. Large ∆gap is not required for the HKS
analysis. If ∆gap is large — as it would be in the elusive prototypical CFT2 which would
saturate modular bootstrap bounds at large c [71–75] — the single-trace density must not
grow super-polynomially in ∆ for ∆ ≪ ∆gap . (At higher energies ∆ & ∆gap , exponential
behavior of the total density of states, a la Hagedorn, can set in [76, 77].)
Note also that x ∈
/ Z would imply D ∈
/ Z; one might reasonably like to avoid this, in
which case our formula implies that x ∈
/ Z should not be possible.
Next we turn to the result (2.43), which is a linear constraint on the dimension D and
asymptotics rp of the irrep Rp ∈ G. This leads us to the following observations:
12

Most work on supercritical string solutions takes advantage of the rolling dilaton to generate timedependent cosmologies [66–69]. In what follows we will continue to explore the consequences of forbidding
supercritical AdS vacua in the bulk.
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Note that the correct scaling for α(p) follows from the requirement that at 1-loop the
‘square’ of the anomalous dimension in the flat space limit depends on the combination
n/∆gap .

• We can constrain what irreps may be furnished by towers Op in planar large ∆gap
CFT. For example, one might speculate whether a 3d N = 6 CFT at large ∆gap
could have a tower Op in the [p p p] of su(4)R ; this irrep has rp = 6, hence D = 11,
which would be incompatible with a string theory dual.
• Conversely, imposing a critical superstring bound D ≤ 10 implies a constraint on
the symmetry groups G and their irreps Rp that can be realized by local primary
operators in large c, large ∆gap CFTs: for CFTs with string duals, only

are consistent (similarly for M-theory). For instance, a CFTd with a critical string
dual cannot have a tower of Op in su(4) irreps [p2 0 p2 ] in any d, because this irrep
has rp = 10. This proves one case of a result familiar from superconformal representation theory (though no SUSY was assumed): BPS operator dimensions are linear
in charge.
Indeed, the above result touches upon an inherent feature of holography: in KK
reduction on AdS×M in supergravity, (mLM )2 equals an eigenvalue of a quadratic
Laplace-type operator. This is equal, up to a ∆-independent shift, to the quadratic
Casimir C2 of a highest-weight irrep of the isometry group GM ; in the Dynkin basis,
rank(GM )

C2 ({ai }) ∼

X

ij
(ai + 2ρi ) gM
aj

(3.3)

i,j=1

ij
is the inverse Cartan matrix of GM and ρ
~ is the Weyl vector. At large mass,
where gM

∆ ∼ mLM

(3.4)

Therefore, the leading order ai ≫ 1 asymptotics are linear in ∆ for at least one index
aî , and no faster than linear for the rest:
aî ∼ ∆ ,

aj6=î . ∆

(3.5)

Like a = c [6, 78], this should be viewed as an emergent behavior of large c CFT at
large ∆gap : it follows straightforwardly from properties of a two-derivative bulk, but
from what does it follow in CFT? It would seem an interesting challenge to prove
this in general, not just in certain examples.
• If we impose that the CFT has a critical string or M-theory dual, we can infer the
existence, or lack thereof, of operators of “generic” conformal dimension. Suppose
that we insist upon D = 10. Integral towers Op can only generate this if rp = 8 − p,
but this may not be compatible with a given global symmetry G and irrep Rp . In
such a case, generic operators must make up the difference. e.g. take G = so(3) and
Rp = p. Then rp = 1, so D = d + 3. To get to D = 10, one needs to add generic
operators with asymptotic density ρ ST (∆ ≫ 1) ∼ ∆7−d .
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rp ≤ 8 − d

• This analysis also makes clear that large flavor symmetry groups GF with integral
towers of local operators of increasing charge cannot be geometrized at the AdS scale:
that is, charge-carriers of asymptotically large dimension ∆p cannot have large charge
qp — more precisely, large rp — in the NF → ∞ limit. Towers of fixed charge can
appear in AdS×M compactifications as “isolated” vector multiplets of GF in the
D-dimensional theory. Upon reduction on M, they yield towers of Op in the adjoint
of GF .13

4

OPE universality at the string scale

α

Cφpp

p≫1

p1+ 4
∼ √ , where 1 ≪ p ≪ ∆gap ,
c

(4.1)

then D = d + 2 + α. In this section we argue for a more general, and stringent, property
of OPE asymptotics in CFT.
Stringy OPE universality: In a large c, large ∆gap CFT containing scalar
single-trace operators φ and Op with conformal dimensions
∆φ ≪ ∆gap

and

∆φ ≪ ∆p ≪ c#>0 ,

(4.2)

the normalized planar OPE coefficient Cφpp has linear asymptotics
Cφpp

∆p ≫1

∆p
∼ √ f (∆φ )
c

(4.3)

for some function f (∆φ ). If Op has spin, then the leading scaling among all
tensor structures obeys (4.3).
“Normalized” refers to the norms of φ and Op . The Op can be “string-scale” operators,
with ∆p ∼ ∆gap , hence the title of the section. The linearity property is also meant to
apply to Cφpp′ where |∆p′ − ∆p |/∆p ≪ 1, but we continue to refer to Cφpp for simplicity.
The OPE coefficient Cφpp at p ≫ 1 is what one might call a “planar heavy-heavylight” three-point function, defined in a regime where perturbative large c factorization
applies to correlators.14 This is not the same kind of heavy-heavy-light OPE coefficient
featured in discussions of the Eigenstate Thermalization Hypothesis [80] (where ∆heavy ≫
all other parameters), of CFT2 [81] (where ∆heavy & c, dual to a conical defect or black
d

hole microstate), or of the large charge expansion [82] (where ∆p ∝ Q d−1 ≫ all other
parameters, and Op has charge Q under a global symmetry). Indeed, in all of these cases
the scaling is nonlinear. We are answering a different question, relevant to planar CFTs.
13

Conclusions about the non-geometrization of large flavor groups do not hold at finite ∆gap , where
charged operators can be dual to non-decoupled string states.
14
Heavy operators in 2d CFT with 1 ≪ ∆ ≪ c are sometimes called “hefty” operators [79].
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Let us recap one of our previous results. Suppose a large c, large ∆gap CFT contains
an integral tower of single-trace operators Op with dimensions ∆p = ∆φ + p − 2 with
p = 2, 3, . . . for some operator φ ≡ O2 . Parameterizing the OPE asymptotics as

There are various arguments for (4.3):
1. “Naturalness” of the emergence of large extra dimensions implies linearity, as discussed around (2.35). This is the case whether the Op are charged (see (2.40)
and (2.43)) or uncharged (see (2.37)).

3. Linearity is exact in certain cases: Cφpp ∝ ∆p when φ = L or Tµν or, in an SCFT, any
other operator in their supermultiplets. On general grounds, the asymptotics should
only depend on ∆φ in the overall coefficient: from the point of view of the heavy
operator, the coupling to φ acts as a small perturbation. Moreover, the linearity does
not depend in any way on the asymptotic spacing of the tower of Op . Together, these
suggest linearity in general.
4. In appendix B.1, we give a suggestive alternative argument. Cφpp is dual to a threepoint function of marginal vertex operators in an AdS×M worldsheet CFT. At leading order in 1/∆gap perturbation theory, the worldsheet CFT, and the anomalous
dimensions of vertex operators, effectively factorize. In particular, vertex operators
dual to heavy operators have large but opposite anomalous dimensions in the AdS
and M sigma models. This allows us to use known facts about heavy-heavy-light
three-point functions in 2d CFT at finite c [81, 83]. In appendix B.1, we show how
to reproduce linear scaling under certain assumptions.
We also find copious evidence for (4.3) from existing calculations in planar CFT:
1. In maximally supersymmetric CFTs in d = 2, 3, 4, 6, this holds for three-point functions of chiral primaries [84–86]. This is simple to see for d = 3, 4, 6. For d = 2,
the computation was performed in [86] at the symmetric orbifold point in the D1-D5
moduli space, but is valid at λ ≫ 1 thanks to a non-renormalization theorem [62].
Their result is rather complicated, but has linear scaling, as we show in appendix B.4.
2. Extremal chiral primary three-point functions in the ‘t Hooft limit of the ABJM
theory also obey linearity [87].
3. In planar N = 4 SYM at strong coupling, there are many examples involving a
diverse set of operators: protected and unprotected; twist-2 and large twist; spinning
and not spinning. In what follows we denote Lorentz spin as S and R-charge as J:
• When φ = L or a superpartner thereof and Op is any heavy operator where
∆p obeys power-law scaling in λ [58, 88]. In this case, linearity follows from
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2. Consider a toy model in which the integrally-spaced dimensions are deformed:
∆p≫1 (ǫ) ≈ p(1 + ǫ). For finite ǫ, they contribute to (2.17) as “generic” single-trace
operators, with D determined by the asymptotic growth of ρ ST (∆p ). If one demands
that D remains the same as ǫ → 0, linearity follows, by matching the scaling of (2.23)
and (2.33). In other words, the first term of (2.17) should be a limit of the second
term of (2.17).

hL Op Op i ∝ λ
90]).

∂∆p
∂λ .

This was confirmed in explicit computations (e.g. [58, 88–

There are some cases where the scaling of Cφpp is sub-linear, that is, f (∆φ ) = 0.
Aside from cases where selection rules forbid nonzero Cφpp , this can happen when Cφpp is
controlled by symmetry: for example, if φ is in a flavor current supermultiplet such that
Cφpp ∝ qp , and the Op do not have charge increasing with ∆p .16 Such special cases aside,
we believe the linear scaling to be generic.
It would be worth understanding the widest regime in which linearity holds. To this
end, we note that in the ‘t Hooft limit of ABJM and in N = 4 SYM, three-point functions
where φ is a light chiral primary and Op is a giant graviton still obey (4.3), despite the
giant graviton having ∆ ∼ N [87]. In particular, the results of [87] take the limit ∆/N
fixed; subsequently taking the ratio to be small, one finds linearity in ∆. Finally, though
our result is meant to apply only at large ∆gap , in 4d N = 2 su(N ) SQCD in the large N
Veneziano limit, the tt∗ analysis of [92] shows that three-point functions of chiral primaries
do obey linearity to first non-trivial order in λ ≪ 1 (see eq. 4.20 therein).
4.1

Asymptotic linearity of planar non-BPS spectra

Eq. (4.3) has an implication for asymptotic scaling of non-BPS spectra of planar SCFTs.
Take φ to be a scalar component of an R-current supermultiplet, and take Op to be a
bottom component of a long supermultiplet, for which Cφpp is proportional to the R-charge
P
(i)
of Op . The unitarity bound for long supermultiplets states that ∆p > i bi Rp + b, where
the sum runs over the Dynkin indices of the R-symmetry irrep, for some constants b and {bi }
that depend on the spacetime dimension and number of supersymmetries. Suppose there
15

If Op is a (non-conserved) symmetric traceless tensor of spin-S, then Cφpp has S + 1 independent tensor
structures [57]. In the computation of [89] and the notation of [57, 89], the structure that dominates at
S
large λ is H23
. (See eqs. (4.36) and (4.55) of [89].)
16
One such case is if φ is the moment map operator B̂1 in a 4d N = 2 SCFT, and the Op are all in
the adjoint of the flavor symmetry GF . This happens holographically when the Op are all KK modes of a
D-dimensional GF vector multiplet, as mentioned in the previous subsection. We thank Ying Hsuan-Lin
and David Meltzer for discussions on this.
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• When φ is a light chiral primary and Op is a “short” string state. In particular,
Cφpp was computed with Op as a Konishi-like operator at the first massive level
(S = 0, J ∼ O(1), and ∆p ∼ λ1/4 ) in [91], and as a twist-2 massive Regge state
p
of nonzero spin (S ∼ O(1), J ∼ O(1) and ∆p ∼ 2(S − 2)λ1/4 ) in [89].15 All
results are linear in ∆p . Note that these heavy operators are unprotected and
have order one R-charge, so this result does not follow from symmetry, or KK
considerations, alone.
√
• When φ is a light operator and Op is a “semiclassical” state with ∆p ∼ λ.
This case is amenable to bulk worldsheet techniques [58, 88]. This includes
BMN operators [88], both chiral and non-chiral primaries with large charge
√
J ∼ λ; spinning strings in S 5 [88]; spinning strings in AdS5 [90]; and strings
with spin in both AdS5 and S 5 [90]. All results are linear in ∆p .

exists a family of such long multiplets Op of increasing charge, with fixed p-dependence of
(i)
(1)
Rp . For simplicity of presentation, let us turn on just a single index Rp ≡ Rp . At large
charge 1 ≪ Rp ≪ c#>0 , unitarity requires only that
∆p & bb1 Rp + . . . , with bb1 ≥ b1

(4.4)

5

On holographic hierarchies

This section is more speculative than, and somewhat detached from, the rest of the paper.
Building on insights from the 1-loop sum rule (2.21), our goal is to formulate a conjecture about the AdS/CFT landscape with large extra dimensions and to examine the
ingredients involved. A good starting point is the condition explored by [1, 95]:
Strong coupling + no R-symmetry ⇒ Local AdSd+1 dual
“Local AdSd+1 dual” means D = d + 1. The spirit of the conjecture is likely correct. Our
results allow us to hone this a bit.
First, it is important to specify what abstract notion of “strong coupling” is required.
A necessary condition for what is usually intended is large ∆gap [2], but often some sense of
“sparseness” of low-spin operators is left implicit. Our sum rule shows that large ∆gap and
sub-polynomial growth of the ℓ ≤ 2 single-trace density, ρST (∆), imply AdSd+1 locality.
This refinement is paramount: all fully controlled examples of holographic CFTs with large
∆gap also have large extra dimensions.
So, with large ∆gap as a proxy for strong coupling, the veracity of the AdS locality claim
boils down to whether “no R-symmetry” implies sub-polynomial single-trace degeneracy.
To that end, we note that there are many examples in which there is R-symmetry,
but the value of D > d + 1 is due not to the protected operators, but to the unprotected
ones. In other words, there is stronger polynomial growth of ρ ST (∆) than is required
by R-symmetry, or other accidental symmetries, alone. This is visible in the canonical
17

The large charge analysis of [94] found that in non-planar 3d N = 2 SCFTs with a one-complexdimensional moduli space, the conformal dimension of the lightest long supermultiplet with large R-charge
obeys asymptotic linearity, with calculable subleading corrections. That echoes what we have found for
planar SCFTs. We thank Clay Córdova for pointing this out. It would be interesting to classify the allowed
crossovers between the regime (4.3) and the regime c ≪ ∆p , and how this depends on the existence of
moduli.
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In particular, the scaling in Rp must be at least linear, with bounded coefficients in the
linear case. On the other hand, super -linear scaling would violate (4.3). Therefore, to
leading order in large p, (4.3) implies that the long operators Op must have dimensions
linear in the charge, with coefficient bb1 ≥ b1 .
This behavior is familiar in some planar CFTs, e.g. for BMN operators in N = 4
SYM which furnish [0J0] irreps of su(4)R and have ∆ ∼ J [93]. In the event that, in fact,
bb1 = b1 , the long operators are hitting the unitarity bound asymptotically. In this sense,
these non-BPS operators are becoming “asymptotically free” at large charge. Extrapolation
of linearity to infinite charge, however, is cut off by the central charge c.17

Holographic Hierarchy Conjecture (HHC):
Large ∆gap + no global symmetries ⇒ Local AdSd+1 dual
The HHC is quite similar to the conjecture of [1, 95]. The HHC is weaker in the sense that
it allows putative CFTs without R-symmetry, but with other global symmetries, to have
large extra dimensions; this includes the solutions of [106–108], which have no R-symmetry
and may plausibly survive a stability analysis. On the other hand, if SUSY-breaking
backgrounds at large volume turn out to be unstable [50, 51], then the HHC is essentially
identical to the conjecture of [1, 95] (upon replacing “strong coupling” by “large ∆gap ”).
Note that the HHC applies to sequences of CFTs with parametrically large ∆gap , not to
putative isolated CFTs with large but finite ∆gap and sporadic spectra. Ultimately, what
one is looking for is a physical condition on such sequences that guarantees sub-polynomial
growth of single-trace degeneracies; whether global or R-symmetry does so, or whether
symmetry and degeneracy are in fact independent concepts that happen to share a place
under the lamppost,19 is yet to be established.
18

T 1,1 has u(1)r × su(2) × su(2) isometry, so one might suspect that our arguments secretly imply D = 10
(10=5+2+2+1). But this is misleading. A more representative case familiar to holographers is that of
Lpqr , which possesses only u(1)3 isometry (5 + 3 6= 10) [100]. Infinite families of SE5 manifolds have just
the requisite u(1) Reeb vector [101], though their stability as type IIB backgrounds is not guaranteed.
19
For example, the existence of SUSY solutions with large extra dimensions and fluxes which break
all metric isometries besides a u(1)R may be reasonably viewed as typical representatives of large-volume
solutions. With respect to the HHC, the question then shifts to what becomes of such solutions when a
u(1)R is not present. We thank Ofer Aharony for his comments.
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constructions of AdS/CFT pairs with 4d N = 1 SUSY, the infinite class of quiver gauge
theories dual to AdS5 × SE5 , where SE5 is a Sasaki-Einstein manifold. These are FreundRubin solutions of type IIB supergravity, with LSE5 ∼ L. The bound (2.48) makes clear
that the existence of these critical string backgrounds is due not to the R-symmetry or
to its towers of (anti-)chiral primaries per se, but to the Weyl’s law scaling of unprotected
single-trace operators. The KK spectrum of SE5 = T 1,1 , dual to the conifold CFT [96],
was nicely studied in [97–99]. Towers of unprotected operators with finite irrational dimensions, despite the infinite coupling, are strikingly visible.18 Likewise for KK reduction
on AdS4 × M 111 [102].
A last minor point is that there are non-SUSY backgrounds with D > d + 1 that are
known to be at least perturbatively stable, including T p,p , M pqr and Qpqr for certain nonSUSY values of (p, q, r) [103–105]. They may, of course, be non-perturbatively unstable.
Given this, one might suggest that (local) isometry, not SUSY or R-symmetry, is the
key concept. As in the known examples like Lpqr , extra isometries play an important indirect role in determining D, by protecting long multiplets from infinite mass renormalization
at strong coupling. The many extra operators are conceivably stabilized by the presence
of isometry at the AdS scale. Additionally, in SUSY-breaking double-trace flows at large
N [106–108] isometries guard against certain types of perturbative and non-perturbative
instabilities, helping to furnish possible counterexamples to [50, 51]. Taking this idea seriously leads to the following version of the conjecture of [1, 95]:

The HHC has two corollaries which can be phrased purely in terms of CFT and gravity:
Corollary 1 (CFT): large ∆gap + no global symmetries ⇒ Sub-polynomial
growth of ρST (∆) for 1 ≪ ∆ ≪ ∆gap .
Corollary 2 (Gravity): in two-derivative gravity coupled to low-spin (ℓ ≤ 2)
matter, there are no stable AdS ×M solutions where M is a positively curved,
compact Einstein manifold without local isometries.

6

Future directions

An obvious challenge for string/M-theorists and holographers is to construct bona fide
vacua of small curvature. Even rigorous bounds on distributions of parametric hierarchies,
as opposed to explicit solutions, would be quite welcome. We have not pursued that here,
but we expect our 1-loop bootstrap perspective to be a useful tool in this endeavor.
As a starting point, can we at least identify certain candidate CFTs with large c and
large ∆gap that have D < 10? Strategically speaking, focusing on d + 1 < D < 10 seems
simpler than requiring a hierarchy for all extra dimensions. One suggestion is the class of
4d Lagrangian SCFTs studied in [112]. These are superconfomal gauge theories with a = c
to leading order in 1/N . Their analysis included models that, unlike the Veneziano limit
of N = 2 su(N ) SQCD which possesses a large number of fundamental fields Nf = 2N ,
achieve conformality with a finite number of non-fundamental fields. The presence of an
exactly marginal gauge coupling raises the question of whether, at strong coupling, any
of these theories has large ∆gap and D < 10. Entry (d) of the table on p.19 of [112] is
particularly appealing:21 it has N = 2 SUSY, and a − c ∼ O(1) instead of O(N ) (or, worse
20

This does not follow from the “Completeness Conjecture” or its modern avatar, “Conjecture 2”
of [52, 53]. These conjectures only require that, for some global symmetry G (suitably defined), the CFT
contains local operators which realize all finite-dimensional irreps of G; but the conformal dimensions of
these operators are not fixed, so they can be heavy. One might ponder some form of a “Superconformal
Completeness Conjecture” — that there exist local operators which realize all finite-dimensional irreps of
superconformal symmetry. But even accounting for the continuum of ∆ allowed in long multiplets, the most
literal form of this is incorrect, as many protected conformal multiplets are not realized in actual SCFTs.
Perhaps the idea can be salvaged under certain conditions.
21
This is the theory in the fifth bullet point of section 3.5.5 of [113].
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Corollary 1 follows from the HHC and our sum rule for dDisc(A1−loop ), as discussed above.
Corollary 2 follows from the HHC and the Freund-Rubin solution of (super)gravity. Intriguingly, Corollary 2 benefits from circumstantial evidence from differential geometry
(e.g. [109–111]): positively curved, compact Einstein manifolds M with dim(M) > 3 and
no local isometries are not known to exist! If they do exist, the conjecture is that they are
unstable solutions of the D-dimensional theory.
Does the arrow run the other way? Even for R-symmetries, we know of no solid
argument that there must be infinite towers of operators that populate the BPS charge
lattice, and hence that R-symmetries must be geometrized at the AdS scale.20 This is a
compelling open question.
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A
A.1

Supplementary details at 1-loop
Cφφ[OO]n,ℓ at large ∆gap

Our goal is to show that (2.23) holds. This can be extracted from the four-point function
hφφOOi at O(1/c) in the s-channel, φφ → OO, which contains [OO]n,ℓ exchange:
r
X
∆ +∆
(0)
− φ2 O
hφ(0)φ(z, z̄)O(1)O(∞)i ⊃ (z z̄)
Cφφ[OO]n,ℓ a[OO]n,ℓ G[OO]n,ℓ (z, z̄)
(A.1)
n,ℓ

(0)

where a[OO]n,ℓ is the squared OPE coefficient of the MFT for O. Universality at large ∆gap
q
(0)
in the 1/c expansion implies that the n ≫ 1 scaling of Cφφ[OO]n,ℓ a[OO]n,ℓ is the same as
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yet, O(N 2 ), as in the Veneziano limit). The latter property suggests a closed-string dual.
Thus, we have a possible candidate for a large N CFT with N = 2 SUSY, large ∆gap , and
a D < 10 closed-string dual. It would be interesting to look into this more closely; a good
starting point would be to study the BPS spectrum of this and other related models.
Going beyond probing only large extra dimensions would obviously be worthwhile. Our
formula already contains some hints of small extra dimensions. The function f 1−loop (ℓ)
in (2.21) contains the angular structure of the D-dimensional S-matrix. This indirectly
encodes the structure of small internal dimensions in the bulk (if any), because the Smatrix depends on the internal manifold on which string/M-theory is compactified. For
instance, loop-level amplitudes of type IIB strings compactified on K3 vs. T 4 will depend
on the number of 6d tensor multiplets. What can bootstrap techniques say about what
type of functions f 1−loop (ℓ) are allowed to appear?
Finally, having found a dictionary for determining D from planar OPE data, we only
scratched the surface of actually bootstrapping the landscape. We have not, for instance,
addressed the question of whether, in the presence of R-symmetry, infinite towers of light
BPS operators are required for UV consistency.

(1)

(0)

that of a[OO]n,ℓ , the O(1/c) correction to a[OO]n,ℓ . This obeys
1
(0)
(1)
(0)
(1)
(1)
a[OO]n,ℓ = ∂n (a[OO]n,ℓ γ[OO]n,ℓ ) + a[OO]n,ℓ â[OO]n,ℓ
2

(A.2)

where, as argued in [24],
(1)

â[OO]n,ℓ

n≫1

∼ n−2τ∗

(A.3)

where τ∗ is the twist of the lowest-twist operator in the O × O OPE. Hence â[OO]n,ℓ
(0)

(1)

(0)

(1)

A.2

Computing hγn,ℓ (p)i

Consider a CFT with a protected single trace scalar operator φ together with a tower of
protected scalar operators Op , such that ∆p = ∆φ +Z>0 . Let us take for definiteness ∆φ = 2
and ∆p = p > 2. In this case, to order 1/c, the following double-trace operators mix:
[φφ]n , [O3 O3 ]n−1 , · · · , [On+2 On+2 ]0

(A.4)

where we have suppressed the spin index. The conformal partial wave decomposition at
(approximate) twist 2∆φ + 2n will then have a sum over n + 1 species. The mixing problem
can be solved by considering the correlators hφφφφi, · · · hφφOn+2 On+2 i (see e.g. [37, 38]).
It can be shown that the average squared anomalous dimensions appearing in the 1-loop
correlator hφφφφi are given by
n+2
X (1)
(1) 2
hγn,ℓ (p)i2
h γn,ℓ i =

(A.5)

p=2

(1)

where hγn,ℓ (p)i is the average anomalous dimension arising from the correlator hφφOp Op i.
(1)

Our strategy to compute hγn,ℓ (p)i is as follows. Consider the correlator hφφOp Op i. In the
t-channel the operator Op itself is exchanged: φ × Op → Op → φ × Op . This leads to the
following contribution:
2
Aφφpp (z, z̄) ⊃ Cφpp

(z z̄)∆φ
g∆p (1 − z̄, 1 − z)
((1 − z)(1 − z̄))∆φ /2

(A.6)

where the conformal block g∆p (1 − z̄, 1 − z) has been defined such that the small 1 − z̄
dependence is explicitly shown and Cφpp is the OPE coefficient hφOp Op i. This contribution
produces a singularity/double discontinuity around z̄ = 1, which for the case ∆φ = 2 is a
single pole. The residue of this single pole contains a piece proportional to log z which is
independent of the number of spacetime dimensions,
p

1
z
2
Aφφpp (z, z̄) ⊃ Cφpp
(1 − p)
log z + · · ·
(A.7)
1 − z̄
z−1
where we are disregarding pieces not proportional to log z and which do not contribute to
the double-discontinuity. This singularity can only be reproduced by the correct anomalous
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is negligible. Since a[OO]n,ℓ ∼ 4−2n ×(power law), we have a[OO]n,ℓ ∼ a[OO]n,ℓ γ[OO]n,ℓ at
n ≫ 1. (2.23) follows.

dimensions for double-trace operators propagating in the s-channel, with twist 2p + 2m,
with m = 0, 1, 2, · · · . This anomalous dimension can be computed either by large spin
perturbation theory or by the Lorentzian inversion formula. For fixed m the computation
can be done in general dimensions, but we were able to find a closed expression only for
d = 2, 4. The final expressions are quite cumbersome, but they simplify in the large n, p
limit with p/n = x fixed, where 2p + 2m ≈ 4 + 2n is the twist. In this limit we obtain
(1)

hγn,ℓ (p)i2

n∼p≫1

4
≈ 4Cφpp

d=4

(A.8)
(A.9)

where Cφpp is evaluated at p ≫ 1. Note that the scaling with n is enhanced for the
particular limit we are considering, with p ∼ n, compared to the usual bulk-point limit
(1)
n ≫ 1 with p fixed. For instance, for finite p and in d = 4, one has γn≫1,ℓ ∼ 1/n [24].
It is also possible to perform the computation in d = 6, since in this case the conformal
blocks are also known. Since ∆φ = 2 is an integer dimension below the unitarity bound for
d = 6, the result is actually divergent as ∆φ → 2, but this divergence does not affect the
(1)

n scaling. It can be checked that hγn,ℓ (p)i2

n∼p≫1

4 n6 for d = 6. The above results
≈ Cφpp

for d = 2, 4, 6 suggest the following scaling for general d:
(1)

hγn,ℓ (p)i2

n∼p≫1

4
≈ Cφpp

p≫1

n2d−6 .

(A.10)

This is the result quoted in the body of the paper.

B

OPE universality: further comments and computations

B.1

Linearity of Cφpp from the worldsheet

The goal is to try to prove (4.3) from a bulk worldsheet computation.22 Here we give a
suggestive argument. We assume a D-dimensional AdS×M solution of string theory dual
to a large c, large ∆gap CFT. Consistent with the Holographic Hierarchy Conjecture of
section 5, we assume that M has local isometries. On the worldsheet lives a conformal
sigma model, σAdS×M , with coupling 1/∆gap . (We are treating ∆gap as ∼ λ1/4 .) We label
the vertex operators dual to φ and Op as
VL ↔ φ ,

V H ↔ Op

(B.1)

We sometimes use the shorthand L, H. The boundary dimension of Op is ∆H , which we
take to be in the range 1 ≪ ∆H ≪ c#>0 .
At leading non-trivial order in large c and large ∆gap , the AdS and M sigma models
factorize, i.e. “σAdS×M = σAdS × σM ”: in particular, vertex operator dimensions obey
∆V = ∆AdS
+ ∆M
V
V
22

We thank Shota Komatsu for helpful conversations.
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n∼p≫1

(1)

hγn,ℓ (p)i2

(1 − x)ℓ+1
,
(1 + ℓ)2 (1 + x)ℓ+1
x2 (1 − x)ℓ
,
d=2
n2 (1 + x)ℓ

4
≈ Cφpp
n2 x4

and likewise, OPE coefficients factorize as
AdS
M
CHHL = CHHL
CHHL

(B.3)

We define these to be norm-invariant,
CHHL ≡

hVH VH VL i
p
hVH VH i hVL VL i

(B.4)

Both VL and VH have total worldsheet dimension two,

(B.5)

Given an explicit ansatz for VL and VH in terms of worldsheet elementary fields, this in
principle fixes the dimension of the boundary operator in the CFT [114].23
Now, we take ∆M
H , the dimension of VH on σM , to be proportional to ∆H , i.e.
∆M
H ∼ ∆H ≫ 1 .
This will be the case for heavy operators, namely, those with large classical dimension on
M, or with boundary dimension ∆ ≫ ∆gap and hence large 1-loop dimension on M.24
M
Then the OPE coefficient CHHL
is a heavy-heavy-light (HHL) three-point function in a
2d CFT at finite worldsheet central charge c. In 2d CFT, HHL leading asymptotics are
fixed by modular covariance of torus one-point functions [81]. The original result of [81]
applied to operators uncharged under any global symmetry, but was subsequently extended
to include an affine u(1)k × u(1)k current algebra [83], whereby torus one-point functions
become weak Jacobi forms. σM has local currents due to the local isometries of M. Taking
OL to be uncharged and OH to be charged under an affine u(1)k × u(1)k subalgebra, then
for ∆H ≫ 1, the leading-order result is, up to an overall constant independent of heavy
parameters,
!!
r
r
p

2πi
12
4c
∆ /2
e− k (qχ Q−q̄χ Q̄)
∆χ − ∆min
CHHL ∝ Cχ† χL ∆HL exp −π
∆H 1 − 1 −
χ
3
c
(B.6)
χ is defined to be the lightest charged operator with Cχ† χL 6= 0, and the unitarity bound is
∆O ≥ ∆min
O ≡

2 + q̄ 2
qO
O
2k

(B.7)

This is the OPE coefficient for an “average” individual heavy operator of dimension ∆H ,
which is what we want here. In writing the result of [83] this way, we take OH to be well
above the unitarity bound, ∆H − ∆min
H ∝ ∆H . We draw attention to the power-law factor.
23

See [115] and references thereto for concrete implementation of this idea. It has been demonstrated to
work for certain classes of operators, but more generally its status is somewhat unclear.
24
Since there is no general prescription for constructing explicit vertex operators on arbitrary σM (nor
even on σAdS5 ×S 5 ), we cannot be more explicit. In N = 4 SYM, chiral operators or short string states with
5

∆ ∼√
λ1/4 do not map to worldsheet vertex operators VH with ∆S
H ≫ 1. But semiclassical states, with
∆ ∼ λ ∼ ∆2gap , do.
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∆AdS
+ ∆M
i
i = 2 , where i = L, H .

Now we want to apply this to σM . In the large-volume limit of large ∆gap , σM is
noncompact, with a mass gap m ∼ 1/∆gap . The formula (B.6) makes sense in a noncompact
CFT because the density of states is weighted by the three-point functions Cχ† χL , which
are nonzero by definition. In a noncompact CFT where, moreover, the charged continuum
starts at the unitarity bound, (B.6) reduces to (again dropping overall constants)
∆ /2

CHHL ∼ Cχ†

min χmin L

∆H L

(B.8)

Assuming this is the case for σM in the free limit, we arrive at
,

(B.9)

which is valid to leading order in 1/∆gap .
In order to to get the full result, we must combine this with the AdS side. Upon
imposing marginality, ∆AdS
is large and negative. This reflects the negative curvature of
H
σAdS . In the same spirit as other settings in which scaling dimensions are computed in
σAdSd+1 by analytic continuation from σS d+1 [114], we will treat (B.9) as valid in σAdS .
Then by marginality, the total OPE coefficient is
M /2

CHHL ∼ (∆H )∆L

M /2

∼ (−1)1−∆L

M /2

(2 − ∆H )1−∆L
∆H .

(B.10)

To summarize: for charged vertex operators VH with large worldsheet dimension ∆M
H ∼
∆H , dual to heavy boundary operators OH , the OPE coefficient CHHL is linear. The
result made some assumptions about the structure of the worldsheet theory, and has an
undesirable phase factor for generic ∆M
L , so its validity may be limited. It would be nice
to find a classical worldsheet proof of this statement using sigma model methods or the
techniques of [58, 88, 116].
B.2

Chiral algebra corollary

By way of [63, 117], (4.3) implies the following property of structure constants of 2d chiral
algebras:
Chiral algebra corollary: consider a sequence of vertex operator algebras
(VOAs) associated (in the sense of [63, 117]) with a sequence of SCFTs admitting a large c, large ∆gap limit. Suppose the VOA contains strong generators of
holomorphic weights h and H, where
h ∼ O(1) ,

1 ≪ H ≪ |c2d |#>0 .

(B.11)

where c2d is the VOA central charge. Then the normalized “planar” structure
constant fhHH has linear asymptotics,
fhHH
for some function f (h).

H≫1

H
∼p
f (h) .
|c2d |
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M /2

M
CHHL
∼ (∆H )∆L

B.3

On a Sublattice Weak Gravity Conjecture for CFT

Our results give us some perspective on an AdS/CFT version of the Weak Gravity Conjecture (WGC) [121], in particular the Sublattice Weak Gravity Conjecture (sLWGC) [122].
The sLWGC states that in any gauge theory coupled to gravity, a finite index sublattice
of the full charge lattice should contain a superextremal particle, where extremality is
defined by the charge-to-mass ratio of an extremal black hole carrying the relevant charge.
The sLWGC has, to our knowledge, survived all tests in flat space theories of gravity.
Following earlier work [123], a translation of the usual WGC bound to AdS5 , with mass
simply replaced by ∆, was checked for N = 4 SYM at strong coupling in [122], which was
shown to satisfy the sLWGC. That inequality is


qO 2
cJ
,
(B.13)
≥
∆O
12cT
where cJ ∼ hJ|Ji is the “current central charge”, cT ∼ hT |T i is the ordinary central charge,
and qO is a u(1) charge.
Let us add some comments to this. In order to ponder a CFT version of the WGC at
all, one should restrict attention to families of CFTs with limits of large c and large ∆gap ,
since WGC arguments apply when the gravitational theory contains an Einstein subsector
at low-energy. In such CFTs, cJ ∼ cT (up to constants), so the ratio is parametrically
bounded simply by a constant. There is no widely accepted generalization of the WGC
or sLWGC to AdS quantum gravity which includes O(1) constants in the charge-to-mass
bound and applies to every case.26 To make a connection to extra dimensions, we need
25

An interesting and peculiar class of theories for which this is true is the (A1 , A2n ) Argyres-Douglas
series, whose associated VOA is the Virasoro algebra of the (2, 2n + 3) minimal model [118]. At n → ∞,
one has a = c = n2 . Since a = c is a necessary but not sufficient condition for large ∆gap , one needs
more refined information about the single-trace spectrum, which is lacking at present. The linearity of the
central charge in the rank of the gauge group evokes vector model constructions [119, 120] which contain
light higher-spin operators. It would be worth identifying the gravity dual of these theories in the n → ∞
limit. We thank Leonardo Rastelli for bringing this example to our attention.
26
In [124, 125], there is evidence that cosmic censorship suggests the correctness of the literal translation
of certain non-lattice forms of WGC to AdS4 , though this suggestion is weaker in the presence of dilatonic
scalar couplings to Maxwell fields.
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Following the nomenclature of [118], a strong generator cannot be written as a composite
of other generators. We have written the conjecture in terms of |c2d | to allow for negative
central charges (e.g. in the 4d–2d map, c2d = −12c4d [63]).
This statement was motivated by holographic considerations in CFTd , but should
ultimately be viewed as a purely 2d property of certain VOAs. We would like to view
this as a definite criterion for determining which VOAs may possibly capture protected
operator data of SCFTs with large c, large ∆gap limits, for which such a classification is
not yet established even at large c (much less at finite c). For example, while VOA data
does not depend on marginal couplings, it is not generally clear whether a large c limit of
a sequence of SCFTs also has large ∆gap .25 Therefore, checking whether (B.12) is satisfied
in an infinitely-strongly-generated VOA with |c2d | → ∞ may be a useful practical tool for
addressing that question, by suggesting that it should be associated to an SCFT.

only study asymptotic versions of the WGC or sLWGC. Thus, we consider the following
parametric formulation:
Parametric sLWGC :

C2 (Rp )
∆2p

p≫1

& constant > 0

(B.14)

What is the connection between (B.14) and extra dimensions? First, in any AdS×M
compactification where LM ∼ L, (B.14) will be satisfied for the symmetries dual to local
isometries of M. This is true on account of the asymptotic proportionality C2 (Rp ) ∝ ∆p
for KK modes Op , as discussed around (3.3). We would like to understand this from the
CFT side. But this follows precisely from linearity of Cφpp at ∆p ≫ 1 in cases where
Cφpp can be identified with charge, e.g. when φ lives in a supermultiplet of a u(1) current.
In such cases, qp /∆p approaches a constant asymptotically. This proves the parametric
sLWGC for all SCFTs with current multiplets containing scalars, and infinite towers of
operators of increasing charge.
On the other hand, even this coarse version of the sLWGC is not always satisfied. First,
putative CFTs with local AdSd+1 duals may not satisfy (B.14) because they lack light
charge-carrying operators. Another exception is a CFT with baryonic symmetry u(1)b2 (M)
arising from topological cycles of manifolds M with second Betti number b2 (M): this
symmetry also has no light charge carriers, since ∆baryon scales as N , the rank of the gauge
group.27 Finally, an exception that does include light charge-carriers is when the tower Op
doesn’t have charge growing with p. This occurs for some flavor symmetries in SCFTs, for
which the half-BPS superconformal primaries Op are in the adjoint for all p, as discussed
earlier. The discussion in [127] is consistent with these comments.
B.4

Linearity of chiral primary three-point functions in D1-D5 CFT

We follow [86]. They compute three-point functions of chiral primary operators in the
N = 4 symmetric orbifolds SymN (M ) at large N , where M is T 4 or K3. The operators
are gauge-invariant chiral twist fields On1n ,1̄n , where
(hn , h̄n ) =



n + 1n n + 1̄n
,
2
2



, 1n , 1̄n = ± .

(B.15)

For details, see [86] and [128].
27

In making this statement, we are understanding the sLWGC as applicable to single-trace towers only,
whereas baryonic operators are dual to determinant-type operators (and can undergo multi-trace mixing).
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where C2 (Rp ) is the quadratic Casimir of an irrep Rp of some global symmetry, furnished
by a local operator Op . C2 (Rp ) becomes large along any direction in the Cartan. This is
an sLWGC because the condition is being satisfied asymptotically. It is a coarse condition,
not only by way of being parametric, but also because in the presence of multiple u(1)’s it
is weaker than the convex hull condition [126].

At leading order in large N ∼ c, the general normalized three-point coefficient for these
operators is28

2
√
q+1q
n+1n
m+1m
mnq
1n ;1m ;1q 2
1n 1̄n ;1m 1̄m ;1q 1̄q
2
2
2

  (B.16)
× |Ĉnmq
| ×  q−m+1+1
= √
Cnmq
q+1+1
m+1
n
n +1m
m
N
−
2
2
2
1 ;1 ;1q

n m
where Ĉnmq

1 ;1 ;1q

n m
Ĉnmq

(B.17)

with
1
Σ = (n + m + q + 1n + 1m + 1q ) + 1
2
αn = Σ − 1n − 1 ,

(B.18)

and the factor in parenthesis in (B.16) is an su(2) 3j symbol. | · |2 denotes multiplication of
holomorphic and anti-holomorphic pieces, where, in particular, 1n and 1̄n may be chosen
independently. We want to take m = q large for fixed n. When m = q the 3j symbol29
vanishes unless 1n = −1, and takes the form
!
q+1q
n−1 q+1q
Γ(q + 1q + 1)
2
2
2  =q
(B.19)
q+1q
q+1q


−
0
2
2
Γ q + 1 + 3−n Γ q + 1 + 3+n
q

At q ≫ 1,

Γ(q + 1q + 1)
q

Γ q + 1q +
Γ q + 1q + 3−n
2

The reduced OPE coefficient scales as
−1;1 ;1
Ĉnqq q q

Putting it all together,

q≫1


3+n
2

2

q≫1

q≫1

2

1
= √ + O(q −3/2 )
q


Γ 1+n
√
2
q + O(q −1/2 )
=p
Γ(1 + n)

1n 1̄n ;1m 1̄m ;1q 1̄q
Cnqq

q

2
q Γ 1+n
2
∼√ √
N n Γ(n)

(B.20)

(B.21)

(B.22)

This linearity in q is consistent with our claim, because this OPE coefficient is not renormalized along moduli space.
Compared to the result of [128] where they perform the computation for N free bosons
without SUSY, the OPE data given above is much simpler. However, one can analyze the
bosonic result as above, and we find linearity again. The computation is significantly more
involved. The bosonic result has no clear relation to our conjecture, which requires large
∆gap and hence an interpolation in moduli space from an orbifold point, but it would be
worthwhile to understand this better.
28

See eqs. 6.39-6.41 and 6.47 of [86]. We determined the 3j symbol by charge conservation. Specific
examples are given in [86].
29
The 3j symbols are easily computed using the Mathematica command ThreeJSymbol.
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is the “reduced” OPE coefficient,
1/2

Σ!αn !αm !αq !
(1n + n + 1m + m + 1q + q)2
=
4mnq
(n + 1n )!(m + 1m )!(q + 1q )!
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