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We explore the large spin spectrum in two-dimensional conformal field theories with a finite twist
gap, using the modular bootstrap in the light-cone limit. By recursively solving the modular crossing
equations associated with different PSL(2,Z) elements, we identify the universal contribution to the
density of large spin states from the vacuum in the dual channel. Our result takes the form of a sum
over PSL(2,7) elements, whose leading term generalizes the usual Cardy formula to a wider regime.
Rather curiously, the contribution to the density of states from the vacuum becomes negative in a
specific limit, which can be canceled by that from a nonvacuum Virasoro primary whose twist is no
bigger than %. This suggests a new upper bound of % on the twist gap in any ¢ > 1 compact, unitary
conformal field theory with a vacuum, which would in particular imply that pure AdS; gravity does not
exist. We confirm this negative density of states in the pure gravity partition function by Maloney,
Witten, and Keller. We generalize our discussion to theories with A" = (1, 1) supersymmetry and find

similar results.
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I. INTRODUCTION

Despite progress in the classification program of rational
conformal field theories, we have shockingly little under-
standing of the general landscape of two-dimensional (2D)
conformal field theories (CFTs). For example, there is no
explicit construction of any 2D compact, unitary CFT with
central charge ¢ > 1 and no Virasoro conserved currents of
any spin [1]. Such CFTs are expected to be generic, and our
ignorance of them clearly shows the limitation in our
understanding.

To go beyond the realm of rational CFTs, we will
consider CFTs with a finite twist gap. The twist of an
operator is defined as A — | j| = 2 min(h, k). Theories with
conserved currents, such as rational CFTs, necessarily have
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a vanishing twist gap.1 For this reason we will think of the
twist gap as a measure on how irrational a CFT is.

In this paper, we will address the following two general
questions for CFTs with a finite twist gap:

(1) Is there a universal Cardy-like growth for the large

spin states?

(2) At a fixed central charge ¢, how large can the twist

gap be?
These two questions are tied together by modular invari-
ance of the torus partition function.

We start with the first question. We generalize Cardy’s
argument for the asymptotic growth of states with large
scaling dimensions [2]. More specifically, we analytically
continue the torus moduli z, 7 to two independent complex
variables, and consider the limit Im(z) — 0 while keeping 7
fixed. This is similar to the light-cone limit studied in the
conformal bootstrap of four-point functions [3,4], but now
applied to the modular bootstrap program [5]. By solving
the modular crossing equations in the light-cone limit with
arbitrary rational real parts of z, %,2 we recursively identify

A priori, there could be theories without conserved currents,
but with an accumulation of operators toward vanishing twist,
and therefore have zero twist gap.

*These are the PSL(2,Z) images of the cusp at 7 = ico.
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the universal contribution from the Virasoro vacuum multi-
plet to the density of large spin states forany ¢ > 1 CFT with
a finite twist gap. Our formula generalizes the usual Cardy
formula from the regime h,h >> ¢ to h>> ¢ but with h —
S 4 > ( finite. The universal dens1ty of states takes the form
of a sum over PSL(2, Z) images,’ * whose leading term is the
extended Cardy formula discussed recently in [6-8]. The
density of states depends on the number-theoretic properties
of the spin j = h — h and is in particular nonanalytic in j.

Now we turn to the second question. Rather curiously,
our density of states from the vacuum contribution becomes
negative in the double limit where j — oo and /1 — 24 - 0.
Such negative density of states of course should not be
present in a physical, unitary CFT. This negativity can be
canceled by the contribution from a nonvacuum primary
operator of twist A — |j| at or below 52! in the dual channel.
We are therefore led to the following tentative conclusion:
any compact, unitary CFT with a PSL(Z C) invariant
vacuum must have a twist gap of at most 5¢- L Our argument
is not yet rigorous, and we will discuss the gaps to complete
the proof. If true, our result improves the earlier <5 l bound
on the twist gap by Hartman and (1.4

Via the holographic correspondence [9], our result has
interesting implications on pure Finstein gravity as a
quantum gravity theory in AdS;. In the strictest sense,
pure AdS; gravity is dual to a 2D large c, unitary CFT
where all nonvacuum Virasoro primary operators have
h.h> “2;41 and are interpreted as Bafiados-Teitelboim-
Zanelli (BTZ) black holes. The new twist gap bound %
suggested by our argument would imply that pure AdS,
gravity does not exist.” Indeed, we will check explicitly that
the pure gravity partition function computed by Maloney-
Witten-Keller [12,13] agrees with our formula in the
specific double limit mentioned above. The sum over the
PSL(2,Z) elements in our formula is identified as a sum
over geometries in AdS;.°In particular, we confirm that the
pure gravity partition function has an identical negative
density of states in this limit. This gives another interpre-
tation of our result: while the pure gravity partition function

*More precisely, this is a sum over the coset PSL(2,Z)/Ts
where 'y, is the subgroup generated by 7:7z — 7+ 1 that
stabilizes the cusp at 7 = ico.

In [1] this argument was credited to Tom Hartman.

Recently, the closest theory to pure gravity in AdS,, the
Jackiw-Teitelboim theory, has been shown to be dual to a random
matrix model, rather than a single quantum system with a definite
Hamiltonian [10]. Furthermore, a pure AdS gravity theory, if it
exists, would have been a counterexample to the swampland
conjecture in [11]. The current paper provides another piece of
evidence that pure gravity in AdS; might not be dual to a single
unitary 2D CFT.

A similar sum over PSL(2,Z) images was originally inter-
preted as a sum over gravitational saddle points in [14] for elliptic
genera. Each term in the PSL(2,Z) sum corresponds to a
different AdS; geometry discussed in [15].

of [12,13] is unphysical in various ways, it approximates
the universal density of large spin states dictated by the
vacuum state in the dual channel of the modular crossing
equation. In other words, the pure gravity partition function
of Maloney-Witten-Keller is the analog of double-twist
operators in d > 2 [3,4], or of “Virasoro mean field theory”
in 2D [7] for the modular bootstrap (see also [16]).

The paper is organized as follows. In Sec. II we review
the argument by Hartman and [1] for the € —' bound on the
twist gap. In Sec. III, the extended Cardy formula for the
density of large spin states is reviewed. In Sec. IV, we
generalize the extended Cardy formula to include sublead-
ing corrections by solving recursively the crossing equa-
tions associated with general elements of PSL(2,Z).
In Sec. V, the implications of this universal density of
large spin states are discussed, which suggest that the twist
gap in any compact, unitary ¢ > 1 CFT can be at most %
Section VI discusses the interpretation of our result in
relation to the pure AdS; gravity partition function. In
Sec. VII, we discuss the A = (1,1) supersymmetric
generalization. The Appendixes A and B describe some
technical steps needed in solving the crossing equations.
Appendix C discusses some subtleties present when there is
an accumulation of operators in twist. In Appendix D, we
record the modular crossing kernels for more general
elements of PSL(2, 7).

II. WARM-UP: THE % TWIST GAP

In this section we review an argument by Hartman and
[1] showing that the twist gap in any compact unitary 2D
CFT has to be no larger than <! This argument has been
generalized from the Virasoro algebra to the W) algebra
in [17].

Consider the partition function Z(g, g) of a2D CFTon a
torus with complex structure moduli ¢ = exp(2zit),
g = exp(—2xi7). We will analytically continue so that 7
and 7 are two independent complex variables. Let us
parametrize the torus moduli as

_ P __ P
T=10i—, T=—i—

2.1
27’ 27’ (2.1)

and take S, f to be independent positive numbers. The
physical interpretation of this analytic continuation of z, 7
to two independent imaginary values is the following.
The torus partition function can be interpreted as the
twist-field four-point function in the symmetric product
of two identical copies of the original CFT. Then taking z, 7
independently to be purely imaginary corresponds to the
Lorentzian regime of the twist-field four-point function.
Later we will take # — 0 while keeping /8 fixed, which is
the light-cone limit from the twist-field four-point function
point of view. We have

(=h).

g=exp(-f), g=exp (2.2)
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Their modular S transforms will be denoted with a prime:

ol ) o)

The torus partition function can be expanded in Virasoro
characters. For a 2D unitary CFT with ¢ > 1, the possible
modules of the Virasoro algebra are the degenerate module,
i.e., the vacuum module # = 0, and a continuous family of
nondegenerate modules labeled by a positive conformal
weight 4 > 0. Their Virasoro characters are given by

(2.3)

| h—c=l
q q' =
( ) h>0( ) n(q)

Combining the left with the right, there are three kinds of
Virasoro primaries:

(2.4)

(vacuum)  xo(q)x0(q),
(conserved current)  xo(q)x7-0(7).  Xn=0(2)x0(7).
(nondegenerate)  x-0(9)x5-0(q)- (2.5)

Consider an operator with conformal weights (/, /). The
scaling dimension A and the spin j are defined as
j=h—h. (2.6)

The twist of an operator is defined as A —
denote half of the twist as

|j|, and we will

- A—|j
t = min(h, h) :J.

. (2.7)

We would like to study 2D CFTs with the finite twist gap
2tgyp > 0. In particular, this implies that there is no
conserved current in the theory. Under the finite twist
gap assumption, the torus partition function can be
expanded as

Z(q.3) = x0(2)x0(q) + Z niXn(@)2(7)
Rty
/ dip()xn(@)73(7), (2.8)

where n;, ; € N is the number of Virasoro primaries with

conformal weights (/,h). In the second line we have
introduced the density of Virasoro primaries p; (), defined
as a discrete sum over delta functions:

> st -to).

O with spin j

pi(t) = (2.9)

where the sum is over the Virasoro primaries in the spe-
ctrum with spin j, and tp refers to min (hp, hp). In what

follows we will refer to p;(¢) as the “density of states” even
though it is really the density of Virasoro primaries.

Using modular invariance Z(q,g) = Z(¢',g’), we can
rewrite the partition function in the dual channel:

=> / dt'p; (V) (4w (@)

jez
exp(‘%’ L241) |: >
_7 1—e /Py (g
D) ( xo(@')
/ dtpy(0)e "y (@) | (2.10)
jGZ

Up to this point all the equations are exact with no
approximation. We now equate (2.8) with (2.10) and take
the f — O limit:

vac + Z / d[p] _ﬂ 74 B(i'_%>
Lgap

JEZ

477,'2 dndeol drle-l (1 47[2)(1 4;r2) (2 11)
— | —eF B 24{ —e 7 —e i +...], .
\ 5B

where vac =(1-¢)(1-§)g5q 5.

n(q') = \/% (9)- The - --

vacuum operators in the cross channel. As we take f — 0
(but keep / finite), the divergence on the right-hand side
(RHS) has to be reproduced by an infinite number of states
on the left-hand side (LHS).

Let us further simplify the LHS of (2.11) in the f — 0
limit. First we can drop the vacuum term since any
individual term does not give a divergence as f — O.
We then write the LHS as

We have used

are contributions from the non-

Ze—ﬁf/ dhp;(h )exp{ (ﬁ+[})(i’_02_41ﬂ

E“P

N Z eﬂf/ dhp; h)eXP[ (ﬁ+ﬁ)<h_71)}

Jj=—c0

(2.12)

Note that t = 2 if j >0 and t = h if j < 0. In the f# = 0
limit (while keeping f finite), the second term is finite,
which can thus be ignored. Moreover, we can replace 8 +
in the first term by $ in this limit. Hence, Eq. (2.11) in the
f — 0 limit becomes

066029-3
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Ze—ﬂf / dhp;(R) exp [—ﬁ (’5 - cz:xlﬂ

gap

= 2R - (1 - )

VP
+ O,

(2.13)

gap CANNOL be
c—1

larger than <5 1 . Let us assume otherwise, i.e., 27y, > 55
We multlply both sides by ¢?lss=5)_ Then the LHS has a
negative 8 derivative, but the 8 derivative of the RHS will
eventually be positive for large enough f (while still
keeping < 1/p) due to the exponential growth of the
factor ¢’'er=37). We therefore arrive at a contradiction.

Using (2.13), we now prove the twist gap 2¢

ITII. EXTENDED CARDY FORMULA

In this section, we will review the derivation in [6—8] of
the universal spectrum of large spin Virasoro primaries for
all ¢ > 1 2D CFTs with nonzero twist gap, i.e., ZIgap > 0.
We will argue that the physical density of states p; i(h) in the
large spin j > c limit is universally approximated by

A/ ) (5D

- c—1
P - 9(’?‘7)
(h+j=5)(h=5h

c—1 - c—1
X | cosh 47r\/< 24><h— 24)

(3.1)

We use the superscript 0 to remind the reader that, much as
the usual Cardy formula, p?’l (¢) is a continuous function of
the twist 2¢ that at large spin approximates the physical
density of states p;(¢), which is a sum of delta functions.
The meaning of the subscript 1, on the other hand, will
become clear in Sec. IV. Here 6(x) is the Heaviside step
function that equals 1 if x > 0 and 0 otherwise Note that
the twist gap for thls solution is 274, 1 In the limit
j > c with h > ¢ St 4 , this can be wr1tten more compactly as

P01 (R) = Ks(h + ))Ks(h), (3.2)

where Kg(h) is the modular kernel for the S transforma-
tion [18]

_ 2 c—1 - c—1
Kg(h) = /= h( 4 h—
s(h) =t ”\/( 24 >< 24 )
c—25 - c—1
_cosh | 4 _
€08 ”\/( 24 ><h 24>

The asymptotic growth (3.1) generalizes the usual Cardy
formula [2], which holds without assuming 27y, > 0,
beyond its regime of applicability #,h > c. In the h > ¢

limit of (3.1), pj l( ) reduces to the usual Cardy formula,

(3.3)

1
2/ (=5 (h -5
e4n\/(”2—;—‘)ﬁ+4n\/@;47)ﬁ’

hh>c. (3.4)
For this reason, we will refer to (3.1) as the extended Cardy
formula.

Before we verify that (3.1) is a solution to our crossing
equation (2.13), we first discuss the defining property of the
modular kernel Kg(h). It relates the vacuum Virasoro
character in one channel to the nondegenerate Virasoro
characters in the crossed channel,

00(@) = [ diKs(R)), (3.5)
or equivalently
22c—1 2 B3 (S S — - = 1
SR =) = L [T dhk (e (3.6)
1

and similarly for the holomorphic (left-moving) characters.
This equation will be crucial for our crossing solution.
The argument leading to the extended Cardy for-
mula (3.1) is similar to the original argument by Cardy,
but now in the light-cone limit where # — 0 while f is held
fixed. This leads to the crossing equation (2.13), where the
divergence on the RHS needs to be reproduced by a certain
asymptotic growth of states with large spin. Below we
show that (3.1) is indeed a solution to the crossing equation.
Plugging in the solution (3.1) into (2.13), the LHS becomes

z b / dhKs(h + j)Ks(h) exp [—B(ﬁ - c2—41ﬂ .

(3.7)

In Appendix A, we show that in the small f limit, the sum
over j in the above equation can be approximated by an
integral over j, up to a term that is f independent, which can
be absorbed in the error term of the RHS of (2.13). Shifting
integration variables and using (3.6), we then reproduce the
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leading divergent terms in the f — O limit on the RHS
of (2.13).

Therefore, Eq. (3.1) is indeed a solution to the crossing
equation and gives the universal density of large spin states
in any compact unitary CFT with a finite twist gap, up to an

error that grows slower than exp (47./5; L) in the large

spin limit. On the other hand, p L =0if h<¢ S 4 , meaning

that there is no exponential growth in the large spin limit.

Let us comment on the corrections to (3.1) in the large
spin limit. First, there are error terms from approximating
the discrete spectrum by a continuous density of states.
This error for the density of states p(A) that is insensitive to
the spin has recently been quantified in [19,20] (see also
Appendix C of [21]). Second, there are contributions to the
density of states from the lowest twist, nonvacuum primary
operators, corresponding to the last term in (2.13). Last,
there are contributions coming from the vacuum but for
different elements of PSL(2,Z). The last two corrections
will be discussed in later sections.

We emphasize that the converse of our statement here is
also true, which follows simply from running our argument
backwards. Namely, if a 2D CFT has a large spin spectrum
that satisfies (3.1), it is guaranteed to have a nonzero twist
gap 2ty,, > 0. It would be interesting if there is a holo-
graphic interpretation of (3.1) for & not in the Cardy regime,
in terms of the entropy of BTZ black holes. If so, it may
suggest the theories holographically dual to Einstein
gravity in AdS; generically have a nonzero twist gap.

IV. PSL(2.Z) MODULAR CROSSING EQUATIONS

In this section we will repeat the analyses in Secs. II
and III, but with a more general PSL(2, Z) transformation,
and we will find qualitatively new behavior.

A. Crossing Equation

We now repeat the previous analysis but instead take’

B P
T_127r+s’ a 271+

1

(4.1)

Here r and s are two coprime integers, with s positive.
As before, we consider the limit f — 0 at fixed f. The ¢
variables are

q:exp(—ﬂ+2zir), Z]zexp(—ﬁ—zi:ir) (4.2)

Let us act on 7, 7 with the modular transformation

"Note that there is a slight generalization of this we can
consider, in which Re(r) # Re(7). We will not pursue this
generalization in the current paper.

a b
( ) € SL(2,2), —ar —bs =1, (4.3)
s —r
to get
, 2ﬂi+a _,  2mi a
=—5+—, T=—F=+—
ps* s s*p
=ex 4”24—2 & g =ex Ar” 2 &
= ———+2zi— |, = ——=—2mi— |.
g =exp s2p s q P s2p s
(4.4)

Now we use modular invariance of the torus partition
function to set (2.8) and (2.10) equal with the new para-
metrizations of ¢ and g as above. Since each individual
term in (2.8) is not sufficient to reproduce the divergence in
(2.10) as we take  — 0, we can drop the isolated vacuum
contribution in (2.8) and obtain

c—1 (- c—1
/[ dip(t exp[—/}(h—7> —/}<h— 7 )
JEZ v teap

+ 27ri£ (h - }_z)]

2r Areml) 4rP(e-1) 422 2mia 4x2 _2ria
— e us2p @ 245%p (]_e 25 J)(]_e 25 S)

N

+ o[ )

(4.5)

From (4.3), we see that ar = —1(mods). Moreover (4.5) is
invariant under a — a + s. We will henceforth write a as
the modular inverse of —r mod s, i.e., a = —(r7!),.

Following the same steps to (2. 13) we simplify the
above crossing equation in the f — 0 limit to

- 2zir\ | - c—1
S esn (o5 [ nihese|-3(-557)
Jj=0 § Taap

_ 2 _ e;l;rﬂ(24l 64;;2;/2}(2-41 (1 B e_%_zm(:—l)j) (1 ~ e_%Jrzm(i-l).;)

s\/Bp

o).

Note that we reproduce (2.13) if we take r = 0, s = 1. This
is our main equation for the modular crossing equations
associated with more general PSL(2, Z) elements.

(4.6)

B. Solution to the crossing equations

The universal density of states in (3.1) does not success-
fully reproduce the RHS of (4.6). In particular, if we
plug (3.1) into (4.6), the LHS in the  — 0 is finite and

fails to provide the divergence exp (4§ﬂ <) on the RHS

of the equation. See Appendix B for detailed derivations.
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This implies that there must be other universal contribu-
tions to the density of large spin states that, while being
subleading to (3.1), are responsible for solving the more
general crossing equations (4.6).

Our solution to (4.6) will involve the Kloosterman sum
defined by

NIOEESY

ri ged(r.s)=1
0<r<s

exp (27[1' M) (4.7)

N

which is sensitive to the number-theoretic properties of the
integer spin j. Some basic properties of the Kloosterman
sum are S(j,J;s) = S(—j,=J;s), S(j,J;s) =S/, J;s),
and S(j + s,J;5) = S(j,J + s35) = S(j, J; s). In addition,

Iem(s,s")—1
(5.5) 2xi(r )7

Z S, J; s’)e_@ =se >

J=0

Sov.  (4.8)

Finally we define the following functions:

2 V¥4 c—1\ [c—1
do(h,s)= 7s(h_%)cosh T\/(h_ 7 >< 7 >
c—1
Xe(h—?>,
2 V¥4 c—1\ [c=-25
d(h,s)= S(T%I)C()Sh T\/(h_j> (T)
X 6<h—c2;41> , (4.9)
and
pjs(h k) = S(j,0;8)do(h, s)do(h, )
—S(j,—=1;5)dy(h, s)d;(h,s)
— S(j. L;s)dy(h.s)do(h, s)
+8(j,0;)d, (h,s)d, (h, s) (4.10)

Jj>c.  (411)

Importantly, the dependence on the spin j is highly
nonanalytic and depends on the number-theoretic property
through the Kloosterman sum (4.7). The s’ = 1 term is the

¥As in Sec. III, we use the superscript 0 to emphasize this is a
continuous function in the twist which approximates the physical
density of states p;(r). By contrast, the latter is a sum of delta
functions.

@3.1),

exp (4my /%5t j) in the large spin limit. The higher s terms

extended Cardy formula which grows as

grow as exp (‘t—’,’ % Jj) and are subleading corrections
to (3.1).

Let us comment on the sum in s”. The solution presented
above is designed to reproduce the divergence on the RHS
of the crossing equation (4.6) as f — 0. However, the
divergence on the RHS is present only if s < 1/+/f. The
divergence, if present, controls the density of states whose
spins are of the order j ~ 1/ due to the suppression factor
e P/ on the LHS of (4.6). It follows that for a fixed large
spin j, we can trust the solution only if s < \/J; therefore
the sum in (4.11) should be truncated before order +/j.

For a fixed s, we show in Appendix B that the modular
crossing equations labeled by r with ged(r,s) =1 are
solved by the term p; (h + j, h) in the sum in (4.11). In
particular, we show that, to leading order in f — 0, the
terms with 5" # s do not contribute to the modular crossing
equations for any r at a fixed s.

Just as in Sec. III, where the density of states for the
extended Cardy formula can be interpreted as a product of
modular kernels for the S transformation, the density of
states we derived in this section can also be interpreted as
modular kernels for more general PSL(2, Z) transforma-
tions. In Appendix D, we present simplified expressions for
some of these modular kernels.

V. TWIST GAP REVISITED

Let us examine the solution (4.11) to the crossing

equation. In the large spin limit j > c, the leading terms are
PY(R) = pja(h. ) + psa(h. 1) + OV

= [do(h. 1) = dy (h, 1)][do(h. 1) = d (b, 1)]
+ (=1)/[do(h.2) + di(h.2)][dy(h.2) + dy(h,2)]
+ O(e5VT), (5.1)
where we write i + j = h above to avoid cluttering. Now

we further focus on the following part of the spectrum in
the large spin limit j > c:

c—1 1 c—1
— -2 j . odd.
24 <8ﬂ26Xp< g ](24 )) J:0

(5.2)

O0<h-—

In this regime, the first term p;; is smaller in magnitude
than the second one p;,. This is due to the different h
dependence in p;; and p;,. As h approaches ”2;4‘ from

above, p;; scales as h—%, whereas p;, scales as

——. In the region (5.2), the different h dependence is
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enough to overcome the larger exponential in spin that p;

1 .
has over p; ,. Moreover, p; ; for s > 2 scales as \/ﬁ in the
24

same regime, so we do not get qualitatively new behavior
by considering higher s.

Since we take j to be an odd integer, our crossing
solution p?(}_z) is large and negative from the sign (—1)/.
In particular, in the large j limit,

o1
=1, 1 ,"21/i(57)
24Jr 26 “ -

\/ie”ﬁ
pY(h) ~ - —
o ' 3y

The density of states of a physical CFT receives
correction to the solution pg.)(}_z) from various sources.
One obvious correction comes from the lowest twist
2ty operator in the dual channel. Let the conformal

(5.3)

weights of this lowest twist operator be (fg. i_lgap).9
Repeating the same argument in Sec. III, this lowest twist
operator contributes to the density of states by

p;mn vac (h) —

x cosh

in the large j limit. Note that this contribution to the density
of states is exponentially large in the large spin limit only if
the twist 27,4, is below ‘121, which is necessarily the case as
we reviewed in Sec. II. This positive contribution from the
lowest twist nonvacuum primary can only overcome the

negativity of p?(i_z) in the regime (5.2) if

c—1
tgap S 3—2 (55)

This leads to a tempting conclusion that all two-
dimensional, unitary, ¢ > 1 CFTs with unique normal-

izable vacua have twist gap 27,,, no greater than "161 10

°Here we implicitly assume there are only a finite number of
low twist operators. More precisely, we assume there exists an
€ > 0 such that there are a finite number of primary operators
with /1 < 14, + €. This is not necessarily the case: there could be
an accumulation point in the twist. In Appendix C we will
consider a slight generalization of the argument in this section
where we account for this possibility, which suggests a weaker
bound that f,, < {g(

“In [22], a spin- dependent shift in the BTZ threshold is
discussed, which can potentially be another way to cure the
negative density of states.

This is not yet a rigorous derivation as there are
potentially other corrections to the density of states that
might cure the negativity in p‘}(l_z). Among other things,
there are error terms from approximating the discrete
spectrum by a continuous density of states as mentioned
in Sec. III. It would be interesting to extend the analysis in
[19-21] to control the error in a rigorous way. For a CFT
with a finite twist gap (and hence necessarily irrational),
there is generally no huge degeneracy at a given energy
level, so we expect the error due to granularity to be much
smaller than that of a rational CFT.

An equivalent, but perhaps more intuitive, explanation of
our argument is the following. Let us define

(-1

PR ==L py(h) (5.6)

i.e., the density of Virasoro primaries of odd spin. We can
obtain a crossing equatlon for pOdd(h) by combining (4.6)
fort=0and =

Z e_ﬂ] / dhpOdd (ljl)e_/_}(]jl_cz;ztl)

- - <e4$2(2_4l 64;5 627‘1(1 - eJ/sz)(l - e_%z)

Iz

1 e -1 72 _ﬁ
——eTTeT (l+e7)(l+e /’))

[\

dr?e=1_

+O(e” (5 ’gap)). (5.7)
If we take the inverse Laplace transform of the RHS
of (5.7), we would obtain the first two terms of (4.11); a
twist gap of ¢ L or below would cure the negativity in this
dens1ty

In [1], the authors found a bootstrap upper bound on the
twist gap 27,,, that is numerically close to the analytic
bound 5! reviewed in Sec. II. A simple partition function
that saturates this bound comes from the ¢ > 1 Liouville
theory

1

Zyiowite (- @) (5.8)

-
3 |n(q))?

Alternatively, we could consider the ¢ = 1 compact boson
at any finite radius, but now viewed as a partition function
for a ¢ > 1 theory by shifting the vacuum Casimir energy.
In this new interpretation, there is no vacuum, while the
original vacuum of the ¢ = 1 compact boson is now an

"Readers may notice that the RHS of (5.7) without the error

- 3n2 .
term can become negative for  of O(e’/"). However, our light-
cone bootstrap analysis requires taking f — O first. Thus this
apparent negativity in the canonical ensemble cannot be trusted.

066029-7



BENJAMIN, OOGURI, SHAO, and WANG

PHYS. REV. D 100, 066029 (2019)

h=h= 62;41 primary. A notable difference of this example
from the Liouville case is that the spectrum of primaries is
discrete and includes all spins.

At first sight, this seems to imply that one cannot lower
the twist gap below 01_2, which is in tension with our
suggested twist gap 616 . However, recall that in our argu-
ment, it is crucial that there is a normalizable vacuum with
h = h = 0 in the spectrum for us to perform the light-cone
bootstrap. Neither the Liouville partition function nor the
shifted compact boson partition function contains a vacuum
state; therefore they need not obey the constraints we
derived. Similarly in the numerical modular bootstrap
analysis, it is difficult to impose the condition that there
is a normalizable vacuum in the spectrum. We therefore
predict that the functionals found in [1] would have zeros
above the twist gap that “coalesce.” In other words, as the
truncation order in the derivative increases, the zeros
become denser and denser rather than approach a fixed
spectrum.

Interestingly, unlike in [23], the limit as the truncation
order goes to infinity does not produce a nontrivial
“extremal functional.” In the previous paragraph, we
argued that the limit would produce a functional that
vanishes for all integer spins with twist at least %
However, in Sec. VI, we will review a construction by
[12,13] that inputs any single state with twist below <5 1 and
produces a modular 1nvar1ant function by adding states all
with twist at least 55 L. Since the proposed extremal func-
tional would vamsh on the crossing equation for this
modular invariant function, it must in addition vanish on
all states with twist below % Therefore the extremal
functional approaches zero as the truncation order goes to
infinity.

The twist 2¢ = 2 min(h, h) = < has also appeared in
other contexts. In [7], the authors introduced the notion of
the Virasoro mean field theory, defined as the inversion of
the vacuum Virasoro block for the sphere four-point
function. While the Virasoro mean field theory by itself
does not give a consistent four-point function of a physical
theory, it approximates the large spin CFT data of any
compact, unitary 2D CFT with nonzero twist gap. For
identical external operators with conformal weight (A, &),
the authors show that the associated Virasoro mean field

theory spectrum is qualitatively different for /7 > < 3—2 versus
h < <=L In the former case the spectrum consists only of a
cont1nuum above h > S 4 , while in the latter case, there are
in addition a discrete set of prlmanes ? Indeed, the four-
point function of identical scalar primaries with scaling

dimension A = % is special. The four-point sphere

"Note that in terms of the Liouville momentum a(k) > 0,
defined as h=a(Q—-a) with c¢=1+6Q> we have
2a(%3) = a(53h).

conformal block with external scalar scaling dimension

and 1nterna1 scalar scahng d1mens10n <=lis a simple

16 12

[see, e.g., (3.15) of [24] ]. Furthermore, it has been shown
in [25] that <1 is the minimal external scalar scaling
dimension for a four-point function with only internal
scalar primaries.”” This value of the twist has also appeared

in the discussion of the Renyi entropy after a local
quench [6,8].

VI. PURE GRAVITY

The twist gap that we have proposed has very interesting
implications for two-dimensional CFTs holographically
dual to large-radius Einstein gravity in AdS;. Recall that
the classical BTZ black hole has mass, M, and angular
momentum, j, related to the CFT conformal dimensions &
and h via [26]

1
M = h+h——
fAdS( * 12)

in the large ¢ limit. In particular, classical BTZ black holes
have M? s > |j|, which implies h, h > 24 +0(1).

There have been attempts to formulate a “pure” theory of
quantum gravity in AdS; [12,13]. Via AdS/CFT, the
strictest definition of a pure theory of gravity is a 2D
unitary CFT at large ¢ where all nonvacuum Virasoro
primary operators can be interpreted as BTZ black holes."*
The bound (5.5) on the twist gap suggested by our
argument would imply that no such CFT exists. In this
section we check that the pure gravity partition function
computed in [12,13] indeed has a negative density of states
in the regime (5.2), confirming our general argument.

Our main result (4.11) is the universal contribution from
the vacuum character in the dual channel to the large spin
density of states. Its expression is very reminiscent of the
sum over geometries in the calculation of the partition
function of pure AdS; gravity [12,13]. This is not a
coincidence We will further show that in the limit
h— S 4 — 0 and j > c, the pure gravity partition function

matches our p j( h) (4.11). We therefore reach an important

j=h—-h (6.1)

PIf the external scaling dimension is greater than or equal to
%, then such four-point functions with only scalar internal
primaries are realized by Liouville theory. If the external scaling
dimension is between S 1 and <=L 12 , such four-point functions can
be obtained by analytically continuing the Liouville four-point
functlon [25].

“The extremal partition functions of [27] are also often
referred to as partition functions of pure gravity. However, due
to their holomorphic factorization, the partition functions of [27]
contain nonvacuum states with a vanishing twist that therefore
cannot be interpreted as BTZ black holes. In this section we thus
will focus on the partition function of [12,13], which obeys the
stricter definition of pure gravity.
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conclusion: Even though the pure gravity partition function
derived in [12,13] has various unphysical properties, it is
the universal contribution from the vacuum character to the
density of large spin states in any CFT with a finite
twist gap.

A. Maloney-Witten-Keller partition function

The Maloney-Witten-Keller (MWK) partition function
[12,13] is computed by starting with the vacuum Virasoro
character

1
Xo(a)x0(q) = Q)P 5 (g~ FgH — g TG
_q—%q 52—41}1+q 02—41}15 1‘2—41}1>7 (62)

and adding its PSL(2,Z) images. The sum is divergent,
and a certain regularization is required to make the answer
finite. The MWK partition function has the following
features:

(1) It has a unique vacuum, and all other Virasoro

primaries have h, h > !

(i) The spectrum contains a continuum of states with

integer spins.

(iii) The density of states is not always positive. In

particular, the degeneracy of the state with h = h =

lis —6.

24
Since the MWK partition function has no nonvacuum state
with twist below 01_61, our argument in Sec. V suggests that
the density of states must turn negative in the regime (5.2),
in addition to the known negativity at h = h = ;1. We will
show that this is exactly the case.

Below we review the density of states for the MWK
partition function. Instead of using the spin j and the twist
2t, we will follow the convention in [13] and use the
variables e and j defined as

— 6.3
The density of states for the MWK partition function
receives contributions from the PSL(2, Z) sums from each
of the four terms quL(}ER in (6.2),

c=13 1 =13 l"ﬂ

)=, T ()40, T e),

(6.4)

S ) .
pVE(e)=p; B (e)=p;

where the superscripts E, J of pf‘l (e) are defined analo-
gously as E = EL + Eg,J = E; — Ep for each of the
“seed” terms \n TaE gFrgFr in (6.2).

Each of the four terms in (6.4) is further written as an
infinite sum:

(6.5)

=Y pinle)
m=0

When j # 0, which is the case of interest, pf,ﬁ
given by

(e) is

3m+1ﬂ.2m

(2m)!

where the function 157 (f) will be defined momentarily."
Z; ;(m + 1/2) is the Kloosterman zeta function defined by
a Dirichlet series

Pim(€)=Zj,(m+1/2) L v (

1), (6.6)

Z;,(m+1/2) =Zs (m+1/2)§(, J;s).  (6.7)
When m =0, the above series diverges and the

Kloosterman zeta function Z; ;(1/2) is defined by analytic
continuation and finite of order O(j*J?) [12,13]. For our
purposes, the dominant contributions come from the higher
m terms, so we will not be concerned about the explicit
regularized values of Z; ;(1/2).

Below we define the function v5,” (7). Since all of the
nonvacuum states in the MWK partition function have
hoh > 5t i , we will define the function v5” (1)
only for ¢ > 1. We f1rst define

fu(t) = cosh(m cosh™!(1)). (6.8)

1
ViE—1

Next, we define the operator D, as

J
Dify=—-Efy—Jfia 3 (1 —%> (frs1 = frm1). (6.9)

which can be realized by a matrix action. With these
preparations, v5” () is given by

v’ (1) = D (1) (6.10)

B. Double limit
Here we consider a special case of the double limit (5.2)
where we first take 74 to 02‘41, and then take j to be odd

and large. The function v5,”(z) simplifies in the limit
t=e/|j| - 1

(6.11)

P (e/|j]) is denoted as v m(e) in [13].
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. e . 1
Hence in this limit, we have 6

2.2

Z—S] J;s)

s=1 S

0 23m 2m :
ZS |m_l(_E_J)m 4 ljl . c=1\"
m=1 ( _W)

(6.12)

In the large spin j limit, the sum is dominated by large m,
and we can approximate the sum in m by an exponential:

=) 1 )
pJEJ(e):Z = 1 S(j,J;s)
s=1 28 ](l’l—cz;ét)
4 |-E—-J
— j 1
xexp<s 5 ]) (6.13)

Adding up the four terms in (6.4), we obtain the
following expression for the MWK density of states in
the limit where we take h — ”2;41 first and then j — oo:
|

L @m=O)(=E=D)" ! (@m+ 1)(=E) + @m = 1)])Vi=1

o5 oo (Ty 50
+S(),0:5) exp (4 c ;425 )
- st=ts)exn (77 )

dr ¢ —25
-SU. 1; S)CXP< o /)]

(6.14)

which is precisely our formula (4.11) for the asymptotic
density of states in this limit."” In particular, the s = 1 term
in (6.14) vanishes and the density of states is dominated by
the s = 2 term, which is negative in this limit as argued in
Sec. V. Furthermore, we can show that the MWK density of
states is negative in the more general regime (5.2) as
predicted by (4.11) by keeping the subleading term of

vE (1 () in the ¢ — 1 limit, namely

(=E —J)"

This gives the subleading term in (h —<;!) when plugged
into p;(e). In particular, this accounts for the leading
nonzero contribution at s = 1. We have also confirmed
our prediction (4.11) numerically with the MWK density of
states.

In [13], the authors show that the density of states is
positive if we fix e and j, and then take ¢ to be large.
Here we uncover the negative density of states in a
different regime (5.2) where both e and j are taken to be
much larger than c¢. This new regime of negative
density of states makes it more challenging to correct
the MWK partition function to a unitary, physical
partition function.

To cancel the negative density of states in the regime
(5.2) of the MWK partition function without ruining
modular invariance, one tentative candidate is to add N
copies of the PSL(2, Z) sum of the state (h, h) = (5353
above the vacuum. The “seed” term of this addition to the

mStrictly speaking, the m = 0 term requires analytic continu-
ation to make sense, but in the following we will only be
interested in the large m terms which dominate in the limit (5.2).

"In comparing the above with (4.11), there is a relative factor
of 2 coming from the Jacobian factor when we change variables
from ¢, j to e, j.

4v2

[
N c—1 1_c=1_c—1
art1t10n functlon 1S 32 24 (g3 24 — 9
p (g 4 q = ar

and therefore contributes to the dens1ty of states by
NpE=—%=0_ As shown in [13], p O(e) (with E < 0) is
positive everywhere except for a negative delta function at
e =0 with j = 0. This delta function negativity can be
canceled by adding, for example, the modular invariant
partition function of the ¢ = 1 self-dual boson (see Sec. 4.2
of [13]). Putting everything together, let us consider the
final density of states

PYWK(e) + Np=F0(e) + (N +6)p5~"(e).  (6.16)

where p”:1 (e) is the density of states for the ¢ = 1 self-dual

c=1
24

I(e) is there to cancel the negative delta

boson, whose vacuum is now interpreted as a h = h =
state. The term 6p}~

function density of states at h = h = 24 coming from the
MWK partition function itself. For N > 1, the above
density of states appears to be positive at large ¢ in all
regimes we have considered, and gives a modular invariant
partition function It has a vacuum, a finite number of states
ath=h= and a continuum starting at /2, & > <1, The
twist gap 27y, and the gap in the scaling d1mens1on Agq

32’
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are both &=. It would be interesting to prove that this
density of states is indeed positive everywhere

VII. SUPERSYMMETRIC GENERALIZATION

Our arguments in this paper can be generalized to 2D
CFTs with any chiral algebra. In this section we will
perform a similar analysis for the A = 1 super-Virasoro
algebra. Recall that there are four partition functions we can
consider, depending on the four spin structures on the torus,
which correspond to (anti)periodic boundary conditions of
the fermions in the space and time directions.” These
correspond to partition functions restricted to the Neveu-
Schwarz or Ramond sectors, and with or without a (—1)F
insertion. Three of these partition functions are related by
PSL(2,Z) transformations, and the remaining one is the
Witten index.

In this section we will focus on the partition function
with antiperiodic boundary conditions for the fermions in
both directions on the torus, namely

Z(Q’ 6) = TrHNSVNS (qLO_ﬁqZO_i)' (7'1)

This function is invariant under a subgroup of PSL(2, Z),
generated by the group elements S and 72. We will denote
this group as I'y, which can also be defined by SL(2, Z)

matrices (“%) with a+d and b+ c both even. The

characters for the N =1 super-Virasoro algebra with
c> % under this spin structure are

vacuum,

%ﬁ=%®:=¢“§;—jgﬁvgn h>0. (7.2)

We can similarly define a modular kernel K4'='(h) as

(7.3)

2 = / ® ankY =\ (Y= (g)

where ¢’ is the S transform of ¢. It is given by

8Note that there is a simple alternative to (6.16) where instead
of adding scalars of twist ¢ L to the MWK partition function, we
add twist ¢ 61 states with arbitrary spin [plus PSL(2, Z) images].
If the spectra of these partitlon functions are also positive deflmte
the?f would have twist gap ¢ and scaling gap no greater than <5+ 12
Here we assume for s1mp11c1ty that left and right moving
fermions have identical spin structures. It would be interesting to
explore modular constraints by considering partition functions
with mixed spin structures.

2 _3
ROEN ﬁ(h—" 2)
h—2 24
24
c_3 o3
CTa\ (2
X |cosh 47z\/(24><h 24)
c=2I c—2
_ 2 73
o101/ (52) (1-557)

By the same argument in Sec. III, any 2D CFT with
N =1 super-Virasoro symmetry and a nonzero twist gap
under the A/ = 1 super-Virasoro algebra obeys a Cardy-
like formula with extended validity. In particular, the
density of super-Virasoro primaries is given by

P1(h) = K= (h+ HKS (B),

which is valid whenever & + j > ¢, h > %

However, just as for the nonsupersymmetric case,
Eqg. (7.5) is not all we can learn from the light-cone modular
bootstrap. Let us consider a more general setup where we set
7 and 7 as in (4.1), in the limit where /8 goes to zero with f
fixed. Again, r and s in (4.1) are coprime integers, and s > 1;
we will now in addition demand that r and s have different
parities. We can consider a Iy transformation

(aiw) bqj)>‘

For consistency, a(r, s) must satisfy the following properties:
Ifsiseven,a(r,s) = —(r7!),,. If sisodd, a(r, s) = —(r71),
and chosen so that a(r,s) is even. We then obtain the
following crossing equation [similar to (4.6) for the
Virasoro case]:

ool (-22)] famn] -5

S S I
— e 24s2p e 2452 (1 —e .\'2/}‘ s )(1 —e 52 s )

sVBp

(7.5)

(7.6)

2 -3

O ), (7.7)
In (7.7), the sum over j runs over both integers and
half-integers.

We will find a continuous solution to (7.7), in a similar
manner as in Sec. [V B. We define a I’y Kloosterman sum as

Vi —
S = Y exp< &) (78)
s g1 s
rlsodr!
which satisfies
lem(s,s")—1
irj ma (r.s)J
S STl )e = 258 g (1.9)

Jj=0
JjE€Z]2
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We also define the functions

2
d)="(h,s) =, |[——cosh
)

- | &

s(h—cz;4

2
ﬁcosh (
s(h—53)

bl

Y= (h,s) =

=&

and

STo(j,0;8)d) =" (h, s)d) =" (h,s)

= SYo(j,=1:8)d) =" (h.s)d) =" (h.s)
= ST (j, 1)y = (R, s)dy™=" (R s)

P (hoh) =

+ 8T(7,0;5)dV =" (b, s)d =" (R, s). (7.11)
A solution to (7.7) at large spin is then given by
pj (h) = Z Yh+j,h), j>c. (7.12)

The solution (7.12) again has the interesting property that
for large odd (or half-integer) spin, with 4 exponentially

3 . . .
close to %, there is a negative degeneracy of states. This
can be cured with a single operator whose twist is at or

3
below 2
6
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[
APPENDIX A: SUM ESTIMATION

Consider a complex function f(z) that satisfies the
following properties:

(i) f(z) is analytic on the half-plane Rez > 0.

(i) 1im g, e 2™l |£(z)| = O uniformly in any finite

interval (8, A) of Rez.

From a contour argument, one can derive the Abel-Plana
formula (see Sec. III in [28] or Sec. 13.14 in [29]) which
relates the discrete sum to the integral of f(z),

- a
> 1) " azrta
1 [ fliz) = f(=iz)
:Ef(())'f—ll dZW
+ lim (%f(A)—FiAmdzf(A_ 2) f(A+lZ)>

A—+o0 1

(A1)

One application of the formula arises in the main text
where we replace the sum over spin j by an integral over j
in (3.7). In this case, we choose

—e—/’f/ dh = Ks(h)

h+j 24

(A2)

which clearly satisfies the criterion for the Abel-Plana
formula and in addition lim,_, | . f(A + iy) = 0. Moreover
the RHS of (A1) is finite in the limit § — 0; thus we can
freely replace the sum with the integral (or vice versa)
without affecting the exponentially dominating terms of the

form O(ef) for some f-independent constant a.

APPENDIX B: CROSSING SOLUTION

In this Appendix we show that (4.11) solves the crossing
equation (4.6). In particular, we show that for the modular
crossing equation (4.6) labeled by s (and for all coprime
1 <r <s),only the p; v term in (4.11) contributes to the
leading term on the RHS of (4.6) in the f — 0 limit.

The LHS of (4.6) is given by (see end of Sec. IV B for the
range of s')
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2zirj o _ - - Cc — 1
—%:Ze: expl— ja dhexp[—ﬁ(k— 7 )}
x [S(j,0;5)do(h + j, s )do(h,s") — S(j, —1; 5" )do(h + j,s")d,(h,s")
—S(j, 1;8")d, (h + j,s")dy(h,s') + S(j,0;s")d, (h + j,s")d, (h,s")]. (B1)

Let us consider the first term coming from the square bracket on the RHS of (B1). We rewrite j = j + klem(s, s") where
k>0and 0 <j<lem(s,s') —1 to get

ZZ@ “ expl—Jjf) / dhS(j,0;s)dy(h + j.s')dy(h,s') exp [_B<}—l_c2—41ﬂ

lem(s,s”)—1 0
=5 ¥ S(7,0;8' ) > exp[—(j + klem(s. s'))]
s 7j=0 k=0
o - — (= -1
X / dhdy(h + j + klem(s, s"), s")dy(h, s") exp [—ﬂ(h - 024 )] (B2)
Lgap

If we replaced the sum over k with an integral in (B2), we could shift variables k — k — L In Appendix A, we show

lcm(
that the correction coming from changing the sum to an integral approaches a constant as f# goes to 0. Since we only aim to
reproduce the divergence as f — 0 on the RHS of (4.6), we can approximate the sum in k£ by an integral,

!

K 3:0

lem(s,s")—1
S Y ¢58(7,0; ') / dk/ dhdy(h + klem(s, s'), s')dy(h. s') exp[—pklem(s, s')] exp{ ﬁ(iz—c_ 1)]

(B3)

The sum over j in (B3) can now be done using (4.8), which is proportional to 0.y It follows that only the p; ¢_ term in
the sum (4.11) contributes to the modular crossing equation (4.6) labeled by s. The s’ = s term then gives

/ dk [ dhdy(h + ks, s)do(h., s) exp {—ﬁ(h ——) ﬂks]

gap

= / dh exp [ph) /h dkdy(k, s)dy(h, s) exp {—ﬂ(h——> ﬁk}
\/:e%ﬂ” / dh exp {(ﬂ B) <E—C2_41)]do(l_z,s)
4'?13}) / dhexp {—ﬂ(h——)]do(h )

—1) 4/[(‘1

— e 24;2[{ e 24;2/1 , (B4)
sV ﬂﬁ
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where we use ~ to mean equal in the limit # — 0. We have
succeeded in reproducing one of the divergent terms on the
RHS of (4.6).

We can evaluate the remaining three terms in (B1)
following the same steps. When combined, we finally get

20 4n2(c=1) 4r%(c-1) 4x2_2mi(r ) 4g2 | 2i(r g
e 24528 e 2452p (1 —e s2p s ) (1 —e 52/?‘ s )

s\/Pp

(BS)
precisely matching (4.6).

APPENDIX C: ACCUMULATION
POINT IN TWIST

In Sec. V, we gave a suggestive argument that the twist
gap 2t4,, cannot exceed Llé However, there we assumed
that the contribution of the lowest twist nonvacuum
operator to the density of large spin states came from a
finite number of low-twist operators. It is possible that the
twist gap comes from an accumulation point in twist. In that
case, it is not obvious that the contribution to the high-spin
density of states has the 4 dependence in (5.4).

We start with the modular constraint (2.13) rewritten as

S )
_ ie—ﬁf / dhp)(F) exp {—B(ﬁ - 62_41)]

+ (),

(C1)

Recall that p;(h) is the physical density of states (2.9)
and pj O(h) is defined in (4.11). We perform an inverse
Laplace transform in ﬁ

/) dhp;(h) exp [—/i(h—cz_41>]
:/Owdﬁpj(h)exp{—ﬁ< 241)]

+ O/,

(C2)

It is then tempting to equate p j(l_z) with p?(}_z), but the
inverse Laplace transform with respect to /3 is only unique
up to a measure zero set of R™. Nonetheless, two piecewise
continuous functions with the same Laplace transforms

“Here and below we assume that the inverse Laplace trans-
form of the error term in (C1) with respect to  is dominated by

. el .
the inverse Laplace transform of e’7 S —tw) for large j. To prove
this requires a refinement of the argument in [19] with a finite
twist gap (or irrationality) condition imposed.

agree on the subset of R™ where they are both continuous
(see, e.g., [30]). To utilize this uniqueness property, we
consider the integrated spectral density for p;(/) defined as

Fi) = [ aitp, )

which is piecewise continuous. Similarly we define F?(l_z)

(C3)

for p?(l_z). By performing integration by parts on (C2), we
obtain

[" dRF () exp H(ﬁ _ "2‘41)]
- /O " dhFO(h) exp [—ﬂ (h - %)}

+ 0(64” .i(rz_jtl_tgap) ) ,

(C4)

where we used lim;_,  F;(h)e™" = 0 as evident from the
usual Cardy fgrmula. Next performmg the inverse Laplace
transform in f, we obtain

FO(h) + O(e*rVI51n),

where the equality holds away from the discontinuities of
the LHS. We define the function

Fi(h) = (C5)

gj(f_z) = Fj(}_z) - F?(f_z). (C6)
It satisfies the following two properties:
. gj(fl) . - - .
(1) lim;_ I i G(h) where G(h) is

some finite function of A.
(2) g;(h) is finite at every h, and in particular
lim,;_,%gj(l_a) is finite.
The first property follows from (C5) while the second
follows from the finiteness of the number of states up to
twist /2 at a given spin j.
The question we are interested in is the large j growth of
g;(h) in the double limit (5.2). To make it more precise, let
us choose any function f(j) such that

c—1.
2% /|

0<f(j)- j: odd.

c—1 1
7 <@exp —2r

(€7)

We would like to know the large j behavior of
g;(h = f(j)). In this limit, we have shown in Sec. V that

FY(h) ~ —e"™Vi5, (C8)

=1
%

we would have claimed that g;(h = f(j)) grows no faster

than ¢ V(T ~w); je.,

If we naively commute the two limits j — co and & —
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N 10)
Jmee exp [477"\/ 1(02;41 - tgap)]

is finite. If this were the case, then for the negativity
of F?(l_z)~—e”\/%j to be canceled by the growth
¢*™Vi(T~w)  the twist has to be no bigger than

L 15\ /c—1
&P =\ 16 24 )

If it can be proven that (C9) not only is finite but also

(©9)

(C10)

vanished as /7 — <=L (as would be the case if there were a

finite number of low-twist operators), we would recover the
original claim of 74, <53 in Sec. V. However, Eq. (C9)
involves a double limit on both % and J, whose behavior
does not follow from the two properties of g;(h) above. We
leave a rigorous derivation of the large j behavior of

g;(f(j)) for the future.

APPENDIX D: MODULAR TRANSFORMATION
OF VIRASORO CHARACTERS

In this Appendix, we derive simplified formulas for the
modular kernel of general PSL(2,Z) transformations for
Virasoro characters at central charge ¢ > 1. See [31,32] for
a nice review on this subject. We will mostly follow the
conventions of [31] here and focus on the holomor-
phic side.

It is convenient to parametrize the CFT central charge as

1
c=1+60%  Q=b+. (D1)

where 0 < b < 1 for ¢ > 25 or b is a complex phase with
|b] =1 for 1 < ¢ <25, inspired by the Liouville theory.
Similarly, we label Virasoro primaries of weight / by the
Liouville momenta

O+ip
2 9’

h=al0-a) (D)

such that for p € R*, we have a nondegenerate primary
with character and weight

IJ2

g+ 0*+p°
= . ,’l = .
%p(7) n(z) g 4

(D3)

For imaginary p = i(m/b + nb) with m,n € N, we have a
degenerate primary (which has a single null vector at level
mn for generic b) with character and weight

(m/b—nb)2 (m/b+nb)2

q ) —-q )
n(z) ’

W Q> — (m/b + nb)?
mmn T 4 N

Xmn =

(D4)

In particular, the vacuum is identified with the m = n =1
degenerate primary
)(vacE)(lﬁl' (DS)

The S transformation of the Virasoro characters are
particularly simple in Liouville notation,

2o(=1/7) = / dp'S,"yy.  S,7 = vcos(app)),
0

)(m,n<_1/f) = A dp/Sm,np/)(p’,

Syn? = 2V2sinh(zmp'/b) sinh(znbp'), (D6)
while the T transformation gives a phase
2p(T+1) = e3P efiy, (1),
ImalT +1) = e3Pt ey (2). (D7)

For a given element y € PSL(2,7Z) generated by a
sequence of § and T transformations, it is straightforward
to compose the integrals and derive the modular kernel
Ky.21 In particular,

Ks(m.nip)=S,,".  Ks(pip')=5,". (D8
For illustration, let us look at the ST" S transformation (with
n e€N)

T

y.Tzl—nr (D9)

of the identity character

nrip?

dp’ sinh(zp’/b) sinh(zbp')e 2

Xvac(y : T) = 26%/

R

« / dpe vy (2). (D10)
R

We would like to perform the p’ integral first but as it stands
above, the integral diverges exponentially. We can get
around this by shifting the contour of the p integral in the

*'Note that the modular crossing kernel K, here differs from
K, in the main text [e.g., (3.3)] by the choice of integration

measure over Virasoro modules. For example, K,(h,) =

———K, (vac; p) for nondegenerate modules labeled by p.

-
hy =5
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imaginary direction by A =1/b+ b+ ¢ for € > 0 [31].
Since there are no poles in p, we obtain

nmp

Yvac(y - 7) = 26%/ dp' sinh(zp'/b) sinh(zbp')e 2~

R+

x / dpei”””/)(p (1)
R+iA

and can now integrate over p’ using the following identities
that involve the (complement) error function erfc(z) or
equivalently the Faddeeva function w(iz):

(D11)

/ dp/enp’(el/b+62b)enﬂip’2/26iﬂpp’
R+

where

erfe(z) = T e Pdi =1 - erf(2),

\/,

w(z) = e “erfc(—iz) (D13)

with

e—37zi/4\/22(€1/b +eb+ip). (Dl4)
n

Z(p,el, 62) =

Now using the fact that w(iz) is an entire function™ and the
exponential suppression from y,(z) in the p integral, we
can deform the p-integration contour back to R and (D11)
becomes

— B0V Yy (o). (D15)

— iez(l’ﬁl-ﬁ?)zerfc(z(p, €1, 62))
2n
 izlp.er.er) D12)
=——w(iz(p.€1,€)),
\/5}; P,€1,€
|
Gnri
e 1z
Hvac(¥ - 7) = zm dpw (iz(p. €1, €2))x,p(7)
L
— d eZ(pJ-l)z -_— ez(p,l,—l)z T
N p( xp(7)
(3—12)7[[
_¢ dp(eSbH1/b+is) _ Bb=1/bis)? 4 pg(b+1/bmis)
2n Jr
[
In the second equality above, we have used

w(—z) = 2e% —w(z). We read off the modular kernel
Kgg(vac; p) from the last line of (D15) to be

Kz (vac; p)

2 ric=1) —sip b+1/b
— e 62 2(4n )e n ’ <Cosh <M>
V2n n

¢ cosh (M) )
n

As a check of (D16), note that in PSL(2, Z), we have the
identity STS = T~'ST~!. One can immediately write down

the modular transformation of y.,. under T-'ST~! using
(D6) and (D7),

(D16)

*For more properties of the Faddeeva function and related
functions see Chapter 7 of [33].

)(vac(y . T) — 2\/53%62”[(2271)
m/)

x/ dp sinh(zp/b) sinh(zbp)e™2 y,(7),
R+

(D17)

and we see that this indeed matches (D16) when n = 1.

Similarly, it is straightforward to derive the S7"S trans-
formation of a nondegenerate Virasoro character labeled by
sEeRT,

1 —nmi ; nzip” . /
)(s(J/‘T)ZEe” /dp e ™3 Adpe’”””%p(f)

1 #i(3-n) / (p+r)2
= e i dpe™ T), D18
NoT pe  x,(7) (D18)
and thus
KST”S(S p) 1 e (?;”)e (1)2:?) (D19)
\V2n
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