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Modeling intermittent wavepackets and
their radiated sound in a turbulent jet

By P. Jordan†, T. Colonius‡, G. A. Brès¶,
M. Zhang†, A. Towne‡ AND S. K. Lele

We use data from a new, carefully validated, Large Eddy Simulation (LES) to in-
vestigate and model subsonic, turbulent, jet noise. Motivated by the observation that
sound-source dynamics are dominated by instability waves (wavepackets), we examine
mechanisms by which their intermittency can amplify their noise radiation. Two scenar-
ios, both involving wavepacket evolution on time-dependent base flows, are investigated.
In the first, we consider that the main effect of the changing base flow consists in different
wavepacket ensembles seeing different steady mean fields, and having, accordingly, differ-
ent acoustic efficiencies. In the second, the details of the base-flow time dependence also
play a role in wavepacket sound production. Both short-time-averaged and slowly vary-
ing base flows are extracted from the LES data and used in conjunction with linearized
wavepacket models, namely, the Parabolized Stability Equations (PSE), the One-Way
Euler Equations (OWE), and the Linearized Euler Equations (LEE). All results support
the hypothesized mechanism: wavepackets on time-varying base flows produce sound ra-
diation that is enhanced by as much as 20dB in comparison to their long-time-averaged
counterparts, and ensembles of wavepackets based on short-time-averaged base flows dis-
play similar amplification. This is not, however, sufficient to explain the sound levels
observed in the LES and experiments. Further work is therefore necessary to incorpo-
rate two additional factors in the linear models, body forcing by turbulence and realistic
inflow forcing, both of which have been identified as potentially important in producing
the observed radiation efficiency.

1. Introduction

The recent availability of rich data from simulation and experiment for high Reynolds-
number, high-speed jets has motivated new approaches to answer old questions: how is
the radiated sound field related to the turbulence structure, and how might the turbulence
be tamed to reduce it? Data analysis and modeling to date support a wavepacket theory
of jet noise that might answer these questions (Jordan & Colonius 2013). Wavepackets
are structures in jets that are correlated over large distances (many jet diameters), and
whose wavelength, amplitude, and phase speed vary slowly over these distances. Unless
the jet is strongly forced these structures are not particularly energetic, comprising only
a small fraction of the turbulence kinetic energy. Their large spatial coherence, on dis-
tances comparable to an acoustic wavelength, and spatial growth-and-decay cycle, are
two features that account for their importance as a source of sound.

The spatial structure (axial envelope, cross-stream, and azimuthal variations) and
phase speeds of wavepackets educed from experiments and simulation data closely match
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those of modal solutions of the governing equations linearized about the turbulent mean
flow field (Gudmundsson & Colonius 2011; Cavalieri et al. 2013). This similarity motivates
the search for reduced-order jet-noise models, but there remain unanswered questions
that must be addressed if reliable models are to be constructed.

While the near field of wavepackets computed using linear theory—where the long-
time average is used as base flow—exhibits compelling agreement with experiment, the
associated sound field can have errors of many orders of magnitude. We hypothesize that
this error is due to the absence of intermittency effects in these average wavepackets. Such
intermittency, which is observed in experiments (Juvé et al. 1980; Koenig et al. 2012),
results in sound amplification beyond that produced by the average wavepacket (Cavalieri
et al. 2011; Kerhervé et al. 2012; Zhang et al. 2014). The amplification mechanism is
related to the high sensitivity of the acoustic radiation to the wavepacket envelope:
flow events that lead to small near-field changes in the wavepacket, can give rise to large
changes in the acoustic field. Statistically speaking, the average far-field intensity depends
not on the average wavepacket, but on the strongest ones that exist intermittently.

The intermittency of wavepackets can be understood in a number of ways. Mechanisms
considered here involve the evolution of wavepackets on unsteady base flows, which can be
thought about in two ways. On one hand, we can consider that, as wavepacket timescales
are fast compared to those of the base-flow changes, different wavepacket ensembles see
different steady base flows, corresponding, for instance, to short-time averages (this will
be referred to as hypothesis H1 henceforth). Another point of view (hypothesis H2 here-
after) consists in considering that there is some dynamic coupling between wavepackets
and the slowly changing base flow (non-linearity is here implicit).

In order to explore these hypotheses we use data from an LES that has been validated
by an accompanying experiment. The computation and validation is presented in a sepa-
rate report (Brès et al. 2014). The LES nozzle boundary layer characteristics are in close
agreement with the experimentally measured ones, and the sound field is, consequently,
within 0.5dB of the measurements. Hypothesis H1 is investigated by extracting an en-
semble of short-time-averages from the LES and using these in conjunction with PSE
and OWE. H2 is addresseed by low-pass filtering the LES data to obtain a slowly varying
base flow that is used in conjunction with the LEE.

The report is organized as follows. In Section 2 details of the linear models are provided.
This is followed, in Section 3, by a presentation and discussion of the results. Concluding
remarks are given in Section 4.

2. Linear modeling

The three modeling techniques used to compute wavepackets on steady and unsteady
base flows are briefly described in what follows.

2.1. Parabolized stability equations

The parabolized stability equations (PSE) (Herbert 1997) are an ad hoc generalization of
classical linear stability theory (LST). After linearization about some steady base flow,
the fluctuation is assumed to take the form:

q′ (x, r, θ, t) =
∑
n

∑
m

q̂nm(x, r)ei
∫ x
0
αnm(ζ)dζeimθe−iωnt. (2.1)

Unlike LST, both the shape function q̂nm and wavenumber αnm are allowed to vary in
x. After substitution of this form into the Euler equations, the shape-function can be
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rapidly calculated by solving the resulting equations as a spatial initial-value-problem
in which initial fluctuations are specified at the inlet and propagated downstream. The
wavenumber is determined iteratively at each step in the march to minimize the x vari-
ation of the shape-function. PSE has been used previously to model near-field average
wavepackets in both subsonic and supersonic jets. In particular, Gudmundsson & Colo-
nius (2011) applied PSE to experimental data taken from a number of subsonic jets,
including a Mach 0.9 jet similar to the one studied here. They found good agreement
between PSE and the first POD mode of the experimental data in the near pressure field.

To achieve a stable march in PSE, elliptic effects caused by upstream propagating
acoustic modes within the Euler equations must be artificially damped, either by using
dissipative numerical schemes or by the explicit addition of damping terms. Because of
this damping, PSE can accurately track only a single mode of the Euler equations, usually
the Kelvin-Helmholtz mode, and sound radiation is consequently missing from subsoni-
cally convecting wavepackets. These shortcomings have encouraged a second approach,
the one-way Euler equations, discussed in the next section.

2.2. One-way Euler equations

Motivated by the efficiency of PSE, Towne & Colonius (2013, 2014) recently developed
a new spatial marching method called the one-way Euler equations (OWE). Using ideas
originally developed for generating non-reflecting boundary conditions (Hagstrom & War-
burton 2004), the linearized Euler equations are modified such that all upstream propa-
gating modes are removed from the operator. The resulting equations are well posed as
a spatial initial-value-problem, and can be stably and efficiently solved in the frequency
domain by spatial marching without the need for artificial damping. As a result, the one-
way Euler equations properly capture all downstream solutions, and they are capable of
directly resolving the acoustic emission of wavepackets at a small fraction of the cost of
direct solutions of the full linearized Euler equations (LEE).

Here, we use the LES mean flow to verify that the one-way Euler equations produce
results equivalent to those obtained using LEE and to demonstrate the improvement
achieved over PSE. Using each of the three methods, we compute the perturbation to
the long-time-mean at m = 0, St = 0.3472 with an inlet boundary condition based on
parallel linear stability theory. The resulting pressure fields are shown in Figure 1. Both
PSE and OWE produce near-field wavepackets that match well with the LEE solution.
However, because OWE allows for more complicated, multi-modal behavior, the OWE
solution also captures the associated acoustic radiation. Overall, the LEE and OWE
solutions are nearly indistinguishable, both including the radiated sound associated with
the wavepacket.

2.3. Linearized Euler equations

The linearized Euler equations are here solved using the high-order Dispersion Rela-
tion Preserving (DRP) scheme to compute spatial derivatives and Low Dissipation and
Dispersion Runge Kutta (LDDRK) for the time advancement. Non-reflecting boundary
conditions are implemented using zonal characteristic filters (as per Sandberg & Sand-
ham (2006)) and the polar singularity is treated by the use of staggered grids around
r = 0.

The grid dimensions are nx × nr = 700× 500 for a computational domain (Lx, Lr) =
(45D, 20D). The grid is equispaced in the streamwise direction, while in radial direction
grid points are clustered around the centerline. The scaling factor in the characteristic
filter zone (CFZ) takes a half-cosine shape: at the grid boundary, the incoming character-
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Figure 1. Pressure fluctuation contours for the long-time-mean base flow, forced by LST eigen-
functions. From left to right: PSE, OWE, LEE. The OWE method properly reproduces the LEE
result, but at a fraction of the cost, while PSE only captures the near-field wavepacket and not
its acoustic radiation. Arbitrary linear scale: the PSE and LEE are scaled to match the near-field
amplitude of LES, and contours levels are chosen to highlight the acoustic radiation.

istic waves traveling into the computational domain are scaled by a factor of 0, and this
factor grows smoothly to 1 where the CFZ meets the physical domain. In the streamwise
direction, the length of the upstream CFZ is 10D and that of the downstream CFZ is
5D, where D is the exit diameter of the nozzle used in the accompanying experiments.
In the radial direction, the length of outer CFZ is 5D.

The unsteady base flow is obtained by low-pass filtering the LES fields at Stlp = 0.08.
As the LES is downsampled at St = fD/Uj = 5.55 (where f and Uj are, respectively,
frequency and jet exit velocity) for storage, a linear interpolation is applied in order
to obtain an unsteady base flow with time resolution matching that of the LEE time
advancement. For comparison, LEE was also performed for the long-time-average base
flow. In what follows, we refer to these different cases as ULEE and SLEE, for the
unsteady and steady base-flow cases, respectively.

3. Results and discussion

The results are assessed by comparing the modeled hydrodynamic and acoustic fields
with those of the LES. Because of the linearity of the models, it is necessary to calibrate
their absolute levels for each frequency considered. This is done by means of a best match
between the modeled and simulated (LES) fluctuation energy on the jet centerline, as
shown in Figure 2, for instance. In what follows, we illustrate the results and conclusions
by using the axisymmetric (m = 0) mode only; similar results have been obtained for
m = 1 and will be documented in future papers.

As illustrated by Figure 1, for the long-time-averaged base flow, the average wavepack-
ets predicted by PSE, OWE, and LEE agree closely with one another. Figure 2 shows
that the wavepacket envelopes (in this case from LEE) are in close agreement with the
full LES fluctuations over the range 1 < x/D < 5 (agreement extends to all Strouhal
numbers considered). In the near-nozzle region, x/D < 1, previous experimental data
(Cavalieri et al. 2013; Breakey et al. 2013) have shown a close match with linear models;
additional work is underway to investigate the poor agreement observed with the LES
data in this region. This includes analysis of the centerline data and post-processing of
LES data obtained using the more refined grids described in Brès et al. (2014). The
disagreement downstream of the end of the potential core is typical of what has been
observed previously (Cavalieri et al. (2013); Breakey et al. (2013)) and is attributable to
turbulence at the same frequency that is largely uncorrelated with the wavepackets. This
is confirmed by the close match between the near-field wavepacket as educed from POD of
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Figure 2. Fluctuation energy, as a function of axial position, at r/D = 0, of the streamwise
velocity component for m = 0 wavepackets. (a) St = 0.26. (b) St = 0.35. (c) St = 0.43. (d)
St = 0.52. (e) St = 0.61. (f) St = 0.69. Solid line with diamonds: LES; solid line with squares
SLEE; solid line with circles ULEE:

the LES fluctuations and the average wavepacket based on PSE of the long-time-averaged
mean flow field (Figure 3).

Figure 2 shows that inclusion of the unsteady base flow does not have a large influence
on the average wavepacket envelope. This is in contrast to what is observed in the acoustic
field. The sound fields modeled by SLEE and ULEE are compared with the LES data
on a cylindrical surface of radius r/D = 14.3. Nine axial positions on the surface are
considered, corresponding to polar angles ranging from 20◦ to 90◦. The results are shown
in Figure 4. A first observation that can be made concerns the multi-lobed character of
the radiation from wavepackets on the long-time-averaged base flow. This behavior, which
contrasts with that observed at lower Mach number, is due to more complex interference
that results from the higher degree of acoustic non-compactness of the higher-Mach-
number wavepackets.

The sound radiation from the intermittent wavepackets is, as expected, less marked
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Figure 3. Wavepacket at St = 0.35 along r/D = 0.5. Thin black line: first POD mode of the
LES data; thick red line: first POD mode of the ensemble of PSE with different short-time-av-
eraged mean flows; circles: PSE with long-time-averaged mean. The real part of the pressure
eigenfunctions are plotted.
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Figure 4. SPL, as a function of emission angle, for m = 0 wavepacket. Solid line with diamonds:
LES; solid line with circles: SLEE; solid line with squares: ULEE run for time tc∞/D = 400
(c∞ is the ambient sound speed); solid line with triangles: ULEE run for time tc∞/D = 1000;
solid line with crosses: ULEE forced with five frequencies (St = [0.35, 0.43, 0.52, 0.61, 0.69]). (a)
St = 0.26. (b) St = 0.35. (c) St = 0.43. (d) St = 0.52. (e) St = 0.61. (f) St = 0.69.
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by such lobes, the directivity patterns being significantly improved. But the main con-
clusion to be drawn from Figure 4 is that while the acoustic efficiency of wavepackets
is considerably boosted by the incorporation of jitter, amplifications of up to 20dB be-
ing observed (multiple-frequency forcing showing non-linear effects to produce additional
amplification for St = 0.35), this is not sufficient to explain the radiation efficiency of
the wavepackets that exist in the LES and the experiment.

The PSE/OWE results for an ensemble of steady, short-time-averaged base flows,
are similar to what is predicted by the ULEE. Their close agreement shows that the
inclusion of an unsteady base flow, at least a slowly varying one, produces the same effect
as an ensemble of different base flows. In Figure 3, the coherent near-field wavepacket
educed by applying POD to an ensemble of PSE with different short-time-averaged base
flows is compared to that from the LES and to the PSE wavepacket associated with the
long-time-averaged flow. In the figure, the short-time averages were made over a period
corresponding to a Strouhal number of 0.08, but we also considered periods half and
twice as long with very similar results†. The figure shows that the variations in the base
flow did not give rise to any significant change in the near-field, averaged wavepacket,
similar to what is observed above for ULEE.

In Figure 5, we go on to plot the coherence at St = 0.35 between the point where the
wavepacket at this frequency attains its maximum amplitude and points along the jet lip-
line‡. Results are shown for the LES data as well as for the ensemble of PSE solutions for
the short-time-averaged flow field. For the figure, the short-time averages were made over
a period corresponding to a Strouhal number of 0.08, but we also considered periods half
and twice as long with very similar results. Also included in the figure is the coherence
reconstructed from a few POD modes of the LES fluctuations. While one would not,
in general, expect a match between the simple linear models and the full coherence of
the turbulence, the comparison of the models with low-order reconstructions reveals that
variations in wavepackets due to the differences between the different short-time-averaged
base flows is just one, and perhaps not the most important, source of intermittency of
the wavepackets.

Thus while these results confirm hypotheses H1 and H2 and show that the incorpora-
tion of intermittency effects in the linear modeling of wavepackets is important, insofar
as it leads to both significant sound amplification and more realistic directivity patterns
in comparison to average wavepackets, it is clear that additional modeling elements are
necessary if the kind of intermittency observed in the LES and experiment is to be re-
produced. Two avenues have been identified using the LES database and are currently
being investigated. The first is the introduction of realistic inlet forcing. All of the results
presented here correspond to harmonic forcing with the LST Kelvin-Helmholtz eigen-
function. The second element, which is the object of a separate study (Nichols 2014), is
built on the idea that turbulence throughout the jet may act as a volumetric ‘external’
forcing for linear wavepackets (such a scenario has been proposed by Landahl (1967) and

† The different PSE realizations were calibrated by equating their amplitude near the noz-
zle exit with the LES wavepacket educed by projecting the fluctuations at the corresponding
frequency (for the same short-time-average bin) onto the first POD mode of the entire dataset.
This procedure is rationalized by the very close agreement between POD and PSE for the initial
growth of the wavepacket.

‡ For a discussion of the connection between the two-point coherence of wavepackets and
their sound radiation, the reader should refer to Cavalieri & Agarwal (2014) and Baqui et al.
(2014).
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Figure 5. Coherence at St = 0.35 between the point x/D = 5, r/D = 0.5 and other points
along r/D = 0.5. Red crosses: LES; green squares: 2-POD-mode reconstruction of the LES
data; thick black line: ensemble of PSE with different short-time-averaged mean flows; thin
black line: 1-POD-mode reconstruction of the LES data.

is more recently being explored by McKeon & Sharma (2010) in the context of boundary
layers). Further work is required to clarify the respective importance of these phenomena.

4. Concluding remarks

Wavepacket intermittency, which appears to be a key to understanding and modeling
subsonic jet noise, has been considered by the combined use of high-fidelity numerical sim-
ulation data and simplified linear models. The phenomenon was incorporated in the mod-
els via the introduction of time-varying base flows, in both statistical and time-dependent
frameworks. Jittering wavepackets with considerably enhanced acoustic efficiency were
successfully generated. But the results show that the modeling framework requires fur-
ther additions if the observed (LES and experimental) radiation levels are to be matched.
Two such additions, identified during the summer program as important, are: (i) the use
of realistic inflow forcing, as opposed to the harmonic Kelvin-Helmholtz-eigenmode forc-
ing used here; and (ii), the incorporation of volumetric forcing by turbulence (Nichols
2014).

A second outcome of this study was the validation of a novel spatial marching tech-
nique, OWE, which allevaites several shortcomings of the PSE method and which can
produce results equivlaent to the full LEE at a fraction of the computational cost.
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