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Multimodal Tuning of an
Axisymmetric Resonator
This paper reports an approach for the simultaneous elimination of the modal frequency
differences within two pairs of modes in an axisymmetric resonator. Fabricated devices
exhibit frequency detuning, which can be eliminated by strategically mass loading the
resonator. Each pair of modes responds to the mass loading differently so models are
developed to predict the postloading frequency differences. The models are incorporated
into a search procedure to select deposition sites that simultaneously reduce the modal
frequency difference within each pair. The proposed approach is successfully imple-
mented on a resonator whose modal frequency differences are reduced below 200 mHz
from an initial frequency difference of 23.5 Hz for a pair of modes at 13.8 kHz, and a
2.4 Hz difference for another pair of modes at 24.3 kHz. [DOI: 10.1115/1.4043331]

1 Introduction

Microscale axisymmetric resonators are the foundation of a
new class of planar high-performance Coriolis vibratory gyros
(CVGs) [1–4]. The axisymmetry imparts the nominal degeneracy
of one or more pairs of modal frequencies in the resonator. Modal
degeneracy maximizes the signal-to-noise ratio (SNR) of the
angular rate measurement relative to noise introduced by elec-
tronic buffers that amplify the small currents present at the sens-
ing electrodes so any departure from “tuned” modal frequencies
will degrade the SNR especially in resonators with high quality
factors [5]. Although the resonators are fabricated using etch proc-
esses that enable a high degree of dimensional precision, asymme-
tries are inevitably introduced, which detunes the pairs of modal
frequencies. The detuning must be eliminated in order to recover
the highest achievable SNR. A ubiquitous method, which will not
be reviewed here, is to electrically bias electrodes relative to the
resonator in order to create electrostatic “springs.” One potential
disadvantage of this approach is the requirement it places on the
stability of the electrical biases because any drift in the biases will
result in small perturbations to the resonator dynamics. Alterna-
tively, permanent modification of the resonator can be achieved
by selectively adding or removing mass in order to modify the
local stiffness and/or mass distribution of the resonator.

This paper reports the simultaneous elimination of the modal
frequency differences within two pairs of modes near 14 kHz and
24 kHz in a planar axisymmetric resonator using a permanent
mass deposition approach. The motivation for pursuing tuning of
two pairs of modes within the same resonator was demonstrated
in Ref. [6] where it was shown that each pair of modes can func-
tion as a CVG thereby yielding two angular rate measurements
from a single resonator. The zero-rate offset drifts were highly
correlated over long time intervals and so a technique was pro-
posed to fuse the two measurements into a single angular rate esti-
mate with a much more stable offset. The resonator in Ref. [6] is
also used in this paper; however, in Ref. [6], it was modified using
an ad hoc approach of essentially tuning one pair first, and then
attempting to tune the second pair without disturbing the modal
frequency difference of the first pair. This largely trial-and-error
approach did eventually tune both pairs of modal frequencies;
however, this paper presents and demonstrates a more systematic
approach for achieving the same tuning goal despite the signifi-
cant challenges posed by the fact the physical perturbations are

quantized in both mass and location. Although it is generally not
possible to achieve complete frequency degeneracy within each
pair, it was shown in Ref. [5] that some small residual detuning
can be tolerated in CVG applications. Other contributions of this
paper include a technique for identifying the modal frequencies
and mode shapes from transient response data. This is a comple-
mentary technique to the ubiquitous use of empirical frequency
response estimates produced by a signal analyzer.

Relatively little research on the permanent tuning of axisym-
metric microscale has been reported in the literature. In addition
to the experiments with the same resonator design reported in
Refs. [7] and [8], gold was ablated from the lip of a microscale
hemispherical resonator in Ref. [9] and laser cutting of a silicon
ring was reported in Ref. [10]. Modification of the so-called wine
glass modes was the objective in these studies. Despite the lack of
results specific to microscale resonators, there is a large body of
literature concerning the tuning of rings, bells, and cylinders, for
example see Refs. [11–13]. Of particular relevance are the analyti-
cal results of Refs. [14] and [15], which focus on the tuning of
slightly imperfect rings. The results from these papers are adapted
here to develop models, which relate the pre- and post-perturbation
modal frequency differences and also address the multiring struc-
ture of the resonator under consideration in this paper. The solu-
tion proposed in Ref. [15] to simultaneously tune multiple pairs of
modes within an imperfect ring cannot be applied here, though,
because the mass deposition locations and mass sizes are quan-
tized. Thus, this paper employs a search procedure to identify dep-
osition locations, which will reduce the modal frequency
differences below a specified threshold.

The paper is organized as follows: Section 2 discusses a tech-
nique for estimating the tangential and radial velocity components
at the potential deposition sites. These components are needed in
order to develop the modal frequency perturbation model. Section
3 describes how the resonator is modeled from transient response
data. The resonator models yield estimates of the modal frequen-
cies and the corresponding mode shapes for each pair of modes.
The large number of spatially distributed pick-offs provides accu-
rate measurements of the mode shapes. Section 4 develops the
modal frequency perturbation model based on small point mass
perturbations of a simple ring. The model is generalized to the res-
onator under study using the velocity component analysis from
Sec. 2. Section 5 proposes an optimization problem to search for
suitable deposition locations, given constraints on the maximum
number of solder spheres that can be used in a given iteration.
This is a global optimization problem because of the quantization
of the deposited mass as well as the quantized deposition loca-
tions. Section 6 demonstrates the tuning process on a resonator
with initial modal frequency differences of 23.5 Hz and 2.4 Hz
within different pairs of modes. The intermediate deposition steps
and frequency response measurements of the resonator are also
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provided. Three iterations are required to reduce the model fre-
quency differences below 200 mHz. Section 7 concludes the
paper.

2 Resonator Modeling

The planar resonator used in this study is shown in Fig. 1. The
resonator consists of nine concentric rings, each of which is con-
nected to its neighbor(s) by a staggered system of spokes. The
outer diameter of the resonator is 1 cm and each ring is approxi-
mately 20 lm wide. The resonator thickness is 270 lm. The mass
distribution of the resonator is modified in order to reduce the
modal frequency difference within selected pairs of modes and
the four outermost layers of spokes are larger (130 lm in diame-
ter) and are targets for mass deposition. This essential resonator
design is also employed in Refs. [7] and [8]; however, there are
differences in the way mass perturbations are achieved and, con-
sequently, there are small changes to the top surface of the resona-
tor to support one particular method or another. In this paper, a
1 lm thick, 130 lm diameter, gold film is deposited on the top sur-
face of all 96 “large” spokes. These are potential targets for mass
deposition by reflowing solder spheres of 75 lm and 35 lm
diameters—see Fig. 2. In Ref. [7], the outermost layer of spokes
had shallow reservoirs into which silver particle laden ink was
deposited. This reference lacked the smaller diameter solder
spheres so the ink was necessary for fine tuning. More recently,
[8] demonstrated selective etching of the top surface of the large
spokes, i.e., mass is removed.

The resonator is instrumented with eight pick-offs that measure
the radial velocity of the outer-most ring. These pick-offs are
denoted S1–S8 in Fig. 1. One advantage over the authors’ prior
work is the much greater visibility into the mode shapes of the res-
onator because of the use of eight distinct pick-offs. The resonator
is forced by applying potentials, relative to the resonator’s con-
stant potential, to the D1, D6, and D8 electrodes also shown in this
figure. A broadband frequency response from electrode D1 to
pick-off S7 is shown in Fig. 3 and reveals modes near 6.5, 14 and
24 kHz. Measurements in Sec. 3 demonstrate that there are in fact
pairs of modes at these frequencies—individual modes within a
given pair cannot be distinguished on this scale. The pairs are
identified according to the integer n with the pair near 6.5 kHz
designated the n¼ 1 pair, the pair near 14 kHz designated the

n¼ 2 pair, and so forth. The labeling convention derives from the
dominant nh dependence of the radial and tangential displace-
ments associated with the mode shapes, where h is the angular
coordinate measured relative to the reference shown in Fig. 1.

The perturbation models discussed in Sec. 4 require estimates
of the relative amplitudes of the radial and tangential velocities at
the large spokes, denoted U and W, respectively. Thus, it is neces-
sary to enumerate these locations according to the “layer” (radial
location) and position within the layer (angular location). This is
accomplished by using index k � {1, 2, 3, 4} to denote the layer
(with k¼ 1 being the innermost layer of large spokes) and index i
� {1, 2,…, 24} to denote the angular position relative to a datum
defined as the radial line that bisects the electrode labeled S1 in
Fig. 1. The angular location of a given spoke is then denoted hk,i.
The spoke velocities are estimated by applying finite element
analysis to multiple cases of slightly perturbed resonators. Each
case study produces mode shapes with different spatial orienta-
tion; however, they are aggregated into estimates of amplitudes of
radial and tangential velocity components by computing the dis-
crete Fourier series of the 24 radial spoke velocities (similarly, the
tangential velocities) for each spoke layer. Although the phases of
the Fourier components differ from one case to the other, the
amplitude ratios are essentially constant and independent of the
perturbation magnitude as shown in Ref. [8] where only the n¼ 2
pair of modes is analyzed. An example of the mode shapes associ-
ated with the n¼ 2, 3 pairs of modes is shown in Fig. 4.

Fig. 1 Isometric view of the 1 cm diameter resonator. The large
spoke positions are identified with the indices i � {1, 2,. . ., 24}
denoting the angular position, and k � {1, 2, 3, 4} denoting the
radial position. The electrodes labeled D1, D6, and D8 are used
for exciting the resonator and the electrodes labeled S1–S8 are
used for measuring the radial velocities at points along the out-
ermost ring.

Fig. 2 A view of reflowed solder spheres in the area between
the S6 and D1 electrodes. A 75 lm diameter solder sphere is on
the upper right spoke and a reflowed 35 lm diameter solder
sphere is on bottom left spoke.

Fig. 3 Broadband frequency response using electrode D1 for
excitation and electrode S7 for sensing. The n 5 1, 2, 3 pairs of
modes are located near 6, 14, and 24 kHz, respectively.
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The radial and tangential amplitude ratios are graphed in
Figs. 5 and 6 for n¼ 2 and n¼ 3, respectively. In the nth pair of
modes, the dominant harmonic of the mode shape is the nh har-
monic. Figure 5 also indicates that the 6h and 10h harmonics have
the next largest amplitudes for the radial components but only the
2h harmonic is significant for the tangential motion. For the n¼ 3
pair of modes, the 3h harmonics are dominant in the mode shapes
as shown in Fig. 6; however, the 5h and 11h harmonics are also
present in the n¼ 3 mode shapes for the radial component. Since
amplitude ratios are shown in these figures, the normalization is
performed with respect to the largest harmonic amplitude for each
n, which is the 2h radial velocity harmonic corresponding to the
innermost layer of spokes (k¼ 1) when n¼ 2, and the 3h radial
velocity harmonic corresponding to the innermost layer of spokes
when n¼ 3. For the dominant harmonic terms only, the radial
amplitude ratios are denoted by an,k and the tangential amplitude
ratios are denoted by bn,k. Based on the normalization discuss
above, a2,1¼ 1 and a3,1¼ 1. A numerical summary of the ratios
shown in Figs. 5 and 6 is given in Table 1 for n¼ 2, 3.

The antinodes of the nth pair of mode are defined as the angle
where the radial velocity components achieve their maximum
value for the dominant nh harmonics. The finite element analysis
also reveals that the antinodes are equal across spoke layers. In
other words, the antinodes are not a function of k when consider-
ing the nh harmonics. The orientation of the nh harmonic in one
of the nth modes is denoted by w. For example, the antinode

Fig. 4 Mode shapes for the n 5 2, 3 modes. Only one mode in
each pair is shown.

Fig. 5 (Top) The normalized magnitudes of the Fourier series
coefficients for the spoke radial velocities at different layers for
the n 5 2 modes. (Bottom) The normalized magnitudes of the
Fourier series coefficients for the spoke tangential velocities at
different layers for the n 5 2 modes.

Fig. 6 (Top) The normalized magnitudes of the Fourier series
coefficients for the spoke radial velocities at different layers for
the n 5 3 modes. (Bottom) The normalized magnitude of the
Fourier series coefficients for the spoke tangential velocities at
different layers for n 5 3 modes.
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associated with the mode shape of one mode within each n¼ 2, 3
pair is shown in Fig. 4.

The practical problem of measuring the phases (angular orienta-
tion) of the spatial harmonics also poses challenges—the periph-
eral electrodes illustrated in Fig. 1 produce signals proportional to
the radial velocities at points on the outermost ring, but this is
where all harmonics have their smallest relative amplitudes. For
example, the 6h harmonic for the n¼ 2 radial velocity at the out-
ermost ring is about one-hundredth of the 2h harmonic. The 10h
harmonic is even smaller. It will be shown in Sec. 3 that it is not
possible to measure the 6h and 10h harmonics associated with the
n¼ 2 mode-shapes. A similar conclusion is reached concerning
the n¼ 3 radial velocity, i.e., the 5h and 11h harmonics cannot be
measured. Thus, only the 2h harmonics for the n¼ 2 pair, and the
3h harmonics for the n¼ 3 can be reliably measured with the pres-
ent electrode arrangement. Since it is not possible to infer the
phases associated with the higher harmonics in a given n¼ 2, 3
mode, and owing to smaller contribution of these harmonics to the
spoke velocity, the radial and tangential velocities in a given
spoke layer are approximated by retaining only the dominant har-
monic, i.e., 2h harmonic for n¼ 2 and 3h harmonic for n¼ 3.
Thus, the radial and tangential velocities of the spoke in the kth
layer and at the ith angular position for an n¼ 2 or n¼ 3 mode are
proportional to

UðhÞ / an;k cosðnðhk;i � wÞÞ
WðhÞ / bn;k sinðnðhk;i � wÞÞ (1)

The angle hk,i denotes the angular position of the spoke relative to
the datum, and w is the antinode orientation of the nh harmonic.
Note that Table 1 shows an,k/bn,k � n, that is, the ratio of the radial
velocity amplitude to the tangential velocity amplitude in the kth
spoke layer is essentially equal to n for the nth pair of modes. This
relation is also satisfied by a uniform inextensible ring because
U¼ @W/@h in this case [16]. This also explains why U and W are
in quadrature in Eq. (1).

3 Modal Parameter Measurements

Modeling the resonator dynamics from measurement data is
discussed in this section. The perturbation models in Sec. 4
require measurements of the difference between the modal fre-
quencies within a given pair as well as estimates of the antinodes
associated with the dominant harmonic of the mode shapes. The
resonator’s cofabricated electrodes are convenient for measuring
the outer ring’s radial velocity at well-defined points. It is
assumed that the electrode signal is proportional to the outer
ring’s radial motion at the electrode’s centroid. Prior research
focused on fitting an “impedance” model to two-input/two-output
frequency response measurements [7], but this technique did not
take advantage of the higher spatial resolution provided by indi-
vidual electrodes because three adjacent electrodes were com-
bined into a “single” larger electrode for sensing the n¼ 2 modes.
The larger electrode area boosts the SNR but at the expense of
lower spatial resolution; however, higher spatial resolution is nec-
essary for accurately estimating the n¼ 2, 3 antinodes.

The resonator under consideration is also subject to parasitic
coupling from the excitation electrodes to the pick-off electrodes,

which can bias the frequency response estimates. These chal-
lenges motivated the search for other parametric modeling techni-
ques that would yield not only information on the modal
frequencies but also greater insight into the antinode orientations.
The technique that is employed is based on models fit to transient
response data. The general approach is described in Ref. [17] for a
two-input/two-output resonator; however, for the present research,
the technique was extended to include additional input–output
channels. In addition to providing higher spatial resolution than
previous efforts, the modeling technique has also been shown to
reject any direct pick-off/forcer coupling due to the burst excita-
tion nature of the inputs used for generating response data. For
modeling the n¼ 2 pair of modes, electrodes D1 and D8 in Fig. 1
are used for exciting the resonator and electrodes S1–S8 are used
as pick-offs. The n¼ 3 pair of modes is modeled from data
obtained with the D1 and D6 excitation electrodes and, again,
S1–S8 for the pick-offs. In this manner, a two-input/eight-output
parametric model is derived for the n¼ 2, and separately for the
n¼ 3, pair of modes. The models are discrete-time linear state-
space models of the form

xþ ¼ Axþ Bu; s ¼ Cx (2)

where A 2 R4�4; B 2 R8�2; C 2 R8�4; x represents the state vec-
tor at the current time sample and xþ is the state one sample in the

future. The output vector is given by s ¼ ½ s1; s2; � � � s8 �T;
where sk represents the signal obtained from the electrode desig-

nated Sk in Fig. 1. The input is u ¼ ½ d1; d8 �T, respectively,

u ¼ ½ d1; d6 �T, for the n¼ 2 pair, respectively, n¼ 3 pair, where
d1 represents the stimulus applied to the D1 electrode and so forth.
The frequency responses of the identified modes are compared to
the empirical frequency responses in Figs. 7 and 8. Only two
input–output channels are shown for each pair of modes despite
the fact that there are eight output channels and two input chan-
nels. These additional details are not shown for the sake of brev-
ity. Note, however, that the parametric modeling technique rejects
parasitic capacitive coupling and, thus, the model and empirical
frequency responses deviate from each other away from the reso-
nant frequencies. The parasitic coupling is especially evident in
the n¼ 3 empirical frequency response—the coupling has a tend-
ency to create the flat floor in the frequency response magnitude.
Note that these frequency responses represent the detail in a
neighborhood of the n¼ 2, 3 modes shown in the broadband fre-
quency response in Fig. 3. It is clear that the modes appear in
pairs.

Table 1 Normalized amplitudes of spoke velocity components

n¼ 2 n¼ 3

Layer, k a2,k b2,k a3,k b3,k

1 1 0.4969 1 0.3257
2 0.9289 0.4603 0.8741 0.2878
3 0.8506 0.4214 0.7543 0.2492
4 0.7868 0.3886 0.6750 0.2171

Fig. 7 Frequency response magnitude plot showing the n 5 2
modes prior to any mass deposition (the “as-fabricated” state
of the resonator). The initial modal frequency difference is
23.49 Hz. The frequency response of an identified parametric
model is also shown. The deviation between the model and
empirical data is due to parasitic coupling which is present in
the empirical frequency response but not the parametric model.
The S2/D1 and S6/D8 measurement channels are shown (see
Fig. 1).
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The modal frequencies and damping are determined from the
eigenvalues of A and the antinode orientations are estimated by
analyzing its eigenvectors: let k represent an eigenvalue with cor-
responding eigenvector v, then, the modal response corresponding
to this eigenvalue as measured by the pick-offs is sðptsÞ
¼ Cvkp; p ¼ 0; 1; 2; 3;…, where ts is the sample period associated
with the model. The amplitude of the modal response in each out-
put measurement channel can be determined by analyzing the ele-
ments of Cv. For example, Fig. 9 shows a graph of the elements
of Cv in the complex plane for a mode in the n¼ 2 model. The
fact that these elements are nearly colinear implies that measure-
ment signals pass through zero at the same points in time as the
modal response decays. Thus, removing the common phase term
in each element allows us to graph the amplitude—with a sign—
of the mode-shape at the corresponding location of the electrode.
These elements are graphed in Figs. 10 and 11 for both modes in
the n¼ 2 and n¼ 3 pairs. The angle h¼ 0 corresponds to the loca-
tion of the S1 pick-off so its signed amplitude is graphed at 0 deg;
the signed amplitude at the S2 pick-off is graphed at h¼ 15 deg,
and so forth. Also shown as a dashed line is a model of the form
cosðnðh� wÞÞ, which is determined from a least-squares fit, and
where w represents the antinode orientation associated with the
mode. For the n¼ 2 modes, w2,1 represents the antinode orienta-
tion for the lower frequency mode and w2,2 the antinode orienta-
tion for the higher frequency mode. The difference between the

antinode orientations within a given pair of modes was not con-
strained to satisfy 6p/(2n) rad yet it appears that the experiments
confirm this relationship when n¼ 2, 3. This relation between
antinode orientations is also satisfied by a single ring resonator
[16]. Thus, the modeling technique provides accurate estimates of
the modal frequencies and antinode orientations that are used in
the perturbation models derived in Sec. 4.

4 Perturbation Models

The estimated velocity components at the resonator spokes are
given by Eq. (1) and are equal to those of a thin, inextensible ring
when the nondominant h harmonics are neglected. Thus, a pertur-
bation model for the resonator can be developed by first determin-
ing a perturbation model for a thin ring subjected to point-mass
perturbations. In general, a modal frequency, x0, of a linear elas-
tic structure is determined from the Rayleigh quotient
x2

0 ¼ P0=T0, in which P0 is the maximum stored elastic energy
and x2

0T0 is the maximum kinetic energy in the mode. If it is
assumed that only the kinetic energy of the mode is perturbed
when a perturbing mass is added to, or subtracted from, the struc-
ture, then an estimate of the perturbed modal frequency x0þ dx

can be determined from the perturbed Rayleigh quotient,
ðx0 þ dxÞ2 ¼ P0=ðT0 þ dTÞ, where x2

0dT is the approximate
change in kinetic energy due to the mass perturbation. The change
in modal frequency can then be approximated as dx � �0.5x0dT/
T0. This expression will be used below to relate the pre and post-
perturbation modal frequency difference within nominally degen-
erate pairs of modes in a thin ring.

A thin, uniform ring possesses pairs of degenerate modes. If the
nth pair of modes is assumed to possess modal frequencies at x0,
then these modal frequencies decrease in frequency and typically

Fig. 8 Frequency response magnitude plot showing the n 5 3
modes prior to mass deposition. The initial modal frequency
difference is 2.43 Hz. The parasitic capacitive coupling creates
the “floor” in the empirical frequency response. The S2/D1 and
S5/D6 measurement channels are shown.

Fig. 9 Elements of Cv for an n 5 2 mode with labels indicating
the associated electrode (see Eq. (2)). A shift in phase aligns
these elements on the real axis—these are the values that a
graphed in Figs. 10 and 11.

Fig. 10 Estimation of n 5 2 antinodes. The points are from the
analysis of Cv and the dashed line is the model cos(2(h2w))
where w is chosen to interpolate the points. Note that
w2,2 2 w2,1 5 244.9 deg.

Fig. 11 Estimation of n 5 3 antinodes. Note that
w3,2 2 w3,1 5 30.4 deg.
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detune when the ring is perturbed by adding a set of point masses.
The perturbed modal frequencies can be estimated by computing
the change in the kinetic energy of each mode, which is deter-
mined from knowledge of the mass locations in relation to the
postperturbation mode shapes. Let the radial velocity component
of a mode in the nth pair of modes be denoted u1. The tangential
component is denoted w1. Similarly, u2 and w2 represent the radial
and tangential velocity components associated with the compan-
ion mode. It is assumed that the first mode has modal frequency
x1 and the companion mode has modal frequency x2. These
velocity components are u1 ¼ U1ðhÞejx1t; w1ðtÞ ¼ W1ðhÞejx1t;
u2 ¼ U2ðhÞejx2t, and w2 ¼ W2ðhÞejx2t, where the mode shapes are
closely approximated by

U1ðhÞ ¼ a cosðnðh� wn;1ÞÞ; W1ðhÞ ¼ b sinðnðh� wn;1ÞÞ
U2ðhÞ ¼ a sinðnðh� wn;1ÞÞ; W2ðhÞ ¼ �b cosðnðh� wn;1ÞÞ

The nominal kinetic energy x2
0To can be taken to be the same in

each mode because the analysis given below only relies on a2/T0,
which is independent of the amplitude so, without loss of general-
ity, the amplitudes a and b are chosen to be the same for each
mode. The angle wn,1, respectively, wn,2, is where the radial veloc-
ity achieves its largest value for the x1 mode, respectively, x2

mode—these are modes’ radial antinodes. The mode shape
expressions have used the fact that wn,2¼wn,1 6 p/2n radians, cf.,
the radial antinode measurements in Figs. 10 and 11.

Consider a mass of size m0 that is the reference mass against
which all other masses are scaled. The introduction of a reference
mass is motivated by the fact that in the resonator under consider-
ation, only solder spheres of a fixed diameter can be applied to the
resonator—see Fig. 2. When a single m0 is affixed at angle h0 to a
perfect ring, a radial antinode at wn,1¼ h0 is created for the lower
frequency mode which, without loss of generality, is identified
with x1. The degenerate modal frequencies x0 are perturbed
to x1 and x2 according to x1�x0¼ dx¼�0.5x0dT/T0, where
dT¼0:5m0ðU2

1ðh0ÞþW2
1ðh0ÞÞ¼0:5m0a2, and similarly, x2�x0¼

dx¼�0.5x0dT/T0, where dT¼0:5m0ðU2
2ðh0ÞþW2

2ðh0ÞÞ¼0:5m0b
2.

The sensitivity, cn, associated with the nth pair of modes is
defined to be the difference of the modal frequencies under this
perturbation scenario, which, by the labeling convention, is
positive

cn ¼ x2 � x1 ¼
1

4

x0

T0

a2 � b2
� �

m0

The sensitivity is interpreted as the (positive) modal frequency
difference that is observed when placing a reference mass on the
perfect ring. It is experimentally measured in practice by placing a
perturbing mass on the lower frequency mode radial antinode and
observing the change in modal frequency difference. Note that the
square of the amplitudes scale with T0 so cn is independent of the
energy in the modes.

In order to develop an expression relating pre and postperturba-
tion frequency differences, we consider the scenario in which N
point masses, denoted mp, p¼ 1,…, N, are applied to an initially
uniform thin ring at points hp. The radial antinode orientation wn,1

associated with the lower frequency mode, x1, was derived in
Ref. [14] to be tan 2nwn;1 ¼

P
p mp sin 2nhp=

P
p mp cos 2nhp;

assuming the point masses are sufficiently small. The difference
between the perturbed modal frequencies in the nth pair of modes
is defined Dn¼x2�x1

Dn ¼ �
1

2

x0

T0

XN

p¼1

mp U2
2 hpð Þ þW2

2 hpð Þ � U2
1 hpð Þ �W2

1 hpð Þ
� �

¼ cn

m0

XN

p¼1

mp cos 2n hp � wn;1

� �� �

Thus, if a perfect ring is perturbed by point mass, the effect of
the masses can be aggregated into a single “equivalent” mass

me ¼
P

p mp cosð2nðhp � wn;1ÞÞ located at wn,1. In practice, the
equivalent mass is calculated from the sensitivity, reference mass
value, and measured frequency split, i.e., me¼m0Dn/cn. Note that

me ¼ cos 2nwn;1

XN

p¼1

mp cos 2nhp þ sin 2nwn;1

XN

p¼1

mp sin 2nhp

from which it follows:

me cos 2nwn;1 ¼
X

p

mp cos 2nhp

me sin 2nwn;1 ¼
X

p

mp sin 2nhp:

Thus, the equivalent mass can be used in place of the N initial
masses in all subsequent computations.

We now take the perspective that the ring with N masses is the
initial state of the resonator. The initial state may be a conse-
quence of fabrication imperfections, masses deposited in previous
tuning steps, or a combination of the two. The only parameters we
require from the resonator in this initial state are the modal fre-
quency difference, Dn, and low-frequency mode antinode orienta-
tion, wn,1. These parameters are readily obtained using the
measurement and modeling technique discussed in Sec. 3. In any
case, we consider adding a reference mass m0 at h0. This new
mass is a perturbation to the resonator’s initial state so it is of
interest to develop an expression relating the preperturbation fre-
quency difference, Dn, and antinode orientation, wn,1, to the post-
perturbation frequency difference, ~Dn, and antinode orientation,
~wn;1. The postperturbation antinode is given by

tan 2n~wn;1 ¼
m0 sin 2nh0 þ

X
p

mp sin 2nhp

m0 cos 2nh0 þ
X

p

mp cos 2nhp

¼
m0 sin 2nh0 þ me sin 2nwn;1

m0 cos 2nh0 þ me cos 2nwn;1

:

(3)

The postperturbation frequency difference is

~Dn¼ cn cos 2n h0� ~wn;1

� �� �
þ 1

m0

XN

p¼1

mp cos 2n hp� ~wn;1

� �� �0
@

1
A

which simplifies to

~Dn ¼ ðcn cos 2nh0 þ Dn cos 2nwn;1Þsin 2n~wn;1

þðcn sin 2nh0 þ Dn sin 2nwn;1Þsin 2n~wn;1

In view of Eq. (3)

~Dn cos 2n~wn;1 ¼ Dn cos 2nwn;1 þ cn cos 2nh0

~Dn sin 2n~wn;1 ¼ Dn sin 2nwn;1 þ cn sin 2nh0

which can be compactly expressed as

~Dnej2n~wn;1 ¼ Dnej2nwn;1 þ cnej2nh0 (4)

where j ¼
ffiffiffiffiffiffiffi
�1
p

.
Extending Eq. (4) to the resonator under study is straightfor-

ward. First, it is assumed that reference masses can be placed on
any one of the 96 large spokes (if a spoke is unavailable, it can be
excluded from the search procedure described in Sec. 5). Target-
ing more than one spoke just extends the term with cn in Eq. (4) to
a sum; however, a correction must be made to the velocity compo-
nent amplitudes because they vary among spoke layers. The spoke
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layer index, k, is used to adjust the a and b according to Table 1,
and definition of cn is modified to account for using a single sensi-
tivity across all spoke layers

~Dnej2n~wn;1 ¼ Dnej2nwn;1 þ cn

X
k;i

lk;iða2
n;k � b2

n;kÞej2nhk;i (5)

Recall that the indices (k, i) are used to uniquely identify a spoke
(Fig. 1). If spoke (k, i) receives a solder sphere of mass m0, then
lk,i¼ 1; otherwise, lk,i¼ 0. This is a useful representation for the
optimization formulated in Sec. 5 to determine spoke locations for
which D2 and D3 are simultaneously reduced. As in the case of the
ring, the sensitivity cn is related to the change in the frequency
split if the reference mass m0 is placed on the antinode of the
innermost spoke layer (k¼ 1). If it is placed on the lower fre-
quency mode’s antinode, then the frequency split is increased by
cnð1� b2

n;1Þ. Likewise, if the reference mass is placed on the
higher frequency mode’s antinode, then the pre and postdeposition
frequency splits are reduced by cnð1� b2

n;1Þ since an,1¼ 1. If mass
is deposited at an antinode on other spoke layers (k¼ 2, 3, 4), then
the change in frequency split is cnða2

n;k � b2
n;kÞ.

5 Algorithm for Selection of Deposition Sites

Reducing the modal frequency difference within the n¼ 2 pair
of modes has been demonstrated in Refs. [7] and [8] for the reso-
nator under consideration. In the case of mass loading, the general
strategy is to deposit mass in a neighborhood of the antinodes of
the higher frequency mode since this has a greater effect on modi-
fying the kinetic energy of the higher frequency mode relative to
the lower frequency mode. When mass is removed, the antinodes
of the lower frequency mode are targeted. In either case, a search
over the spoke locations in a neighborhood of the relevant antino-
des is sufficient to produce tuned modes after several iterations.
This process ignores the effects of mass loading on other modes,
though. When the objective is to simultaneously reduce D2 and
D3, this heuristic approach is of limited utility because the n¼ 2
and n¼ 3 antinodes are not aligned in any way. Adding the quan-
tization constraints on the permissible mass and deposition loca-
tions further complicates the search for deposition locations that
yield a satisfactory reduction in frequency split. An exhaustive
search is prohibitive because typically 10–20 spokes are modified
out of 96 possible locations. Thus, an alternative search procedure
is necessary. The expression relating the pre and postperturbation
frequency splits (5) can be incorporated into a mixed-integer lin-
ear programming problem [18] for identifying promising mass
deposition locations in order to simultaneously reduce both the
n¼ 2 and n¼ 3 postperturbation frequency splits relative to their
preperturbation values. The optimization problem is stated as
follows:

minimize f

subject to:

f 2 R; f > 0

lk;i 2 f0; 1g
�f6 ~D2 cosð4~w2;1Þ6 f

�f6 ~D2 sinð4~w2;1Þ6 f

�f6 ~D3 cosð6~w3;1Þ6 f

�f6 ~D3 sinð6~w3;1Þ6 fX
k;i

lk;i6 c

(6)

Here, c is a positive integer that sets a bound on the total number
of masses that are permitted. Note that ~D2 cosð4~w2;1Þ; ~D2 sin
ð4~w2;1Þ; ~D3 cosð6~w3;1Þ, and ~D3 sinð6~w3;1Þ are affine functions of
the decision variables lk,i per Eq. (5). Despite the difficulty of

finding a global minimum, there exist widely available computa-
tional tools to estimate the minimum. Furthermore, we are not
overly concerned with finding the deposition pattern(s) that yield
the minimal value of f because the expressions for ~D2 and ~D3 are
approximate anyway. Thus, it is more prudent to set the maximum
number of solder spheres to be deposited and then terminate the
search if f is reduced to a sufficient degree. The gradual reduction
of D2 and D3 to the desired level is then achieved over several iter-
ations of measurement-computation-deposition. Note that for a
given deposition pattern that satisfies the constraints in Eq. (6),
the predicted frequency differences will satisfy j~D2j �

ffiffiffi
2
p

f and
j~D2j �

ffiffiffi
2
p

f.

6 Demonstration of Proposed Tuning Technique

Simultaneous tuning of the n¼ 2, 3 pairs of modes is demon-
strated for the resonator whose frequency responses are shown in
Figs. 3, 7, and 8. The initial frequency splits are 23.49 Hz and
2.43 Hz for the n¼ 2 pair and n¼ 3 pair, respectively. The first
task is to find the sensitivity parameters cn for n¼ 2, 3. This is
accomplished by placing mass perturbations on the resonator and
comparing the frequency splits and antinode orientations before
and after the deposition using Eq. (5). These sensitivities are
established using resonators other than one under consideration
and can be considered fixed for a given resonator design, i.e., they
do not need to be determined for each device. Two sizes of solder
spheres are used for mass perturbations in this study. The larger
solder spheres average 75 lm in diameter and the small solder
spheres average 35 lm in diameter. The estimated average sensi-
tivity values for the 75 lm diameter solder spheres are c2¼ 5.0 Hz
and c3¼ 4.5 Hz. These values are scaled by 0.1 for the 35 lm
diameter solder spheres.

The optimization (6) is used to determine the deposition sites.
After the initial modal measurements are performed, locations for
nine large solder spheres were determined. The optimization
requires about one minute to determine the deposition sites.
MATLAB software was used for these computations [19]. The sites
selected by the algorithm are shown in Fig. 12 and Table 2

Fig. 12 The map of masses placed on the resonator in the dep-
osition steps
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summarizes the n¼ 2, 3 frequency differences at each step of the
process. In the first iteration, the n¼ 2 frequency difference was
substantially reduced while the n¼ 3 was reduced by a factor of
2.3. The modal parameters were measured once again and sites
were selected for five large solder spheres. The model predicts a
further reduction in the frequency differences within each pair;
however, the measurements indicate that n¼ 3 difference actually
slightly increases. Despite this, the next iteration using the smaller
solder spheres reduces the differences to less than 200 mHz within
each pair of modes. The empirical frequency responses in a neigh-
borhood of the n¼ 2 and n¼ 3 pairs of modes are shown in
Figs. 13 and 14.

Table 2 also reports the quality factors (Q) of each mode. It
appears that the quality factors are not impacted by this tuning
procedure. This was also noted in Ref. [7] for the n¼ 2 pair. One
point of note is the fact that more deposition is required for the
results reported here compared to the results in Ref. [7], which
exclusively focused on manipulating the n¼ 2 modes. For exam-
ple, less than ten 75 lm solder spheres were required to eliminate
about the same initial n¼ 2 modal frequency difference in Ref.
[7]; however, approximately 16 solder spheres of the same size
were necessary for the simultaneous manipulation of the n¼ 2, 3
modal frequencies. This is not surprising because the additional
constraint of tuning the n¼ 3 pair precludes the most efficient
solution for the n¼ 2 pair.

The postperturbation frequency differences are predicted rea-
sonably well by the model after the first deposition, however,
there is considerable error between the measured versus predicted
D3 after the second deposition. The source(s) of the error have not
been definitively identified. One source of uncertainty is the actual
quantity of mass that is deposited. The diameters of the spheres
are not measured prior to deposition so any variability in the
diameters of the solder spheres will change the deposited mass

from the assumed reference mass m0. This uncertainty can be
mitigated by pursuing the mass removal technique introduced in
Ref. [8] since the etch rates are well documented. Furthermore,
postetch measurements can be performed to very accurately deter-
mine the amount of material removed.

Other approximations in the model relate to the spoke veloc-
ities. After the 2h “fundamental,” the most significant harmonic
component in the mode shapes of the n¼ 2 modes is the 6h term;
however, the magnitude of this term is about 1% of the magnitude
of the 2h harmonic for the outer ring radial displacement. Accord-
ing to Fig. 5, though, the amplitude of the 6h harmonic in the
radial motion of the inner ring adjacent to the innermost layer of
large spokes (k¼ 1 in Fig. 1) is about 5% of the outermost ring
radial displacement amplitude—in this case, it may be possible to
detect the 6h harmonic. Although it is difficult to quantify the net
impact of the neglected harmonics and mass uncertainty, it seems
unlikely to produce the error noted in D3 at the second deposition
step. Thus, we should reflect on potential deficiencies in Eq. (4)
for the perturbed ring from which Eq. (5) was derived. It is possi-
ble to challenge the assumption that pure point mass perturbations
only affect the kinetic energy of the mode. In a resonator in which
the mode of interest is isolated, the mode shape is not expected to
change much under small perturbations. Thus, if small masses are
added to the resonator, the strain energy remains essentially the
same because the strain energy integral is performed over the
same mode shape, so constraining changes to only occur in
the kinetic energy is reasonable. In a resonator in which modes
are degenerate, however, the mode shape orientation is sensitive
to the perturbations despite the fact that the shape, i.e., elliptical,
for the n¼ 2 modes in a ring resonator, is relatively robust to the
perturbations. The change in orientation, however, can modify the
strain energy in this scenario, because, in reality, local variations
in beam widths, spoke sizes, and so forth, affect both the mass and
stiffness distribution of the resonator. These variations are diffi-
cult, if not impossible, to directly measure: only their aggregate
impact on the modal properties is measurable. The results in Refs.
[7] and [8] did not appear to suffer from large prediction errors;
however, because the point mass perturbations were largely con-
fined to a neighborhood of antinodes, the postperturbation anti-
node orientations tended to remain close to their preperturbation
orientations. In this case, the strain energy would remain essen-
tially the same for a given mode. This requires further investiga-
tion, but despite any deficiencies of the model, the iterative nature
of the tuning process appears to be somewhat self-correcting and
so the challenge of tuning both n¼ 2 and n¼ 3 pairs of modes
proved feasible in three iterations.

7 Conclusion

A systematic postfabrication technique is proposed for the
simultaneous reduction of the modal frequency differences

Table 2 Summary of deposition steps

Iteration D2 (Hz) D3 (Hz) No. solder spheres Q2 (k) Q3 (k)

Initial 23.49 2.43 — 45.4, 45.5 32.1,32.3

First deposition
Measured 3.67 1.06 9 La 44.4, 44.4 31.7, 31.8
Predicted 3.34 0.49 — — —

Second deposition
Measured 0.72 1.17 5 L 44.4, 44.5 31.8, 31.5
Predicted 0.14 0.20 — —

Third deposition
Measured 0.11 0.16 8 S 44.2, 44.2 31.3, 31.5
Predicted 0.04 0.16 — —

a“L” denotes 75 lm diameter solder sphere, “S” denotes 35 lm diameter
solder sphere.

Fig. 13 Empirical frequency response of the n 5 2 pair of
modes for the S2/D1 and S6/D8 measurement channels. The ini-
tial modal frequency difference of 23.49 Hz is reduced to 0.11 Hz
after three rounds of mass deposition.

Fig. 14 Empirical frequency response of the n 5 3 for the S2/D1

and S5/D6 measurement channels. The initial modal frequency
difference of 2.43 Hz is reduced to 0.16 Hz after three rounds of
deposition.
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between the n¼ 2 and n¼ 3 modes in an axisymmetric resonator.
The technique is demonstrated on a resonator in which the initial
modal frequency differences were 23.5 Hz and 2.4 Hz for the
n¼ 2 and n¼ 3 pairs, respectively. After three iterations, the
modal frequency differences were reduced to less than 200 mHz.
The physical modification of the resonator is achieved by mass
loading specific areas on the resonator with solder spheres of two
different diameters. An approximate model for relating the pre
and postdeposition modal frequency differences within each pair
was incorporated into a search procedure to select a prespecified
number of deposition locations. The algorithm requires the initial
frequency difference within each pair as well as information on
the mode shape orientations. This information is obtained by
analyzing models fit to the resonator transient response. The state-
space models are developed using data from eight pick-off loca-
tions situated around the outermost ring of the resonator. The
large number of pick-off allows the robust identification of the
mode shape orientations even with sub-Hertz modal frequency
differences.
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