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Higher-order topological superconductors as generators of quantum codes
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We show that interactions can drive a class of higher order topological superconductors (HOTSCs) into
symmetry-enriched topologically ordered phases exemplified by topological quantum error correcting codes.
In two dimensions, interacting HOTSCs realize various topologically ordered surface and color codes. In three
dimensions, interactions can drive HOTSCs protected by subsystem symmetries into recently discovered fracton
phases. We explicitly relate fermion parity operators underlying the gapless excitations of the HOTSC to the
Wilson algebra of symmetry-enriched quantum codes. Arrays of crossed Majorana wires provide an experimental
platform for realizing fracton matter and for probing the quantum phase transition between HOTSCs and the
topologically ordered phase.
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I. INTRODUCTION

A decade of intense effort has resulted in a thorough
classification and characterization of topological materials.
For a refined classification of topological insulators and su-
perconductors along with their bosonic analogs, the con-
cept of symmetry protection has been extended to include
spatial symmetries [1–13]. In addition to fully dispersive
boundary modes, topological crystalline phases admit gapped
edges or surfaces with protected gapless modes at high-
symmetry corners or hinges. Exemplifying a much richer
bulk-boundary correspondence, this phenomenology is now
termed a higher-order topological phase [14–18] and a variety
of corresponding candidate materials have been proposed
[19–23].

An important research frontier on higher-order phases
concerns the effects of strong interactions. While previous
work shows that interactions can both trivialize and enrich
these phases [10,13,24–26], most efforts to date have fo-
cused on mathematical classification rather than microscopic
Hamiltonians and the ensuing phase diagrams of higher-order
materials. Here, we demonstrate that strong local interactions
can induce more exotic topologically ordered phases in a class
of higher order topological superconductors (HOTSCs).

Indeed, interactions can promote these HOTSCs into
phases exemplified by quantum error-correcting codes with
long-range entanglement and fractionalization. A connection
between band theories of Majoranas and quantum codes can
be traced back to Wen’s mean-field description for the toric
(surface) code [27–29]. We show that this mean-field theory
typifies a HOTSC phase. A HOTSC carries a Majorana zero
mode (MZM) at corners protected by, e.g., reflection or rota-
tion symmetries. Similarly, for certain boundary conditions,
surface code patches have degenerate ground states which
underlie their use as logical qubits. This degeneracy can also
be thought of as originating from corners with a fermion zero
mode. These corners are meeting points of edges with e and m
condensates, with their existence enforced by symmetry. We

show explicitly how mean-field theory connects symmetry-
protected HOTSC and symmetry-enriched surface codes.

Similar constructions can be used to generate the recently
discovered fracton codes from Majorana band models with
strong interactions [30–34]. Fracton matter has been inten-
sively explored via exactly solvable models, including quan-
tum stabilizer codes as well as higher rank gauge theories
[30–52]. Earlier literature shows that fracton order shares
many features of topological order, including long-range en-
tangled ground states and nontrivial braiding statistics. At the
same time, fracton phases have a subextensive ground-state
degeneracy depending on system size and lattice topology
which transcends the paradigm of topological quantum field
theory. Its quasiparticles have restricted mobility and move
within lower-dimensional manifolds only.

Interacting HOTSCs may provide a route toward real-
izing stabilizer codes of quantum information theory, with
possible applications to topological quantum computation.
In particular, the relation between interacting HOTSCs and
fracton phases may offer an inroad toward the experimental
realization of fracton matter, which remains little explored
[32,33]. One possible platform uses Majorana wires where
the interaction can be implemented as a charging energy [53],
allowing one to tune through and probe the quantum phase
transition between the HOTSC and topologically ordered
phase. It has also been proposed that Sr2RuO4 [21] can be
understood starting from a HOTSC model of the kind that we
explore in this paper.

II. MODEL OF HOTSC

We begin with a noninteracting band model on a square
lattice with four Majoranas per site. Each Majorana hybridizes
with its closest neighbor, as shown in Fig. 1 and described by
the Hamiltonian

H = −it
∑

j

(
γ 1

j γ
3
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+ γ 2
j γ

4
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)
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FIG. 1. Model of HOTSC, see Eq. (1). Each Majorana (blue dots)
hybridizes with its nearest neighbor as indicated by the blue solid
lines. The existence of Majorana corner modes (red dot) is protected
by reflection symmetry about the dashed orange line. The products
over the Majoranas enclosed by the green and red boxes are the
fermion parities Px and Py of the edges.

Here, j enumerates the lattice sites connected by lattice vec-
tors er and e′

r . Interestingly, this quasi-1D pairing structure
has been proposed to describe superconductivity in Sr2RuO4,
where it emerges from the directionality of dxz and dyz orbitals
[20,21].

With terminations along the x and y boundaries, all edge
sites contain two unpaired MZM. The edges can be gapped
by hybridizing the MZM on the boundary with their nearest
neighbor. This leaves one MZM uncoupled at the corner,
see Fig. 1. When imposing reflection symmetry about the
diagonal axis passing through the corner or a C4 rotation
symmetry, the MZM at the corner is symmetry protected, and
the model describes a HOTSC.

To demonstrate the robustness of the MZM at arbitrary
reflection-symmetric corners, we define the operators Px =∏

j∈green γ j and Py = ∏
j∈red γ j , which measure the fermion

parities of the dangling Majoranas on the x and y edges, as
shown in Fig. 1. Clearly, the operators Px and Py are connected
by reflection R and anticommute. Suppose now that a patch of
HOTSC had a unique ground state |ψ〉. It must be reflection
invariant and an eigenstate of PxPy with eigenvalue c. The
obstruction

c|ψ〉 = RPxPy|ψ〉 = PyPx|ψ〉 = −PxPy|ψ〉 = −c|ψ〉 (2)

implies that there is no unique reflection-symmetric ground
state and the corners must carry protected zero modes. If we
perturb away from the zero-correlation length Hamiltonian in
Eq. (1), the argument survives provided that Px and Py are re-
placed by generalized edge parity operators, see Appendix A.

III. INTERACTIONS AND TOPOLOGICAL ORDER

We now turn on the on-site interaction:

Hint = U
∑

j

γ 1
j γ

2
j γ

3
j γ

4
j . (3)

For each site, large U fixes the fermion parity to γ 1
j γ

2
j γ

3
j γ

4
j =

−1 and reduces the low-energy Hilbert space to a two-level

FIG. 2. Surface code as a low-energy theory for the interacting
HOTSC. Each site supports a spin 1/2 and the plaquette operators
involve product of σ z (σ x) for white (yellow) plaquettes. Three-spin
interactions along the x (y) edges induce e (m)-particle condensation
on the boundaries. The anticommutation relation between the two
Wilson lines (dashed red and green) implies a twofold topological
ground-state degeneracy.

system. The Pauli operators of this effective spin-1/2 degree
of freedom can be defined as shown in Fig. 2. Performing a
perturbation expansion in the Majorana hybridizations which
flip the fermion parities of the participating sites, the leading-
order effective Hamiltonian involves Majorana hopping terms
around all elementary plaquettes. In terms of spin opera-
tors, this is just the Z2 surface code with plaquette terms
forming a checkerboard pattern and becoming

∏
� σ z

i σ z
j σ

z
k σ z

l

and
∏

� σ x
i σ x

j σ
x
k σ x

l for white and yellow plaquettes, respec-
tively (see Fig. 2). With periodic boundary conditions, the
resulting quantum stabilizer code is topologically ordered and
its topological ground-state degeneracy reflects global flux
configurations. With open boundary conditions, the ground
state can be unique for appropriate edge stabilizers, e.g., when
condensing e (or m) anyons along the entire boundary.

However, symmetries can impose a protected ground-state
degeneracy even for open patches. This follows directly from
the fact that the mean-field Hamiltonian is a HOTSC. Its
reflection symmetry interchanges not only lattice sites, but
also the Pauli X and Z operators, σ x(x, y) ↔ σ z(y, x), so
reflection maps e into m-anyons and vice versa. Thus, e-anyon
condensates on the top and bottom edges must come with
m-anyon condensates on the left and right edges. Indeed, upon
projection, the edge terminations of the HOTSC generate
additional

∏
� σ x

i σ x
j σ

x
k terms for the x edge and

∏
� σ z

i σ z
j σ

z
k

terms for the y edge. These prompt the e (m)-anyon condensa-
tion associated with rough (smooth) edges so the surface code
patch has a twofold ground-state degeneracy.

Corresponding logical Pauli operators can be chosen as
Wilson line operators Wx = ∏

x−edge σ x and Wy = ∏
y−edge σ z.

Just like the boundary parity operators Px and Py, these Wilson
line operators are related by reflection and anticommute.
Indeed, the boundary parities Px and Py of the HOTSC project
exactly into the Wilson line operators of the surface code
patch (see Appendix A for details).
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FIG. 3. Left: A site-centered disclination of a HOTSC carrying a
MZM. Right: In the strong interaction limit, the resulting toric code
carries a ε fermion zero mode on the site-centered disclination. The
operators on each plaquette specify the corresponding stabilizers.

Corners of surface code patches with junctions of rough
and smooth edges condense both e and m anyons. Conse-
quently, an ε fermion created in one corner can be moved
to the opposite corner without cost in energy, implying the
existence of a fermion zero mode at corners [54]. Thus,
this strongly interacting HOTSC realizes a Z2 topologically
ordered phase enriched by reflection or rotation symmetry.

The zero mode is intimately related to Ising anyons associ-
ated with twist defects of surface codes [55,56], although cor-
ners do not possess braiding properties. For boundary modes
protected by a C4 rotation, one can gauge this symmetry
by introducing π/2 disclinations. Removing one quarter of
a surface code patch and distorting the resulting lattice to
reconnect the two cuts trades a corner for a site-centered
disclination in the bulk, see Fig. 3. For the mean-field HOTSC,
such a disclination comes with a local MZM [57,58]. After
parity projection, the disclination core contains an ε zero
mode which provides a twist between e and m strings [28,59]
and corresponds to an Ising anyon. References [28,55,59]
demonstrate that a dislocation in the toric code carries an Ising
anyon. Dislocations with odd Burgers vector can be thought of
as bound states of site- and plaquette-centered disclinations.
As the plaquette-centered disclination is bicolorable, the twist
and the Ising anyon are associated with the site-centered
disclination.

Other surface as well as color codes are known in the
literature. We show in Appendix A how several of these can
also be obtained from HOTSCs by introducing strong local
interactions.

IV. FRACTON CODES

The emergence of quantum codes from interacting HOTSC
can be extended to a variety of fracton codes [60].

We illustrate this connection for the specific case of a
3D HOTSC model on a body-centered checkerboard lattice,
see Fig. 4. Each vertex of the checkerboard lattice (green
sites) hosts four Majoranas denoted by χ . The center of the
cubes (red sites) hosts eight Majoranas denoted by η. The
Majoranas on the green sites pair with the closest Majorana on
the neighboring red sites as shown in Fig. 4. After projecting

FIG. 4. HOTSC on a checkerboard lattice. The vertices (green
sites) host four Majoranas which are hybridized with the eight Majo-
ranas at the center of the cubes (red sites). Majorana hybridization is
indicated by dashed purple lines. After introducing local interactions,
this HOTSC realizes a fracton code.

the hybridization structure into a plane, the green sites on any
2d coordinate plane along with the red-site Majoranas coupled
to them take just the form of the HOTSC on a square lattice
shown in Fig. 1.

In addition to the reflection symmetries, the Hamiltonian
preserves a subsystem coplanar fermion parity for each layer,
which counts the total fermion parity for the χ Majoranas
of the layer together with the adjacent η Majoranas coupled
to them. The Hamiltonian can thus be considered as a 3D
HOTSC protected by a subsystem symmetry [50–52,61]. Due
to the subsystem symmetry, each plane contributes MZM at
its corners, resulting in a line of MZM along the hinges of
a finite cube. When maintaining both the subsystem fermion
parity and the reflection symmetries for the xy planes in a
finite system with open (periodic) boundary conditions in the
x and y (z) directions, we find a chain of protected MZM along
the four z hinges and hence a 22Lz -fold degenerate ground state
(see Appendix B for details).

We now introduce the on-site interaction,

Hη = U (η1η2η3η4 + η5η6η7η8 + η1η4η8η5

+ η2η3η7η6 + η2η1η5η6 + η3η4η8η7), (4)

on each red site, corresponding to four-Majorana interactions
on each face of the cube, as well as a four-fermion inter-
action Hχ = Uχ1χ2χ3χ4 fixing the fermion parity for every
green site. For strong interactions, the latter projects the four
Majoranas of a green site into a spin-1/2 degree of freedom
which we denote by σ . The interaction Hη projects the eight
Majoranas on a red site into a unique state. As a result, the
effective Hamiltonian in the strong interaction limit becomes
(see Fig. 5)

H = −
∑
cubes

⎧⎨
⎩

∏
j∈cube

σ x
j +

∏
j∈cube

σ z
j +

∏
j∈cube

σ
y
j

⎫⎬
⎭, (5)

which is known as the checkerboard model in the fracton
literature [30,36,62]. The interactions involve products of
eight spins on all checkerboard cubes without red sites at the
center. The red sites surrounding the cubes have no physical
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− i∈cube σx
i + i∈cube σz

i + i∈cube σy
i

σz

FIG. 5. Checkerboard code. Left: In the strong interaction limit,
the effective Hamiltonian involves products of 16 Majorana pairs
(purple dashed lines) surrounding the four side faces of the cube.
Each term can be expressed as an eight-spin cluster interaction on the
checkerboard cube. Right: The spin Hamiltonian displays fractonic
excitations where a pair of cube-flip excitations (red) can move only
along a straight line by applying a σz string operator.

degree of freedom and merely act as gluons mediating the
interaction between the spins σ . The fundamental excitation
of the checkerboard model, a single cube flip, is completely
immobile, while pairs of cube flips on adjacent planes are
restricted to move along a fixed direction. For a cube of linear
dimension L with periodic boundary conditions, the ground-
state degeneracy is equal to 26L−6 and different ground-state
sectors cannot be deformed into each other via local operators.

For strong coupling, the coplanar fermion parity operators
Px and Py on distinct edges project into the straight Wilson
line operators

∏
i σ

i
x and

∏
i σ

i
z which create pairs of cube flips

limited to move along the x or y directions. While coplanar
fermion parity operators determine the protected hinge modes
of the HOTSC, the corresponding Wilson lines prompt the
nontrivial braiding statistics between subdimensional particles
and generate the Wilson algebra underlying its ground-state
degeneracy. Similar to surface code patches, one can explicitly
relate the ground-state degeneracies of HOTSC and checker-
board model, see Appendix B for details. The reflection
symmetry acts as a twist which permutes the two types of
1d subdimensional particles generated by the Pauli X or Z
operators. In this sense, the reflection invariant checkerboard
model is a symmetry-enriched fracton phase.

V. DISCUSSION

We have demonstrated that interactions can drive certain
HOTSC into long-range entangled states with symmetry-
enriched topological or fracton order. This connection can be
traced to the parton description of spin liquids, which maps
a strongly interacting boson system to a slave fermion theory
coupled to a dynamical gauge field. At the mean-field level,
the slave fermions obey a noninteracting band theory. Strong
interactions between the slave fermions are mediated by the
emergent gauge field which imposes a constraint on the local
Hilbert space. For the 2D stabilizer codes discussed here, the
interaction can be viewed as generators of local Z2 gauge
transformations. The interaction shares a single Majorana
with the adjacent Majorana hybridization terms of the HOTSC
Hamiltonian, which act as gauge connections. Hence, the
generators flip the sign of the hybridization terms and, for
strong interactions, the effective low-energy Hamiltonian be-

comes a deconfined Z2 gauge theory. Likewise, in the 3D frac-
ton codes, the interaction gauges the subsystem Z2 symmetry
for each plane, resulting in a higher-rank Z2 gauge theory.
This underlies the emergence of plaquette and cube operators
characteristic of quantum code Hamiltonians.

A crucial ingredient of the discussed HOTSC Hamiltonian
is that the hybridization between Majoranas is quasi-one-
dimensional. It has been proposed [20,21] that superconduc-
tivity in Sr2RuO4 can be described starting with the model
shown in Fig. 1. This may thus be a promising material
basis for the physics discussed in this paper, although it may
be challenging to substantially vary the strength of the on-
site interaction experimentally. An alternative experimental
platform relies on arrays of Majorana wires. The HOTSC
Hamiltonians can be implemented with crossed Majorana
wires, similar to the proposals in Refs. [53,63–67]. Each
cross carries four Majoranas at the wires’ endpoints. The
charging energy of a crossed Majorana wire with an epitax-
ial superconductor enforces a parity constraint, realizing an
on-site four-Majorana interaction. The latter is experimen-
tally tunable when coupling each Majorana cross to a bulk
superconductor through a gate-tunable Josephson junction.
Alternatively, one could tune the tunnel couplings between
neighboring Majoranas, keeping the on-site interactions fixed.
This tunability allows for experimental access to the quantum
phase transition between the HOTSC and the toric code phase.
One could further tune the on-site Majorana hybridizations
to create synthetic twist defects which give rise to projective
Ising anyons in the surface code [28,55,68,69].

A similar approach might also allow one to implement the
checkerboard fracton model. In Appendix B, we discuss how
the more involved on-site interaction on the red sites with
eight Majoranas could be implemented experimentally.
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APPENDIX A: HOTSC AND SURFACE/COLOR CODES

We elaborate on several aspects of our discussion of sur-
face codes and their connection to HOTSCs in the main text.

1. Proof and extension of Eq. (2)

The argument in the main text assumes the zero correlation
length limit and a specific hybridization of the boundary
Majoranas. Here, we show how to generalize the argument.

The operators Px = ∏
j∈green γ j and Py = ∏

j∈red γ j are re-
lated by reflection R and anticommute. (Here, we take R to
map Majorana operators at positions j and R j related by
reflection onto one another, Rγ jR−1 = γR j . In microscopic
models of topological superconductors such as the Kitaev
chain, a pure reflection may not be a good symmetry as it
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changes the sign of the p-wave pairing. In this case, the sym-
metry operator R acting on Hilbert space should be understood
as a concatenated operator involving both the reflection and a
global gauge transformation.) For the specific edge termina-
tion of the zero correlation length model, PxPy commutes with
the Hamiltonian in Eq. (1). When deforming the Hamiltonian
beyond the zero-correlation-length limit, this is no longer
true. Nevertheless, a unique ground state would still be an
eigenstate of a generalized operator PU

x PU
y localized near

the two orthogonal edges and the corresponding argument in
Eq. (2) remains valid.

Take |ψ〉0 to be the ground state of the zero-correlation-
length model. When deforming the Hamiltonian away from
this limit without closing the gap and without breaking the
reflection symmetry, the resulting ground state |ψ〉1 can be
expressed as

|ψ〉1 = U |ψ〉0. (A1)

Here, U is a reflection-symmetric local unitary transforma-
tion. As demonstrated in Ref. [70], symmetric local uni-
tary operators define the equivalence classes of symmetry-
protected topological (SPT) phases. Thus, any two ground
states which belong to the same HOTSC phase are connected
by such a symmetric local unitary transformation.

Acting with the edge parity operators on |ψ〉0 and applying
U , one finds

UPxPy|ψ〉0 = Uc|ψ〉0

→ UPxPyU
−1U |ψ〉0 = c|ψ〉1

→ UPxPyU
−1|ψ〉1 = c|ψ〉1. (A2)

Thus, we can define generalized edge parity operators PU
x and

PU
y such that PU

x PU
y = UPxPyU −1. As U is local and reflection

symmetric, the two generalized edge parity operators are still
related by reflection and only involve fermions localized near
the two orthogonal edges. We can then repeat the argument in
Eq. (2) with these generalized operators and our conclusion
on a protected corner mode still applies.

It may also be useful to observe that by symmetry, the
boundary Hamiltonian contains an odd number of Majoranas,
so there must be a MZM for any symmetry-preserving edge
termination. Symmetry also implies that this MZM is local-
ized near the corner.

2. Surface code patch as a symmetry enriched topological phase

As discussed in the main text, the surface code can be
regarded as a symmetry-enriched topological phase where
reflection acts as a twist defect permuting e and m anyons.
With reflection symmetry, the surface code must have a
ground-state degeneracy for an open patch. The argument
follows the discussion for the HOTSC and flows as follows.
Quasiparticles of the Z2 surface code contain a Lagrangian
subgroup and the nontrivial quasiparticle in the Lagrangian
subgroup can be annihilated at the gapped edge [71] via local
operators. Without loss of generality, we take the e anyon as
the Lagrangian subgroup. We can then apply an e string Wx as
shown in Fig. 6 which ends on the top/bottom edge. Since e
anyons can be annihilated at the edge, application of a local
UA/UB operator at the top/bottom edge returns the system to

FIG. 6. Left: Reflection symmetric surface code with open
boundary condition. The red ribbon (e string) is mapped into the
green ribbon (m string) under reflection. Right: e/m strings extending
between boundaries, where the anyons can be annihilated via local
operators.

its ground state:

UAUBWx|ψgs〉 = |ψgs〉. (A3)

If the ground state was unique and reflection invariant, we
could apply the same operation for horizontal m strings as
shown in Fig. 6. Applying the reflection operator on both sides
of Eq. (A3) yields

RUAUBWx|ψgs〉 = R|ψgs〉 → U ′
AU ′

BWy|ψgs〉 = |ψgs〉. (A4)

U ′
A,U ′

B are the reflection partners of UA,UB which annihilate
m at the edge. As WxWy = −WyWx, we find an obstruction:

|ψgs〉 = UAUBWxU
′
AU ′

BWy|ψgs〉
= −U ′

AU ′
BWyUAUBWx|ψgs〉 = −|ψgs〉. (A5)

(U ′
A,U ′

B and UA,UB are local operators which always com-
mute.) Hence, the reflection-invariant toric code on an open
patch must have a ground-state degeneracy.

3. Effective low energy Hamiltonian for the square lattice

For completeness, we sketch the Brillouin-Wigner pertur-
bation theory which yields the surface code from the strongly
interacting HOTSC in Eq. (1). Strong interactions enforce
even fermion parity for each site. The effective Hamiltonian
in this even-parity Hilbert space is obtained in third-order
perturbation theory and takes the form

Heff =
∑

j

−O

(
t4

U 3

)
γ 1

j γ
3
j+er

γ 2
j+er

γ 4
j+er+er′

× γ 2
j γ

4
j+er′

γ 1
j+er′

γ 3
j+er+er′

. (A6)

Defining spin operators through σ z = iγ 1γ 2 and σ x = iγ 1γ 4

on yellow sites with the reverse definitions on green sites,
the Hamiltonian becomes the surface code or Wen plaquette
model on the checkerboard lattice:

Heff = −
∑

j

O

(
t4

U 3

)⎛
⎝∏

j∈Pa

σ z
j +

∏
j∈Pb

σ x
j

⎞
⎠. (A7)

On the edge of the HOTSC, we consider nearest-neighbor
tunneling between dangling Majoranas as shown Fig. 1. The
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FIG. 7. HOTSC on a Kagome lattice with four Majoranas per
site. By on-site fermion parity fixing, the model is reduced to the
toric code with spins located on the sites of a Kagome lattice (or,
equivalently, the bonds of a honeycomb lattice).

effective Hamiltonian is now obtained from second-order
perturbation, which yields

Hx−eff = −
∑

j

O

(
t3

U 2

) ∏
i jk∈	

σ x
i σ x

j σ
x
k (A8)

for the x edge. This term prompts e-particle condensation on
the x edge. Similarly, the y-edge Hamiltonian becomes

Hy−eff = −
∑

j

O

(
t3

U 2

) ∏
i jk∈�

σ z
i σ z

j σ
z
k , (A9)

which prompts m-particle condensation on the y edge.

4. Toric code and HOTSC on a Kagome lattice

In addition to the square lattice, we can also consider the
surface code with qubits placed on the bonds of a honeycomb
lattice, with plaquette operators involving six-spin terms and
star operators corresponding to three-spin terms. The qubits
are then located on the sites of a Kagome lattice. (This code
is also equivalent to the 4.6.12 Majorana surface code.) This
code can also be obtained from a HOTSC. Place crossing
Kitaev wires along the links of a Kagome lattice with four
Majoranas per site as shown in Fig. 7. On-site interactions
Uγ 1γ 2γ 3γ 4 fix the local fermion parities, reducing each site
to a spin-1/2 degree of freedom. The corresponding theory,
obtained in second-order and fifth-order perturbation theory,
is just the surface code on the Kagome lattice:

Heff = −
∑

j

⎛
⎝O

(
t6

U 5

) ∏
j∈Hexagon

σ z
j + O

(
t3

U 2

) ∏
j∈Triangle

σ x
j

⎞
⎠.

(A10)

5. Majorana fermion code on honeycomb lattice

As another example relating a HOTSC to a quantum code,
consider a triangle lattice with six Majoranas on each site.
The Majoranas hybridize with the nearest Majorana on a
neighboring site as shown in Fig. 8. This HOTSC contains
gapless Majorana corner modes protected by reflection sym-
metry about mirror axes placed at angles θ = 2Nπ/3.

FIG. 8. HOTSC and triangle code. Each site of the HOTSC hosts
six Majoranas which hybridize with nearby sites as illustrated by the
solid blue lines. Strong on-site interaction fixes the local fermion
parity, turning the HOTSC into a triangle (or equivalently 6.6.6.
Majorana fermion) code. Right: Possible definitions of two sets of
Pauli X, Y , and Z matrices associated with the fourfold degenerate
ground state in the strong-interaction limit.

With strong on-site six-Majorana interactions,

H = −iU
∑

j

η1
jη

2
jη

3
l η

4
jη

5
jη

6
j , (A11)

the Hilbert space for each site is projected into a four-level
system (representable by two Pauli spin operators) with fixed
fermion parity. Majorana hybridization is correspondingly
suppressed and at low energies, the effective couplings are
six-Majorana parity terms associated with each triangular lat-
tice plaquette. Including the on-site interaction, the resulting
model is just the 6.6.6 Majorana surface code on a honeycomb
lattice [63,72]. A hexagonal patch encodes two qubits with
logical operators again emerging from the boundary parity
operators of the HOTSC as indicated in Fig. 8.

6. 2D color codes

HOTSC can also generate color codes [39,63,73,74]. Here,
we show this explicitly for the color code on a honeycomb
lattice.

Color codes are defined on three-colorable lattices so pla-
quettes always share an even number of sites and both X
and Z stabilizers can be defined on each plaquette. There are
three types of e-particle excitations associated with plaquette
flips on differently colored hexagons. These excitations are
generated by three distinct string operators, with each string
capable of branching into the other two.

We initially follow the construction of the 6.6.6 Majo-
rana fermion or triangle code described above, see Fig. 8.
Majoranas on a honeycomb lattice hybridize as indicated by
blue bonds in Fig. 9, forming three rotated Kitaev chains
and obeying a discrete rotation symmetry. Interactions fix the
fermion parity of the six Majoranas on the green hexagons.
In the low-energy limit, the effective Hamiltonian is the
6.6.6 Majorana surface code whose stabilizers are products
of Majoranas for every hexagon,

H = −i
∑

hexagons

∏
j∈hex

η j . (A12)

Strictly speaking, stabilizers for green plaquettes (imple-
mented as interactions) have a different amplitude from those
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FIG. 9. HOTSC and color code. Each superconducting island
(green hexagons) has six MZMs on its corners. Each Majorana
hybridizes with its nearest neighbor as indicated by the blue bonds.

on red and white plaquettes, which emerge due to Majo-
rana hybridizations, but this does not affect the ground-state
subspace or the excitations.

We now take four copies of this construction as shown
in Fig. 10 and label the Majoranas of these layers by
η1, η2, η3, η4. A strong on-site but interlayer interaction
U ′η1

jη
2
jη

3
jη

4
j reduces the low-energy Hilbert space on each site

to a spin-1/2 degree of freedom and the resulting Hamiltonian
becomes

H = −
∑

hexagons

{ ∏
i∈hex

σ z
i +

∏
i∈hex

σ x
i +

∏
i∈hex

σ
y
i

}
. (A13)

Indeed, with the interlayer interaction, the stabilizers of each
layer no longer leave the system in its low-energy Hilbert
space. This is only guaranteed for products of plaquette stabi-
lizers which, when written in terms of Pauli operators for the
site spins, just give the various terms in Eq. (A13). The last
stabilizer in Eq. (A13) is redundant as it is simply the product
of the first two. Thus, the Hamiltonian is exactly that of the
color code on a honeycomb lattice.

APPENDIX B: HOTSC AND FRACTON CODES

1. Boundary parities and code space for checkerboard model

The argument connecting boundary parities and code space
can be generalized to the checkerboard model. Start from the
HOTSC in Fig. 4 with open boundary conditions along the
x and y directions and periodic boundary conditions along z.
Then, the green sites on the side surfaces (xz and yz surfaces)

FIG. 10. Four copies of the Majorana surface code with added
interlayer interactions; the theory reduces to the color code on a
honeycomb lattice. The three dashed lines indicate the three types
of string operators with one branching into the other two.

FIG. 11. Top: The HOTSC with side faces on xz plane. The blue
dots on the surfaces are the free MZMs which can be gapped out
via pairing (dashed blue lines). The yz plane can be gapped out in
a similar way. Bottom: After projection, the surface Hamiltonian
involves Z plaquette stabilizers (red) on the xz side face and X
plaquette stabilizers (red) on the yz side face. The fermion parity
operator becomes the Wilson straight line operators (dashed red and
green line) along the x or y directions.

contain two MZMs which do not pair up. Similarly, each
site on the z hinge has three MZMs. The subsystem fermion
parity on each xy plane along with the reflection symmetry
(mapping between the xz and yz planes) protect one unpaired
Majorana per xy layer along each z hinge, while the MZM on
the side faces can be gapped out. Here, we specifically choose
to gap out the surface MZM by pairing two nearby MZMs
along the x (y) direction for the xz (yz) plane as shown in
Fig. 11. This surface termination does not break the subsystem
fermion parity or the reflection symmetry of the xy planes.
As a result, there are extra dangling MZM at the hinges from
each of the Lz xy layers, i.e., altogether 4Lz MZM resulting in
a 22Lz -fold degenerate ground state. As for the 2D HOTSC, we
can define fermion parity operators Px(z = zi ) and Py(z = zi )
which count the edge fermion parities for each xy layer.

Now we apply the projection induced by the on-site inter-
actions [see Eq. (4) and the accompanying discussion]. The
resulting checkerboard model in Eq. (5) now has additional
boundary stabilizers

Hxz−face = −
∑
red

∏
i∈red

σ z
i , Hzy−face = −

∑
green

∏
i∈green

σ x
i

(B1)

On the xz side face, the edge Hamiltonian reduces to σz

stabilizers on the red plaquettes. Similarly, it involves σx

stabilizers on the green plaquettes on the yz side face. These
surface stabilizers induce different (1d subdimensional) anyon
condensates on the side surfaces. We can count the number
of degrees of freedom and subtract the number of stabilizers
of the Hamiltonian, yielding Lz. However, not all stabilizers
are independent as the product of bulk and surface stabilizers
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along any xz or yz plane is equal to unity. Thus, we find a
2Lz+Lx+Ly−2-fold ground-state degeneracy. (Note that we de-
fine Li as the number of layers of green sites along direction i.)

On each xy plane, the edge fermion parity operators
Px(z = zi ) and Py(z = zi ) become the Wilson line operators∏

i∈lx
σ x

i and
∏

i∈ly
σ z

i going along the x and y directions in the
same plane. The commutation relations between these Wilson
straight line operators indicate the braiding statistics of the
1d particles moving along the x and y directions. Due to the
anyon condensation on xz and yz surfaces, the Wilson line
operator

∏
i∈lx

σ x
i (

∏
i∈ly

σ z
i ) can extend across the entire xz

(yz) boundary without associated energy cost. This operation
is a large gauge transformation, creating a global flux for
each individual xy plane and thus contributing a 2Lz -fold
degeneracy. Now recall the fact that in the HOTSC, there
are altogether 4Lz MZM along the four z hinges. Fixing the
fermion parity per xy layer due to the on-site projection, the
degeneracy associated with the hinges reduces to 2Lz which
exactly matches the result obtained by stabilizer counting or
from the large gauge transformations of the fracton model.
Finally, we note that the remaining 2Lx+Ly−2-fold degeneracy
originates from the Wilson line algebra on the xz or yz planes.

Thus, the checkerboard code can be regarded as a symme-
try enriched fracton phase. The reflection symmetry acts as a
twist defect permuting 1d e and m particles about the mirror
axis along the (110) direction. This reflection symmetry also
permutes the σx operator on the xz surface and the σz operator
on the yz surface. If we condense e particles on xz surfaces,
there must be m condensates on the yz surfaces to satisfy the
reflection symmetry constraint.

2. Experimental implementation of interaction
for fracton codes

The transition between HOTSC and 2D surface code can
be probed in arrays of Majorana wires. For instance, the
HOTSC on a square lattice (see Fig. 1) can be built from an
array of crossed Majorana wires, with hybridization between
nearest-neighbor Majoranas on neighboring crosses. The four-
Majorana parity constraint can be implemented through the
charging energy of each Majorana cross with epitaxial su-
perconductor. The charging energy is effectively tunable in
experiment via the gate-tunable Josephson coupling of each
Majorana cross to a bulk superconductor. Alternatively, one
could tune the hybridization between neighboring Majoranas
at fixed interaction strength.

Our interacting HOTSC realizing the 3D checkerboard
fracton model contains more complex interaction terms in-
volving Majorana clusters with mutual overlap (red sites).
Here we propose an experimental setup to realize this inter-
action. We choose the checkerboard code in Fig. 4 for illus-
tration, but the method applies more generally for a variety of
fracton codes.

In the checkerboard model, the green sites contain four
Majoranas and the corresponding interaction fixing the on-site

FIG. 12. There are two separate SC islands (grey region) on each
red site. The charging energy (U’) fixes the parities η1η2η3η4 and
η5η6η7η8 on each island. Tunneling between two islands is indicated
by dashed blue lines. Such tunneling, in the strong U’ limit, creates
four-Majorana interactions on the side faces.

parity can be implemented by placing the four Majoranas on a
floating superconducting island. For the red sites at the center
of the cubes, the interaction involves a four-fermion cluster
interaction:

Hη = U (η1η2η3η4 + η5η6η7η8 + η1η4η8η5 + η2η3η7η6

+ η2η1η5η6 + η3η4η8η7). (B2)

There are only four independent interactions terms here and
the rest can be obtained via a product of the rest. To engineer
this interaction, we first place the Majoranas η1, η2, η3, η4

and η5, η6, η7, η8 on two separate superconducting islands
as shown in Fig. 12. The charging energies U ′(η1η2η3η4 +
η5η6η7η8) of these superconducting islands fix the parities
η1η2η3η4 and η5η6η7η8. To generate the remaining four-
Majorana interactions, we turn on interisland hybridizations,

Ht ′ = it ′(η1η5 + η2η6 + η3η7 + η4η8), (B3)

where t ′ controls the hybridization. In the low-energy limit
with fixed parities for the two islands, one then obtains the
effective Hamiltonian:

Heff = U ′(η1η2η3η4 + η5η6η7η8) + O

(
t ′2

U ′

)
(η1η4η8η5

+ η2η3η7η6 + η2η1η5η6 + η3η4η8η7

+ η1η3η5η7 + η2η4η8η6). (B4)

Except for the last two terms, these are just the interactions
required on the red sites. Importantly, the anisotropy of the
coefficients does not affect the ground-state manifold. Simi-
larly, the last two terms are products of two of the other terms
and thus also do not affect the ground-state manifold. When
finally considering the effects of the hybridization t between
Majoranas on green and red sites to realize the fracton model,
one has to ensure that one works in the regime U ′ � t ′ � t .
This construction shows that a variety of bosonic fracton
models, in the infrared limit, can be related to 3d Majorana
codes.
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