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ABSTRA CT 

Small-Signal Frequency Response Theory is a theory for cal
culating the output spectrum of ideal dc-to-dc converter sys
tems, i.e. systems with system coefficients piecewise constant 
in time, for a given spectrum of the signal injected into the 
control-input, in the small-signal limit. This theory, unlike 
other methods, can be applied to both resonant and PWM con
verters, and gives analytic results in closed form for ideal con
verters. This paper discusses the special case of ideal two
switched-network converter systems in PWM, programmed, and 
bang- bang operation. For the ezamples under study, theoreti
cal prediction and ezperimental results are found to differ by 
at most J!dB in amplitude and 10 degrees in phase at most fre
quencies up to three times the switching frequency. Ezamples 
are given in this paper for which the theory gives the correct 
prediction, while other methods fail. 

In designing a system, one of the most important objectives 
is to achieve high performance. The commonly used and rela
tively inexpensive way to improve system performance is to ap
ply feedback to the system. In designing high-performance dc
to-dc converter systems, feedback is also used to improve sys
tem performance. There are many methods that can be used to 
design and implement feedback-controlled dc-to-dc converter 
systems, of which linear analog control is probably the most 
widely used method. This method is effective and economical 
even though it may not always be the best available method. 
The digital control method is good in principle but impracti
cal for dc-to-dc converter systems switching at high frequency 
(higher than 20kHz) because of the computation power re
quired. Moreover, there are technical difficulties in sampling 
all the states of converter systems at the switching frequency. 

In order to design a controller for a plant, a necessary piece 
of information is the response of the plant, in the frequency 
domain and/or the time domain, to a set of excitations at its 
control-inputs. When the plant is a dc-to-dc converter, this 
information is its response to excitation at its control-inputs 
in the frequency domain. In most cases, the frequency re
sponse is more convenient and more useful for controller design 

This work was conducted under the Power Electronics Pro
gram support by grants from the GTE Corporation and 
Emerson Electric Company, and under a contract from IBM 
Thcson. 

0275-9306/86/0000-0186 $1.00 © 1986 IEEE 

186 

and measurement. In fact, it is next to impossible to measure 
the small-signal time domain response of a dc-to-dc converter 
system accurately. Therefore, calculating the control-input to 
output frequency domain response of a dc-to-dc converter sys
tem is essential in order to design a controller. 

Much effort has been devoted to finding methods for cal
culating the frequency domain response of dc-to-dc converter 
systems. These methods follow three major schools of thought. 
Representative works which demonstrate these three schools 
of thought are: State Space Averaging Modelling Method by 
Middlebrook and Cuk [l) , Sampled-Data Modelling of Switch
ing Converters by Brown [2) , and Small-Signal Analysis of Res
onant Converters by Vorperian [3) . All these methods are based 
on the idea of "averaging" .  They work only with ideal dc-to-dc 
converter systems, i.e. dc-to-dc converter systems with system 
coefficients that are piecewise constant in time. 

The State Space Averaging Modelling Method was devel
oped primarily for calculating the frequency response of con
stant switching frequency PWM converter systems. There are 
efforts to extend this method to other classes of converter 
systems, e.g. current programmed converters [4,5) . It is well 
known that the method fails to predict the high frequency re
sponse of current programmed converter systems [2) . further
more, this method does not work on resonant converters. 

Sampled-Data Modelling was developed to overcome the 
problem encountered when using the State Space Averaging 
Modelling Method to calculate the frequency response of cur
rent programmed converter systems. This method adds a sam
pling process and a modulator model to the State Space Aver
aging Model to overcome the problem. However, this method, 
as with the State Space Averaging Modelling, does not work 
with resonant converters. 

Small-Signal Analysis of Resonant Converters was devel
oped primarily for resonant converter systems. This method 
can predict the low frequency response of most converter sys
tems. However, at IIhigh frequency" ,  i.e. close to half of the 
switching frequency, the method gives erroneous results. This 
method always predicts that the phase of the frequency re
sponse at a multiple of half the switching frequency of any 
converter system is a multiple of 180 degrees. It is observed 
from experiments that this is simply not correct. 

Small-Signal Frequency Response Theory is developed to 
overcome the problems in the modelling methods mentioned 
above, and the central idea behind the theory is very differ
ent. All of the three methods described above are based on an 
idea called lIaveraging".  A dc-to-dc switching converter system 
is essentially a sampled-data system in the small-signal limit . 



"Averaging" is used in these methods to relate the output se
quence of the discrete time system embedded in the sampled
data system to the actual continuous output of the system. In
stead of using the fuzzy idea of "averaging", Small-Signal Fre
quency Response Theory directly computes the Laplace trans
form of the perturbed output signal which is determined by the 
perturbed output sequence of the discrete time system embed
ded in the converter system. The computation of this Laplace 
transform is possible in the small-signal limit because of the 
nice mathematical properties of the ideal dc-to-dc converter 
systems. As a result, Small-Signal Frequency Response The
ory corresponds to the exact frequency domain linearization 
of an ideal dc-to-dc converter system. Small-Signal Frequency 
Response Theory does not treat input-to-output frequency re
sponse, which is commonly known as audio susceptibility, be
cause the time-varying nature of input-to-output frequency re
sponse results in a very complicated response with convolution 
in the frequency domain. This result is not practical for appli
cation. However, useful approximations may be obtained by 
modelling the input signal appropriately. 

This paper is divided into four sections. The first section 
introduces the ideal dc-to-dc converter system - its properties 
and its control. The second section discusses the application 
of Small-Signal Frequency Response Theory to a very simple 
converter system. This section is aimed at providing a geo
metrical interpretation of the theory before it is introduced in 
the next section. The third section introduces Small-Signal 
Frequency Response Theory formally for a subset of ideal dc
to-de converter systems. It starts with a systematic procedure 
for constructing the difference equation which describes the 
small-signal motion of the system about a given steady state 
solution. Then, the "equivalent hold" is introduced to relate 
the output sequence of this difference equation to the contin
uous output signal. Three different control strategies, namely, 
PWM, programmed, and bang-bang are used as examples in 
this section. In each example, the theoretically predicted and 
experimentally measured Bode plots of the frequency response 
are presented. Finally, in the fourth section, a systematic pro
cedure for constructing the augmented difference equation that 
describes the small-signal motion of the system about a given 
steady state solution for all the ideal dc-to-dc converter sys
tem described in the first section is introduced. The generalized 
equivalent hold is also introduced in this section to relate the 
output of this augmented difference equation to the continuous 
output signal. 

1 Ideal Dc-to-Dc Converter Systems 

Real life systems are never ideal. However, in many cases, 
for the behavior under study, an ideal system model that can 
approximate the real life system can be found. A real life 
dc-to-dc converter is not linear, none of the switching devices 
behaves like an ideal switch, and magnetic components have 
nonlinearities with memory. Fortunately, for study of its fre
quency domain behavior, a real life dc-to-dc converter system 
may be modelled as an ideal converter system. Even in the 
worst case, the addition of parasitic elements to the model 
usually gives a satisfactory result. However, an ideal converter 
system model is usually not sufficient to model the detailed 
time domain behavior of real life converter systems. 

Small-Signal Frequency Response Theory is a mathematical 
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theory for linearization of an ideal dc-to-dc converter system in 
the frequency domain for a given steady state solution of the 
system. For a full understanding of Small-Signal Frequency 
Response Theory it is necessary to define an ideal dc-to-dc 
converter system and to study its properties and their impli
cations. Furthermore, defining converter systems allows easy 
classification of converter systems. In Section 1.1, ideal dc
to-dc converter systems are defined. The methods to control 
converter systems is introduced in Section 1.2. The properties 
of converters and the implications of these properties, which 
are relevant to Small-Signal Frequency Response Theory, are 
discussed in Section 1.3. 

1.1 Definition of Ideal Dc-to-Dc Converter Systems 

Ideal dc-to-dc converter systems have many mathematical 
properties. These properties, in turn, have some implications 
on how the systems should be handled mathematically. Before 
discussing the properties of an ideal dc-to-dc converter system, 
it is necessary to define it mathematically. 

An ideal dc-to-dc converter system is described by Eq. (1): 

x (t) 
y (t) 

A (t) x (t) + B (t) u 
C (t) x (t) + D(t) u 

(1) 

where x (t) is the state vector, u is the input vector, y(t) is 
the output vector, A (t) is the system matrix, B (t) is the input 
matrix, C (t) is the output matrix and D (t) is the transmission 
matrix. 

A (t) ,B (t) , C (t) and D (t) have the following properties: 

1. A (t) ,B (t) , C (t) and D (t) are piecewise constant func
tions in time t, i.e. 

(A (t) ,B (t) ,C (t) , D (t)) = (A., B., C., D;), 7; < t < 7;+. 

2. The ordered quadruple (A(t),B (t),C(t),D(t) )  assumes 
only a finite set of values, i.e. 

(A.,B., C., D.) E {(Ai , B;, C;,Di ) : 1::; i::; Nn} 

where Nn is the number 0/ switched-networks. 

3. An ideal dc-to-dc converter system is controlled not by 
its input vectors u, but by varying its 7;'s. (See Section 
1.2.) The method that determines 7;, i.e. the modulation 
method, is M •. 

When an ideal dc-to-dc converter system is operating in 
steady state, its steady state solution may be characterized by 
the sequences { (A.,B.,C., D.)}, {T.} and {M.}. These are 
the sequences {(A., Bi, Ci, Di)}, {7;} and {M,}, respectively, 
corresponding to the steady state solution. The following are 
the properties of these sequences: 

1. In steady state, the sequence {(A"B" C" D,)} is peri
odic with period Nq, i.e. Vi E Z ,  

For a system to operate as a converter system, Nq � 2. 

2. In steady state the sequence {M,} is periodic with period 
NM, i.e. M, = Mi+NM' Vi E Z. 



3. Define: T, == T'+1 - T,. The sequence {T,} is periodic 
with period NT, i.e. THNT = T" Vi E Z. 

4. The number of switched-states N. is defined as: 

i.e. N. is the least common multiplier of Nq, NT , and Nm. 
For most common converters the number of switched
states is the same as the number of switched-networks. 

For the system to be linearizable, it is necessary that in the 
presence of small perturbations, (especially in the small-signal 
limit) , {(A" B" e" V,)} = { (A"B" C"D,)} and {M,} = {M,}. 

1.2 The Control of Ideal Dc-to-Dc Converter Systems 

Dc-to-dc converter systems, as discussed in Section 1.1, are 
not controlled by the input vector u. The input vector usually 
represents the power sources. If the power source can be varied 
to control the dc-to-dc converter system, the converter system 
is unnecessary. In most cases, the variations in the input vector 
u are regarded as disturbances. Dc-to-dc converter systems are 
controlled by changing the 7;'s defined as in Section 1.1. There 
are four major classes of modulation methods that determine 
the 7;'s. Define: fl.t, == 7; - T,. In the small-signal limit, fl. 
becomes lij e .g. fl.t, becomes lit, . The four major modulation 
methods may be described as follows: 

1. Unmodulated - the fl.t,'s corresponding to this method 
are zero, i .e .  fl.t, == 0, Vi E {i I M, = MU}. The super
script u is used to denote that the quantity corresponds 
to the unmodulated case. 

2. Time-Modulated - the fl.t;'s corresponding to this mod
ulation method are determined by a sequence in the fol
lowing manner: fl.t, = (mD-1fl.r" Vi E {i I M, = Mt} 
where fl.r, is a sequence and m� is the slope of the PWM 
ramp. The superscript t is used to denote that the quan
tity corresponds to the time-modulated case. If 
fl.r, = fl.r (7;) for some signal fl.r (t), then fl.r is natu
rally sampled. If fl.r, = lir (T; + c) for some signal fl.r(t) 
and constant c, then fl.r is uniformly sampled. In this 
paper, c is assumed to be zero. It turns out that these 
two sampling methods do not make a difference in the 
result given by Small-signal Frequency Response Theory 
for c = o. 

3. Constraint-Modulated - better known as programming.  
The fl.t;'s corresponding to this modulation method sat
isfy the following constraint equation: 

fT x(T; + fl.t;) - reT; + fl.t;) + me fl.t; + c = 0 

'It such that 7;-1 < t < 7;+1 and Vi E {i I M, = Me}, 
where f is a vector, ret) is  the control signal, and me is 
the slope of the added ramp. The superscript c is used to 
denote that the quantity corresponds to the constraint
modulated case . This constraint equation can be lin
earized in the small-signal limit to: 

fT x- (7;) lit; + fT lix(min (T;, 7;» - lir (7;) + me lit; = 0 
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4. Modified- Time-Modulated- this modulation method ap
pears commonly in constant on/off time converters and 
frequency modulated resonant converters. In this case, 
fl.t; = mm-l dr, + hfl.t'_l> Vi E {i I M, = Mm}. The 
superscript m is used to denote that the quantity corre
sponds to the modified-time-modulated case. 

For example, a bang-bang controlled converter is not a fixed 
switching frequency converter. In general, for any converter 
system operating with fixed switching frequency, MU must be  
in  the sequence {M,}. For a two switched-state bang-bang con
trolled converter system, NM = 1 and all the transitions are 
constraint modulated. NT 2 and Nq 2, 
N. = Icm(l, 2, 2) = 2. A bang-bang controlled converter is 
a simple sliding mode controlled converter. 

1.3 Properties of Ideal Dc-to-Dc Converter Systems 

In order to understand the ideal dc-to-dc converter prob
lem, the properties of ideal dc-to-dc converter systems must 
be studied. Many of the properties of ideal dc-to-dc converter 
systems are stated in Section 1.1. The properties that are of 
greatest interest are the following: 

• The system is described by a linear differential equation 
at any instant of time except at 7;, the instants of switch
ing. 

• The differential equation has 'piecewise constant coeffi
cients'in time. 

• The switching time is zero. 

• Nonlinearity comes from switching. 

• The switching frequency is finite. 

• The system state vector is continuous in time . 

• The system output vector may be discontinuous in time . 

These properties imply that a solution to the system exists 
at all times and, given the control ret) and the initial con
dition, the output waveform can be computed . Small-Signal 
Frequency Rellponse Theory makes use of the fact that the out
put waveform can be computed to its full advantage and takes 
account of finite switching frequency. 

2 A Simple Example Converter System 

Consider the circuit shown in Fig. 1, a current programmed 
buck converter. When a sufficiently large output capacitor 
with very low ESR is used and inductor current is the only 
concern, the circuit shown in Fig. 2 can be used to model 
this converter circuit. In the following sections, the steady 
state operation and the motion of this converter circuit will be 
studied in detail . Since the interest in this discussion is the 
inductor current only, the circuit shown in Fig. 2 will be used 
instead of the circuit shown in Fig. 1 in this study. The steady 
state solution of this converter system is discussed in Section 
2.1. This converter circuit has infinitely many solutions for a 
given operating condition. In Section 2.2, the motion of the 
system is studied using a difference equation. The concept 
of stability for converters in will be introduced. In Section 
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Fig. 1: Current-programmed buck converter. 

R 
+ 
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Fig. £: Circuit model for inductor current calculation of the 
converter circuit shown in Fig. 1. 

2.3, the link between the difference equation and the frequency 
response of the converter is established. The basic concepts of 
Small-Signal Frequency Response Theory are those which are 
introduced through Sections 2.2 and 2.3. This introduction to 
the theory through a simple example is aimed at providing an 
understanding and a geometrical interpretation of the theory. 

2.1 The Steady State of the System 

The steady state solution of the converter system shown 
in Fig. 2 can be easily calculated. The quantity of interest in 
this study is the inductor current i. The state equation of the 
system for the switch in position 0 is: 

di Vo 
dt 

=
-T 

and for the switch in position 1 is: 

di Vg - Vo 
dt L 

(2) 

(3) 

The description of the converter in the framework of Sec-
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" 
Solution (a) 

" " '" '" ,',' Solution (b) 

, , ',,,' / Solution (c) 
, / 

,/ 

--It= __ T_e ==�+��_T_e _:---1-----1.._1> t 
,. 'y. oJ: .1 nree steady state solutions of the inductor current 

for a given operating condition of the converter circuit 
shown in Fig. £. 

tion 1 is: 

(a) n = 1, T. = Te, NT = 2, N. = 2. 
(b) n = 2, T. = 2Te, NT = 4, N. = 4. 
(c) n = 1, T. = 2 Te, NT = 2, N. = 2. 

x (t) itt) u 
(�) 

A2i 0 A2i+l 0 
B2i (o,-i) B2i+l (!- - �) L' L 
Nq 2 

In this example, the order of the system is one and the system 
matrices and the state vector degenerate to scalars. In order 
to keep the example simple, x(t) will be used as the output 
and therefore ignore the C and D matrices. 

The control of this converter is described below: 

NM 2 

M2i+l MU 
M2i Me 

However, it is possible that NT = n NM, "<In E Z+. There is 
a degree of freedom - the choice of n, in finding the steady 
state solution . The steady state solution of the converter sys
tem is denoted by X (t). For a valid steady state solution, the 
boundary condition on X (t) is: 

NT 
X (t) =X (t+ LTj) (4) 

j=1 

For n = 1, N. = 2, and To + Tl = T. = Te, where Te is the 
dock period, the waveform of the inductor current is shown in 
Fig. 3. The slope of the waveform of the current ramping up 
is: 

Vg -Vo 
ml= --L--

The slope of the current ramping down is: 

-Vo 
mO=L 

The boundary condition requires: 

(5) 

(6) 

o Vg -Vo 
Vo 



The steady state duty cycle D == Tl/(To + Tl) = Vo/VI/' 
For n = 2, NT = 4, N. = 4, T. = To + Tl + T2 + Ts, and 

Tl + T2 = To, Ts + To = To, the waveform of the inductor 
current is also shown on Fig. 3. The slope of the waveform 
is the same as the case for n = 1. However, the boundary 
conditions become: 

(7) 
(8) 

Equation (7) and Eq. (8) with Tl + T2 = To and Ts + To = T. 
form a system of four linear equations with four unknowns To, 
Tt, T2, Ts, which can be solved. In general, for n = k, there 
is a system of k linear equations with k unknowns. Therefore, 
for each n E Z+, a steady state solution for this converter 
system can be found for each given operating condition - VII 
and Vo. However, not all of the steady state solutions are sta
ble solutions. Therefore it does not make any sense to use an 
operating point, a term that is commonly used in electronic cir
cuits, to characterize the steady state solution for this class of 
converter systems. Any converter using constraint-modulation 
has this problem. This phenomenon is a manifestation of the 
nonlinearity of converter systems. 

Furthermore, from the circuit it is obvious that it is possible 
that Tl + T2 = nT., n E Z+, provided that Tl > (n - I)T •. For 
Tl + T2 = 2T., this phenomenon is also referred to as period 
doubling, which is quite commonly observed experimentally. 
(See Fig. 3.) However, not all operating conditions can result 
in this type of phenomenon. It is also possible to have a hybrid 
of the phenomena mentioned above. 

From the steady steady solution of this simple example 
converter circuit, one can conclude that: 

1. It is not sufficient to characterize the steady state solu
tion of converter circuits with circuit operation param
eters such as supply voltage, supply current, reference 
voltage and reference current. 

2. A possible way to specify the steady state solution is to 
use the circuit parameters and the Ti'S. 

3. As a result, it is not appropriate to talk about the fre
quency response of a converter circuit under certain oper
ating conditions . The frequency response of a converter 
circuit corresponds to a steady state solution. 

4. Finding an ideal dc-to-dc converter system model from a 
dc-to-dc converter circuit includes finding the Ti'S. 

2.2 The Small-Signal Motion of the System 

Before studying the frequency response of the converter 
system, the motion of the system in the time domain must be 
studied. The motion of an ideal dc-to-dc converter system is 
complicated . In general, the large-signal motion of the sys
tem can only be studied by simulation. Fortunately, the small
signal motion of the system can be characterized by a difference 
equation . The sequences in the difference equation represent 
the sampled control signals and sampled system states. The 
trajectory of the system between the sample points can always 
be found. This is a fortunate property of ideal dc-to-dc con
verter systems. 

In this section, the small-signal motion of only one par
ticular steady state solution for the circuit shown in .Fig. 2 
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i(t) 

let) 

T. -------4·�I··------- T. ----< .. -II 

Fig. 4: Steady state inductor current - I (t), perturbed in
ductor current - i(t), and related definitions. 

is discussed. This particular steady state solution is the two
switched-state solution To + Tl = T. with no period n-tupling. 
It is not hard to find the difference equation that describes the 
small-signal motion of other steady solutions using a geomet
rical approach. 

The steady state solution waveform, i .e . the steady state 
inductor current waveform, and the perturbed waveform are 
shown in Fig. 4. 

The difference equation that describes the small motion of 
a n-switched-state converter system about a steady state solu
tion has the function of relating a sample of the system state 
at a sample point to the sample of the system state at a similar 
sample point n switched-states earlier and to the control-input 
sample. From the geometry shown in Fig. 4, one can easily 
arrive at the following difference equation: 

6.io[n) = k6.io[n - I) + (1- k) 6.ire,[n) + 0(6.2) (9) 

where k == �. In the em small-signal limit, the difference 
equation is linear and becomes: 

Sio[n) = k Sio[n - I) + (1 - k) Sire,[n) (10) 

It is obvious that the small-signal motion of the system is un
stable when k > 1. 

2.3 The Frequency Response of the System 

In this section, the frequency response of the output i 
with respect to the control-input ire, will be studied, where 
i(t) = I(t) + Si(t), ire,(t) = Ire' + Si(t), in which I(t) is the 
steady state solution of i(t) and Ire' is the controlling refer
ence signal ire, in steady state . Since I(t) is periodic with 
period T., the switching period, it does not contribute to the 
frequency response . The steady state reference current Ire' is 
a dc quantity; it does not contribute to the frequency response. 
Therefore, the frequency response of i with respect to ire, is 
the same as the frequency response of Si with respect to Sire, 
in the small-signal limit. 

In Section 2 .1, the difference equation, Eq. (9), which de
scribes the relation between Sio[n) and Sio[n - I) is derived . 
To find the small-signal frequency domain relation between i 
and ire" the following three links must be established: 

1. Given Sire'(s), the Laplace transform of Sire,(t), find 



,. T. -I- T. ---·�I 
.!1i(t) = i(t) - I (t) � )� __ 

"-....s._--J/f��ttfrrttftrt�ttrrr t 
.!1i[n - 1] �i[n] 

Fig. 5: Contribution of.!1io[n] to .!1i(t) - shaded area. 

8i;.,(s), the Laplace transform of the sampled 8ire,(t). 

2. Given 8i;.,(s), find 8i(;(s), the Laplace transform of the 
sampled 8i(t). 

8io(s) == e {� io[n]8(t - nT.) } 

3. Given 8io[n], find its effect on 8i(t) and 8i(s). 

The first link is established by Shannon's Sampling Theo
rem [6]. 

(11) 

where w. = �. However, there is a complication, which is that 
ir., may be naturally sampled, i .e. not uniformly sampled. 
Fortunately, it may be shown that the effect of this almost 
periodic sampling is merely the introduction of noise to the 
system in the small-signal limit. 

The second link is the z-transform [7]. Applying the z
transform to the difference equation, Eq. (9) , it becomes: 

8i(z) = z-lk8i(z) + (1 - k)Dir.,(z) (12) 

Substituting e·T• for z, then, i(z) ..... (· (s) and ir.,(z} ..... 
i;., (s) , and Eq. (12) becomes: 

" .• ( ) 
1 - k .• () u, S = 1 _ ke-.T• 'r.' s (13) 

The third link is one of the major features of Small-Signal 
Frequency Response Theory which makes it different from other 
modelling methods. While most other methods use a concept 
called averaging to achieve this, Small Signal Frequency Re
sponse Theory computes, first, the time domain effect of 8io[n] 
on the 8i(t), and then, from the time domain effect, computes 
the frequency domain effect. 
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1- e-·T• 
H(s} = ---

s 

Fig. 6: The equivalent linear system for the conlJerter circuit 
shown in Fig. H. 

Figure 5 shows the time domain effect of .!1io[n] on the 
.!1i(t). The shaded area under the waveform of .!1i(t) is the in
fluence of .!1io[n] on .!1i(t}. In the small-signal limit, 8ir., ..... 0, 
.!1io[n] ..... 8io[n] and .!1i(t) ..... 8i(t). The trapezoidal areas un
der the waveform approach zero much faster than the rect
angular areas in the small-signal limit and therefore can be 
neglected for small-signal calculation. The effect of 8io[n] on 
8i(t) is a rectangular piece of the waveform of 'length' in time 
Til and 'height' of 8io[n). This shaded part in the small-signal 
limit is exactly the same as the output of the zero-order-hold[7] 
with a 8-function input of magnitude 8io[n]. The third link is 
therefore a zero- order-hold and may be described by: 

1 -.T 
8i(s) = 

- e 8i(;(s) 
s 

(14) 

The relationship between the spectrum of the output 8i 
and the spectrum of the control-input Dir., can therefore be 
described by a sampled-data system, shown in Fig. 6. The 
overall result is: 

where 

G(s) 

= �L, 8ir., (s + 2;11") 
• n • 

1- e-IT 1- k 
= 1- ke .T. s 

(15) 

Equation (15) is the frequency response of 8i with respect 
to 8ir.,. The ratio 8i(s)/8ir.,(8) may be loosely referred to 
as the "transfer function" from ir., to i, and G(s) is the pulse 
transfer function . 

3 Simple Two-Switched-State Converters 

Most of the converters in common use have two switched
networks. In the example converter in Section 2, it was found 
that even though the converter has only two switched-networks, 
it may have an unlimited number of switched-states. However, 
in most cases, one would like to operate the converter such 
that the number of switched-states is the same as the number 
of switched-networks. Therefore, the discussion of this section 
concentrates on two switched-state converters. Furthermore, 
in this section, both the case of modified-time-modulation and 
the output equation of the converter system will not be dis
cussed; i.e. ignore C and D. These topics are discussed in 
Section 4. 



Fig. 7: Steady state state- vector X (t), perturbed state vector 
x(t), and related definitions. 

Given an ideal dc-to-dc converter system and its steady 
state solution, Small-Signal Frequency Response Theory gives 
the control to output frequency response of the system pro
vided that steady state solution is small-signal stable. Small
Signal Frequency Response Theory does not tell anything about 
the steady state solution. Therefore, in the following sections, 
the steady state solution X (t) is assumed to be known. The 
steady state solution X (t) is periodic with period T. = To +Tl, 
where T. is the switching period. For the convenience of de
scribing the problem, define: 

� - X (T; [n]) (16) 
b..x(t) - x(t) - X (t) (17) 
b..tj - 7i - T; (18) 
b..t; [nJ - b..ti+nN. (19) 
b..x; - b..x(T; + max (at; , 0)) (20) 
b..x; [n] - b..X;+nN. (21) 
b..x; - b..x(Tj+1 + min(b..tHl, 0)) (22) 
b..xi[n] - b..Xi+nN. (23) 

These definitions are depicted in Fig. 7 .  
The steps for finding the frequency response of an ideal two

switched-states dc-to-dc converter system are the same as those 
used for the simple example converter in Section 2. The first 
step is to find the difference equation that describes the small
signal system motion. Without loss of generality, only the case 
of modulating b..to[n] is considered. This step is discussed in 
Section 3.1. The next step is to find the equivalent hold that 
links the b..x/s to b..x(s) . This step is discussed in Section 3.2 . 

Following Section 3.2 are three examples of two-switched
state converters, each with a different control strategy. These 
three control strategies are: 
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1. Constant switching frequency, time-modulation (PWM) 
control. 

2. Constant switching frequency, constraint-modulation con
trol (programming) . 

3. Variable switching frequency, bang-bang control. 

For each example control strategy, the general results are dis
c,!:ssed first and then these results are used to predict the fre
quency response of an example converter circuit. Experimental 
results will be compared to the theoretical prediction. The ex
ample converter circuit topology used in all three examples is 
the simple R-L topology. This topology is chosen for the fol
lowing reasons. First, its steady state. can be calculated analyt
ically. Second, it is a first order system with only one reactive 
element. Therefore, the result is relatively simple. Third, this 
converter is so simple that parasitics can be neglected or ab
sorbed into its circuit elements. As a result, there is a very 
good control over the experiments on the circuit. Fourth, this 
simple topology with the different control strategies can illus
trate where the other popular modelling methods fail. 

3.1 The Small-Signal Motion 

The small-signal motion of an ideal dc-to-dc converter sys
tem about a steady state solution may be described by a dif
ference equation that -relates axoIn - IJ to axo[nJ. This differ
ence equation is sufficient to describe the motion of the system 
because the differential equation that describes the converter 
system has piecewise constant coefficients in time. As a re
sult of this special form of nonlinearity, the exact trajectory of 
the system between the sample points given by the difference 
equation can be found always. Furthermore, if the sequence 
{aXi} is finite, ax(t) is finite; i.e. the stability of the difference 
equation implies the small-signal stability of the system. 

Before deriving the difference equation that describes the 
small-signal motion of the system, let us first describe the con
verter system and its steady state solution in the framework 
described in Section 1. For a two switched-state converter sys
tem in steady state, Vi E Z : 

(A2i,B2i, C2i,D2i) (Ao,Bo, Co,Do) (24) 
(A2i+1, B2i+ll C2i+bD2i+1) (Ao, Bo, Co, Do) (25) 
M2i = Mo (26) 
M2i+l Ml (27) 
T2i To (28) 
T2i+l Tl (29) 

For the converter to be linearizable, the following must hold 
for the converter perturbed about the steady state solution in 
the small-signal limit: 

{ (Ai, Bi, ei, Vin 
{Mi} 

{ (Ai,Bi, Ci,Din 
{Mi} 

(30) 
(31) 

Modulation method Mi determines T;, i.e. the time of the 
transition from (Ai-bBi-bCi-bDi-d to (Ai,Bi, Ci,Di)' 
Without loss of generality, one can consider M2i to be those 
that are modulated. The effect of modulating M2i+l'S may be 
taken into account later by superposition. Define ii, Xi, ki by 



the following equations: 

i. 6X;[n] 
K. 6x._l[n] + k. 6r. [n] 

(32) 
(33) 

where 6r.In] is the control-input. There is a different K anc. a 
different k corresponding to each modulation method. 

3.1.1 Unmodulated Transitions 

For the unmodulated case where M. = M"; kf = 0, ob
viously. The state x(t) is continuous and 6t, == o. Therefore, 
xi[n] = Xo-dn]. As a result, Kf == I. 

3.1.2 Time-Modulated Transitions 

Consider next the time-modulated case where Mi = Mt . 
The modulating control-input is 6r,[n]. IT the slope of the 
ramp of the sawtooth wave used in the pulse width modulator 
is m:, then: 

·(34) 
The next step is to express 6xi[n] in terms of 6x'_l[n] and 
6ri [n] . From the geometry shown in Fig. 7, it is obvious that: 

where 

k; - Xi -xt 
Xi = A'- 1 X. + B'-1 u 

xt = A.X. + B. u 

In the small-signal limit: 

6x.[n] = 6x;[n - 1] + (mn-1 k. 6r. [n] (36) 

Therefore: 

K! = I (37) 
it! = (mD-1k; 

(mD-1 { (A.-l - A.)X. + (B.- 1 - B. )u} (38) 

3.1.3 Constraint-Modulated Transitions 

For the case of constraint-modulation, M, = M" > the first 
step is to find 6t, [nJ in terms of 6X;-l [n] and 6r,[n] . The con
straint equation is: 

fi x (Ti+nN. -.6.t;[n]) + m� .6.t,[n] 
+c; - r, (THnN. - .6.t,[n]) = 0 (39) 

where, fi is a vector constant and c. is a scalar constant cor
responding to M,; r, is the modulating control-input; m� is a 
constant which is usually the slope of the ramp of the saw
tooth wave used in the pulse width modulator, in the case of a 
PWM converter, and the slope of the added stabilization ramp, 
in the case of a programmed converter. The constraint equa
tion is the mathematical model of a comparator. IT Eq. (39) is 
perturbed and the steady state part is subtracted out, in the 
small-signal limit, the equation becomes: 

fi 6x;[n -1] + fixi 6t,[n] + mi 6t, [nJ - 6r,[n] = 0 (40) 
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where Xi = A.-I X,+B,_l u and 6r,[n] == 6r (Ti+nN. + 6t,[n] ) .  
The next step is to express 6t,[n] in  terms of  the other quan
tities in the equation: 

6t.[n] = -pi 6Xi[n - 1] + m. 6r,[n] (41) 

where 

Pi (fixi + m�) -1 f, 
m; (fiXi + m�rl 

With use of this result and the result of the time-modulated 
case, then: 

Therefore: 

K� K: -ki P; 
ki = mik; 

3.1.4 Between the Transitions 

(42) 

(43) 
(44) 

The ii 's are relatively easy to find. Consider the differ
ential equation that describes Ax(t) for for time t such that 
max (T., 1';) < t < min(Ti+l> 1';+1) : 

.6.:li:(t) = x(t) - X(t) 
Ai .6.x(t) 

The solution to this equation is: 

.6.x(t) = eA,(t-T,)x(1';), 

Therefore, in the Small-Signal Limit: 

6x;[n] eA,T' 6xi [n] 
ii = eA,T, 

3.1.5 The Difference Equation 

(45) 

(46) 

(47) 
(48) 

After finding the i. 's, Kis, and k;'s, the next step is to 
construct the difference equation. As was mentioned before, it 
is assumed that M2i only is being modulated The difference 
equation is: 

6xo[n] = Ko 6xdn - 1] + ko 6ro[n] 
= Ko i1 Dxl[n - 1] + ito 6ro[n] 

Ko i1 Kl 6xo[n - 1] + ito 6ro[n] 
Ko i1 Kl io 6xo[n - 1] + ko 6ro[n] 149) 

For convenience, define the following quantities: 

i KO�l Kl io 
k = ko 

(50) 
(51) 

Then, the difference equation that describes the small-signal 
motion of the system is : 

6xa[n] = i 6xo[n - 1] + k 6ro[n] (52) 

For the system to be small-signal stable about a steady 
state solution, the difference equation that describes its mo
tion about the steady state solution must be stable. For the 
difference equation to be stable, all the eigenvalues of i must 
lie on the unit disk, i.e. max 1 >'(�) I::; 1. 



3.2 The Frequency Response 

As was mentioned in Section 2, three links are needed to 
find the frequency response of the system. The three links are: 
the relationship between 6ro(t) and 6ro[n]i the frequency do
main relation between the sequences of 6-functions with mag
nitude {6ro[n]} and {6:xo[n]}i and the effect of 6x;[n] on 6x(t) 
and therefore 6x(s). As discussed in Section 2, the first link 
is given by Shannon's Sampling Theorem and the second link 
is given by the z-transform of the difference equation that de
scribes the small-signal motion of the system and then substi
tutes e·T• for z. The only link that has to be worked on is the 
effect of 6xi [n] on 6x(s). 

The differential equation that describes 6x(t) is given be
low: 

6x(t) = Ai 6x(t) (53) 

for max(Tj,1i) < t < min(Tj+1,1i+1)' where, j = i + nN •. 
There are instants in time for which 6x(t) is not described 
by this equation. However, the length of these instants is of 
the order of 6t and therefore 6x(t) during these instants has a 
negligible contribution to 6x(s) in the small-signal limit. 

To find out the equivalent hold that relates 6xi[n] to c5x(s), 
the Laplace transform is applied to Eq. (53) for time t, such 
that max(Tj, 1i) < t < min(Tj+l' 1i+1). 

lmin(TiH,TiHl lmin(Ti+1oTiHl 
6x(t) e-If dt = Ai 6x(t) e-·t dt max(Ti,Til max(TjoTil 

(54) 
After manipulation and taking the small-signal limit, this equa
tion becomes: 

6x'(s) = [sI - Air1 (e-·T• 6x;[n] - e-·Ti+1 6x;[n])) 
= e-·T• [sI - Air1 [I - e-·T• eA•Ti] 6x;[n] (55) 

where 6x'(s) is the effect of 6x;[n] on 6x(s) . Therefore, the 
equivalent hold for {6xi[n]} with fixed i is: 

Putting all the results in this section together and following 
the strategy for obtaining the frequency response laid out in 
Section 2, then: 

where 

6x(s) = {Ho(s) + e-·To H1 (s) K1 io} 
. { I - e-·T• i r1 

it 6ro(s) (57) 

• 1 � i2ml' 6ro(s) = T L..J 6r o(s+7'") 
• n=-oo ' 

Equation (57) describes the small-signal frequency response of 
a simple ideal two-switched-state dc-to-dc converter system. 

3.3 Constant Frequency PWM Converters 

With use of the framework for describing ideal converters 
discussed above, a constant switching frequency pulse-width
modulated (PWM) converter is described by M2i = Mt and 
M2i+1 = MU• Note that for any converter to be operating at 
constant switching frequency, UU E {Mi}. 
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Fig. 8: A constant switching frequency PWM R-L converter: 
V, = 15Volts, L = 1.41mH, R = 56n, If! = on, 
T. = T. = 20kHz. 

From Eq. (57), the frequency response of the PWM con
verter system with control-input ro is: 

6x(s) = {Ho(s)+e'ToH1(s)�OTo} 

where 

. {I - e-·T• �lTl eAoTo} -
1 it 6ro(s) (58) 

H;(s) = [sI - Air1 [I - e-·Ti �iTi] 
it = m�-l {(A1 - Ao)Xo + (B1- Bo) u} 

In the high switching frequency limit, i .e. l/T. -> 00 or 
T. -> 0, then H;(s) -> Til, 6r o(s) -> 6ro(s)/T.,Xo -> X, and 
Eq. (58) becomes: 

{ To T1 )}-
1 - 1 

J!�o 6x(s) sI - (T. Ao + T. A1T1 k T.6ro(s) 
= {sI - A}-l 

6ro(s) . {(A1 - Ao) Xo + (B1 - Bo) u} -t -(59) 
moT • 

where A == �Ao + ¥oA1. The quantities Do and D1 are com
monly known as duty ratios. One can identify 6ro(s)/(m�T.) 
with the d(s), ¥. with D, the duty ratio, ¥. with D', 6x(s) with 
x(s), used in the literature on State Space Averaging Modelling 
Method[1,4,5]. Then Eq. (59) becomes: 

lim 6x(s) = {sI - (D'Ao + DA1)}-1 T.-+O 
. {(A1 - Ao)X + (B1 - Bo) u} d(s) (60) 

which is exactly the prediction given by the State Space Aver
aging Modelling Method. Therefore, the prediction of the State 
Space Averaging Modelling Method is exact when the switching 
frequency of the converter system approaches infinity. 



Consider the circuit shown in Fig. 8 as an example: 

Ao 
Bo 
x 
Do 
m� 

_RtR' 
L 

o 

The steady state Xo is given by: 

Xo = [1 _ eAITl eAoTo] -l 

. {All [eAITI -I] Bl U 

+ eAITI Aol [eAoTo - I] Bo u} 

The steady state Xl is given by: 

Therefore, the steady state 10 is: 

[ RTltCR+R')To ] -l [ �] Vg 10 = 1 -e L I -e L -R 

(62) 

(63) 

Then, according to Eq. (58) , the pulse transfer function is: 

where: 

H(s) 

l-e L l-eL 
[ _RTltCRtR')To ] -l [ � ] }  

(64) 

The resistance R' = 00 in this example, and the pulse transfer 
function from orC; (s) = ov;.As) to ovo (s) , according to Eq. (64) 
is: 

RG(s) = 
T.R/L Vg 
s+ R/L Vm (65) 

where Vm is the peak-to-peak voltage of the PWM ramp. The 
Bode plots up to three times the switching frequency of the 
theoretical "transfer function" from v,., to va' i.e. RG(s)/T . . 
and the measurement are shown in Fig. 9. They agree well 
with each other. The extra phase in the measurement plot 
at high frequencies comes from the propagation delay in the 
experimental setup. 

3.4 Constant Frequency Progranuned Converters 

The control strategy for constant switching frequency pro
grammed converters may be described by M2i = Me and 
M2itl = MU• AB discussed in Section 2.1, it is possible for 
this converter to have multiple stable steady state solutions 
for a given operating condition . In this section, only one of the 
solutions, the two-switched-state solution, will be treated. In 
this case, T. = Tl + T2 = Te . 
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Fig. 9: The Bode plot of the theoretical prediction and the 
experimental results of the converter shown in Fig. 8 
operating at D = Tl/T. = .5. 

Clock Flip 
Flop 

+ 
R 

Fig. 10: A constant switching frequency programmed R-L con
verter: Vg = 15Volts, L = 1.41mH, R = 540, 
R' = 51.40, T. = T. = 20kHz . 

According to Eq. (57) , the frequency response of the con
verter system with control-input ro is: 

where 

ox(s) = {Ho(s) + e,TOH1 (s) eAoTo} 

Hi (S) 

. {I - e-·T· irl k or o (s ) (66) 

[ 1 A J-l [I -.T· A.T.] S - i -e 'e " 

i Kg eAITI eAoTo 
k kg 

where Kg and kg are as defined in in Eq. (43) and Eq. (44) 
respectively. The steady state Xo that is used in calculating 
Kg and kg may be find by using Eq. (61) if Ao and Al is 
invertible. 
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Fig. 11: The Bode plot of the theoretical prediction and the 
experimental results of the converter shown in Fig. 10 
operating at D = TIlT. = .3. 

As an example, consider the circuit shown in Fig. 10. 

Ao _ R+R' Al _ l!. 
L 1 L 

Bo = 0 B1 = L 
x i u Vg 
Do Th D1 II 

T. T. 
rng 0 fo 1 

Using Eq. (61), the steady state Io is: 
[ RT!+(R+R')To j-1 [ �] Vg Io = 1 - e L l  - e L -R 

According to Eq. (66), the pulse transfer function is: 

G(s) = H(s) (1 - e-·T.�)-l k 

where: 

H(s) 

� = 

k 

/Co 

rno = 

Po 

(67) 

(68) 

Shown in Fig. 11 is the Bode plot of the theoretical "trans
fer function" t G(s) and the corresponding measurement up 
to three times the switching frequency. The difference be
tween the two plots in phase at high frequencies is a result 
of propagation delay in the circuit. For this example, all 
the three modelling methods which are discussed in the intro
duction, namely, State Space Averaging Model[1,4,5), Sampled
Data Modelling[2], and Small Signal Analysis of Resonant Oon
verters'[3) fail. It is well known that the State Space Aver
aging Model does not work for programmed converters when 
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1 

Flip 
Flop 

L i 

+ 

Fig. 1�: A bang-bang controlled R-L converter; V, = 15Volts, 
L = 1.43mH, R = 560, R' = 6.70, T. = 25kHz . 

the frequency of the signal injected for measurement is close 
to and higher than half the switching frequency [2) . Sampled
Data Modelling fails because the time constants in the con
verter circuit are much shorter than the switching period -
this converter does not satisfy the small ripple assumption. 
Small Signal Anal!lsis of Resonant Oonverter can haildle the 
large ripple in the circuit but its prediction of the phase of any 
converter system is always a multiple of 180 degrees for the 
injected signal at a multiple of half the switching frequency. It 
is obvious that this is clearly not the case from the Bode plots 
in Fig. 11. 

3.5 Bang-Bang Controlled Converters 

The control strategy of a bang-bang controlled two-switched
state converter system may be characterized by Mi = MC, 
N. = 2. The first step to find the frequency response of the 
system is to find Kg, Kl, kg, and kl. These quantities are 
defined in Eq. (43) and Eq. (44). The Xo and Xl used in cal
culating these quantities may be found by using Eq. (61) and 
Eq. (62) provided Ao and Al are invertible. The frequency 
response of 6x with respect to 6ro, according to Eq. (57) is: 

6x(s) = {Ho(s) + e-·To HI(S) K� eAoTo } 
. {I - e-·T• Kg �lTl K� eAoTo} -1 kg 6r�(s) (69) 

where Hi(S) = [sI - Air1 {I - e-·T; eA;T;} . The frequency 
response of 6x with respect to r1 may be obtained by inter
changing the subscripts 0 and 1 in Eq. (69): 

6x(s) = {H1(s) + e-·To Ho(s) Kg eA1T1 } 
. {I - e-·T• K� eAoTo Kg eA1T1 } -1 k� 6ri(s) (70) 

Figure 12 is the circuit of a bang-bang controlled converter , 



in which: 
Ao R+R' Al R - -L- �L 
Bo 0 lh L 
x u Vg 
mg 0 ml 0 
fo 1 f1 1 

Using Eq. (61) and Eq. (62) , the steady state 10 and II are: 

10 = 

Then: 

1 -- T, -==-To 1 --T, 9 
[ R R� R' ] -1 [ R ] v: -e L e L -e L R 

R±R' 
e- L To 10 

xg 10(R+ R') 
Vg -loR 

Xc Vg-hR 
1 h(R+ R') 

kg Vg+ loR' 
Vg -loR 

kl 
Vg +hR' 
II (R.+,R',) 

(71) 

(72) 

(73) 

(74) 

(75) 

(76) 

According.to Eq. (69) , the frequency response of ei with 
respect to ei,ef 0 is: 

where 

Go(s) 

Ho(s) 

8x(s) = Go(s) 8i,ef�(S) (77) 

Vg + loR' 
Vg -loR 
. {Ho(s) _ e-(8+RIR')To Vg - hR H1(S) } h(R+R') 
{I -aT. _liT, _R±R'To 10 Vg - hR } -l . -e e L e L - -::-!---7-0=-h V, - loR 

1 -e-(s+¥)To 
s+ R1R' 

1 - e-(S+�)Tl 
's+� 

The Bode plots of the theoretical "transfer/unction" Go(s)ITs 
and the experimental measurement, up to at least two times 
the switching frequency, are shown in. Fig. 13 and Fig. 14. 

An interesting feature in the Bode plots is that the phase 
of the response is increasing, up to the switching frequency, for 
the case D = TIlT. > .5 and decreasing for the case of D < .5. 
The time constants in the converter circuit are smaller than the 
switching period. The theoretical predictions and experimental 
results agree with each other. 

The frequency response of 8i with respect to 8ireh, accord
ing to Eq. (69) , is: 

where 
8x(s) = G1(s) 8iref�(s) (78) 
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Fig. 14: The Bode plots of the theoretical prediction and the 
experimental results of the converter shown in Fig. 12 
operating at D = TIlT. = .7; only irefo is modulated. 



If both 6iro/o and 6ireII are modulated with the same signal 
6iro" then the "transfer function" from 6irol to 6i is 
G IT. = [Go(s) + Gl(s)l!T •. The Bode plots of theoretical pre
diction and experimental measurement of this "transfer func
tion", up to three times the switching frequency are shown 
Fig. 15 . The theoretical prediction and experimental results 
are almost indistinguishable in the figure. 

All the three modelling methods discussed before, namely, 
State Space Averaging Modelling Method [1 ,4,5] , Sampled-Data 
Modelling of Switching Regulators [2] and Small-Signal Analy
sis of Resonant Oonverters[3] fail to predict the frequency re
sponse of this bang-bang controlled converter. 
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Fig. 15: The Bode plots of the theoretical prediction and the 
experimental results of the converter shown in Fig. 1fJ 
operating at D = TlIT. = .3; both iro/o and ir'lI are 
modulated with the same signal. 

4 General Two- Switched-State Converters 

In Section 3, a systematic procedure for constructing the 
difference equation that describes the small-signal motion of 
the system about its steady state solution is developed. How
ever, the formulation in Section 3 cannot treat the modified
time modulation and cannot take into account the output equa
tion if the output signal is discontinuous. In this section, the 
formulation in Section 3 is modified to overcome these prob
lems. First, the difference equation is Section 3 is augmented. 
In Section 4 . 1 ,  a systematic procedure for constructing this 
augmented difference equation is presented. Second, the equiv
alent hold is generalized to take into account of discontinuities 
in the output signal. This generalized equivalent hold is dis
cussed in Section 4.2. Since the basic concept is already intro
duced in Section 3, there is no attempt to derive the results 
in detail in this section. Instead, the results are present in an 
algorithmic way. 

4.1 Small-Signal Motion 

All the four modulation methods described in Section 1 .2 
may be described by Eq. (79) and Eq. (SO) below: 

6ti [n] = m; 6ri [n] + hi 6ti_ l [n] - pT 6xi- l [n] (79) 
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6Xi [n] = 6i;-1 [n] + ki 6ti [n] (SO) 

1. For the unmodulated case, i.e. Mi = M": 

m; 0 
hi 0 
Pi 0 

2. For the time-modulated case, i.e. Mi = Mt: 

mi = (mD-1 

hi = 0 
Pi = 0 

3. For the constraint-modulated case, i.e. Mi = Me: 

mi = (m: + fT [Ai-l Xi + Bi- l  u]f
l 

h; 0 
Pi = mi fT 

4. For modified-time-modulated case, i.e. Mi = Mm: 

mi (mf')-l  

hi = hi 
Pi = 0 

In this framework, it is obvious that a closed-loop PWM con
verter system is the same as a programmed converter system 
with an added stabilizing ramp. However, an open-loop PWM 
converter system is very different from its closed-loop version. 
As a result, the steday state solution of both closed-loop PWM 
converter systems and programmed converter systems may go 
unstable under certain conditions while open-loop PWM con
verter systems are always stable. 

For those converter systems that use modified-time-modu
lation to control the transition from one switched-state to the 
other, a difference equation involving only 6xi [n] and 6ri [n] is 
not sufficient to describe the small-signal motion of the system. 
There is a relationship between 6ti [n] and 6ti_l [n] . The differ
ence equation has to be augmented to overcome this problem. 
The first step in augmenting the difference equation is to aug
ment the states of the equation from 6xi [n] to 6xt [n] , where: 

6xt fn] == [ ��:l:] 
] 

By using Eq. (79) and Eq. (SO), then: 

6xt fn] 

= [ ��:l:] 
] 

[ 
6xi_l [n] + k; {mi 6ri [n] + hi 6ti-dn] - pT 6i;-1 [n] } ] 

mi 6ri [n] + hi 6ti-l [n] - pT 6i;-dn] 

[ I - ki PT hi ki ] [ 6i;-1 [n] ] + [ mi k; ]  6ri [n] -pT hi 6ti_l [n] m; 

[ {I - k . p'!'} eA;-,T;., h . k . ] • • • • 6 * [ ]  _p'!' eA;. ,T;., h . Xi-l  n 
• • 

(81) 

+ [ m'::i ] 6ri [n] (S2) 



For convenience, define: 

[ {I - k; pf } eA-i-lTi-l 
-;-1 = T A T -Pi e i- I i-I 

� = [ m:; ] 

(83) 

(84) 

Then Eq. (82) may be rewritten as: 
6xt [n] = �;_1 6xt_l [n] + � 6r; [n] (85) 

Consider the case in which only M2; 'S are modulated (the 
case in which M2H1 's are modulated may be taken into ac
count later by superposition) ; then, the equation that describes 
the small-signal motion of the system is: 

6xMn] = � 6xo [n - 1] + k 6ro [n] (86) 

where 

4.2 The Frequency Response 

IT the output matrix C(t) and/or transmission matrix D(t) 
in Eq. (1)  are discontinuous, then, the output y (t) is discontin
uous; however, the state x is always continuous. The equivalent 
hold introduced in Section 3 works only for continuous output . 
Therefore, it is necessary to generalize the equivalent hold to 
take into account the discontinuity. 

In the small-signal limit the effect of the discontinuity on 
6y is the addition of a pulse train of "width" I 6t; I and "height" 
sgn(6t; ) { (C;-l - C;)X; + (D;_l -D;)u}. It can be shown that 
the effect of this pulse train on 6y(s) is the same as a train of 
6-functions of magnitude 6ti { (Ci-l - Ci)X; + (Di_ l - Di)U} . 
Therefore, 6y' (s) , the effect of b; [n] and 6t; [n] on the output 
signal y, is: 

6y' (s) = e-·Ti+ .. N• { Ci [s I - Ait1 [I - e·Ti eAiTi] 6xi [n] 
+ [(Ci-1 - Ci)Xi + (D;-l - D;)u] 6t; [n] ) (87) 

The difference equation, introduced in Section 3 . 1 ,  that 
describes the small-signal motion of the system is not sufficient 
for finding 6y because it does not carry the information about 
6t; [n] . It is necessary to use the augmented difference equation 
developed in Section 4 . 1  with the augmented state 6xt[n] to 
find 6y. In this case, Eq. (87) may be rewritten as: 

where 
H;(s) 
H; (s) 

6y' (s) = e-·Ti+ .. N• H; (s) 6xt [n] (88) 

[ C; H;(s) , (C;-l - C;)X; + (Di- 1 - D;)u ] 
[s 1 - A;r1 [I - e,Ti �iTi ] 

Therefore, the control-input-to-output frequency response 
of an ideal two-switched-state dc-to-dc converter system cor
responding to a steady state solution is: 

6y(s) = {Ho(s) + e-·To H1 (s) �o }  { I - e-·T• �}  -1 6ro (s) 
(89) 

where 
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5 Conclusions 

In this paper, the Small-Signal Frequency Response The
ory, a mathematical theory for linearization of ideal dc-to
dc converter systems in the frequency domain is introduced. 
This theory overcomes the problems encountered when other 
modelling methods are employed, namely, State Space Averag
ing Modelling Method, Sampled-Data Modelling of Switching 
Regulator, and Small-Signal Analysis of Resonant Converters. 
The theory assumes that the steady state solution to the ideal 
dc-to-dc converter system is known. Given the steady state 
solution, the theory will give the control-input-to-output fre
quency response. The result given by the theory resembles 
the frequency response of a sampled-data system with a very 
complicated hold . 

The steps to find the frequency response for any ideal dc
to-dc converter are laid out in an algorithmic way in Section 4. 
The first step is to find the difference equation that describes 
the small-signal motion of the system about its steady state 
solution. In Section 3, the difference equations in analytic 
form for some representative popular converter systems are 
presented. In Section 4 .1 ,  a systematic procedure to construct 
the difference equation for any ideal dc-to-dc converter system 
(as defined in Section 1) is presented. The second step is to 
find the equivalent hold that relates the difference equation and 
the output signal . '  In Section 3, the equivalent hold is derived 
without considering the output equation. This equivalent hold 
works for converters with continuous output signals. How
ever, it cannot take into account possible discontinuity of the 
output signal . In Section 4, the generalized equivalent hold is 
introduced to be used with the augmented difference equation 
described in Section 4 .1  to overcome this problem. 

In introducing the Small-Signal Frequency Response The
ory through a simple example in Section 2, it is found that that 
the operating point cannot fully specify the steady state solu
tion of a dc-to-dc converter system. What one usually refers 
to as the instability of a dc-to-dc converter system at a cer
tain operating point is actually the instability of a particular 
solution corresponding to that operating point and the other 
stable solutions corresponding to the same operating point are 
unacceptable. 

In developing a general algorithm for writing down the dif
ference equation that describes the small-signal motion of a 
converter system, it was found that there is no difference be
tween the mathematical description for PWM converters in 
closed loop operation and programmed converters. This fact 
is consistent with experimental observations that in a pro
grammed converter, if the slope of the added stabilization ralnp 
is varied, its frequency response will vary from that of a typ
ical current programmed converter to that of a typical closed 
loop PWM converter .  In both State Space Averaging Mod
elling Method[4 ,5] , and Sampled-Data Modelling of Switching 
Converter[2j , a special model of the modulator is needed for 
modelling a programmed converter with an added stabilization 
ramp. 

From the formulation of Small-Signal Frequency Response 
Theory laid out in Section 4, it is obvious that it is a powerful 
tool that has may applications. The theory can be extended to 
multiple switched-state, multiple switched-network converters. 
In fact, when the theory was developed, it was dev·�loped for 
multiple switched-state converter systems. Because lle theory 



does not differentiate between PWM converters and resonant 
converters in its formulation, the theory can be used to an
alyze PWM converter systems with snubbers - a hybrid of 
PWM and resonant converters . Since Small-Signal Frequency 
Response Theory can exactly linearize ideal dc-to-dc converters 
in the frequency domain, it is now possible to study whether 
a certain ideal circuit model is advisable for a certain physical 
converter circuit. 
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