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Gravitational-wave echoes in the post-merger signal of a binary coalescence are predicted in
various scenarios, including near-horizon quantum structures, exotic states of matter in ultracompact
stars, and certain deviations from general relativity. The amplitude and frequency of each echo is
modulated by the photon-sphere barrier of the remnant, which acts as a spin- and frequencydependent high-pass filter, decreasing the frequency content of each subsequent echo. Furthermore, a
major fraction of the energy of the echo signal is contained in low-frequency resonances corresponding
to the quasi-normal modes of the remnant. Motivated by these features, in this work we provide
an analytical gravitational-wave template in the low-frequency approximation describing the postmerger ringdown and the echo signal of a spinning ultracompact object. Besides the standard
ringdown parameters, the template is parametrized in terms of only two physical quantities: the
reflectivity coefficient and the compactness of the remnant. We discuss novel effects related to the
spin and to the complex reflectivity, such as a more involved modulation of subsequent echoes, the
mixing of two polarizations, and the ergoregion instability in case of perfectly-reflecting spinning
remnants. Finally, we compute the errors in the estimation of the template parameters with current
and future gravitational-wave detectors using a Fisher matrix framework. Our analysis suggests
that models with almost perfect reflectivity can be excluded/detected with current instruments,
whereas probing values of the reflectivity smaller than 80% at 3σ confidence level requires future
detectors (Einstein Telescope, Cosmic Explorer, LISA). The template developed in this work can
be easily implemented to perform a matched-filter based search for echoes and to constrain models
of exotic compact objects.

I.

INTRODUCTION

Gravitational-wave (GW) echoes in the post-merger
signal of a compact binary coalescence might be a smoking gun of near-horizon quantum structures [1–4], exotic
compact objects (ECOs), exotic states of matter in ultracompact stars [5–7], and of modified theories of gravity [8, 9] (see [10–12] for some recent reviews). Detecting
echoes in the GW data of LIGO/Virgo and of future GW
observatories would allow us to probe the near-horizon
structure of compact objects. The absence of echoes in
GW data could instead place increasingly stronger constraints on alternatives to the black-hole (BH) paradigm.
Tentative evidence for echoes in the combined
LIGO/Virgo binary BH events [13, 14] and in the
neutron-star binary coalescence GW170817 [15] have
been reported, followed by controversial claims about the
statistical significance of such results [13, 14, 16–19], and
by recent negative searches using a more accurate template [20] and a morphology-independent algorithm [21].
Performing a reliable search for echoes requires developing data analysis techniques as well as constructing
accurate waveform models. Here we focus on the latter
challenge.
While several features of the signal have been understood theoretically [12], an important open problem is
to develop templates for echoes that are both accurate
and practical for searches in current and future detectors,
which might complement model-independent [14, 15, 22]
and burst [21, 23, 24] searches, the latter being indepen-

dent of the morphology of the echo waveform. Furthermore, using an accurate template is crucial for model selection and to discriminate the origin of the echoes in case
of a detection. There has been a considerable progress
in modeling the echo waveform [20, 25–31], but the approaches adopted so far are not optimal, since they are
either based on analytical templates not necessarily related to the physical properties of the remnant, or rely on
model-dependent numerical waveforms which are inconvenient for matched filtered searches and can be computationally expensive. In this paper, we provide an analytical, physically motivated template that is parametrized
by the standard ringdown parameters plus two physical
quantities related to the properties of the exotic remnant.
Our template can be easily implemented in a matched filter based data analysis.
We extend the recent analytical template of Ref. [32]
to include spin effects. This is particularly important
for various reasons. First, merger remnants are typically
rapidly spinning (dimensionless spin χ ≈ 0.7 in case of
nonspinning binaries, due to angular-momentum conservation); second, the spin might introduce nontrivial effects in the shape and modulation of echoes; finally, spinning ECOs have a rich phenomenology [12], for example
they might undergo various types of instabilities [33–41].
In particular, if an ergoregion instability [35, 39, 42] occurs, the signal would grow exponentially in time over a
time scale which is generically parametrically longer than
the time delay between echoes, and it is always much
longer than the object’s dynamical time scale [43].
In this work we use G = c = 1 units.
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II.

ANALYTICAL ECHO TEMPLATE

Reference [26] presents a framework for modeling the
echoes from nonspinning ECOs by reprocessing the standard BH ringdown (at the horizon) using a transfer function K, which encodes the information about the physical properties of the remnant, such as its reflectivity.
Our approach is based on this framework, but we extended its scope to gravitational perturbations of spinning ECOs. Our goal is to model the echo signal analytically, following a prescription similar to that of the
nonspinning case studied in Ref. [32]. The key difference between the present work and Ref. [32] is that in
the latter the effective potential for the perturbations of
the Schwarzschild geometry was approximated using a
Pöschl-Teller potential [44, 45] in order to obtain an analytical solution for BH perturbations. In this work, we
use a low-frequency approximation to solve Teukolsky’s
equation analytically. We get an analytical transfer function (see Eq. (18) below) by approximating the BH reflection (RBH ) and transmission (TBH ) coefficients. Our
final template is provided in a ready-to-be-used form in
a supplemental Mathematica R notebook [46].

A.

Background

We consider a spinning compact object with radius
r0 , whose exterior geometry (r > r0 ) is described by the
Kerr metric [13, 31, 40, 43]. Unlike the case of spherically
symmetric spacetimes, the absence of Birkhoff’s theorem
in axisymmetry does not ensure that the vacuum region
outside a spinning object is described by the Kerr geometry. This implies that the multipolar structure of
a spinning ECO might be different from that of a Kerr
BH [47, 48]. Nevertheless, for perturbative solutions to
the vacuum Einstein’s equation that admit a smooth BH
limit, all multipole moments of the external spacetime
approach those of a Kerr BH in the high-compactness
regime [47] (for specific examples, see [49–54]).
Therefore, in Boyer-Lindquist coordinates, the line element at r > r0 reads


2M r
Σ
4M r
ds2 = − 1 −
dt2 + dr2 −
a sin2 θdφdt
Σ
∆
Σ


2M r 2 4
+ Σdθ2 + (r2 + a2 ) sin2 θ +
a sin θ dφ2 , (1)
Σ
In the above equation Σ = r2 + a2 cos2 θ and√∆ = r2 +
a2 −2M r = (r −r+ )(r −r− ), where r± = M ± M 2 − a2 ;
M and J ≡ aM ≡ χM 2 are the total mass and angular
momentum of the object respectively.
The properties of the object’s interior and surface can
be parametrized in terms of boundary conditions at r =
r0 , in particular by a complex and (possibly) frequencyand-spin-dependent reflection coefficient, R [26, 40]. Motivated by models of microscopic corrections at the hori-

zon scale, in the following we focus on the case
r0 = r+ (1 + )

0 <   1,

(2)

where r+ is the location of the would-be horizon. We fix
r0 (or, equivalently, ), by requiring the location of the
surface to be at a proper length δ  M from r+ , where
Z r0
√
dr grr |θ=0 .
δ=
(3)
r+

This implies
'

p
δ2
1 − χ2 2 ,
4r+

(4)

in the δ/M  1 limit.
We shall use M , χ, and δ/M to parametrize the background geometry, and R to model the boundary conditions for perturbations.

B.

Linear perturbations

Scalar, electromagnetic and gravitational perturbations in the exterior Kerr geometry are described by
Teukolsky’s master equations [55–57], the radial solution of which shall be denoted by s Rlm (r, ω) (see Appendix A).
It is convenient to make a change of variables by introducing the Detweiler’s function [41, 58]
Ψ̃ = ∆s/2

p



ds Rlm
r2 + a2 α s Rlm + β∆s+1
,
dr

(5)

where α and β are certain radial functions [41, 58] that
satisfy the following relation
α2 − α0 β∆s+1 + αβ 0 ∆s+1 − β 2 ∆2s+1 VS = constant . (6)
The radial potential VS is defined below in Eq. (12), and
s = 0, ±1, ±2 for scalar, electromagnetic and gravitational perturbations, respectively. By introducing the
tortoise coordinate x, defined as
dx
r2 + a2
=
,
dr
∆

(7)

Teukolsky’s master equation becomes
d2 Ψ̃
− V (r, ω)Ψ̃ = S̃ .
dx2

(8)

Here S̃ is a source term and the effective potential reads
as
V (r, ω) =

U∆
dG
+ G2 +
,
(r2 + a2 )2
dx

(9)
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are all contained in the transfer function, which is formally the same as in Ref. [26], namely12

with
r∆
s(r − M )
+ 2
,
2
2
r +a
(r + a2 )2
2α0 + (β 0 ∆s+1 )0
,
U = VS +
β∆s

1  2
VS = −
K − is∆0 K + ∆(2isK 0 − λs ) ,
∆
G=

(10)
K(ω) =
(11)
(12)

and K = (r2 + a2 )ω − am. The prime denotes a derivative with respect to r. Remarkably, the functions α and
β can be chosen such that the resulting potential (9) is
purely real [41, 58]. Although the choice of α and β
is not unique, Ψ̃ evaluated at the asymptotic infinities
(x → ±∞) remains unchanged up to a phase. Therefore, the energy and angular momentum fluxes are not
affected [59].
The asymptotic behavior of the potential is
(
−ω 2
as x → +∞
,
(13)
V →
−k 2
as x → −∞
where k = ω − mΩ and Ω = a/(2M r+ ) is the angular
velocity at the event horizon of a Kerr BH.

C.

Transfer function

Equation (8) is formally equivalent to the static scalar
case [26] and can be solved using Green’s function techniques. At asymptotic infinity, we require the solution
of Eq. (8) to be an outgoing wave, Ψ̃(ω, x → ∞) ∼
Z̃ + (ω)eiωx . Similarly to what shown in Ref. [26] we have
+
−
Z̃ + (ω) = Z̃BH
(ω) + K(ω)Z̃BH
(ω) .

(14)

±
In the above equation, Z̃BH
are the responses of a Kerr
BH (at infinity and near the horizon, for the plus and
minus signs, respectively) to the source S̃, i.e.

±
Z̃BH
(ω) =

1
WBH

Z

−∞

(15)

(18)

where TBH = 1/Bout and RBH = Bin /Bout are the transmission and reflection coefficients for waves coming from
the left of the photon-sphere potential barrier [59–61].
The Wronskian relations imply that |RBH |2 + ωk |TBH |2 =
1 for any frequency and spin [62].
Finally, the reflection coefficient at the surface of the
object, R(ω), is defined such that
Ψ̃ ∼ e−ik(x−x0 ) + R(ω)eik(x−x0 )

as x ∼ x0 ,

(19)

where |x0 |  M .
D.

The BH reflection coefficient in the
low-frequency approximation

In Appendix A we solve Teukolsky’s equation analytically in the low-frequency limit for gravitational perturbations. We obtain an analytical expression for RBH
which is accurate when ωM  1 (we call this the lowfrequency approximation hereon). This is the most interesting regime for echoes, since they are obtained by
reprocessing the post-merger ringdown signal [26], whose
frequency content is initially dominated by the BH fundamental QNM (ω . ωQNM ∼ 0.5/M ) and subsequently
decreases in time. The photon-sphere barrier acts as
a high-pass filter and consequently the frequency content decreases for each subsequent echo. Hence, a lowfrequency approximation becomes increasingly more accurate at late times. We quantify this in Sec. III 5.
From the analysis in Appendix A, we find that
√
RLF
1 + ZeiΦ ,
(20)
BH =
where “LF” stands for “low frequency”, and

+∞

dxS̃ Ψ̃∓ ,

TBH R(ω)e−2ikx0
,
1 − RBH R(ω)e−2ikx0

Z = 4Qβsl

l 
Y
n=1

4Q2
1+ 2
n



2l+1

[ω(r+ − r− )]

(21)

where Ψ̃± are two independent solutions of the homogecoincides with Starobinski’s result for the reflectivity of
neous equation associated to Eq. (8) such that
a Kerr BH [63] (for the sake of generality we wrote
√
(l−s)!(l+s)!
(
it for spin-s perturbations), βsl = (2l)!(2l+1)!!
, and
+iωx
e
as x → +∞
Ψ̃+ (ω, x) ∼
,
Bout (ω)e+ikx + Bin (ω)e−ikx as x → −∞
(16)
1 A heuristic derivation of Eq. (18) guided by an analogy with the
(
+iωx
−iωx
geometrical optics is provided in Refs. [12, 32] for the static case.
Aout (ω)e
+ Ain (ω)e
as x → +∞
Ψ̃− (ω, x) ∼
, 2 The phase e−2ikx0 in Eq. (18) accounts for waves that travel from
−ikx
e
as x → −∞
the potential barrier to x = x0 and return to the potential barrier
after being reflected at the surface. Notice that the definition of
(17)
the transfer function and, in turn, various subsequent formulas
dΨ̃+
dΨ̃−
and WBH = dx Ψ̃− − Ψ̃+ dx = 2ikBout is the Wroncould be simplified by defining R̄ ≡ Re−2ikx0 . We choose to
keep the notation of Ref. [26] instead.
skian of the solutions Ψ̃± . The details of the ECO model
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r 2 +a2

Q = −k r++−r− . The matched asymptotic expansion presented in Appendix A allows us to extract also the phase
Φ = Φ(ω, χ). Note that Φ depends on the choice of an
arbitrary constant in the definition of the tortoise coordinate (see Eq. (7)). However, as one would expect, this
freedom in the choice of x does not affect K(ω), since it
cancels out in the product RRBH .
Furthermore, the phase of R(ω) and RBH depends also
on the choice of the radial perturbation function, but
the combination RRBH which enters the transfer function (18) does not depend on this choice, as expected; see
Sec. III 6 for more details.
At low frequencies RBH takes the form described in
Eq. (20), while in the high-frequency regime RBH ∼
2
e−2πω/κH , where κH = 21 (r+ − r− )/(r+
+ a2 ) is the surface gravity of a Kerr BH [64, 65]. We, then, use a FermiDirac interpolating function to smoothly connect the two
regimes:


R
+1
exp −2πω
κH


RBH (ω, χ) = RLF
, (22)
BH (ω, χ)
R)
exp 2π(|ω|−ω
+1
κH
where ωR is the real part of the fundamental QNM of
a Kerr BH with spin χ. For |ω|  ωR the reflection
coefficient reduces to RLF
BH , whereas it is exponentially
suppressed when |ω|  ωR .
The transition between low and high frequencies is phenomenological and not unique, but the choice of the interpolating function is not crucial since high-frequency
(ω & ωR ) signals are not trapped within the photonsphere and hence are not reprocessed.
E.

Modeling the BH response at infinity

We model the BH response at infinity using the fundamental l = m = 2 QNM; extensions to multipole modes
are straightforward. We consider a generic linear combination of two independent polarizations, namely [66, 67]
+
ZBH
(t) ∼ θ(t − t0 ) (A+ cos(ωR t + φ+ )

+iA× sin(ωR t + φ× )) e−t/τ ,

(23)

+
+
so that <[ZBH
] and =[ZBH
] are the two ringdown polarizations, h+ (t) and h× (t), respectively. In the above
relation, τ = −1/ωI is the damping time, A+,× ∈ < and
φ+,× ∈ < are respectively the amplitudes and the phases
of the two polarizations, and t0 parametrizes the starting time of the ringdown. Note that Eq. (23) is the most
generic expression for the fundamental l = m = 2 ringdown and requires that A+,× and φ+,× are four independent parameters. The most relevant case of a binary BH
ringdown is that of circularly polarized waves [67], which
can be obtained from Eq. (23) by setting A+ = A× and
φ+ = φ× . In the following we provide a template for the
generic expression (23), but for simplicity in the analysis
we shall restrict to A× = 0, i.e. to linearly polarized
waves.

Given that the BH response is in the time domain, the
frequency-domain waveform can be obtained through a
Fourier transform,
Z +∞
dt ±
±
√ ZBH
Z̃BH (ω) =
(t)eiωt ,
(24)
2π
−∞
which at infinity simplifies to

eiωt0 α1+ A+ − α1× A×
+
Z̃BH
(ω) ∼ √
ω − ωQNM
2 2π
α2+ A+ − α2× A×
+
∗
ω + ωQNM

!
,

(25)

where ωQNM = ωR +iωI , α1+,× = ie−i(φ+,× +t0 ωQNM ) , and
∗
α2+,× = −α1+,×
.
F.

Modeling the BH response at the horizon

Moving to the near-horizon BH response, we focus on
−
ZBH
, which is the quantity reprocessed by the transfer function (see Eq. (14)). Here we generalize the approach of Ref. [32], which considered a source localized
near the surface of the ECO. Inspection of Eq. (15) re−
veals that ZBH
(ω) in general contains the same poles in
+
the complex frequency plane as ZBH
(ω). Therefore, the
near-horizon response at intermediate times can be written as in Eq. (25) with different amplitudes and phases.
+
−
Nonetheless, for a given source, ZBH
(ω) and ZBH
(ω) are
related to each other in a non-trivial fashion through
Eq. (15). Let us assume that the source has support
only in the interior of the object, i.e., on the left of the
effective potential barrier, where V ≈ −k 2 . This is a
reasonable assumption, since the source in the exterior
can hardly perturb the spacetime within the cavity and
therefore its contribution is expected to be subdominant
(for example see Refs. [4, 68]). In this case, it is easy to
show that
Z +∞
1
RBH +
−
Z̃BH
=
Z̃BH +
dx S̃eikx .
(26)
TBH
TBH WBH −∞
Using Eqs. (15) and (16) and the fact that S̃ has support
only where V ≈ −k 2 , the above equation can be written
as
−
Z̃BH
=

+
+
RBH Z̃BH
+ Z̃BH
,
TBH

(27)

+
where Z̃BH
is the BH response at infinity to an effective
source S̃(ω, x) = S̃(ω, x)e2ikx within the cavity. As such,
+
the ringdown part of Z̃BH
can also be generically written
as in Eq. (25) but with different amplitudes, phases, and
starting time. Note that Eq. (27) is valid for any source
(with support only in the cavity) and for any spin.
Two interesting features of Eq. (27) are noteworthy.
First, in the final response (Eq. (14)) the term TBH in
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the denominator of Eq. (27) cancels out with that in the
transfer function, Eq. (18). Second, Eq. (27) does not require an explicit modeling of the source. More precisely,
+
+
although both Z̃BH
and Z̃BH
are linear in the source,
they can be written as in Eq. (25) which depends on
amplitudes, phases, and starting time of the ringdown.
Thus, Eq. (27) can be computed analytically using the
expressions for RBH and TBH .
G.

Ringdown+echo template for spinning ECOs

We can now put together all the ingredients previously
derived. The ringdown+echo template in the frequency
domain is given by Eq. (14). As already mentioned, by
substituting Eq. (27) in the transfer function K [Eq. (18)],
the dependence on TBH of the second term in Eq. (14)
disappears and one needs to model only the reflection
coefficient RBH . Clearly, for R = 0 one recovers a singlemode BH ringdown template in the frequency domain.
The extra term in Eq. (14) associated with the echoes
reads


Re−2ikx0
+
−
+
R
Z̃
+
Z̃
,(28)
KZ̃BH
=
BH
BH
BH
1 − RBH Re−2ikx0
+
where RBH is given by Eq. (22) and Z̃BH
is given by
Eq. (25). Note that, while RBH depends on the arbitrary
constant associated to the tortoise coordinate [Eq. (7)],
the final expression Eq. (28) does not, as expected.
Remarkably, Eq. (28) does not depend explicitly on the
source, the latter being entirely parametrized in terms of
+
+
ZBH
and ZBH
, i.e. in terms of the amplitudes of BH
ringdown. Since the two terms in Eq. (28) are additive,
in the following we shall focus only on the first one, in
+
which the source is parametrized in terms of ZBH
only.
Namely, we shall use
−
KZ̃BH
=

RBH Re−2ikx0
Z̃ + .
1 − RBH Re−2ikx0 BH

(29)

+
A discussion on the expressions for Z̃BH
in terms of different sources is given in Appendix B. Thus, the final
template depends on 7 “BH” parameters (M , χ, A+,× ,
φ+,× , t0 ) plus two “ECO” quantities: δ (which sets the
location of the surface or, equivalently, the compactness
of the object) and the complex, frequency-dependent reflection coefficient R(ω), see Table I.
The template presented above is publicly available in
a ready-to-be-used supplemental Mathematica R notebook [46].

III.
1.

PROPERTIES OF THE TEMPLATE
Comparison with the numerical results

Our analytical template agrees very well with the exact numerical results at low frequency. A representative

example is shown in Fig. 1, where we compare the (complex) BH reflection coefficient RBH (left panels) and the
echo template (right panels) against the result of a numerical integration of Teukolsky’s equation. In the right
−
panels of Fig. 1 we show the quantity KZBH
, normal+
−
ized by the standard BH response ZBH ; since ZBH
is
+
proportional to ZBH , the final result is independent of
the specific BH response. The agreement (both absolute
value and imaginary part) is very good at low frequencies, whereas deviations are present in the transition region where ωM ∼ 0.1. Crucially, the low-frequency resonances – which dominate the response [14, 22] – are
properly reproduced.
Notice that the agreement between analytics and numerics improves as δ → 0, since the ECO QNMs are at
lower frequency (for moderate spin) in this regime and
our framework is valid. For technical reasons we were
able to produce numerical results up to δ = 10−10 M , but
we expect that the agreement would improve significantly
for more realistic (and significantly smaller) values, when
δ is of the order of the Planck length.
To quantify the agreement, we compute the overlap
|hh̃A |h̃N i|
O= q
|hh̃N |h̃N i||hh̃A |h̃A i|

(30)

between the analytical signal, h̃A , and the numerical one,
h̃N , where the inner product is defined as
Z ∞
X̃(f )Ỹ ∗ (f )
hX̃|Ỹ i ≡ 4<
df ,
(31)
Sn (f )
0
(or in a certain frequency range), Sn is the detector’s
noise spectral density, and f = ω/(2π) is the GW frequency.
When |R| ∼ 1 the presence of very high and narrow
resonances makes a quantitative comparison challenging,
since a slight displacement of the resonances (due for
instance to finite-ω truncation errors) deteriorates the
overlap. For instance, for a representative case shown
in Fig. 1 (δ = 10−10 M , χ = 0.7, and R = 1) the
overlap is excellent (O & 0.999) when the integration
is performed before the first resonance, but it quickly
reduces to zero after that. To overcome this issue, we
compute the overlap in the case in which the resonances
are less pronounced, as it is the case when |R| < 1. Let
us consider M = 30 M , χ = 0.7, δ = 10−10 M , and
the aLIGO noise spectral density [69]. For R = 0.9,
the overlap in the range f ∈ (20, 100) Hz (whose upper
end roughly corresponds to the limit ωM ∼ 0.1 beyond
which the low-frequency approximation is not accurate)
is O = 0.48. This small value is mostly due to a small
displacement of the resonances. Indeed, by shifting the
mass of the analytical waveform by only 1.6%, the overlap increases significantly, O = 0.995. For R = 0.8 and in
the same conditions, we get O ≈ 0.8 without mass shift
and O & 0.999 with the same mass shift as above with
the mass shift indicated above. As δ → 0, the shift in

6
δ
R(ω)

proper distance of the surface from the horizon radius r+
reflection coefficient at the surface (located at x = x0 (δ) in tortoise coordinates)

M
χ
A+,×
φ+,×
t0

total mass of the object
angular momentum of the object
amplitudes of the two polarizations of the BH ringdown at infinity
phases of the two polarizations of the BH ringdown at infinity
starting time of the BH ringdown at infinity

TABLE I. Parameters of the ringdown+echo template presented in this work. The parameter δ and the (complex) function
R(ω) characterize the ECO. The remaining 7 parameters characterize the most generic fundamental-mode BH ringdown. For
circularly polarized waves (A+ = A× and φ+ = φ× ) or for linearly polarized waves (for example A× = 0), the number of
ordinary BH ringdown parameters reduces to 5.

χ=0
χ=0.7

+
| Z BH/Z BH|

1

|1-|ℛBH||

10-5
10-9

χ=0
χ=0.7

102
10
1

χ=0
χ=0.7

+
Im[ Z BH/Z BH]

Im[ℛBH]

10-13
1.0

103

0.5
0.0

103

χ=0
χ=0.7

101
10-1
10-3

-0.5
0.005 0.01

0.05

0.1

0.5

0.01

0.02

0.05

0.1

0.2

Mω

FIG. 1. Comparison between our analytical template (thick curves) and the result of a numerical integration of Teukolsky’s
equation (thin curves) for χ = 0 and χ = 0.7. Left panels: the (complex) BH reflection coefficient. Note that the dip in the
spinning case corresponds to the threshold of superradiance, i.e. |RBH |2 > 1 when ω < mΩ. Right panels: the absolute value
+
−
as functions of the frequency. For all panels we chose
/Z̃BH
(top) and the imaginary part (bottom) of the ECO response KZ̃BH
l = m = 2 and, for the right panels, δ/M = 10−10 and R = ∞.

the mass decreases since the exact resonant frequencies
are better reproduced.

2.

Time-domain echo signal: modulation and mixing of the
polarizations

The time-domain signal can be computed through an
inverse Fourier transform,
1
h(t) = √
2π

Z

+∞

dω Z̃ + (ω)e−iωt ,

(32)

−∞

where <[h(t)] and =[h(t)] are the two polarizations of the
wave, respectively.

In Fig. 2 we present a representative slideshow of our
template for different values of R and spins. For simplicity, we consider δ/M = 10−7 and R(ω) = const (but
generically complex). The time-domain waveform contains all the features previously reported for the echo
signal, in particular amplitude and frequency modulation
[1, 2, 10, 11, 32].
In addition, the spin of the object and the phase of
the reflectivity coefficient introduce novel effects, such as
a nontrivial amplitude modulation of subsequent echoes.
This is mostly due to the spin-and-frequency dependence
of the phase of RBH and R. The effect of the spin can be
seen by comparing the left column (χ = 0) of Fig. 2 with
the middle (χ = 0.7) and the right columns (χ = 0.9).
Note that the phase of each subsequent echo depends
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on the combination RRBH , i.e., on the combined action
of the reflection by the surface and by the BH barrier.
Thus, phase inversion [13, 31, 32] of each echo relative to
the previous one occurs whenever RRBH ≈ −1 for low
frequencies (cf. Sec. III 6 for more details).
Furthermore, note that the first, the second, and the
fourth row of Fig. 2 all correspond to perfect reflectivity,
|R| = ∞, but their echo structure is different: in other
words, a phase term in R introduces a nontrivial echo
pattern. To the best of our knowledge this effect was
neglected in the previous analyses.
As shown in Fig. 2 the time-domain signal can contain both plus and cross polarizations, even if the initial
ringdown is purely plus polarized (i.e., A× = 0). This
interesting property can be explained as follows. In the
nonspinning case, and provided
Rχ=0 (ω) = R∗χ=0 (−ω ∗ ) ,

Another interesting consequence of the polarization
mixing is the fact that the amplitude of subsequent
echoes in each polarization does not decrease monotonically. This is evident, for example, in the panels of Fig. 2
corresponding to χ = 0.7, R = ∞ and χ = 0, R = eiπ/3 .
However, it can be checked that the absolute value of the
signal (related to the energy) decreases monotonically.

3.

Decay at late times and superradiant instability

The involved behavior discussed above simplifies at
very late times. In this case – when the dominant freECO
ECO
quency is roughly ω ≈ ωR
 1/M (where ωR
is the
real part of the fundamental QNM of the ECO) – the
amplitude of the echoes always decreases as [32]

(33)
t

the transfer function satisfies the symmetry property
∗
Kχ=0 (ω) = Kχ=0
(−ω ∗ ) .

(34)

The time domain echo waveforms are real (resp., imaginary) if the ringdown waveform is real (resp., imaginary).
In this case, the echo signal contains the same polarization of the BH ringdown and the two polarizations do not
mix. In particular, Eq. (33) is satisfied when R is real.
Remarkably, this property is broken in the following
cases:
1. when R is complex and does not satisfy Eq. (33) ,
as in the second row of Fig. 2;
2. generically in the spinning case, even when R is
real3 or when it satisfies Eq. (33).
In either case mixing of the polarizations occurs. For
instance, if the BH ringdown is (say) a plus-polarized
wave (A× = 0), it might acquire a cross-polarization
component upon reflection by the photon-sphere barrier
(if χ 6= 0) or by the surface (if R is complex and does not
satisfy Eq. (33)). Therefore, even when the ringdown
signal is linearly polarized (as when A× = 0, the case
considered in Fig. 2), generically the final echo signal is
not.
The mixing of polarizations can be used to explain the
involved echo patter shown in some panels of Fig. 2. For
example, for χ = 0 and R = eiπ/3 each echo is multiplied
by eiπ/3 relative to the previous one. Therefore, every
three echoes the imaginary part of the signal (i.e., the
cross polarization) is zero.

3

In this case the transfer function satisfies an extended version of
Eq. (34), namely
K(ω, m) = K∗ (−ω ∗ , −m)

(35)

which, however, does not prevent the mixing of the polarizations,
due to the m → −m transformation.

|hpeaks (t)| ∝ |RRBH | 2|x0 | ,

(36)

ECO
 1/M .
where both R and RBH are evaluated at ωR
The above scaling agrees almost perfectly with our timedomain waveforms, especially at late times.
More interestingly, Eq. (36) shows that the signal at
late time should grow when |RRBH | > 1, i.e., when
the combined action of reflection by the surface and by
the BH barrier yields an amplification factor larger than
unity [40, 41]. When |R| ≈ 1, this condition requires

|RBH | > 1 .

(37)

From Eq. (21), it is easy to see that this occurs when
ω(ω − mΩ) < 0 ,

(38)

i.e., when the condition for superradiance [57, 70] is satisfied (see Ref. [35] for an overview). Thus, we expect
the signal to grow in time over a time scale given by
the ergoregion instability [34–37, 40, 41, 71] of spinning horizonless ultracompact objects. Indeed, the QNM
spectrum of the object contains unstable modes when
ωR < mΩ [36, 37, 40, 41]. The instability time scale is
always much longer than the dynamical time scale of the
object (e.g., τinstab & 105 M for χ = 0.5 [41]).
When the signal grows in time due to the ergoregion
instability the waveform h(t) is a nonintegrable function, so its Fourier transform cannot be defined. For this
reason the frequency-domain waveforms are valid up to
t . τinstab . Since the instability time scale is much longer
than the echo delay time, the time interval of validity of
our waveform still includes a large number of echoes. In
particular, the ergoregion instability does not affect the
first N ∼ | log δ/M | echoes [12].
As discussed in Refs. [40, 41], this instability can be
quenched if |RRBH | < 1, which requires a partially absorbing ECO, |R| < 1 (see Refs. [4, 68] for a specific
model where the instability is absent).
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FIG. 2. Examples of the gravitational ringdown+echo template in the time domain for different values of R(ω) = const,
and object’s spin χ. We consider δ/M = 10−7 . We plot the real (blue curve) and the imaginary (orange curve) parts of the
waveform, corresponding to the plus and cross polarization, respectively (note that the ringdown signal is purely plus-polarized,
i.e. A× = 0). Each waveform is normalized to the peak of |<[h(t)]| during the ringdown (the peak is not shown in the range
of the y axis to better visualize the subsequent echoes). Additional waveforms are provided online [46].

4.

by using the Fourier transform of

Energy of echo signal

The energy contained in the ringdown+echo signal is
shown in Fig. 3, where we plot the quantity
Z

∞

E∝

dω ω 2 |Ẑ + |2 ,

(39)

−∞

normalized by the one corresponding to the ringdown
alone, ERD ≡ E(R = 0), as a function of the reflectivity R and for several values of the spin χ. We use the
prescription of Ref. [72] to compute the ringdown energy,
+
i.e. Z̃BH
is the frequency-domain full response obtained

+
ZBH
(t) ∼ A+ cos(ωR t + φ+ )e−|t|/τ .

(40)

(Notice the absolute value of t at variance with Eq. (23).)
This prescription circumvents the problem associated
with the Heaviside function in Eq. (23) that produces
a spurious high-frequency behavior in the energy flux,
leading to infinite energy in the ringdown signal. With
the above prescription, the energy defined in Eq. (39) is
finite and reduces to the result of Ref. [72] for the BH
ringdown when R = 0.
Because of reflection at the surface, the energy contained in the full signal for a fixed amplitude might be
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FIG. 3. Total energy contained in the ringdown+echo signal
normalized by that of the ringdown alone as a function of R
and for various values of the spin χ. The total energy is much
larger than the ringdown energy only when R → ∞. We set
δ/M = 10−5 and considered only one ringdown polarization
with φ+ = 0; the result is independent of δ in the δ  M
limit.

at the BH QNM frequency, and slowly decreases in
each subsequent echo until it is dominated by the lowfrequency ECO QNMs at very late time. This also shows
that a low-frequency approximation becomes increasingly
more accurate at later times. In the example shown
in Fig. 4, the frequencies of the first four echoes are
approximately M ω ≈ 0.34, 0.32, 0.3, 0.29, whereas the
real part of the fundamental BH QNM for χ = 0 is
M ωR ≈ 0.37367. Therefore, the frequency between the
first and the fourth echo decreases by ≈ 17%.
Note that the case shown in Fig. 4 is the one that
provides the simplest echo patter (χ = 0, R ∈ <). The
case χ 6= 0 or a complex choice of R would provide a
much more involved patter and polarization mixing.

0.2

1st echo
2nd echo
3rd echo
4th echo

0.1

0.0
much larger than that of the ringdown itself. Overall,
the normalized energy depends mildly on the spin, but
much more strongly on R: the energy contained in the
echo part of the signal grows fast as |R| → ∞ (reaching
a maximum value that depends on the spin and might
become larger than the energy of the ringdown alone.
This is due to the resonances corresponding to the lowfrequency QNMs of the ECO, that can be excited with
large amplitude [14] [see bottom panel of Fig. 1], and suggests that GW echoes might be detectable even when the
ringdown is not if |R| ≈ ∞. However, it is worth noticing that these low-frequency resonances are excited only
at late times and therefore the first few echoes contain
a small fraction of the total energy of the signal. When
R is significantly smaller than unity subsequent echoes
are suppressed (see third row in Fig. 2) and their total
energy is modest compared to that of the ringdown.
Note also that when |R| ≈ ∞ the total energy is expected to diverge in the superradiant regime, due to the
aforementioned ergoregion instability. This is not captured by the inverse Fourier transform Ẑ + (ω), since the
time-domain signal is non-integrable when t & τinstab .

5.

Frequency content of the signal

As previously discussed, the photon-sphere barrier acts
as a high-pass filter as a consequence of which each echo
has a lower frequency content than the previous one. This
is confirmed by Fig. 4, where we display the first four
echoes for R = ∞, χ = 0, and δ/M = 10−7 , shifted
in time and rescaled in amplitude so that their global
maxima are aligned.
The frequency content of the total signal starts roughly

- 0.1

- 0.2

0

20

40

60

80

100

(t-τecho )/ M
FIG. 4. The first four echoes in the time-domain waveform
for a model with R = ∞, χ = 0, δ/M = 10−7 . The waveform
has been shifted in time and rescaled in amplitude so that the
global maxima of each echo are aligned. Note that each subsequent echo has a lower frequency content than the previous
one.

Our results show that two qualitatively different situations can occur:
A) the reflectivity R of the object is small enough so
that the amplitude of subsequent echoes is suppressed. In this case most of the signal-to-noise
ratio (SNR) is contained in the first few echoes at
frequency only slightly smaller than the fundamental BH QNM.
B) the reflectivity R is close to unity, so subsequent
echoes are relevant and contribute significantly to
the total SNR. In this case the frequency content
becomes much smaller than the fundamental BH
QNM.
Clearly our low-frequency approximation is expected to
be accurate in case B) and less accurate in case A), especially for high spin where M ωQNM ∼ 0.5 or larger.
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7.

On the phase of the reflectivity coefficients

It is worth remarking that there exist several definitions of the radial function describing the perturbations
of a Kerr metric; these are all related to each other by
a linear transformation similar to Eq. (5). The BH reflection coefficients that can be defined for each function
differ by a phase, while the quantity |RBH |2 (related to
the energy damping/amplification) is invariant [59].
The transfer function in Eq. (18) contains both the
absolute value and the phase of RBH . Therefore, one
might wonder whether this ambiguity in the phase could
affect the ECO response. For a given model, it should be
noted that the reflectivity coefficient at the surface, R,
is also affected by the same phase ambiguity, in accordance with the perturbation variable chosen to describe
the problem. Since the transfer function depends only
on the combinations RRBH and RTBH , the phase ambiguity in R cancels out with that in RBH and TBH in
Eq. (18). This ensures that the transfer function is invariant under the choice of the radial perturbation function,
as expected for any measurable quantity. For example,
at small frequencies the BH reflection coefficient derived
from the asymptotics of the Regge-Wheeler function at
x → −∞ has a phase difference of π compared to the BH
reflection coefficient computed from the Detweiler function for χ = 0. Consistently, the reflectivity coefficient
associated to the former differs by a phase π with respect
to the reflectivity coefficient associated to the latter, i.e.,
if R̄ = 1 for Regge-Wheeler then R̄ = −1 for Detweiler
in the same model, and viceversa.
Therefore, it is natural for R to have a nontrivial (and
generically frequency- and spin- dependent) phase term,
whose expression depends on the formulation of the problem. Obviously, all choices of the radial wavefunctions
are equivalent but – for the same ECO model – the complex reflection coefficient R should generically be different for each of them. To the best of our knowledge, this
point was neglected in actual matched-filtered searches
for echoes, which so far considered R (and also RBH ) to
be real.
This fact is particularly important in light of what previously discussed for the mixing of the polarizations. As
shown in the second row of Fig. 2, a phase in R introduces a mixing of polarizations for any spin, which results
in a more complex shape of the echoes in the individual
polarizations of the signal.
Since the phase of R depends on the specific ECO
model, in the analysis of Sec. IV we will parametrize
the reflectivity in a model-agnostic way as R = |R|eiφ .
In principle, both the absolute value and the phase are
generically frequency dependent but for simplicity we
choose them to be constants or, equivalently, we take
the leading-order and low-frequency limit of these quantities. Hence we parametrize our template by |R| and φ,
different choices of which correspond to different models.

BH QNMs vs ECO QNMs

It is worth considering the inverse-Fourier transform
of Eq. (14) (i.e., Eq. (32)) and deform the frequency integral in the complex frequency plane. When R = 0
(i.e., standard BH ringdown) this procedure yields three
contributions [73, 74]: (i) the high-frequency arcs that
govern the prompt response, (ii) a sum-over-residues at
the poles of the complex frequency plane (defined by
WBH = 0 = Bout ), which correspond to the QNMs and
dominate the signal at intermediate times, and (iii) a
branch cut on the negative half of the imaginary axis,
giving rise to late-time tails due to backscattering off the
background curvature.
When R =
6 0, the pole structure is more involved. The
extension of the integral in Eq. (32) to the complex plane
contains two types of complex poles: (i) those associated
+
−
with Z̃BH
(ω) (∼ 1/WBH ∼ 1/Bout ) and with KZ̃BH
(ω)
2
(∼ TBH /WBH ∼ 1/Bout ) which are the standard BH
QNMs (but that do not appear in the ECO QNM spectrum [1]), and (ii) those associated with the poles of the
transfer function K (i.e. when RBH = e2ikx0 /R), which
correspond to the ECO QNMs.
The late-time signal in the post-merger is dominated
by the second type of poles, since the latter have a longer
damping time and survive longer. The prompt ringdown
is dominated by the first type of poles, i.e., by the dominant QNMs of the corresponding BH spacetime [1]. Finally, the intermediate region between prompt ringdown
and late-time ECO QNM ringing depends on the other
parts of the contour integral on the complex plane. As
such, they are more complicated to model, since they do
not depend on the QNMs alone and might also depend
on the source, as in the standard BH case.

IV.

PROJECTED CONSTRAINTS ON ECOS

In this section we use the template derived in Sec. II G
for a preliminary error estimation of the ECO properties
using current and future GW detectors.
The ringdown+echo signal displays sharp peaks which
originate from the resonances of the transfer function K
and correspond to the long-lived QNMs of the ECO [41].
The relative amplitude of each resonance in the signal
depends on the source and the dominant modes are not
necessarily the fundamental harmonics [26, 28]. We stress
that the amplitude of the echo signal depends strongly
on the value of R, especially when |R| ≈ 1. This suggests
that the detectability of (or the constraints on) the echoes
strongly depends on R and would be much more feasible
when |R| ≈ 1. Below we quantify this expectation using
a Fisher matrix technique, which is accurate at large SNR
(see, e.g., Ref. [75]). This is performed as in Ref. [32],
but by including the spin of the object consistently and
allowing for a complex reflection coefficient, R = |R|eiφ .
The Fisher information matrix Γ of a template h̃(f )
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for a detector with noise spectral density Sn (f ) reads as
Γij = h∂i h̃|∂j h̃i ,

(41)

where i, j = 1, ..., N , with N being the number of parameters in the template. The SNR ρ is defined such
as ρ2 = hh̃|h̃i. The covariance matrix, Σij , of the errors on the
√ template’s parameters is the inverse of Γij
and σi = Σii (no summation) gives the statistical error
associated with the measurement of i-th parameter.
We computed numerically the Fisher matrix (41) with
our template h̃(f ) ≡ Z̃ + (f ) using the sensitivity curves of
aLIGO with the design-sensitivity ZERO DET high P [69]
and two configurations for the third-generation (3G) instruments: Cosmic Explorer in the narrow band variant [76, 77], and Einstein Telescope in its ET-D configuration [78]. We also consider the LISA’s noise spectral
density proposed in Ref. [79]. We focus on the most relevant case of gravitational perturbations with l = m = 2
and consider M = 30 M (M = 106 M ) for ground(space-) based detectors.
As previously discussed, the most generic BH ringdown
template contains 7 parameters (mass, spin, two phases,
two amplitudes and starting time). For simplicity, we
reduce it to a linearly-polarized ringdown. In particular,
we do not include A× and φ× in the parameters and
inject A× = 0. This implies that we have 5 standardringdown parameters in our analysis.
The template also depends on two ECO quantities (the
frequency-dependent reflection coefficient R(ω) and the
parameter δ) which fully characterize the model. The
parameter δ is directly related to physical quantities, in
particular, the compactness of the ECO or (equivalently)
the redshift at the surface. We parametrize the reflectivity coefficient as
R(ω) = |R|eiφ ,

(42)

where |R| and φ are assumed to be frequency independent for simplicity and we remark that x0 = x0 (δ) (see
Eq. (4)). This yields three ECO parameters: δ, |R|, and
φ.
We consider two cases: (i) a conservative case in which
we extract the errors on all the 5 + 3 parameters in a
Fisher matrix framework and (ii) a more optimistic case
in which we assume that the standard-ringdown parameters can be independently and reliably measured through
the prompt ringdown, so that we are left with the measurements errors on the 3 ECO parameters.
A.

Conservative case: 5 + 3 parameters

Our main results for the statistical errors on the ECO
parameters are shown in Fig. 5. In the large SNR
limit, the errors scale as 1/ρ so we present the quantity ρ∆|R|/|R| (left panel), ρ∆φ (middle panel), and
ρ∆(δ/M )/(δ/M ) (right panel) for several values of the
spin. We find that the main qualitative features already

discussed in Ref. [32] do not depend significantly on the
inclusion of the spin in the template. In particular, for
fixed SNR the relative errors are almost independent of
the specific sensitivity curve of the detector, at least
for signals located near each minimum of the sensitivity
curve, as those adopted in Fig. 5. In Fig. 5 we adopted
the LISA curve [79] but other detectors give very similar
results for the errors normalized by the SNR.
Furthermore, the statistical errors are almost independent of δ when δ/M  1, whereas they strongly depend
on the reflection coefficient R. The reason for this can
be again traced back to the presence of resonances as
R → ∞. This feature confirms that it should be relatively straightforward to rule out or detect models with
|R| ≈ 1, whereas it is increasingly more difficult to constrain models with smaller values of |R|.
We also note that the value of the spin of the remnant affects the errors on |R| only mildly, whereas it has
a stronger impact on the phase of R (probably due to
the aforementioned mixing of the polarizations) and a
moderate impact on the errors on δ.
Overall, the specific value of φ does not affect the errors
significantly, although it is important to include it as an
independent parameter in order not to underestimate the
errors.
Next, we calculate the SNR necessary to discriminate
a partially-absorbing ECO from a BH on the basis of a
measurement of R at some confidence level [32]. Clearly,
if ∆R/R > ∞00%, any measurement would be compatible with the BH case (R = 0). On the other hand, relative errors ∆R/R < (4.5, 0.∈7, 0.007, 0.00006)% suggest that
it is possible to detect or rule out a given model at
(2, 3, 4, 5)σ confidence level, respectively. The result of
this analysis is shown in Fig. 6, where we present the exclusion plot for the parameter R as a function of the SNR
in the ringdown phase only, ρRD . Shaded areas represent
regions which can be excluded at some given confidence
level. Obviously, larger SNRs would allow to probe values of R close to the BH limit, R ≈ 0. The extent of
the constraints strongly depends on the confidence level.
For example, SNR ≈ 100 in the ringdown would allow to
distinguish ECOs with |R|∈ & 0.∞ from BHs at 2σ confidence level, but a 3σ detection would be possible only
if |R|∈ & 0.∀. The reason for this is again related to the
strong dependence of the echo signal on R . Note that
Fig. 6 is very similar to that computed in Ref. [32], showing that including the spin and a phase term for R does
not affect the final result significantly.

B.

Optimistic case: 3 ECO parameters

Let us now assume that the standard ringdown parameters (mass, spin, phases, amplitudes, and starting time)
can be independently measured through the prompt ringdown signal, which is identical for BHs and ECOs if
δ/M  1 [1]. In such case the remaining three ECO
parameters (|R|, φ, and δ) can be measured a posteriori,

12

���

����
���

����
��

�����
��

�����

���� � × ��

���

����
���

����

����� ����� �����
�-|ℛ

��-�
���

���

�

��-�

��

�

����� ����� �����
�-|ℛ

���

���

���

���

���

���

����
���

��

���
��
��-�

���

�

� × ���
����

�����

-�

ρΔ(δ/�)/(δ/�) [%]

�����

ρΔϕ [%]

ρΔ|ℛ|/ℛ [%]

��

���

|ℛ|

���

�

�

�

���

���

���

���

|ℛ|

��
��-�

����� ����� �����
�-|ℛ

���

���

�

�

���

���

���

|ℛ|

FIG. 5. Left panel: relative (percentage) error on the reflection coefficient, ∆|R|/|R| multiplied by the SNR, as a function of
|R| for different values of injected spin. The inset shows the same quantity as a function of 1 − |R|∈ in a logarithmic scale.
From top to bottom: χ = (0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1). Middle panel: same but for the absolute (percentage) error on
the phase φ of R, i.e. ρ∆φ. Right panel: same as in the left panel but for the compactness parameter, δ, i.e. ∆(δ/M )/(δ/M ).
We assume δ = 10−7 M but the errors are independent of δ when δ/M  1 [32]. We set φ = 0 for the phase of R (i.e. we
consider a real and positive R, but other choices give very similar results.
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FIG. 6. Projected exclusion plot for the ECO reflectivity R
as a function of the SNR in the ringdown phase. The shaded
areas represent regions that can be excluded at a given confidence level (2σ, 3σ, 4σ, 5σ). Vertical bands are typical SNR
achievable by aLIGO/Virgo, 3G, and LISA in the ringdown
phase, whereas the horizontal band is the region excluded by
the ergoregion instability [40, 41]. We assumed χ = 0.7 for the
spin of the merger remnant, the result depends only mildly
on the spin.

assuming the standard ringdown parameters are known.
A representative example for this optimistic scenario is
shown in Fig. 7. As expected, the errors are significantly
smaller, especially those on the phase φ of the reflectivity. The errors on R are only mildly affected, and the
projected constraints on R at different confidence levels
are similar to those shown in Fig. 6. Nonetheless, we
expect this strategy to be much more effective for actual
searches.

We have presented an analytical template that describes the ringdown and subsequent echo signal of a spinning, ultracompact, Kerr-like horizonless object. This
template depends on the physical parameters of the remnant: namely, the mass, the spin, the compactness and
the reflection coefficient R at its surface. The analytical
approximation is valid at low frequencies, where most of
the SNR of an echo signal is accumulated in the case
|R| ∼ 1. Our template becomes increasingly accurate at
later times as the frequency content of the echo decreases.
The features of the signal are related to the physical
properties of the ECO model. The time-domain waveform contains all features previously reported for the echo
signal, namely amplitude and frequency modulation and
possible phase inversion of each echo relative to the previous one, depending on the reflective boundary conditions.
Furthermore, the presence of the spin and of a generically complex reflectivity introduce qualitatively different effects, most notably the amplitude and frequency
modulation is more involved (also) due to mixing of the
two polarizations. For (almost) perfectly-absorbing spinning ECOs, the perturbations can grow at late times due
to superradiance and the ergoregion instability. However, even for highly-spinning remnants, this instability
occurs on a time scale which is much longer than the echo
delay time, and likely plays a negligible role in actual
searches for echoes (see however Ref. [43] for a discussion
of the stochastic background produced by this instability). The instability is quenched for partially-reflecting
objects [4, 40, 41, 68].
The amplitude of subsequent echoes depends strongly
on the reflectivity R. When |R| ≈ 1 the echo signal can
have energy significantly larger than those of the ordinary
BH ringdown. This suggests that GW echoes in certain

13

���
��

����
��

���

���

����

��
�
�����
�����

�����

��-� �����

�����

��-�

����� ����� �����
�-|ℛ

���

��-�

�

����� ����� �����

�

���

�-|ℛ

���

���

���

���

���
���

�

���

|ℛ|

���

����

�

��-�

�

����� ����� �����
�-|ℛ

���
|ℛ|

���
�

����

��-�
��-�

���

ρΔ(δ/�)/(δ/�) [%]

ρΔϕ [%]

ρΔ|ℛ|/ℛ [%]

���

���

���

���

���

���

�

�

���

���

���

|ℛ|

FIG. 7. Same as in Fig. 5 but including only the three ECO parameters (|R|, φ, and δ) in the Fisher analysis.

models might be detectable even when the ringdown is
not. Likewise, ruling out models with |R| ≈ 1 is significantly easier than for smaller values of the reflectivity.
We have also highlighted the importance of including a
model-dependent phase term in the reflection coefficient;
this phase also depends on the radial perturbation variable used in the perturbation equation. To the best of
our knowledge this issue has been so far neglected in previous analyses (but see Ref. [20] for a recent discussion).
We showed that a complex reflectivity at the surface (or,
generically, the spin of the remnant) introduce mixing
among the two polarizations, drastically modifying the
shape of the echoes.
Using a Fisher analysis, we have then estimated the
statistical errors on the template parameters for a postmerger GW detection with current and future GW interferometers. Our analysis suggests that ECO models with
|R|2 ≈ 1 can be detected or ruled out with aLIGO/Virgo
(for events with ρringdown & 8) at 5σ confidence level.
These events might also allow us to probe values of the
reflectivity as small as |R|2 ≈ 0.8 at ≈ 2σ confidence
level.
ECOs with |R| = 1 are already ruled out by the ergoregion instability [37, 40] and by the absence of GW
stochastic background in LIGO O1 run [43]. Excluding/detecting echoes for models with smaller values of
the reflectivity (for which the ergoregion instability is absent [40, 41]) requires SNRs in the post-merger phase of
O(100). This will be achievable only with 3G detectors
(ET and Cosmic Explorer) and with the space-based mission LISA. Our preliminary analysis confirms that very
stringent constraints on (or detection of) ultracompact
horizonless objects can be obtained with current (and
especially future) interferometers.
Several interesting extensions of this work are left for
the future. In a follow-up paper we plan to adopt the
template developed here in a matched-filtered search
for GW echoes using LIGO/Virgo public data and for
a Bayesian parameter estimation. This can be done
for a generic reflectivity coefficient R, or for specific
models, such as those motivated by effective field the-

ory arguments [80] and the model recently proposed in
Refs. [4, 68] for the Boltzmann reflectivity of quantum
BHs.
An important open problem is to compare the echo
template (obtained within perturbation theory) with the
post-merger signal of an ECO coalescence producing an
echoing merger. Unfortunately, numerical simulations
of these systems are currently unavailable and so are
inspiral-merger-ringdown waveforms for these models.
Assessing the reliability of the analytical template and
the importance of nonlinearities will require a comparison
between analytical and numerical waveforms, following a
path similar to what done in the past for the matching of standard BH ringdown templates with numericalrelativity waveforms (see, e.g., Ref. [67]).
A more technical extension deals with the modeling
of the signal beyond the low-frequency approximation.
The characteristic frequency of the echo signal is always
smaller than the corresponding BH ringdown frequency.
We expect our template to be robust to the prescription
for transition to high frequencies. Nevertheless, it might
be interesting to develop a high-frequency analytical approximation of the BH reflection and transmission coefficients to be matched smoothly with a low-frequency approximation. By performing the low-frequency and highfrequency expansions beyond the leading order it might
be possible to obtain a better analytical approximation
of the transfer function at all frequencies.
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Appendix A: Low-frequency solution of Teukolsky
equation

In this appendix we derive an analytical solution for
the reflection coefficient of a BH for gravitational perturbations in the small-frequency regime through a matched
asymptotic expansion. The technique is detailed in
Ref. [41].
For generic spin-s perturbations, Teukolsky’s equations are [55–57]


−s d
s+1 ds Rlm
∆
∆
dr
dr

 2
K − 2is(r − M )K
+ 4isωr − λs s Rlm = 0 ,(A1)
+
∆




2
1 − y s Slm,y ,y + (aωy)2 − 2aωsy + s

(m + sy)2
(A2)
+ s Alm −
s Slm = 0 ,
1 − y2

At infinity, the radial wave equation (A1) for M ω  1
reduces to [37]
r∂r2 fs + 2(l + 1 − iωr)∂r fs − 2i(l + 1 − s)ωfs = 0 , (A6)
where fs = eiωr r−l+s Rs . The general solution of
Eq. (A6) is a linear combination of a confluent hypergeometric function and a Laguerre polynomial

Rs = e−iωr rl−s C3 U (l + 1 − s, 2l + 2, 2iωr)

+ C4 L2l+1
(A7)
−l−1+s (2iωr) ,
where the absence of ingoing waves at infinity implies
C4 = (−1)l−s C3 Γ(−l+s). For s = −2, the solution (A7)
is turned in the form given by Eq. (5). In order to have a
purely outgoing wave with unitary amplitude at infinity,
as in Eq. (16), we impose

where s Slm (θ)eimφ are spin-weighted spheroidal har(−iω)1+l 2l Γ(3 + l)
C3 =
.
(A8)
monics, y ≡ cos θ, and the separation constants λ and
λ−2 λ0 Γ(−1 + l)
2 2
s Alm are related by λs ≡ s Alm + a ω − 2amω.
In the region near the surface of the ECO, the radial
wave equation (A1) for M ω  1 reduces to [63]
The small-r behavior of the solution (A7) is
n
o
1−s
s+1
[z(z + 1)]
∂z [z(z + 1)]
∂ z Rs
 2

(−1)l−s Γ(l + 1 + s)
+ Q + iQs(1 + 2z) − (l − s)(l + s + 1)z(z + 1) Rs = 0 ,
Rs ∼ C3 rl−s
2
Γ(2l + 2)
(A3)
Γ(2l + 1)
where z = (r −r+ )/(r+ −r− ) and Rs ≡ s Rlm for brevity.
+ C3 r−l−1−s (2iω)−(2l+1)
. (A9)
Γ(l + 1 − s)
The general solution of Eq. (A3) is a linear combination
of hypergeometric functions

Rs = (1 + z)iQ C1 z −iQ
iQ−s
The matching of Eqs. (A5) and (A9) in the intermedi2 F1 (−l + s, l + 1 + s; 1 − Q̄ + s; −z) + C2 z

ate region yields
(A4)
2 F1 (−l + Q̄, l + 1 + Q̄; 1 + Q̄ − s; −z) ,
where Q̄ = 2iQ and the integration constants C1 and
C2 are related to the amplitudes of outgoing and ingoing waves near the surface of the ECO, respectively. For
s = −2, we transform the solution (A4) in the form given
by Eq. (5). The near-horizon behavior of the solution is
given by Eq. (16), where the coefficients Bout and Bin are
related to the integration constants C1 and C2 , respectively.
The large-r behavior of the solution (A4) is
"

l−s
r
C1 Γ(1 − Q̄ + s)
Rs ∼
Γ(2l + 1)
r+ − r−
Γ(l + 1 − Q̄)Γ(l + 1 + s)
# 
−l−1−s
C2 Γ(1 + Q̄ − s)
r
+
+
r+ − r−
Γ(l + 1 + Q̄)Γ(l + 1 − s)
"
(−1)l+1+s C1 Γ(l + 1 − s)Γ(1 − Q̄ + s)
2Γ(2l + 2)
Γ(−l − Q̄)
#
C2 Γ(l + 1 + s)Γ(1 + Q̄ − s)
+
,
(A5)
Γ(−l + Q̄)



C1
Γ(l + 1 + s) R+ + i(−1)l (ω(r+ − r− ))2l+1 LS+
=−
C2
Γ(l + 1 − s) R− + i(−1)l (ω(r+ − r− ))2l+1 LS−
(A10)
where
Γ(1 ± Q̄ ∓ s)
Γ(1 ± Q̄ ∓ s)
, S± ≡
,
Γ(l + 1 ± Q̄)
Γ(−l ± Q̄)

2
1 2l Γ(l + 1 + s)Γ(l + 1 − s)
L≡
.
(A11)
2
Γ(2l + 1)Γ(2l + 2)

R± ≡

The reflection coefficient RBH = Bin /Bout is computed
in terms of C2 /C1 . By using Eq. (A10), we derive an
analytical expression for RBH at low frequencies. For
l = 2, the equation for RBH reads
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RLF
BH



ζ(γ−1) 
2M k − i(γ − 1) −M (γ − 1)ξ
16k 2 M 2
+1 ×
= −8M ke
(γ − 1)2
L
(γ − 1)2
h
i
5
Γ(−2 + ζ)Γ(−1 − ζ) 1800iΓ(−2 − ζ) + (ωM (γ − 1)ξ) Γ(3 − ζ)
h
i ,
5
Γ(−2 − ζ)Γ(3 − ζ) 1800iΓ(−2 + ζ) + (ωM (γ − 1)ξ) Γ(3 + ζ)
ζ(γ−1)
γ+1

(A12)

p
where γ = r− /r+ , ξ = 1 + 1 − χ2 , ζ = i(2ωM −
√
m γ)(γ + 1)ξ/(γ − 1), and L is an arbitrary constant
(with dimensions of a length) which is related to the integration constant of Eq. (7). The expression of RBH is
provided in a publicly available Mathematica R notebook [46].

Note that the above result is formally equivalent to the
case of localized source studied in Ref. [32], and in fact reduces to it when σ → 0 and xs coincides with the surface
location x0 .
Inspired by Eq. (B2), one could also parametrize the
+
+
BH response Z̃BH
relative to Z̃BH
in a model-agnostic
way with a generic (complex) proportionality factor:

Appendix B: BH response at the horizon in some
particular cases

+
+
Z̃BH
= ηeiν ZBH
,

In this appendix we provide some particular case for
−
the BH response at the horizon, ZBH
, for some specific
toy models of the source. We assume the latter is localized within the cavity.
The simplest case is that of a source localized in space,
and for which the frequency dependence can be factored
out:

S̃(ω, x) = C(ω) exp −(x − xs )2 /σ 2 ,
(B1)
where |xs |  M . In this case, it is easy to show that
+
+
Z̃BH
= e2ikxs Z̃BH
.

(B2)

This, together with Eq. (27), yields

 2ikxs
e
+ RBH
+
−
Z̃BH
.
Z̃BH
=
TBH

(B4)

where η and ν are (real) parameters of the template.
Since the BH response is dominated by the QNMs, a
+
+
model in which Z̃BH
= F(ω)ZBH
can be effectively re+
+
duced to Z̃BH = F(ωR )ZBH . In such case the term
F(ωR ) = ηeiν is a generic parametrization of a complex
number.
Finally, another possible model is to consider a planewave source that travels towards ±∞, in this case we
have
Z
S̃(x, ω) = dteiωt S(x, t)
Z
= dteiωt S(0, t ∓ x) = S̃(0, ω)e±iωx . (B5)
Using Eq. (15), we obtain

(B3)

Remarkably, the above relation is independent of the
width of the Gaussian source σ and of the function C(ω)
characterizing the source, and it is also valid for any spin.

+
Z̃BH
(ω)

=

R +∞
−
Z̃BH (ω) R−∞
+∞
−∞

dxΨ− e±iωx
dxΨ+ e±iωx

,

(B6)

or, more explicitly

R
R∞
dxΨ− eiωx +
(Aout e2iωx + Ain )dx + −∞ dxeimΩx
R
R∞
,
dxΨ+ eiωx +
e2iωx dx + −∞ (Bout e2iωx−imΩx + Bin eimΩx )dx ,
x∼0
R

+
Z̃BH
(ω)

=

−
Z̃BH
(ω) R

x∼0

where x ∼ 0 is the region where the potential is non-zero
and we considered only the upper-sign case for ease of
+
notation. Considering that Z̃BH
(ω) has a pole at ωQNM =
−
ωR +iωI we expect also Z̃BH (ω) to have such a pole. Since
R +∞
dx dominate the numerator
=ωQNM < 0 the terms
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