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Appendix A: Derivation of effective spinless-fermion
Hamiltonian

Here we derive the effective Hamiltonian given in
Eq. (??) that describes the quantum dots and Ising spins
in the limit of large K. We start from the original mi-
croscopic model H = H0 + Hf [recall Eq. (??)] and de-
compose the spinful fermions via

fj↑ =
1

2
[(1 +mz

j )cj + (1−mz
j )dj ] (A1)

fj↓ =
1

2
[(1−mz

j )cj + (1 +mz
j )dj ]. (A2)

Here cj are precisely the low-energy fermionic degrees of
freedom from Eq. (??) that minimize the energy of the
K term, while dj represent high-energy fermions that we
wish to formally integrate out. In terms of cj and dj , we
have

H0 =
∑
j

[−Jmz
jm

z
j+1 −K(c†jcj − d†jdj)] (A3)

and

Hf =
∑
j

{
− µ(c†jcj + d†jdj)

+ [(−tPj1 + iαPj2)(c†jcj+1 + d†jdj+1) +H.c.]

+ [(−tPj2 + iαPj1)(c†jdj+1 + d†jcj+1) +H.c.]

+ ∆mz
j (cjdj +H.c.)

}
. (A4)

In Eq. (A4) we introduced projectors

Pj1 =
1

2
(1 +mz

jm
z
j+1), Pj2 =

1

2
(1−mz

jm
z
j+1) (A5)

that project onto states where nearest-neighbor Ising
spins are aligned and anti-aligned, respectively.

The formal elimination of dj ’s is conveniently carried
out within a (Euclidean) path-integral formalism, with
the zero-temperature partition function given by

Z =

∫
Dd†DdDc†Dce−S , (A6)

where

S =

∫ ∞
−∞

dτ

∑
j

(c†j∂τ cj + d†j∂τdj) +H

 (A7)

is the imaginary-time action. Upon integrating over
dj , d

†
j (which can be done exactly since H is quadratic

in fermions), the partition function can be written as

Z ∝
∫
Dc†Dce−Seff

Seff =

∫ ∞
−∞

dω

2π

∑
j

(−iωc†jcj) +Heff(ω)

 . (A8)

In the low-frequency limit, i.e., |ω| � (K − µ), we can
neglect frequency dependence in Heff to obtain an ef-
fective spinless-fermion Hamiltonian that takes the form
of Eq. (??). Finally, upon truncating the chemical po-
tential, hopping, and pairing matrix elements to leading
nontrivial order in 1/(K − µ), we obtain precisely the
µ′, t′mzj ,mzj+1

,∆′mzj ,mzj+1
couplings quoted in the main text.

Appendix B: Transfer-matrix details

To examine the fermionic ground state for random
Ising spins we express the model of Eq. (??) in terms
of transfer matrices. The equation of motion for ψj =

(cj , c
†
j) can be brought to the form(

ψj+1

F †j ψj

)
= Tj

(
ψj

F †j−1ψj−1

)
, (B1)

with

Tj =

(
F−1
j [E − µσz] −F−1

j

F †j 0

)
, (B2)

Fj =

(
t′mzj ,mzj+1

−∆′∗mzj ,mzj+1

∆′mzj ,mzj+1
−t′∗mzj ,mzj+1

)
. (B3)

The transfer matrix for an N -site chain is Q =∏N
j=1 Tj , and the smallest positive eigenvalue of

1
N log[QQ†] is the inverse localization length ξ−1 (see,
e.g., [1]). In Fig. 1 we present the data from which the
phase diagram in Fig. ?? of the main text is obtained.
First, we show a two-dimensional density map of ξ on
a logarithmic scale, which reveals the phase boundaries
without any need for processing the data. Second, we
show ξ on a linear scale for two representative cuts to
illustrate the rapid growth of ξ near phase boundaries.
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FIG. 1. Transfer-matrix data for µ′ = |b| = |a|/4 and 106

sites. On the left we show a density map of log(ξ), with darker
shades denoting larger ξ. The phase boundaries are readily
apparent as narrow dark lines. The dashed lines denote two
specific cuts for which we show ξ on a linear scale on the right.
The very rapid divergence of ξ near specific points supports
our identification of the phase boundaries.

FIG. 2. Density maps of log(ξ) for (left) µ′ = |a|/8 and
|b| = |a|/2, (middle) µ′ = |a|/20 and |b| = 3|a|/4, and (right)
µ′ = |a|/50 and |b| = 0.95|a|. The phase boundaries change
significantly between these parameter values, but the special
point φa = −φb = π/4 always remains deeply in the localized
topological phase.

Finally, we detune the parameters of the models from
the ones of Fig. ??—which relate to the microscopic
model—towards the exactly solvable point |a| = |b| and
µ′ = 0; see Fig. 2. [In Figs. 1 and 2 we do not use
the relation ξ(φa, φb) = ξ(−φa,−φb) to halve the data
points, contrary to Fig. ??(b) from the main text.] Dur-
ing this deformation the phase boundaries move substan-
tially, but at the specific value φa = −φb = π/4 the sys-
tem always remains in the same strongly localized topo-
logical phase. Consequently, the topological phase ob-
tained with microscopically derived parameters indeed
smoothly connects to the zero-correlation length limit
φa = −φb = π/4, |a| = |b|, and µ′ = 0 as suggested
by Fig. ??(b) from the main text.

Appendix C: Majorana Zero Modes via the Born
Approximation

For certain values of a, b, we can use the Born approxi-
mation to capture Majorana zero modes in the Hamilto-
nian of Eq. (??) with random mz

j Ising configurations. In
what follows we ignore the J term for simplicity. Suppose

that we perform the gauge transformation

cj → ei
π
4 (1−mz1)e−i

π
4 [1+

∑
k<j(1−m

z
km

z
k+1)]cj , (C1)

so that Eq. (??) becomes

Heff =
∑
j

[−µ′c†jcj

+ (t′′mzj ,mzj+1
c†jcj+1 + ∆′′mzj ,mzj+1

cjcj+1 +H.c.)].

(C2)

The new hopping and pairing coefficients are given by

t′′mzj ,mzj+1
=

(ae−i
π
4 + c.c.)√

2
+
mz
jm

z
j+1(aei

π
4 + c.c.)√

2
(C3)

∆′′mzj ,mzj+1
=

(−beiπ4 + c.c.)√
2

+
mz
jm

z
j+1(be−i

π
4 + c.c.)√

2
.

(C4)

As before we write a = |a|eiφa and b = |b|eiφb . No-
tice that at φa = π/4 and φb = −π/4, which are the
same phases used to access the zero-correlation limit,
the mz

j dependence has been completely gauged out of the
Hamiltonian for any |a|, |b|. We immediately conclude
that at these phases the system harbors edge Majorana
zero modes regardless of the Ising configuration provided
|µ′| < 2

√
2|a|.

Suppose next that we deform away from this limit
by writing φa = π/4 + εa and φb = −π/4 + εb, where
|εa,b| � 1. The mz

j dependence no longer drops out, and
for random Ising configurations can be viewed as gener-
ating weak disorder in the fermion hoppings and pairings.
To lowest order in the Born approximation this disorder
is treated by simply replacing Heff → Heff with the over-
line indicating a disorder average over mz

j configurations.
Here and below we will assume that themz

j ’s are uncorre-
lated from site to site and have zero mean (as appropriate
for the random Ising configurations that are our primary
interest). The hopping and pairing strengths accordingly
become

t′′mzj ,mzj+1
=
√

2|a| cos εa, ∆′′mzj ,mzj+1
= −
√

2|b| cos εb.

(C5)

Within this approximation edge Majorana zero modes
persist so long as |µ′| < 2

√
2|a| cos εa.

Thus far we have made no assumptions about the rela-
tive strength of |a| and |b|. Additional progress is possible
if we specialize to the (most physically relevant) regime
|a| � |b|, which we now assume. We continue to take
φa = π/4 + εa but now allow for general φb, and treat
εa as well as the entire pairing term as perturbations.
Within the lowest-order Born approximation the hopping
and pairing strengths are now modified to

t′′mzj ,mzj+1
=
√

2|a| cos εa, (C6)

∆′′mzj ,mzj+1
= −
√

2|b| cos(φb + π/4). (C7)
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At this order, edge Majorana zero modes appear when
|µ′| < 2

√
2|a| cos εa and cos(φb + π/4) 6= 0. These crite-

ria naively rule out Majorana zero modes when φb = π/4.
Nonzero pairing after disorder averaging is, however, gen-
erated at second order in the Born approximation (at
least when εa 6= 0), so that Majorana zero modes can
still emerge as we show next.

Let φb = π/4 and write the Hamiltonian as Heff =
H0 +H1, where all mz

j -dependent terms are lumped into
H1. Explicitly, we have

H0 =
∑
j

[−µ′c†jcj + (t̄c†jcj+1 +H.c.)] (C8)

H1 =
∑
j

mz
jm

z
j+1(t1c

†
jcj+1 + ∆1cjcj+1 +H.c.) (C9)

with t̄ =
√

2|a| cos εa, t1 = −
√

2|a| sin εa, and ∆1 =√
2|b|. To proceed we switch to first-quantized lan-

guage, defining position-space Hamiltonian matrix ele-
ments H0,1;jk through

H0,1 =
∑
j,k

Ψ†jH0,1;jkΨk, (C10)

where

Ψ†j =
[
c†j cj

]
(C11)

is the Nambu spinor. In terms of the bare Green’s func-
tion

G0;jk(iω) = (iω −H0)−1
jk , (C12)

the fermion self-energy at second order in the Born ap-
proximation reads

Σjk = H1;jlG0;lm(iω = 0)H1;mk. (C13)

Repeated indices are implicitly summed above. The pref-
actor mz

jm
z
j+1 in H1 implies that the disorder average

is nonzero only when we contract matrix elements cor-
responding to the same sites, i.e., when jl = mk or
jl = km.

Disorder averaging effectively restores translation in-
variance, so it is useful to pass to momentum space. For
H0 we simply write

H0;jk =

∫
p

eip(j−k)H0(p). (C14)

The Fourier transform is

H0(p) =
1

2
(2t̄ cos p− µ′)τz, (C15)

where Pauli matrices τx,y,z act in Nambu space. For
H1 we isolate the position-dependent magnetization by
instead writing

H1;jk = mz
jm

z
k

∫
p

eip(j−k)H̃1(p), (C16)

which yields

H̃1(p) = t1 cos p τz + ∆1 sin p τy. (C17)

We can now express the self-energy as

Σjk = mz
jm

z
lm

z
mm

z
k

×
∫
p1,p2

eip1(j−l)eip2(m−k)H̃1(p1)G0;lm(iω = 0)H̃1(p2).

(C18)

The disorder average on the first line evaluates to

mz
jm

z
lm

z
mm

z
k = δjkδlm + δjmδkl. (C19)

The first pair of Kronecker deltas involve δjk and thus
merely generate an on-site correction. We neglect this
term and instead focus on the second pair of Kronecker
deltas:

Σjk →
∫
p1,p2

ei(p1+p2)(j−k)H̃1(p1)G0;kj(iω = 0)H̃1(p2).

(C20)
Upon further Fourier transforming the Green’s function
we obtain

Σjk =

∫
q

eiq(j−k)Σ(q) (C21)

Σ(q) =

∫
p1,p2

H̃1(p1)G0(iω = 0, p1 + p2 − q)H̃1(p2).

(C22)

It is useful to now decompose the self energy as

Σ(q) = Σz(q)τz + Σy(q)τy. (C23)

The Σz(q) part encodes renormalization of the kinetic
energy, while Σy(q) encodes p-wave pairing. The latter
is given by

Σy(q) = −2t1∆1

∫
p1,p2

sin(p1 + p2)

2t̄ cos(p1 + p2 − q)− µ′
(C24)

= − t1∆1

t̄
f

(
µ′

2t̄

)
sin q (C25)

for some nontrivial function f(x) that satisfies f(x �
1) ≈ 1. Provided t1,∆1 are nonzero—which in turn re-
quires nonzero εa and |b|—the pairing amplitude is finite,
yielding unpaired Majorana modes if |µ′| < 2

√
2|a| cos εa

as claimed. We note that the correlated nature of disor-
der in the tunneling and pairing terms in H1 is essential
to this outcome.

In our second-order Born analysis we set φb = π/4 ex-
actly. If we now take φb = π/4 + εb (again with εb � 1)
then we can estimate the effective p-wave pairing am-
plitude ∆eff by simply summing the contributions from
Eqs. (C7) and (C25). [Technically, taking εb 6= 0 also
modifies Eq. (C25), though this correction will be small



4

0

0

+π
2−π

2

+π
2

−π
2

φb

φa
|a| � |b|

gapless line

gapless linearbitrary |a|/|b|

arbitrary |a|/|b|

FIG. 3. Summary of Born-approximation results. Shaded and
circled regions denote φa,b values amenable to the Born ap-
proximation (assuming the regime of |a|/|b| values indicated).
Except for the gapless lines in the upper-right and lower-left
quadrants, Majorana zero modes are predicted over a finite
window of chemical potential throughout these regions, in
agreement with transfer-matrix simulations.

compared to the contribution from Eq. (C7).] We thereby
obtain

∆eff ≈
√

2|b|εb −
t1∆1

t̄
f

(
µ′

2t̄

)
≈
√

2|b|
[
εb + εaf

(
µ′

2
√

2|a|

)]
(C26)

where on the second line we used t1/t̄ ≈ −εa, t̄ ≈
√

2|a|,
and ∆1 =

√
2|b|. In the limit µ′ � |a| we can further

replace f → 1; the pairing then vanishes when εb = −εa,
which defines a gapless line along which Majorana modes
are absent.

Figure 3 summarizes our Born-approximation results,
which are fully consistent with our transfer-matrix sim-
ulations.

The Born approximation further elucidates the struc-
ture of the phase diagram. After applying the gauge
transformation in Eq. (C1), the Hamiltonian in Eq. (C2)
exhibits purely real couplings. Hence an ‘accidental’ an-
tiunitary T ′ symmetry that obeys T ′2 = +1 becomes
manifest. Majorana modes can therefore be classified as
‘real’ or ‘imaginary’ depending on whether they exhibit
eigenvalues +1 or −1 under T ′. In the standard, uniform
Kitaev chain Hamiltonian, the topological phase can be
characterized by the relative sign of the hopping and pair-
ing, sgn(t∆). Should this quantity be positive, the left

Majorana zero mode is imaginary while its partner on
the right end is real. If the sign is negative, the opposite
is true.

Our system is more complex, in that the hopping and
pairings depend nontrivially on the Ising configuration
in a site-dependent fashion. However, the Born approx-
imation smears out this nontrivial dependence, thereby
generating uniform effective hopping and pairing. With
|a| � |b|, φa = π/4 + εa, and φb = π/4 + εb, these quan-
tities are given approximately by Eqs. (C6) and (C26).
In particular, the effective pairing in Eq. (C26) changes
sign along the gapless lines sketched in Fig. 3—implying
that the two topological phases meeting at that line ex-
hibit Majorana zero modes with opposite T ′ eigenvalues.
More generally, a first-order or continuous phase transi-
tion, or an intermediate state, necessarily separates these
phases so long as T ′ persists.

Appendix D: Transformation of Majorana Zero
Modes

In the main text we deformed our effective spinless-
fermion Hamiltonian to the zero-correlation-length limit,
yielding Eq. (??). Each Majorana zero mode in this
limit localizes to a single site as shown in Fig. ?? and
Eq. (??). Moreover, according to Eq. (??) each Majorana
zero mode acquires a factor of the adjacent Ising spin, i.e.,
mz

1 or mz
N , under time-reversal symmetry T . This trans-

formation rule raises a conundrum: away from the zero-
correlation-length limit, the zero-mode wavefunctions ex-
tend into the bulk over a distance set by the correlation
length, and thus ‘sample’ not just mz

1 or mz
N , but many

Ising spins. How does T transform the Majorana zero
modes in this more generic situation? The normalization
γ2 = 1 together with Hermiticity implies that the zero-
mode operators can only be multiplied by an operator
with eigenvalues ±1. This discreteness prohibits any per-
turbative corrections and the transformation in Eq. (??)
in fact continues to hold more generally. It is instructive
to see explicitly how this comes about by perturbing the
Hamiltonian Eq. (??) away from the perfectly dimerized
limit.

Consider the T -invariant Hamiltonian

H ′′eff =
∑
j

(− Jmz
jm

z
j+1 − iκsmzj ,mzj+1

ηAjηBj+1

− iκ′ηAjηBj) (D1)

corresponding to Eq. (??) modified by the κ′ term—
which spoils the perfect dimerization and yields a finite
correlation length. We assume |κ′| < |κ| so that the
fermions remain in the topological phase, and also take
κ′ to be independent of mz

j ’s since such a choice is com-
patible with T . In contrast, T necessitates the nontrivial
mz dependence in the signs smzj ,mzj+1

. This mz depen-
dence can nevertheless be absorbed into the Majorana



5

fermions by defining

ηA,Bj ≡

∏
k<j

smzk,mzk+1

 η̃A,Bj , (D2)

where η̃A,Bj are a new set of Majorana operators. The
Hamiltonian becomes

H ′′eff =
∑
j

(− Jmz
jm

z
j+1 − iκη̃Aj η̃Bj+1 − iκ′η̃Aj η̃Bj).

(D3)

Couplings between Majorana fermions in this represen-
tation are manifestly independent of the Ising spins.

Because H ′′eff only couples η̃Ai Majorana fermions
to η̃Bj Majorana fermions, the Hamiltonian preserves
an ‘accidental’ antiunitary symmetry T ′ (see also Ap-
pendix C) that obeys (T ′)2 = +1 and sends

mz
j → mz

j , η̃Aj → −η̃Aj , η̃Bj → η̃Bj . (D4)

The zero modes γ1,2 can be defined such that they ac-
quire either +1 or −1 eigenvalue under T ′, which sharply
constrains their allowed form. Additionally incorporat-
ing Hermiticity and invoking continuity with the κ′ = 0

limit allows us to write

γ1 =
∑
j

φBj η̃Bj =
∑
j

φBj

∏
k<j

smzk,mzk+1

 ηBj (D5)

γ2 = S
∑
j

φAj η̃Aj =
∑
j

φAj

∏
k≥j

smzk,mzk+1

 ηAj

(D6)

for real φA,Bj that localize exponentially to the ends of
the chain and, importantly, do not depend on mz

j . On
the right sides we reverted back to ηA,Bj operators to ex-
plicitly display the non-local mz

j dependence in the zero-
mode wavefunctions. In the second line we introduced a
factor S =

∏
all sites j smzj ,mzj+1

, which causes the string
of smzk,mzk+1

signs to emanate from the right in the ex-
pression for γ2. This convention is very natural since
γ2 localizes to the right end of the chain, and moreover
correctly recovers the κ′ = 0 limit of γ2 from Eq. (??).

Physical time reversal T sends

ηAj → mz
jηAj , ηBj → −mz

jηBj , (D7)

smzj ,mzj+1
→ mz

jm
z
j+1smzj ,mzj+1

. (D8)

Using these transformations to enact T on γ1,2, one
finds that the contribution of each term in the string
of smzj ,mzj+1

signs cancels with the next, except at the
very ends of the chains. One thus recovers Eq. (??) as
claimed.
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