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How many charged degrees of freedom are necessary to accommodate a certain amount of ’t Hooft
anomaly? Using the conformal bootstrap for the four-point function of flavor current multiplets, we show
that in all ð3 þ 1ÞD superconformal field theories the ’t Hooft anomaly of a continuous flavor symmetry is
bounded from above by the 3=2 power of the current two-point function coefficient, which can be thought
of as a measure for the amount of charged degrees of freedom. We check our bounds against free fields and
supersymmetric quantum chromodynamics in the conformal window.
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I. INTRODUCTION
The modern landscape of quantum field theory has been
enriched by surprising dualities. Key to these discoveries
are tools for investigating the seemingly untamable nonperturbative phenomena. One of the most prominent tools
is perhaps ’t Hooft anomalies, which characterize the
obstruction to gauging a global symmetry. ’t Hooft anomalies are robust under symmetry-preserving deformations,
and are therefore under control even in the nonperturbative
regime of quantum field theory. For instance, the matching
of ’t Hooft anomalies provided strong evidence for
Seiberg’s proposed dualities for ð3 þ 1ÞD supersymmetric
quantum chromodynamics (SQCD) [1].
A new tool that has emerged in recent years is the
conformal bootstrap [2] (see [3] for recent reviews), which
exploits unitarity and conformal symmetry in the gapless
phase of quantum field theory to directly solve for nonperturbative observables, and does not rely on the fixed
point’s proximity (in the sense of renormalization group
flow) to free theories. This bootstrap revolution has had
particular success with the ð2 þ 1ÞD Ising conformal field
theory (CFT) [4] and has corroborated and further
improved upon the best prior Monte Carlo studies [5].
In this work, we unite these two tools and study universal
bootstrap bounds on the ’t Hooft anomalies of global
*

d⋆j ¼

i K
F ∧ F;
4π 2 3!

ð1:1Þ

where F ¼ dA is the field strength. With the understanding
that j and A are properly normalized, this anomaly is
completely encoded in the coefficient K. In ð3 þ 1ÞD
Lagrangian theories, the quantity K can be computed by a
triangle diagram where all three legs are taken to be the
background gauge field Aμ for the Uð1Þ global symmetry;
hence this anomaly is commonly referred to as the triangle
anomaly.1 Nonetheless, it is a universal quantity in
ð3 þ 1ÞD quantum field theory, well defined even at strong
coupling or in the absence of a Lagrangian formulation.
The ’t Hooft anomaly is to be distinguished from the AdlerBell-Jackiw (ABJ) anomaly [7], where the relevant triangle
diagram involves one background gauge field for the (classical)
Uð1Þ global symmetry (the axial “symmetry”), and two dynamical gauge fields for a Uð1Þ gauge symmetry. The classical axial
“symmetry” fails to be a true global symmetry of the quantum
field theory because of the ABJ anomaly. By contrast, a global
symmetry with ’t Hooft anomaly is still a true global symmetry in
a consistent quantum field theory, but there is an obstruction to
gauging it.
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symmetries. Using the modular bootstrap, the implications
of the ’t Hooft anomalies [for both the Z2 and the Uð1Þ global
symmetry] for ð1 þ 1ÞD conformal field theory have been
studied in [6]. Here we will study ð3 þ 1ÞD conformal field
theory with continuous global symmetries. For simplicity,
we limit ourselves to Uð1Þ global symmetry in this section,
while the non-Abelian cases will be discussed in the later
sections. Let the Noether current associated with the Uð1Þ
global symmetry be jμ ðxÞ and let Aμ be its one-form background gauge field. The ’t Hooft anomaly is captured by the
nonconservation of jμ in the presence of a nontrivial Aμ :
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We ask: How many charged degrees of freedom are
necessary to accommodate a certain amount of the triangle
anomaly?
The question above can be motivated by first examining
free massless Weyl fermions. Consider a Uð1Þ global
symmetry such that the ith Weyl fermion has charge
qi ∈ Z. The only triangle diagrams that contribute to K
are those with massless charged fields running in the loop,
and we have
X
X
K¼
q3i −
q3i ;
ð1:2Þ
i∈L

i∈R

where L and R are the free Weyl fermions of left and right
chirality, respectively. The two-point function of the
Noether current for the Uð1Þ global symmetry takes the
form
hjμ ðxÞjν ð0Þi ¼ 3τ

I μν ðxÞ
;
4π 4 r6

ð1:3Þ

2x x

where I μν ðxÞ ≡ δμν − rμ2 ν and r2 ¼ xμ xμ . Since the
Noether current is just a sum of free field bilinears,
Wick contractions determine the current two-point function
coefficient τ:
τ¼

2 X 2
q;
3 i∈L∪R i

ð1:4Þ

which can be taken as a quantifier for the amount of
“charged degrees of freedom.”2 Clearly, to have K amount
of triangle anomaly, we need at least τ ¼ 23 jKj2=3 worth of
charged degrees of freedom; i.e. the quantity jKj=τ3=2 has
an upper bound in free field theory.3
This intuition from free theory leads us to expect that
similar bounds exist for general quantum field theory, once
a suitable notion of charged degrees of freedom is given. In
conformal field theory, the current two-point function also
2
The current two-point function is just one crude estimate for
the charged degrees of freedom. In particular, it is not always a
monotonically decreasing function in renormalization group
flows [8].
3
This bound in free field theory follows from the decreasing
nature of the p-norm in p, or from this elementary proof:

X 3 X 2
 3
3
τ − K2 ¼
q2i
−
q3i
2
i
i
X
X
¼
q2i q2j q2k þ 2 q4i q2j
i;j;k
distinct

þ

X

II. WARM-UP: BOUNDS ON THE
Uð1Þ ANOMALY IN ð1 + 1ÞD
We start with a warm-up question: Is there an upper
bound on the ’t Hooft anomaly for a Uð1Þ global symmetry
in ð1 þ 1ÞD? We will follow the exposition in Sec. VI
of [6].
Let Jμ ðz; z̄Þ be the Noether current associated with a
compact Uð1Þ global symmetry satisfying the conservation
4

i≠j

ðq4i q2j þ q2i q4j − 2q3i q3j Þ ≥ 0;

takes the form (1.3), so we immediately have a suitable
notion of the amount of charged degrees of freedom. The
main goal of this paper is to explore bounds on jKj=τ3=2 .
In practice, there are technical difficulties in obtaining
bounds on the triangle anomaly for general ð3 þ 1ÞD
conformal field theory, due to the complexity of bootstrapping spinning correlators [9].4 In this paper, we take a
shortcut by considering bounds on the triangle anomaly of
supersymmetric theories. Supersymmetry relates flavor
current correlators to scalar correlators lying in the same
supermultiplet, thereby greatly reducing the complexity of
the problem.5 Supersymmetry also relates the two-point
function coefficient τ to the mixed flavor-R anomaly, which
is invariant under renormalization group flows.6
The current two-point function coefficient τ has been
bounded in ð3 þ 1ÞD superconformal field theories by
bootstrapping the four-point functions of charged scalar
operators in [11]. The superconformal bootstrap of flavor
current multiplet correlators in ð3 þ 1ÞD supersymmetric
theories has also been previously studied in [12,13]. In this
paper, we focus instead on bounding the triangle anomaly.
In particular, our results present interesting comparisons
with the conformal window of SQCD.
The remainder of this paper is organized as follows.
Section II illustrates the idea of bounding the ’t Hooft
anomaly per charged degree of freedom in the simple
ð1 þ 1ÞD case. Section III reviews perturbative ’t Hooft
anomalies in ð3 þ 1ÞD quantum field theory, and then
further specializes to conformal field theory and superconformal field theory. Section IV sets up the bootstrap of
current multiplet scalars in superconformal field theory, and
presents the resulting numerical bounds on jKj=τ3=2 . A
comparison of the SUðNÞ bounds and the conformal
window of SQCD is also given. Section V summarizes
the results, and comments on holography and future
directions. Finally, the Appendix presents the improved
bounds on τ.

ð1:5Þ

i>j

where q4i q2j þ q2i q4j ≥ 2jqi j3 jqj j3 ≥ 2q3i q3j by the inequality of
arithmetic and geometric means.

The bootstrap of conserved spin-one Abelian currents in
ð3 þ 1ÞD is under way [10].
5
Note that the R-symmetry spin-one current is in the stress
tensor multiplet and is itself the superconformal primary. Since it
is in a different kind of multiplet from the flavor current,
bootstrapping its correlators lies outside the scope of this work.
6
Without supersymmetry, the two-point function coefficient τ
is only related to the mixed flavor-conformal anomaly, which is
generally not a renormalization group (RG) invariant.
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equation ∂ μ Jμ ðxÞ ¼ 0. We will denote the holomorphic and
the antiholomorphic components of the current as J ≡ Jz
and J̄ ≡ Jz̄ , respectively. Note that we do not restrict
ourselves to holomorphic (or antiholomorphic) Uð1Þ; i.e.
we do not assume J̄ ¼ 0 (J ¼ 0).
In any compact unitary ð1 þ 1ÞD CFT, unitarity further
¯ ¼ 0, so each of them is
implies that ∂ J̄ ¼ 0 and ∂J
separately a uð1Þ Lie algebra generator. Globally, however,
the holomorphic current JðzÞ generically does not generate
a compact Uð1Þ group, but rather an R. The same is true for
the antiholomorphic current J̄. For example, the c ¼ 1
compact boson at a generic radius has Uð1Þn × Uð1Þw
global symmetry, but neither of the two Uð1Þ’s is
holomorphic or antiholomorphic. Indeed, the holomorphic uð1Þ charge n=R þ wR of a local operator
exp ½iðn=R þ wRÞXL ðzÞ þ iðn=R − wRÞXR ðz̄Þ is irrational at a generic radius R.
In higher dimensions, there is a unique tensor structure
for the two-point function of a conserved spin-one current.
In ð1 þ 1ÞD, however, there are two independent structures:
hJðzÞJð0Þi ¼

k
;
z2

hJ̄ðz̄ÞJ̄ð0Þi ¼

k̄
:
z̄2

ð2:1Þ

Note that the levels k ≥ 0 and k̄ ≥ 0 are physically meaningful and cannot be scaled away if we assume that our
symmetry is globally a Uð1Þ acting faithfully on all local
operators. On the one hand, we define τ in ð1 þ 1ÞD as the
average of the two levels:
τ≡

k þ k̄
:
2

k − k̄
∈ Z:
2

ð2:3Þ

Therefore, we see that the ’t Hooft anomaly K is trivially
bounded from above by the current two-point function
coefficient τ:
jKj ≤ τ:

R
background gauge field Aμ via the coupling d4 xjμ Aμ .
The hallmark of the ’t Hooft anomaly is that the partition
function Z½A in the presence of this background is not
invariant under the background gauge transformation
Aμ → Aμ þ ∂ μ Λ, but changes by a phase7:


i K
Z½A þ dΛ ¼ exp − 2
4π 3!

ð2:4Þ

In the rest of the paper we will use the conformal bootstrap
in ð3 þ 1ÞD to derive an analogous upper bound on the ’t
Hooft anomaly of a global symmetry by a power of the
current two-point function coefficient.
III. PERTURBATIVE ’t HOOFT
ANOMALIES IN ð3 + 1ÞD
Consider a ð3 þ 1ÞD conformal field theory with a Uð1Þ
global symmetry, possibly with a ’t Hooft anomaly. Let the
associated conserved Noether current be jμ ðxÞ. To detect
the anomaly, we couple the theory to a one-form

Z


ΛF ∧ F Z½A;

ð3:1Þ

where the anomaly coefficient K ∈ Z is normalized to be 1
for a left-handed Weyl fermion with plus one Uð1Þ charge.
While the Uð1Þ is a perfectly healthy global symmetry with
a conserved Noether current, the anomalous phase in (3.1)
signals the obstruction to gauging the global symmetry
Uð1Þ. This is the conventional perturbative ’t Hooft
anomaly captured by the one-loop triangle Feynman
diagram in a Lagrangian theory.
The anomalous transformation (3.1) implies that the
current is not conserved in the presence of a nontrivial
background field, with the nonconservation given in (1.1).
By taking the functional derivative with respect to Aμ , we
see that the anomaly coefficient K enters into the contact
term of the three-point function h∂ μ jμ ðxÞjν ðyÞjρ ðzÞi. Upon
integration, K becomes the coefficient of the parity-odd
structure in the three-point function hjμ ðxÞjν ðyÞjρ ðzÞi at
separated points [14].
The normalization of the current jμ ðxÞ is fixed by the
Ward identity,
∂ μ jμ ðxÞOðyÞ ¼ iqδð4Þ ðx − yÞOðyÞ;

ð2:2Þ

On the other hand, the ’t Hooft anomaly of the Uð1Þ global
symmetry in a bosonic ð1 þ 1ÞD CFT is
K≡
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ð3:2Þ

where O is a local operator with Uð1Þ charge q ∈ Z.
Therefore, the overall coefficient τ of the two-point
function for jμ ðxÞ, which takes the form of (1.3) in any
CFT, is physically meaningful. In a freePtheory of N Weyl
fermions with Uð1Þ charges qi , τ ∼ i q2i , so roughly
speaking τ measures the amount of charged degrees of
freedom.
In the conformal bootstrap we normalize external operators, i.e. the ones in the four-point function under consideration, to have unit two-point function coefficients. The
2
ﬃ j is
three-point function of the normalized current |ˆ μ ¼ p2πﬃﬃﬃ
3τ μ
hˆ|μ ðxÞˆ|ν ðyÞˆ|ρ ðzÞi ¼

K
Dμνρ ðx; y; zÞ;
τ3=2

ð3:3Þ

where Dμνρ ðx; y; zÞ is a parity-odd structure that is fixed by
conformal symmetry. The main point of the current paper is
to use the conformal bootstrap of the current four-point
function to place an upper bound on the three-point
function coefficient jKj=τ3=2 .
7

Here we ignore the possible phases from the mixed gaugegravitational anomaly.
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In a nonsupersymmetric theory, the constraints we are
after would require bootstrapping the four-point function of
the spin-one conserved current jμ ðxÞ. However, if we
assume N ¼ 1 supersymmetry, then the conserved, flavor
current resides in a multiplet whose zero component is a
real scalar, JðxÞ. Furthermore, the associated superconformal blocks for the four-point function hJðx1 Þ ×
Jðx2 ÞJðx3 ÞJðx4 Þi are known [15,16]. Due to these simplifications, we will restrict ourselves to ð3 þ 1ÞD N ¼ 1
superconformal field theory, but our arguments can be
generalized to ð3 þ 1ÞD nonsupersymmetric conformal
field theory. Note that if we further impose N ¼ 2 or
higher supersymmetry, then the theory is necessarily nonchiral, and the ’t Hooft anomaly coefficient K is zero.
The Operator Product Expansion (OPE) between two
JðxÞ’s is [15]8
JðxÞJð0Þ ¼

τ
K Jð0Þ
1þ
þ :
4
4
τ 2π 2 r2
16π r

ð3:4Þ

Here the normalization of JðxÞ relative to jμ ðxÞ is fixed by
hJðxÞJð0Þi ¼ τ=16π 4 r4 . In a free chiral multiplet, JðxÞ for
the Uð1Þ flavor symmetry is given by JðxÞ ¼ ϕ† ðxÞϕðxÞ,
where ϕðxÞ is a complex free scalar normalized as
hϕ† ðxÞϕð0Þi ¼ 1=4π 2 r2 . For a charge þ1 free chiral
multiplet, K ¼ 1 and τ ¼ 1, hence K=τ3=2 ¼ 1.
We will also consider ð3 þ 1ÞD SCFTs with SUðNÞ
global symmetry. The Ja × Jb OPE is
Ja ðxÞJb ð0Þ ¼

τδab

xμ jcμ
abc
þ
f
þ  ;
2 2
2 2

Jc ð0Þ

K
1 þ dabc
τ
4π r
16π r
4 4

24π r

ð3:5Þ
where dabc ¼ Tr□ ðfT a ; T b gT c Þ and f abc ¼ −iTr□ ð½T a ;
T b T c Þ. Here the □ means that the trace is taken in the
fundamental representation, in which we normalize the
SUðNÞ generator to be Tr□ ðT a T b Þ ¼ δab . The triangle
anomaly only exists if N ≥ 3, since dabc ¼ 0 for SUð2Þ.
In the free theory of N chiral multiplets, ϕi
(i ¼ 1; …; N), the SUðNÞ flavor symmetry current is
Ja ¼ ϕ†i ðT a Þi j ϕj , with the scalar normalized as
hϕ†i ðxÞϕj ð0Þi ¼ δji =4π 2 r2 . The anomaly term in the
Ja × J b OPE is
1
ϕ† ðxÞðT a Þi j ðT b Þj l ϕl ð0Þ
4π 2 r2 i
1
þ 2 2 ϕ†i ð0ÞðT b Þi j ðT a Þj l ϕl ðxÞ
4π r
1
¼ 2 2 dabc Jc ð0Þ þ    :
4π r

ð3:6Þ

Our anomaly coefficient K is related to κ and k in [12] as
follows. When the symmetry group is Uð1Þ, K ¼ κ=8. When the
symmetry group is SUðNÞ, K ¼ k=4.
8

Hence, for the free theory of SUðNÞ-fundamental scalars,
we have K=τ3=2 ¼ 1 for all N.9
For SQCD with SUðN c Þ gauge group, there is an
SUðN f Þ flavor symmetry that only acts on the N f SUðN c Þfundamental chiral multiplets, but not on the N f SUðN c Þantifundamental chiral multiplets. The ’t Hooft anomaly of
this SUðN f Þ can be computed at zero coupling, which is
simply K ¼ N c. In the UV, we can choose a Uð1ÞR
symmetry under which both the fundamental and the
antifundamental squarks have charge ðN f − N c Þ=N f . In
the UV quantum field theory, the mixed ’t Hooft anomaly
between the SUðN f Þ flavor symmetry and the R-symmetry
2

is TrðRT a T b Þ ¼ − NNfc δab . Inside the conformal window
3N c =2 < N f < 3N c the UV quantum field theory flows to
an interacting IR SCFT [1] and the UV R-symmetry
becomes
the
R-symmetry of the IR SCFT. The mixed ’t Hooft anomaly
then immediately gives the flavor current two-point func2
c ab
tion in the IR SCFT, τδab ¼ −3TrðRT a T b Þ ¼ 3N
Nf δ
10
[8,17]. Hence, the ratio for the SUðN f Þ flavor symmetry
in the SUðN c Þ SQCD is
3=2

SUðN c ÞSQCD∶

K
1 Nf
¼ 3=2 2 :
3=2
Nc
τ
3

ð3:7Þ

Similarly for SQCD with SOðN c Þ gauge group (N c ≥ 3),
there is an SUðN f Þ flavor symmetry rotating the N f chiral
multiplets in the vector representations of SOðN c Þ. The
SUðN f Þ flavor symmetry has the ’t Hooft anomaly
K ¼ N c . In the UV, we define the Uð1ÞR symmetry so
that the squark has charge ðN f − ðN c − 2ÞÞ=N f . In the
conformal window 3ðN c − 2Þ=2 < N f < 3ðN c − 2Þ, the
UV Uð1ÞR symmetry is identified with the IR R-symmetry
and the two-point function of the flavor current in the IR is
c −2Þ
given by the mixed flavor-R anomaly to be τ ¼ 3N c ðN
.
Nf
9
More generally, we can consider free chiral multiplets
in a more general complex representation R of SUðNÞ. The
ratio K=τ3=2 is proportional to AðRÞ=TðRÞ3=2 where TrR ðfT a ;
T b gT c Þ ¼ AðRÞdabc and TrR ðT a T b Þ ¼ TðRÞδab are the anomaly
coefficient and the index of the representation R, respectively.
We find that the fundamental representation always maximizes
the ratio jKj=τ3=2 .
10
The Uð1ÞB baryon number symmetry does not commute with
charge conjugation, and is therefore forbidden to mix with the
R-symmetry [1,18]. However, outside the conformal window,
when the theory is infrared free, other Uð1Þ symmetries can mix,
and the UV Uð1ÞR symmetry is generally not the IR R-symmetry.
For example, when N f > 3N c , the theory is infrared free, and the
IR R-symmetry is a mixture of the UV Uð1ÞR with the axial
symmetry (the latter is free of the ABJ anomaly in the deep IR
when the gauge coupling is off). Therefore, the formula
2
c
τ ¼ 3N
N f is not applicable outside the conformal window, except
possibly at the boundary.
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Hence, the ratio for the SUðN f Þ flavor symmetry in the
SOðN c Þ SQCD is
N 3=2
K
1
f
:
SOðN c ÞSQCD∶ 3=2 ¼ 3=2 1=2
τ
3 N c ðN c − 2Þ3=2

ð3:8Þ

A. Outline of the method
Let us begin this section by illustrating how τ and K=τ3=2
appear in OPE coefficients of the J a × Jb OPE, and the
logic behind the method we will be using to obtain our OPE
coefficient bounds.
What we will be bounding below are squares of OPE
coefficients in the Ja × Jb OPE. To figure out their relation
to physical quantities like τ and K=τ3=2 , we need to
carefully keep track of all normalizations and recall that
in the bootstrap we use unit-normalized operators. The
unit-normalized operators Ĵ a and |ˆ aμ of interest here are
pﬃﬃﬃﬃ
pﬃﬃ
related to Ja and jaμ by Ja ¼ 4τ 2π1 2 Ĵa and jaμ ¼ 2π3τ2 |ˆ aμ .
Starting from (3.5), we have
K abc
d
64π 6

⇒

hĴa Ĵb Ĵc i ∼

The conformal-block decomposition of this four-point
function in the 12 → 34 channel is
hϕðx1 Þϕðx2 Þϕðx3 Þϕðx4 Þi ¼

K abc
d ; ð4:1Þ
τ3=2

λJJJ

ð4:2Þ

This is true for Abelian and non-Abelian symmetries.
Similarly, Eqs. (3.5) and the non-Abelian version of (1.3)
imply that
hJa Jb jcμ i ∼

τ abc
f
32π 6

1
⇒ hĴa Ĵb ĵcμ i ∼ pﬃﬃﬃﬃﬃ f abc :
3τ

ð4:3Þ

Dropping the hats again we see that the OPE coefficient of
the jcμ operator in the J a × Jb OPE is
1
λJJjμ ¼ pﬃﬃﬃﬃﬃ :
3τ

2Δ

2Δ

x12 ϕ x34 ϕ

O

λ2ϕϕO gO ðu; vÞ;

where λϕϕO is the OPE coefficient of O in the ϕ × ϕ OPE
and gO ðu; vÞ is the conformal block that depends on the
dimension Δ and spin l of the operator O as well as the
conformally invariant cross ratios
u¼

ð4:4Þ

x212 x234
;
x213 x224

v¼

x214 x223
:
x213 x224

ð4:6Þ

Another conformal-block decomposition can be obtained
by considering the 14 → 32 channel:
hϕðx1 Þϕðx2 Þϕðx3 Þϕðx4 Þi ¼

1

X

2Δ 2Δ
x14 ϕ x23 ϕ

O

λ2ϕϕO gO ðv; uÞ:
ð4:7Þ

Equating the right-hand sides of (4.5) and (4.7) gives rise to
the crossing equation:
X

where we only write down the dependence on the overall
coefficient. Dropping the hats, the OPE coefficient of J c in
the Ja × J b OPE is given by
K
¼ 3=2 :
τ

X

1

ð4:5Þ

IV. BOOTSTRAPPING THE FLAVOR CURRENTS

hJa Jb Jc i ∼

PHYS. REV. D 101, 125007 (2020)

O

λ2ϕϕO FO ðu; vÞ ¼ 0;

FO ðu; vÞ ¼ u−Δϕ gO ðv; uÞ − v−Δϕ gO ðu; vÞ

ð4:8Þ

In order to obtain a bound on the square of the OPE
coefficient of a given operator O0 in the set of all O’s, we
write (4.8) in the following way:
λ2ϕϕO0 FO0 ðu; vÞ ¼ −F1 −

X
O≠1;O0

λ2ϕϕO FO ðu; vÞ;

ð4:9Þ

where, as usual, we have normalized our operators ϕ such
that the OPE coefficient of the identity operator 1 is equal
to 1. Now we act on (4.9) with a linear functional α and
demand
αðFO0 Þ ¼ 1

and αðFO Þ ≥ 0;

for all O’s in the sum:
ð4:10Þ

This only appears in the non-Abelian case.
As we will see below, the bootstrap allows us to bound
squares of OPE coefficients, particularly λ2JJJ and λ2JJjμ .
These can obviously be translated to bounds on jλJJJ j ¼
jKj=τ3=2 and λJJjμ .
To explain how to bound OPE coefficients like (4.2) and
(4.4), consider a single four-point function of a scalar
operator ϕðxÞ in a nonsupersymmetric theory. This is the
simplest situation in which we can illustrate the logic [19].

Then, assuming unitarity, which implies that all λϕϕO ’s are
real, we obtain
λ2ϕϕO0 ¼ −αðF1 Þ − ðpositiveÞ ≤ −αðF1 Þ:

ð4:11Þ

In the space of functionals that satisfy (4.10) we choose the
one that minimizes −αðF1 Þ in order to get the strongest
upper bound (within that space of functionals) for λ2ϕϕO0 .
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B. Uð1Þ
In this section we will briefly review the conformal
bootstrap equations for Uð1Þ flavor currents in 4D N ¼ 1
SCFTs before presenting the main results. Crossing symmetry for the four-point function hJðx1 ÞJðx2 ÞJðx3 ÞJðx4 Þi
implies [15]
X

X
2
2
v
jcJJOl j GΔ;l ðu;vÞ þ
jcJJðQOÞl j gΔ;l ðu; vÞ
2

Ol

ðQOÞl

X

X
2
2
2
jcJJOl j GΔ;l ðv;uÞ þ
jcJJðQOÞl j gΔ;l ðv; uÞ ;
¼u
Ol

ðQOÞl

ð4:12Þ
GΔ;leven ¼ gΔ;l þ

FIG. 1. Upper bound on jKj=τ3=2 in theories with a Uð1Þ flavor
symmetry at different derivative orders Λ. The solid line is a
linear fit extrapolated to an infinite number of derivatives, and the
dashed lines are quadratic fits (in Λ−1 ) with different data ranges.

2

ðΔ − 2Þ ðΔ þ lÞðΔ − l − 2Þ
gΔþ2;l ;
16Δ2 ðΔ − l − 1ÞðΔ þ l þ 1Þ

GΔ;lodd ¼ gΔþ1;lþ1 þ

ðl þ 2Þ2 ðΔ þ l þ 1ÞðΔ − l − 2Þ
4l2 ðΔ þ lÞðΔ − l − 1Þ

× gΔþ1;l−1 :
The sum for GΔ;l in (4.12) runs over superconformal
primaries OΔ;l which appear in the J × J OPE. The second
sum for gΔ;l runs over conformal primary operators
ðQOÞΔ;l that are superconformal descendents, which
appear in the J × J OPE but whose superconformal
primary, O, does not. For these operators we have l ≥ 2
and even with Δ ≥ l þ 3 [12].
To set the conventions we define the nonsupersymmetric
blocks gΔ;l and cross ratios as
 l
1
zz̄
ðk ðzÞkΔ−l−2 ðzÞ − ðz ↔ z̄ÞÞ;
gΔ;l ðz; z̄Þ ¼ −
2 z − z̄ Δþl


β
1 1
2
kβ ðzÞ ¼ z 2 F1 β; β; β; z ;
2 2
u ¼ zz̄;

v ¼ ð1 − zÞð1 − z̄Þ:

ð4:13Þ

To derive constraints on the OPE data we follow the
standard numerical procedure reviewed in [3] and summarized in Sec. IVA above. For numerical implementation
we
P
n
use SDPB [20] and derivative functionals α¼ m;n amn ∂ m
z ∂ z̄
with m þ n ≤ Λ. We can derive rigorous bounds at any
finite Λ and, by making an ansatz, make predictions for the
limit Λ → ∞.
In Fig. 1 we have plotted the upper bound on the
hJJJiOPE coefficient as a function of Λ−1 . The best
rigorous bound obtained at Λ ¼ 33, and the estimate of
the limit Λ → ∞ based on linear and quadratic (in Λ−1 )
extrapolations are
jKj
≤ 2.3 ðΛ ¼ 33Þ;
τ3=2

jKj
≤ 1.9ð2Þ ðΛ ¼ ∞Þ:
τ3=2

ð4:14Þ

The error is estimated by varying the range of Λ we use to
extrapolate, and computing the standard deviation of the
resulting extrapolated values.
C. SUðNÞ and the conformal window of SQCD
For theories with an SUðNÞ global symmetry the
analysis is essentially unchanged, except that we now have
a system of crossing equations. The number of crossing
TABLE I. The bootstrap upper bounds on the ratio jKj=τ3=2 for
an SUðN f Þ flavor symmetry are shown in the second and the third
columns. The numerical results at derivative order Λ ¼ 29 and
from extrapolating to infinite derivative order are both included.
For a fixed N f , the fourth and the fifth columns show the
maximum values of the ratio jKj=τ3=2 for SQCD in the conformal
window, which are all consistent with the bootstrap bounds.
Nf

Λ ¼ 29

Λ¼∞

SUðN c Þ SQCD

SOðN c Þ SQCD

3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

2.6
2.2
2.1
2.1
2.0
1.9
1.9
1.8
1.8
1.8
1.7
1.7
1.7
1.6
1.6
1.6
1.6
1.6

2.2(2)
1.8(2)
1.7(2)
1.7(2)
1.6(2)
1.5(2)
1.5(2)
1.5(2)
1.4(1)
1.4(1)
1.4(1)
1.4(1)
1.4(1)
1.4(1)
1.3(1)
1.3(1)
1.3(1)
1.3(1)

0.38
0.54
0.31
0.40
0.48
0.32
0.38
0.44
0.32
0.36
0.40
0.31
0.34
0.37
0.30
0.33
0.35

0.27
0.38
0.24
0.31
0.37
0.27
0.31
0.36
0.27
0.30
0.34
0.27
0.30
0.32
0.26
0.29
0.31
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FIG. 2. Upper bounds on jKj=τ3=2 in theories with SUðN f Þ
flavor symmetry. The upper blue dots are rigorous upper bounds
obtained at derivative order Λ ¼ 29, while the blue error bars are
upper bounds from extrapolation to Λ ¼ ∞. See the discussion
around (4.14) for the method of extrapolation and error estimates.
The black dots are various SQCDs with SUðN c Þ and SOðN c Þ
gauge groups in the conformal window.

FIG. 3. Allowed region in the τ − jKj plane for theories with an
SUð3Þ flavor symmetry, at derivative orders Λ ¼ 10, 12. The
rectangle is obtained by extrapolations to Λ ¼ ∞ of upper
bounds on τ−1=2 and on jKj=τ3=2 (the actual allowed region is
expected to be smaller than this rectangle). Also shown is the
value of a free chiral multiplet in the fundamental representation
of SUð3Þ. All other known theories have smaller τ−1=2 and
smaller jKj=τ3=2 than the free chiral multiplet.

equations is equal to the number of SUðNÞ representations
which appear in the tensor products of two adjoints. This
problem was studied in [12] so we will refer the reader there
for more details.11
One important difference with the Abelian case is that
now both hJJJi and hJJjμ i are nonzero [15]. As reviewed
11

Note that we normalize our nonsupersymmetric blocks
ðhereÞ
ðthereÞ
differently, gΔ;l ¼ ð− 12Þl gΔ;l .
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in Sec. III, the two OPE coefficients are independent and
we can bound both jKj=τ3=2 and τ−1=2 .
In Table I and Fig. 2, we present the universal upper
bounds on jKj=τ3=2 across a range of N f , and compare with
SQCDs with SUðN c Þ and SOðN c Þ gauge groups in the
conformal window predicted by Seiberg. See the discussion
around (4.14) for the method of extrapolation and error
estimates. In Fig. 3 we consider theories with an SUð3Þ
global symmetry and exhibit the allowed region as a
function of τ and jKj. For most of the parameter space
the two bounds are independent, but as we approach the
corner of the allowed region they appear to be correlated.
Since the universal upper bounds on τ−1=2 have already
been studied, we present the improved bounds in the
Appendix.
V. DISCUSSION
In this paper we use the conformal bootstrap method
to derive universal constraints on ’t Hooft anomalies in
ð3 þ 1ÞD superconformal field theories. The existence of
an upper bound on K=τ3=2 matches with our expectation
that the anomaly is constrained by the amount of charged
degrees of freedom in a theory, or simply, “central charge >
anomaly.” Since the ’t Hooft anomaly is invariant under
renormalization group flows, we further apply this bound to
compare with the conformal window of SQCD.
Another application of our result we have not discussed
thus far is to AdS=CFT [21–23]. As pointed out originally
in [22], the ’t Hooft anomaly of conserved currents in a
ð3 þ 1ÞD CFT is dual to a Chern-Simons term in AdS5 .
More precisely, the AdS action for the gauge sector is [24]

Z
pﬃﬃﬃ 1
5
S¼
d x g 2 Faμν Fμνa
4g
AdS5

ik
b
abc
μνλρσ
a
c
þ
ðd ϵ
Aμ ∂ ν Aλ ∂ ρ Aσ þ …Þ
ð5:1Þ
96π 2
where the “…” is the completion of the ð4 þ 1ÞD ChernSimons term. Given our normalization, the relation
between the CFT and AdS quantities is
τ¼

8π 2 RAdS
;
g2

K ¼ k;

ð5:2Þ

so the upper bound on jKj=τ3=2 turns into an upper bound
on kg3 =R3=2
AdS . In other words, unitarity and locality of the
dual CFT prevents us from making the bulk Chern-Simons
term arbitrarily dominant over the Yang-Mills term.12
12

An extreme limit that the bootstrap rules out is the pure
ð4 þ 1ÞD Chern-Simons theory without a Yang-Mills term.
Indeed, it has been a longstanding question on how to quantize
the pure ð4 þ 1ÞD Chern-Simons theory consistently. We thank
K. Ohmori for discussions.
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The bound we derived here follows from basic CFT
axioms, and it would also be interesting to understand if
this bound can be strengthened for large N CFTs with a
large gap in the higher spin spectrum à la [25].
There are several generalizations that can potentially
improve the constraints on SQCD in the conformal
window. One natural generalization would be to include
the other conformal primaries in the flavor supermultiplet
as external operators, such as the flavor current itself. As
demonstrated in [26] for N ¼ 2 in ð1 þ 1ÞD, including
such operators significantly strengthens the bounds (see
also [27]). In this paper, with the external operators chosen
to be the superconformal primary J, the quantities τ and
K=τ3=2 appear as two independent OPE coefficients, and
we find that the constraints on them are only weakly
dependent (the allowed region in Fig. 3 is close to being
rectangular). When the other conformal primaries are
included as external operators, τ and K=τ3=2 appear in
mixed ways in the OPE coefficients, and we can hope for a
more nontrivial profile for the allowed region.13
Since every ð3 þ 1ÞD SCFT contains the Uð1ÞR supercurrent multiplet, it would also be interesting to study
mixed systems involving these operators. In particular, this
would give us access to mixed anomalies between the
flavor and R-symmetries. These problems all require
understanding the ð3 þ 1ÞD spinning (super-)conformal
blocks, which we expect will reveal new information about
the space of ð3 þ 1ÞD SCFTs.
Finally, it would be interesting to explore further the
implications of ’t Hooft anomalies for the CFT data. Does
the triangle anomaly in ð3 þ 1ÞD place an upper bound on
the lightest charged local operator in a CFT? Does the
global anomaly for SUð2Þ global symmetry (the Witten
anomaly) [28] place a bound on the lightest SUð2Þ halfintegral spin local operator? One can also generalize this
discussion to higher dimensions. For instance, the ’t Hooft
(square) anomaly of a continuous global symmetry in ð5 þ
1ÞD appears in a specific structure in the four-point
function of the spin-one conserved current, which is also
accessible from the conformal bootstrap.
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Energy, Office of Science, Office of High Energy Physics,
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APPENDIX: BOUNDS ON τ
The bootstrap setup of Sec. IV also puts universal lower
bounds on τ, related to mixed flavor-R ’t Hooft anomaly in
ð3 þ 1ÞD superconformal field theory. Such bounds were
first obtained in [11] by bootstrapping the four-point
function of general scalars, and in [12] by bootstrapping
the four-point function of scalars in conserved current
supermultiplets. Then the SUð3Þ case in the latter
approach was studied in much further detail (with
dependence on the gap) in [13]. In Fig. 4, we present
improved bounds on τ for general SUðN f Þ global symmetry under the same setup as in [12], but performed with
more advanced numerical technology up to derivative
order Λ ¼ 29 and with extrapolation to Λ ¼ ∞. By
contrast, the bounds of [12] are at Λ ¼ 15, on which
our Λ ¼ 29 and Λ ¼ ∞ bounds improve roughly by
factors of 2 and 3, respectively.
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FIG. 4. Lower bounds on τ in theories with SUðN f Þ flavor
symmetry. The middle blue dots are rigorous lower bounds
obtained at derivative order Λ ¼ 29, while the blue error bars are
lower bounds from extrapolation to Λ ¼ ∞. For comparison, the
bottom yellow dots are bounds at Λ ¼ 15, which are similar to the
bounds obtained by [12].
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