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We consider quantum field theory in a five-dimensional anti-de Sitter background, possibly truncated by
four-dimensional (4D) branes. In the Euclidian version of this space, it is known that propagators
exponentially decay when they go far enough toward the Poincaré horizon, i.e. deep enough into the IR
region of the AdS bulk. In this note, we show that an analogous property exists in Lorentzian AdS. The
exponential suppression is found to occur in the presence of bulk interactions dressing the AdS
propagators. We calculate one-loop gravitational dressing and find that the suppression effect comes
from the scalar component of the 5D graviton. We then argue that, at least at strong coupling, this
exponential decay censors the region of spacetime where the 5D effective field theory would become
invalid. As an application we estimate the rate for the cascade decay of bulk fields—which are known to
produce soft spherical events with high multiplicity—and find this rate to be exponentially suppressed.
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I. INTRODUCTION

Quantum field theory in anti de-Sitter spacetime has
been a source of deep formal insights as well as elegant
phenomenological developments for at least two decades.
Formally, investigations of the AdS=CFT conjecture and its
holographic realization have brought knowledge about
the theories on both sides of the correspondence [1–3].
Phenomenologically, AdS space and its truncated or
deformedversions have offered a rich playground for physics
beyond the Standard Model, providing for instance a simple
explanation to the electroweak hierarchy problem [4].
In five dimensions, the field theory living in the AdS

background should be seen as an effective field theory
(EFT) valid up to some cutoff on short five-dimensional
(5D) distances jΔXMj ∼ 1=Λ, beyond which the whole 5D
model is superseded by a theory of quantum gravity. When
described in the Poincaré patch with conformal coordinates
XM ¼ ðxμ; zÞ, a striking difference between AdS space and
flat space is that the validity limit of the EFT is also reached
for small enough 4D distance jxμj in such a way that the
validity cutoff of the EFT depends on the position in the
bulk of AdS. Namely, the validity cutoff of the theory scales

along the fifth dimension as 1=z. This essential fact as long
been known (see, e.g., [4,5]), and it is perhaps in [6] that it
has been made clear that the position-dependent cutoff
simply results from the presence of higher dimensional
operators in the effective 5D theory.
Another feature inherent to curved space, known in the

Euclidian version of AdS, is that propagators become
exponentially suppressed when one of the end points in
the fifth dimension goes too far in the IR. In position-
momentum space, if a propagator carries a Euclidian
absolute four-momentum p, the exponential suppression
occurs beyond p ∼ 1=z [6]. Interestingly, this region
matches roughly the region in which the 5D EFT would
break down. Therefore, in Euclidian AdS, it turns out that
propagators refuse to go in the region where the EFT is
invalid: in a sense the theory censors itself.
However, Euclidian AdS is of limited interest since it

does not contain particles. A more interesting question is
whether the propagators have a similar behavior in
Lorentzian AdS. Since the position-dependent cutoff is
also present in Lorentzian AdS, one may wonder if a
similar mechanism of “censorship” of the IR region may
happen, which would require a decay of the propagator in
the IR as in the Euclidian case.
This question is the main focus of the present note: we

study how and to what extent the propagators decay in
Lorentzian AdS. This is a feature of relevance both for the
sake of thoroughly understanding effective field theory
in AdS and in view of subsequent developments for
physics beyond the Standard Model such as a “warped
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dark sector” [7]. The steps taken in the paper are as follows.
In Sec. II, we lay down the AdS setup needed for our
analysis. The behavior of the scalar propagator in the
different regions of position-momentum space is studied
in Sec. III. We then turn our attention to the effect of the
imaginary part of the 1PI insertions dressing the propaga-
tor. After introducing a Kaluza-Klein sum trick in Sec. IV,
we investigate the simple case of dressing by a cubic scalar
interaction in Sec. V. The dressing of the propagator by 5D
gravity is then evaluated in Sec. VI. Comments about
censorship of the EFT are made in Sec. VII A. As a
corollary to our study, and taking profit of the formalism,
we study the rate of cascade decay of bulk fields in
Sec. VIII. Section IX contains our conclusions, and details
on the graviton loop calculation are given in the appendix.

II. A SLICE OF ADS

The full action used in this paper describes a scalar
field and gravity in a slice of AdS5. The action takes the
form

SAdS ¼
Z

d5XM
ffiffiffiffiffi
jgj

p
½M3�ðR − ΛÞ þ LΦ�; ð1Þ

where spacetime is taken to be AdS5 with cosmological
constant Λ ¼ −12k2, k being the AdS curvature. The M�
parameter sets the strength of 5D gravity.1 R is the
Ricci scalar, and LΦ describes a 5D scalar field. The
graviton Lagrangian is expanded in Sec. VI. In this section,
our focus is instead on the scalar field. The metric
of the AdS background is denoted by γMN, such that
gMN ¼ γMN þ � � � where the ellipse denotes the metric
fluctuations.
We use the Poincaré patch with conformal coordinates

ds2 ¼ γMNdXMdXN ¼ ðkzÞ−2ðημνxμxν − dz2Þ; ð2Þ

where ημν is Minkowski metric with ðþ;−;−;−Þ signature.
The values z ¼ 0, z →∞ correspond, respectively, to the
AdS boundary and to the Poincaré horizon. The fifth
dimension is assumed to be compact with z ∈ ½z0; z1�,
where z0 ≡ 1=k, z1 ≡ 1=μ are, respectively, referred to as
UV and IR branes.
The Lagrangian for the scalar reads

LΦ ¼
1

2
∇MΦ∇MΦ −

1

2
m2

ΦΦ2 þ Lint þ LB; ð3Þ

where m2
Φ is the scalar bulk mass, Lint describes bulk

matter interactions, and LB describes 4D brane-localized

Lagrangians. The scalar bulk mass has to satisfy the
Breitenlohner-Freedman bound m2

Φ ≥ −4k2 to prevent
tachyonic instabilities in AdS5 [8].
Extremizing the action in Φ gives the classical 5D

equation of motion

DΦ ¼ 0; ð4Þ

with the operator

D ¼ 1ffiffiffi
γ
p ∂MðγMN ffiffiffi

γ
p ∂NÞ þm2

Φ; ð5Þ

and two boundary conditions

BUVΦjz0 ¼ 0; BIRΦjz1 ¼ 0; ð6Þ

where the BUV;IR operators depend on the brane localized
Lagrangians. The Feynman propagator ΔðX;X0Þ of the free
scalar in the AdS background is the Green function
satisfying the equation of motion

DXΔðX;X0Þ ¼ −i
δð5ÞðX − X0Þffiffiffi

γ
p ; ð7Þ

as well as the boundary conditions, Eq. (6).
From now on we work in momentum space along the 4D

Minkowski directions such that the coordinates are ðpμ; zÞ.
The Greek indexes are understood to be contracted using
the ημν metric. We have ∂μ∂μΦ ¼ −pμpμΦ. On introduces
p ¼ ffiffiffiffiffiffiffiffiffiffi

pμpμ
p

, which is real (imaginary) for timelike (space-
like) four-momentum pμ. The solutions to the equation of
motion Eq. (4) in the 5D position-momentum space are
given by

z2JαðpzÞ; z2YαðpzÞ; ð8Þ

where the parameter α ∈ R is related to the scalar bulk

mass by α2 ¼ m2
Φ

k2 þ 4. The boundary operators applied to
the solutions Eq. (8) are denoted as2

BUV;IR½z2JαðpzÞ�z0;z1 ≡ J̃UV;IRα ;

BUV;IR½z2YαðpzÞ�z0;z1 ≡ ỸUV;IR
α : ð9Þ

With these definitions, the Feynman propagator is

1With this convention, we have the matchingM3� ≈ kM2
Pl in the

4D low-energy theory.

2The overall factors of J̃UVα , J̃IRα are arbitrary, since the
boundary operators are defined up to a constant. These overall
constants cancel inside the expression of the propagator.
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hΦðp; zÞΦð−p; z0Þi≡ Δpðz; z0Þ ¼ ð10Þ

i
πk3ðzz0Þ2

2

½ỸUV
α Jαðpz<Þ− J̃UVα Yαðpz<Þ�½ỸIR

α Jαðpz>Þ− J̃IRα Yαðpz>Þ�
J̃UVα ỸIR

α − ỸUV
α J̃IRα

; ð11Þ

where z< ¼ minðz; z0Þ, z> ¼ maxðz; z0Þ.

Finally, let us specify the brane terms. For our purposes,
it is enough to consider

LB ¼
ffiffiffī
γ
p 1

2
Φ2ðδðz − z0ÞMUV − δðz − z1ÞMIRÞ; ð12Þ

where γ̄μν is the induced metric on the branes, givingffiffiffī
γ
p ¼ ðkzÞ−4. It is convenient to express the brane
masses as

MUV¼ðα−2Þk−bUVk; MIR¼ðα−2ÞkþbIRk: ð13Þ

The boundary conditions [Eq. (6)] then give

J̃UVα ¼
p
k
Jα−1

�
p
k

�
− bUVJα

�
p
k

�
;

J̃IRα ¼
p
μ
Jα−1

�
p
μ

�
þ bIRJα

�
p
μ

�
ð14Þ

and similarly for the Yα functions.
In these conventions, a massless mode is present in the

spectrum when bi ¼ 0 or bi ¼ 2α. Note this becomes
manifest when bUV¼bIR¼0, α¼2 or bUV¼−bIR¼−2α,
α ¼ −2, since in both cases one has mΦ ¼ 0, Mi ¼ 0 so
that all mass terms vanish in the 5D Lagrangian. The sign of
the bi’s is chosen such that positive bi means a positive
mass contribution to the 4D modes.

III. LIMITS OF THE PROPAGATOR

Here we study the behavior of the propagatorΔpðz; z0Þ in
the various regions of position-momentum space. We can
notice that the change (bUV →bUV þ 2α; bIR →bIR − 2α)
reverses the sign of α in the boundary conditions. A
subsequent change α → − α gives back the original boun-
dary condition, and we can check that the full propagator
remains unchanged under these operations. Hence, there is
a symmetry in the solutions and for our purpose it is
convenient to focus on α ≥ 0. The bUV; bIR parameters do
not play an important role for this work and will remain
unspecified.
For p real (i.e. pμ timelike) and larger than μ, the

propagator has an infinite series of Kaluza Klein (KK)
poles with OðμÞ spacing, whose masses are given by the
equation

J̃UVα ỸIR
α − ỸUV

α J̃IRα ¼ 0: ð15Þ

The propagator can be written as an infinite sum over
the KK modes, but this representation is not of immediate
use; our focus here is rather on the closed form of the
propagator.
We first consider the low-momentum region jpj≲ μ

(region 1), where we have

Δpðz; z0Þ ≈ i
k3ðzz0Þ2−αð2α − bIR þ bIRðTz>Þ2αÞð2αþ bUV − bUVðkz<Þ2αÞ

2αðbUVð2α − bIRÞk2α þ bIRð2αþ bUVÞT2αÞ : ð16Þ

We can see that this term is constant with respect to
p and represents a contact operator induced by the heavy
KK modes. The expression diverges at bUV;IR ¼ 0 or
bUV ¼ −bIR ¼ −2α, signaling that a massless mode is also
present in these particular cases.

Increasing the momentum, we have the region μ≲ jpj ≲
1
z>

(region 2), in which the KK poles along the real axis
appear. Let us study the form of the propagator away from
the poles,

Δpðz; z0Þ ≈ i
ðkzÞ2ðkz0Þ2
2αbUVk

1

ðz>kÞα
�
bUV þ 2α

ðz<kÞα
− bUVðz<kÞα

�

− i
Γð−αÞðkzÞ2ðkz0Þ2
Γðαþ 1Þ2b2UVk

�
bUV þ 2α

ðz>kÞα
− bUVðz>kÞα

��
bUV þ 2α

ðz<kÞα
− bUVðz<kÞα

��
−p2

4k2

�
α

: ð17Þ
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It turns out that, away from the poles, the expression
becomes independent of μ and bIR.

3 This signals the
fact that the existence of the IR brane is irrelevant away
from the poles. The IR boundary condition, unlike the
UVone, has no impact on the propagator in this regime, and
the IR brane can be sent to infinity (1=μ →∞) without
affecting Eq. (17).
The first term in Eq. (17) has almost the same form as in

the low energy limit except that bIR is set to zero. From this,
we conclude that this term somehow encodes the effect
from the heavy modes. In contrast, the second term is
nonanalytic in p and one may thus suspect that it encodes
the collective effect of light modes. This is easily verified
by, for instance, evaluating the nonrelativistic potential
induced by the t-channel exchange of the Φ continuum
between static sources placed at points z, z0 in the bulk, and
with three-dimensional separation r ¼ jrj. When evaluat-
ing the spatial potential, the first term of Eq. (17) is analytic
and contribute as a delta function δðrÞ, while the second,
nonanalytic term induces a nonlocal contribution

VðrÞ ∝ 1

r
1

ðkrÞ2þ2α : ð18Þ

Since a potential with finite range must result from the
exchange of light degrees of freedom, we conclude that
the nonanalytic term of Eq. (17) captures the collective
contribution of light KK modes.4

Increasing again the four-momentum, we then enter the
region 1

z>
≲ jpj≲ 1

z<
(region 3) where the propagator takes

the form

Δqðz; z0Þ ¼ −i
ffiffiffi
π
p ðkz<Þ2ðkz>Þ3=2

×
bUVðkz<Þα − ðbUV þ 2αÞðkz<Þ−α

2bUVkΓðαþ 1Þ
�
p
2k

�
α−1=2

×
cos ðpμ − pz>Þ

cos ðpμ þ π
4
ð1 − 2αÞÞ : ð19Þ

This expression is nonanalytic, but more importantly we
can see that whenever p has an imaginary part the whole
expression is exponentially suppressed as

Δpðz; z0Þ ∝ e−jImpjz> : ð20Þ

For spacelike four-momentum,wherep is purely imaginary,
the exponential suppression Eq. (46) occurs just like in
Euclidian AdS [9]. Instead, for timelike momentum, the
propagator is merely oscillating and no exponential sup-
pression occurs. However, we may suspect that the situation
changes in the presence of interactions, which dress the
propagator with 1PI insertions and induce an imaginary
component. A suppression of the kind of Eq. (46) is
nevertheless not guaranteed. Hence, a full calculation is
required for knowing the behavior of the dressed propagator,
which will be carried out in Secs. V and VI. This behavior
has no equivalent in flat space.
Finally, at even higher momentum, 1

z<
≲ jpj (region 4),

we have

Δpðz;z0Þ ¼ i
ðkzÞ3=2ðkz0Þ3=2

p

×
cosðpð1T− z>ÞÞcosðpz<− π

4
ð1þ2αÞÞ

sinðpT− π
4
ð1þ2αÞÞ : ð21Þ

As well known [5], this propagator resembles very much
the flat space propagator in a 5D compact dimension of
radius 1=T, up to the constant phases and to the nontrivial
ðzzÞ3=2 factor. Away from the real axis, this propagator is
exponentially suppressed as

Δpðz; z0Þ ∝ e−jImpjjz−z0j: ð22Þ

IV. ADS MODE SUMS

It can be often useful, at least at the conceptual level, to
express the propagator Δpðz; z0Þ in a spectral representa-
tion, writing it as the infinite sum of KK modes

Δpðz; z0Þ ¼ i
X∞
n¼0

fnðzÞfnðz0Þ
p2 −m2

n
; ð23Þ

where the fnðzÞ are the orthonormal KK wave functions.
The KK decomposition provides a convenient 4D view-
point on the 5D physics.5 However, in the amplitudes,
unless one is interested in one or a few KKmodes, one ends
up with sums involving the KK masses mn as well as the
profiles fnðzÞ, whose evaluation can be quite challenging.
Here, we develop a systematic trick to evaluate the
KK sums.
Sums over KK modes appear either in amplitudes with

virtual KK modes or in square amplitudes with KK modes
in the external legs. Our trick applies to both cases. The
general idea is the following. Let us consider a generic
quantity

3To be slightly more precise, along the real axis and away from

the poles the second term is proportional to Sα ¼ sin ðpμ−π
4
ð1−2αÞÞ

sin ðpμ−π
4
ð1þ2αÞÞ,

which has periodic zeros. But whenever p gets an imaginary
part larger than ∼παμ, one gets Sα ≈ ð−1Þα, which has been
used in Eq. (17).

4One may notice that in the context of AdS=CFT it is again the
nonanalytic term which plays the key role. Namely, in the UV-to-
UV brane propagator Δpðz0; z0Þ, this term encodes the CFT
operator probed by the Φðz0Þ source. In contrast, the first term of
Eq. (17) only gives a mass to the source.

5An important conceptual pitfall is that the EFT for KK modes
breaks down in the IR region; see Sec. VII A.
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X ¼
Z

dz
Z

dz0
X̃n
n¼0

fnðzÞfnðz0ÞAðm2
n; z; z0Þ; ð24Þ

which describes either an amplitude with KK modes in an
internal line or a square amplitudes with KK modes in an
external line. We can rigorously re-express X using the
propagator and a contour integral enclosing the poles up to ñ,

X ¼ −
1

2π

Z
dz

Z
dz0

I
C½ñ�

dρΔ ffiffi
ρ
p ðz; z0ÞAðρ; z; z0Þ: ð25Þ

The contour C½ñ� is taken counterclockwise. Clearly,
putting Eq. (23) in Eq. (25) and using the residue theorem
gives back Eq. (24). The interest of Eq. (25) is that we can
now use the closed-form expression of the propagator
Eq. (16), or its various limits described in Sec. III.
As a simple example, one can consider the creation of

real KK modes from an interaction localized on the UV
brane. The coupling of a given KK mode n to the UV brane
is proportional to fnðz0Þ, and the emission rate for the
individual mode takes the form

Γn ¼ AðmnÞðfnðz0ÞÞ2; ð26Þ

where AðmnÞ depends on mn at least via a phase space
factor. The emission of any KK mode is given by

Γ ¼
X̃n
n¼0

Γn ¼
X̃n
n¼0

AðmnÞðfnðz0ÞÞ2; ð27Þ

where the heavier mode ñ is set by the kinematic threshold
encoded in AðmnÞ. The contour integral trick then gives

Γ ¼ −
1

2π

I
C½ñ�

dρΔ ffiffi
ρ
p ðz0; z0ÞAð

ffiffiffi
ρ
p Þ: ð28Þ

By the optical theorem, this quantity gives also the
imaginary part of the diagram with an internal Φ line
starting and ending on the UV brane. Both quantities are
represented in Fig. 1.
Let us briefly turn to a calculation in AdS. A sum that we

will be of use in many of the subsequent calculations is

X̃n
n¼0

fnðzÞfnðz0Þ ¼ −
1

2π

I
C½ñ�

dρΔ ffiffi
ρ
p ðz; z0Þ; ð29Þ

with the ñ pole lying in region 2 of position-momentum
space. In the corresponding limit Eq. (17), the first term is
analytic and does not contribute to the integral. The
nonanalytic term in Eq. (17) does contribute, because it
has a branch cut. In the ρ variable, the branch cut is along
the real axis, and the contour C½ñ� must cross it since it has
to enclose the poles, thereby picking the discontinuity

across the real axis. The integration contour and the
properties of the propagators are shown in Fig. 2.
Choosing the C½ñ� contour to be a circle with radius A

enclosing the poles up to ñ, i.e. C½ñ� ¼ ðAeiθjθ ∈� − 2π; 0�Þ
with m2

ñ < A < m2
ñþ1, the integral is found to be6

X̃n
n¼0

fnðzÞfnðz0Þ

≈
2kðkzÞ2ðkz0Þ2

Γðαþ 1ÞΓðαþ 2Þb2UV

�
bUV þ 2α

ðz>kÞα
− bUVðz>kÞα

�

×

�
bUV þ 2β

ðz<kÞα
− bUVðz<kÞα

��
mñ

2k

�
2αþ2

: ð30Þ

This expression is approximate since one has used the limit
Eq. (17) of the propagator. Also, one has approximated the
radius to mñ because the spacing between modes is OðμÞ
and is negligible at our level of approximation, implying
that the KK modes are essentially treated as a continuum.
The result of Eq. (30) can be numerically compared to the
exact expression, and one finds that the agreement remains
ofOð1Þ up tomñ of order of a few 1=z>, beyond which one

FIG. 2. Contour integration in the p2 complex plane. The
infinite series of poles from the KK representation of the
propagator is shown on the left-hand side, and the branch cut
from its closed form is shown on the right-hand side. The
approximation regions are also pictured.

FIG. 1. Two typical processes involving KK sums. (i) Emission
of KK modes. (ii) Virtual KK modes exchange.

6The choice of domain of θ has to do with conventions for
Bessel functions, but one can simply check that it is this domain
which gives a physical result.
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enters too much in region 3 where the approximation
breaks down.
This integral is very useful because it often appears when

phase space factors are neglected. It can for instance be
applied to the case of KK mode emission discussed above,
when the KK modes are away from the kinematic thresh-
old. Conversely, these examples are another way to see
that the nonanalytic term of Eq. (17) is the one encoding
the light component of the KK continuum. Indeed, it is
clear that only light modes can appear in the processes
of Fig. 1 because of the kinematic threshold. It turns out
that it is the nonanalytic term which contributes to these
processes, while the contribution from the analytic term
vanishes.

V. DRESSED PROPAGATOR

In this section and the next one, we investigate the scalar
propagator dressed by one-loop 1PI insertions.7 In full
generality, given a 1PI diagram in position-momentum
space iΠpðz; z0Þ, the dressed propagator satisfies

DΔpðz; z0Þ −
1ffiffiffi
γ
p

Z
duΠpðz; uÞΔpðu; z0Þ ¼ −i

δðz − z0Þffiffiffi
γ
p :

ð31Þ

One can for instance verify that this is equivalent to
the geometric series representation by treating the

insertion perturbatively. Writing Δpðz; z0Þ ¼ Δð0Þp ðz; z0Þ þ
Δð1Þp ðz; z0Þ þ � � �, we can note that the equation of

motion Δð1Þp ðz; z0Þ is sourced by
R
duΠðz; uÞΔð0Þp ðu; z0Þ,

thus implying

Δð1Þp ðz; z0Þ ¼ i
Z

du
Z

dvΔð0Þp ðz; uÞΠpðu; vÞΔð0Þp ðv; z0Þ;

ð32Þ

which is precisely the term with one iΠ insertion in
the geometric series.8 Higher terms of the series are
obtained recursively.
As a warm-up in this section, we consider the dressing of

Φ by a loop of another scalar φ with cubic bulk interaction

Lint ⊃ λΦφ2; ð33Þ

where λ ¼ Oð ffiffiffi
k
p Þ. The bulk mass parameter for φ is

denoted β, with β2 ¼ m2
φ

k2 þ 4. This self-energy diagram is
shown in Eq. (34). In terms of Kaluza Klein modes, the
diagram involves two sums since there are two internal
lines of φ. For our purposes, we are only interested in the
imaginary part of Π. This means that the KK sums end at
the kinematic threshold for production of real KK particles,
p ¼ mn þmn0 . Applying the contour integral trick shown
in Sec. IV, the imaginary part of the diagram is found to be

ð34Þ

Our aim is to study the effect of this insertion on the
behavior of the propagator. More precisely our focus is on
region 3 (i.e. 1=z> ≲ jpj≲ 1=z<). Since in this regime we
have p≳ 1

z>
, the values of

ffiffiffi
ρ
p

;
ffiffiffi
ρ
p 0 can lie anywhere with

respect to the inverse coordinates of the self-energy, i.e. all
the regions of position-momentum space from 1 to 4 are in
principle accessible to the propagators inside the loop.
However, there are no contributions from propagators lying
in region 1 since they are analytic in this region.

Contributions from regions 2 to 4 are nonanalytic and
are thus in principle nonzero.
To proceed in a convenient way, we hypothesize that

propagators are actually suppressed in the region p≳ 1=z>.
This hypothesis will be checked at the end of the calculation.
When assuming it is true, it implies that the propagators
in the loop are suppressed for

ffiffiffi
ρ
p

;
ffiffiffi
ρ
p 0 ≳ 1=z>, as a result of

their own dressing. This implies that the KK sum is
truncated at ∼1=z>, i.e. the contour integral is over a circle
of radius∼1=z>. It follows that the contributions to the self-
energy come from propagators lying in region 2, while
contributions from regions 3 to 4 are exponentially sup-
pressed. Following this approach, if the hypothesis of
suppression for p≳ 1=z> is verified, we will only need
to calculate the contribution from the nonanalytic part of the

8For the last step, recall that DΦ ¼ J is solved by ΦðzÞ ¼
i
R
duΔðz; uÞJðuÞ.

7Exact loop calculations in AdS are typically difficult; see,
e.g., [10,11]. Our approach relies instead on approximations,
including the limits of Sec. III.
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propagator in region 2. For concreteness, we take the
integration contour with a radius jρj ¼ 1=z2>; this contour
is noted C½z−1> �.
The imaginary part of the bracket in Eq. (34) is a

standard 4D result. The imaginary part of the self-energy is
found to be

ImΠpðz;z0Þ≈
1

128π3
λ2

ðkzÞ5ðkz0Þ5
I
C½z−1> �

dρ

×
I
C½z−1> �

dρ0Δ ffiffi
ρ
p ðz; z0ÞΔ ffiffiffi

ρ0
p ðz; z0ÞKðp

2;ρ;ρ0Þ
p2

;

ð35Þ

where

Kðp2; ρ; ρ0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2 − ð ffiffiffi

ρ
p þ ffiffiffi

ρ
p 0Þ2Þðp2 − ð ffiffiffi

ρ
p − ffiffiffi

ρ
p 0Þ2Þ

q
p2

ð36Þ

is the familiar two-body kinematic factor. Since we are
assuming we are in the p > 1=z> region, the values of

ffiffiffi
ρ
p

,ffiffiffi
ρ
p 0 are small with respect to jpj and we can safely take
K ≈ Kðp2; 0; 0Þ ¼ 1. The contour integrals now reduce to
the one already calculated in Sec. IV; see Eqs. (29) and (30).
For end points away from the UV brane, the dependence
on bUV disappears [this can be seen in Eq. (17)]. We show
only this case for simplicity, the general case works
similarly. The final result is found to be

ImΠpðz;z0Þ≈
1

8π

λ2k2

Γ2ðβþ1ÞΓ2ðβþ2Þ
1

ðkzÞ3ðkz0Þ3
�
z<
4z>

�
2βþ2

:

ð37Þ

At that point we have a simple expression for the 1PI
insertion. However, it is still nonlocal and it is thus difficult
to solve the dressed equation of motion. To go further, we
shall use a position space version of the narrow width
approximation (NWA). The position space NWA amounts
to a ∂5 expansion of Π where the ∂5 derivatives act on the
propagator.9 It can be equivalently seen as an expansion
over the basis of the Dirac delta’s derivatives

Πpðz; z0Þ ¼ F0ðzÞδðz − z0Þ − F1ðzÞδ0ðz − z0Þ

þ F2ðzÞ
2

δ00ðz − z0Þ þ � � � : ð38Þ

This can be directly obtained from the dressed equation
of motion Eq. (31), where Πp is convoluted with Δp.

The coefficients of the expansion of the Πp distribution
in Dirac delta’s derivative are found to be given by the
moments of the distribution,10

FnðzÞ ¼
Z

dz0ðz − z0ÞnΠpðz; z0Þ: ð39Þ

With the NWA expansion Eq. (38), Πpðz; z0Þ is decom-
posed as a sum of local operators and the equation of
motion simplifies to an ordinary differential equation. This
is a simplification in itself; however, this trick is truly
appealing because of the property of dressing: the local
terms can be consistently included step by step in the
equation of motion, provided one determines the dressed
propagator at every step. For instance, instead of solving in
the presence of the two first terms, one can solve for the
first term, then dress the obtained solution with the second
term. For our purposes, we will not need to go further than
the quadratic order.
The three first coefficients FnðzÞ are given by

F0ðzÞ ¼ λ2kC0

1

ðkzÞ5 ; F1ðzÞ ¼ λ2C1

1

ðkzÞ4 ;

F2ðzÞ ¼
λ2

k
C2

1

ðkzÞ3 ; ð40Þ

with0
B@C0

C1

C2

1
CA ¼ 1

128π

1

16βΓ2ðβ þ 1ÞΓ2ðβ þ 2Þ

×

0
BB@

1
2β þ 1

2βþ4
1

2βþ1þ 1
2βþ3 −

1
2β −

1
2βþ4

2
2βþ2þ 1

2β þ 1
2βþ4 −

2
2βþ1 −

2
2βþ3

1
CCA: ð41Þ

Let us investigate how these local operators deform the
free solutions [given by Eq. (8)]. For our purposes, it is
enough to consider the effect of each of them separately.
The first term of the expansion Πðz; z0Þ ⊃ F0ðzÞδðz − z0Þ,
when included in the dressed equation of motion Eq. (31),
gives a contribution whose z-dependence is the same as the
bulk mass term. Therefore, at leading order in the NWA, the
bulk mass develops a (negative) imaginary part. This is
similar to what happens to a propagator in flat space.
Defining

α̃ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − iC0λ

2=k
q

ð42Þ

9This 5D NWA should not be confused with a 4D NWA for
individual KK modes, which often does not hold for heavy KK
modes.

10This can be guessed by direct computation, or can be found
by thinking in terms of the characteristic function of Πpðz; z0Þ in
Fourier space.
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with α real, the solutions to the homogeneous equation of
motion become

z2Jα̃ðpzÞ; z2Y α̃ðpzÞ ð43Þ

instead of the free solution Eq. (8). Having a slightly
complex order in the Bessel functions implies that the poles
are slightly shifted away from the real axis by a constant
amount. That the bulk mass develops an imaginary part
because of dressing is certainly a noteworthy feature and is
after all what we expect from a 5D theory. However, this
feature is not very relevant for our purpose, because the
behavior of the propagator is not critically modified and in
particular no suppression happens when the propagator lies
in region 3 or 4.
The second termof the expansionΠðz;z0Þ⊃F1ðzÞδ0ðz−z0Þ

induces a ∂5 derivative and has the right z factor to change the
coefficient of the ∂5 term in theD operator. In the presence of
this term, the solutions are deformed to

zγJ ffiffiffiffiffiffiffiffiffiffiffi
m2

Φþγ2
p ðpzÞ; zγY ffiffiffiffiffiffiffiffiffiffiffi

m2
Φþγ2

p ðpzÞ; ð44Þ

where γ ¼ 2 − iC1λ
2=2k. We can see that this deformation

gives again a complex contribution to the order of the
Bessel function. It also induces a z-dependent phase. But
again, these deformations to the free solution are small
effects which are not too relevant for our study.
The third insertion Πðz; z0Þ ⊃ F2ðzÞδ00ðz − z0Þ modifies

the ∂2
5 term of the D operator and gives solutions where, in

top of a complex Bessel function order and z-dependent
phase, the argument of the Bessel function is also changed.
Showing only this last effect for simplicity, the solutions
take the form

z2Jα

�
pzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ iC2λ
2=2k

p �
; z2Yα

�
pzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ iC2λ
2=2k

p �
: ð45Þ

This deformation is the important one, because it changes
the phase of the Bessel’s function argument. As a conse-
quence, there are no poles along the real axis, and the
Bessel functions rather have an exponential behavior
controlled by the imaginary part of the argument. The full
propagator in the presence of this deformation is given
by the free propagator Eq. (11) where p is replaced by
p=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ iC2λ

2=2k
p

≈ pð1 − iC2λ
2=4kÞ. In the p≳ 1=z>

region, for timelike momentum, the propagator behaves
therefore as

Δpðz; z0Þ ∝ e−C2λ
2=4kpz> : ð46Þ

From this result, we conclude that bulk interactions induce
an exponential suppression of the propagator: the IR region

of the Lorentzian AdS background is opaque. This is a
quantum effect, unlike the case of spacelike momentum
where suppression occurs in the free propagator, the
suppression is here controlled by the interaction-dependent,
loop-induced parameter C2λ

2=4k.
A number of points requires discussion to ensure that our

result is solid.
First, regarding the NWA expansion, the higher-order

terms do not have a qualitative impact on the exponential
behavior found in Eq. (46), precisely because the propa-
gator is already exponentially suppressed in the region of
interest. Concretely, insertions with higher powers of ∂5

acting on Eq. (46) bring powers of ðC2λ
2=4kÞpz but do not

change the exponential suppression, which is thus expected
to be a robust feature.11

Second, let us come back to the hypothesis that the
propagators in the loop are suppressed outside of region 2,
such that only region 2 contributes to the loop integral.
Since we indeed find exponential suppression, the hypoth-
esis is validated. This basic calculation is sufficient for
conceptual discussion, but if one wishes to be more
precise, one should take into account that we have truncated
the mode sums at p ≈ 1=z> [see Eq. (34)], while the
suppression found in Eq. (46) occurs more precisely at
p ∼ ð4k=C2λ

2Þ=z>. The truncation of the loop should
match this value for the calculation to be more accurate.
This is a self-consistent problem which can be solved by
iterating the calculation until reaching a fixed point.
For instance, a self-consistent result assuming 5D strong
coupling [12,13] is

λ ¼ 241=3π
ffiffiffi
k
p

; β ¼ 1; z> ≲ 2.8
p

; ð47Þ

where the last inequality describes the truncation of the
loop integral.
Notice that this is at the limit of validity of region 2. For

smaller λ or larger β, C2 gets smaller and there should be
KK modes contributing beyond region 2. The contributions
from regions 3 to 4 are however more difficult to evaluate
analytically. Going in that direction, one may as well
compute the dressed propagators numerically for given
p, z, z0. This is a heavy task which is beyond the scope of
this work; a mere estimate is enough for the present study.
Our estimate uses only region 2 and is thus conservative
since it selects at worse a subset of the KK modes running
in the loop.
Third, one may wonder about the magnitude of higher-

order loops contributions. The relative magnitude of one-
loop and higher-order loop diagrams depends on p and z.

11We may also note that the coefficients of the expansion have
a mild hierarchy, with, for instance, C2=2C0 ∼ 1=13 for β ¼ 1,
C2=2C0 ∼ 1=60 for β ¼ 3, which somewhat reduces the higher
terms.
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Namely, the higher-order contributions tend to become
non-negligible in the IR, at some point inside the pz> > 1
region. This is expected, since we are in an effective theory
with nonrenormalizable interactions. As a matter of
fact, one approach to determine the validity of an EFT is
precisely to compare loops of different order—the EFT
cutoff being then the region of position-momentum space at
which loops of different order become of same magnitude.
Generally, because of loop suppression, one expects the
higher-order loops to become relevant when the exponen-
tial suppression from one-loop is already established, such
that no crucial qualitative change is expected from higher-
loop diagrams.
Let us for instance focus on a two-loop self-energy

diagram, proportional to λ4. The imaginary part of the
two-loop diagram is tied to the three-body decay calculated
in Sec. VIII by the optical theorem. An evaluation in the
p < 1=z> regime is given in Eq. (84). It turns out that
even for the point Eq. (47) the two-loop contribution is
suppressed by 2 orders of magnitude with respect to the
one-loop contribution. This implies that p has to be
sensibly larger than 1=z> for the two-loop contribution
to become sizable, and the exponential suppression from
one-loop is thus already established when this happens.
This concludes our calculation of dressing. The empha-

sis in this section has been on the conceptual steps and
on the approximations taken, considering the dressing from
a simple scalar loop. In the next section, we apply the same
approach to the gravity case, the steps followed are
essentially the same but the calculations are slightly more
technical.

VI. GRAVITATIONAL DRESSING

Five-dimensional gravity is always present in the theory,
hence 5D gravitons induce a universal contribution to the
dressing of matter fields. The gravity formalism is some-
what heavier than the scalar case because each KK graviton
has 5 degrees of freedom, two of helicity-two, two of
helicity-one, one of helicity-zero, each with their own
coupling to the stress-energy tensor. The trace of the metric
is a nonphysical, ghosty degree of freedom which also
contributes to the loop. We closely follow the formalism
of [14].12

The canonically normalized metric fluctuation around
the AdS background is defined by

gMN ¼ γMN þ
ffiffiffiffiffiffiffi
2

M3�

s
hMN: ð48Þ

The expansion of the gravity action Eq. (1) up to quadratic
order is well known (see, e.g., [15,16]), giving the action
for the 5D graviton hMN ,

Sh ¼
Z

dXM ffiffiffi
γ
p �

1

2
∇RhMN∇RhMN −

1

2
∇Rh∇Rh

þ∇MhMN∇Nh −∇MhMN∇RhRN

þ 1

2
ðh2MN þ h2Þ þ

ffiffiffiffiffiffiffiffiffi
1

2M3�

s
hMNTMN

�
; ð49Þ

where

TMN ¼ 2
δLΦ

δγMN
− γMNLΦ: ð50Þ

Following [14], all the degrees of freedom can be
disentangled using field redefinitions and Faddeev-Popov
gauge fixing. Defining ĥMN ¼ ðkzÞ2hMN , then splitting the
graviton components as

h̃μν ¼ ĥμν −
1

4
ημνh

ρ
ρ; Bμ ¼

ffiffiffi
2
p

kz
ĥμ5;

χ ¼ 1

2
ðĥμμ − 2ĥ55Þ; ϕ ¼

ffiffiffi
3
pffiffiffi
2
p ðkzÞ2 ĥ55; ð51Þ

and defining the sources

T̃μν ¼ Tμν −
1

4
ημνT

ρ
ρ; T̃55 ¼ T55 þ

1

2
Tρ
ρ; ð52Þ

the graviton action Sh ¼ R
dxMLh takes the simple form

Lh ¼ 1

2

�
1

ðkzÞ3 ð∂Rh̃μνÞ2 þ
1

kz
ð∂RBμÞ2

þ kzð∂RϕÞ2 −
1

ðkzÞ3 ð∂R χÞ2
�

þ 1ffiffiffiffiffiffiffi
M3�

p �
1ffiffiffi

2
p ðkzÞ3 h̃

μνT̃μν þ
1

ðkzÞ2 B
μTμ5

þ 1

2
ffiffiffi
2
p ðkzÞ3 χTμ

μ þ 1ffiffiffi
3
p

kz
ϕT̃55

�
: ð53Þ

In Eq. (53), all contractions are done with the Minkowski
metric. The zero mode of h̃μν matches the 4D graviton in
the 4D low-energy EFT. The zero mode of ϕ corresponds to
the radion field. As expected, the χ field has “wrong-sign”
kinetic term and is an unphysical degree of freedom.
The Feynman propagators in position-momentum space

for the degrees of freedom ðh̃μν; Bμ;ϕ; χÞ are expressed in
terms of the scalar propagator by

hh̃μνðp; zÞh̃ρσð−p; z0Þi ¼ ημνηρσΔpðz; z0Þjα¼2;bi¼0; ð54Þ

hBμðp; zÞBνð−p; z0Þi ¼ ημνΔpðz; z0Þjα¼1;bi¼∞; ð55Þ

hϕðp; zÞϕð−p; z0Þi ¼ Δpjα¼0;bi¼0; ð56Þ12To the exception that we use the opposite metric signature.
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h χðp; zÞ χð−p; z0Þi ¼ −Δpjα¼2;bi¼0: ð57Þ

The value bi ¼ ∞ means that boundary conditions are
Dirichlet for the vector component.
The stress-energy tensor in our study is the one of the

bulk scalar Φ,

TMN ¼ ∂MΦ∂NΦ −
1

2
γMNð∂MΦ∂MΦ −M2

ϕΦ2Þ: ð58Þ

The sources for the disentangled graviton components are
thus

T̃μν ¼ ∂μΦ∂νΦ −
1

4
ημνð∂μΦÞ2; ð59Þ

Tμ
μ ¼ −ð∂μΦÞ2 þ 2ð∂5ΦÞ2 þ

2

ðkzÞ2M
2Φ2; ð60Þ

T̃55 ¼
3

2
ð∂5ΦÞ2 þ

1

2ðkzÞ2M
2Φ2; ð61Þ

Tμ5 ¼ ∂μΦ∂5Φ: ð62Þ

Having all the Feynman rules needed, we can now calculate
the imaginary part of the self-energy

ImΠpðz; z0Þ ¼ ImΠh
pðz; z0Þ þ ImΠB

pðz; z0Þ
þ ImΠϕ

pðz; z0Þ þ ImΠ χ
pðz; z0Þ; ð63Þ

ð64Þ

Our calculation being in position-momentum space, the
vertices from the stress-energy tensor contain ∂5 derivatives
acting on the externalΦ propagators. For our purposes, it is
convenient to integrate by part in z for each insertion of
Πpðz; z0Þ in the geometric series, such that these ∂5

derivatives act instead on all propagators and metric factors
inside the loop. As in previous section, we focus for
simplicity on end points lying away for the UV brane.
Hence, the UV brane terms and the brane contributions
generated when integrating by part are irrelevant. Elements
of the graviton loop calculation are given in Appendix B.
Introducing the 5D gravity coupling strength κ≡ffiffiffiffiffiffiffiffiffiffiffiffiffi
k3=M3�

p
¼ k=MPl, the final result is found to be

ImΠhðz; z0Þ þ ImΠ χðz; z0Þ

¼ κ2kp2

64π

2þ 3α

Γð1þ αÞΓð2þ αÞ
1

ðkz>Þ8
�
z<
4z>

�
α−1

;

ð65Þ

ImΠBðz; z0Þ ¼ κ2kp2

32π

ð2þ αÞð3þ 2αÞ
Γð1þ αÞΓð2þ αÞ

1

ðkz>Þ6
�
z<
4z>

�
αþ1

;

ð66Þ

ImΠϕðz;z0Þ ¼ κ2k3

192π

ð2þαÞð2þ6αþα2Þ
Γ2ð1þαÞ

1

ðkz>Þ6
�
z<
4z>

�
α−1

:

ð67Þ

It turns out that the h, χ, B contributions are small with
respect to the contributions from ϕ. They are both sup-
pressed by a factor of p2=k2, and the hþ χ contribution
has also an extra suppression in 1=ðkz>Þ2. In contrast, the
contribution from the ϕ degree of freedom is similar to the
scalar case described in the previous section and can be
treated the same way.
Assuming α > 1, one can use the position-space narrow

width approximation

Πϕðz; z0Þ ¼ δðz − z0ÞFϕ
0 ðzÞ þ Fϕ

1 ðzÞδ0ðz − z0Þ

þ Fϕ
2 ðzÞ
2

δ00ðz − z0Þ þ � � � ð68Þ

Fϕ
0 ðzÞ ¼ κ2k2Cϕ

0

1

ðkzÞ5 ; Fϕ
1 ðzÞ ¼ κ2kCϕ

1

1

ðkzÞ4 ;

Fϕ
2 ðzÞ ¼ κ2Cϕ

2

1

ðkzÞ3 ; ð69Þ

with 0
BB@

Cϕ
0

Cϕ
1

Cϕ
2

1
CCA ¼ 1

48π

ð2þ αÞð2þ 6αþ α2Þ
4αΓ2ð1þ αÞ

×

0
BB@

1
αþ 1

αþ4
1

αþ1þ 1
αþ3 −

1
α −

1
αþ4

2
αþ2þ 1

αþ 1
αþ4 −

2
αþ1 −

2
αþ3

1
CCA: ð70Þ

Then, as in the previous section, the Cϕ
2 term turns out to

induce an exponential suppression of the propagator in the
IR region

Δpðz; z0Þ ∝ e−κ
2Cϕ

2
=4pz>: ð71Þ

Having an estimate at strong coupling is instructive. In
the case of AdS gravity, strong coupling is at κ ¼ Oð1Þ
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[13]. Using κ ¼ 1, a point with self-consistent truncation of
the loop (see previous section) is, for instance,

κ ¼ 1; α ¼ 2; z> ≲ 2.6
p

: ð72Þ

Again, as in the scalar cubic interaction case, the truncation
lies at the limit of validity of region 2. Weaker values of κ or
higher α would require to know the contributions from
regions 3 to 4 to get an accurate result; however, this is
beyond the scope of the present calculations.

VII. EFT CONSIDERATIONS

A. Censorship of the IR region

In the two previous sections, we have found that, at least
at strong coupling and for Oð1Þ values of the bulk mass
parameter [see the examples Eqs. (47) and (72)], the
opaque region of position-momentum space starts around
pz> ¼ Oð1Þ. Let us compare this result to estimates of the
region where the 5D EFT breaks down. Following the
approach of [6], one includes a higher dimension bilinear
operator in the effective 5D Lagrangian

L5 ⊃
1

Λ2
□

2Φ2: ð73Þ

This operator is certainly expected to dominate the propa-
gator in some region of position-momentum space, signal-
ing that the 5D EFT breaks down. Dressing the 5D
propagator with the insertion from Eq. (73), we can readily
observe that in the p > 1=z> region (i.e. region 3), the kz∂5

from the extra derivatives contributes to extra k
Λpz> factors

in the geometric series resulting from the dressing. From
this, one concludes that the 5D EFT becomes invalid
around

k
Λ
pz> ∼ 1: ð74Þ

A similar result was obtained in [6] by projecting the
propagator onto a single KK mode.
An estimate of Λ is given by dimensional analysis

[12,13]

Λ3 ∼ 24π3M3� ¼ 24π3
k3

κ2
: ð75Þ

For strongly coupled gravity κ ∼ 1, the region of EFT
breaking starts thus at p ∼ 10=z>. This is typically inside
the “opaque” region where exponential suppression occurs.
Hence, there is no need to forbid by hand the region of 5D
EFT breaking, the theory censors this region by itself. For
weaker couplings, our estimates are not precise enough to
draw a similar conclusion, because contributions from

regions 3 to 4 should also be taken into account in the
dressing (see Sec. V).
It is worth noting that the κ-dependence of the EFT

breaking region Eq. (74) obtained from a naive dimensional
analysis Eq. (75) does not match the κ-dependence of the
opaque region induced by gravitational dressing. The
former goes as pz> ∝ 1=κ2=3, while the latter goes as
pz> ∝ 1=κ2. Interestingly, this slightly disturbing feature
can be avoided if one takes the hypothesis that the higher
dimensional operators in the theory are only generated from
gravity loops. Indeed, the bilinear higher derivative oper-
ators of the kind of Eq. (73) are then generated by
contributions from gravitational dressing, i.e. from the
loop diagram shown in Eq. (64). In such case, the boundary
of the EFT breaking region scales as pz> ∝ 1=κ2, just like
the opaque region. In fact, the real part of Πp induces
effective operators which are automatically of same order
of magnitude as the imaginary part of Πp. As a result, the
5D EFT breaking region and the opacity region should
roughly match each other for any values of coupling and
bulk mass, since the two effects originate from the same
loop. Somehow, the dressing by ImΠp renders automati-
cally opaque, the region where the effects from ReΠp

would be out of control.
Finally, let us emphasize again that the IR opacity and

censorship behaviors discussed in this work have no
equivalent in flat space. First, unlike in the curved case,
it is possible to have exact KK parity in a flat extradi-
mension. In such case, the KK modes are stable, hence the
Πpðz; z0Þ self-energy does not develop an imaginary part
and no effect of opacity can ever occur. Second, even if KK
parity is broken, the KK modes couple to bulk fields with
the strength of 4D gravity, hence very weakly. The dressing
of a bulk field by KKmodes becomes relevant only near the
5D cutoff, once enough real KK modes run in the loops,
and thus does not seem to have interesting consequences.

B. CFT interpretation

The interpretation of the opacity effect in a dual CFT
picture is clear and was already noticed in [9] in the
spacelike momentum case.
First, let us remind that the presence of the IR brane is

interpreted in the CFT dual as a spontaneous breaking of
conformal symmetry in the IR, and any field localized
toward the IR brane is interpreted as a bound state arising
from confinement of the CFT (see, e.g., [17]). Concretely,
the UV-to-UV correlators, which are those needed for
holography, interact and possibly mix with the IR-localized
fields. At low four-momentum jpj ∼ μ, most KK modes are
integrated out, and only light poles—including those from
the IR-localized fields—are in the spectrum, and are
understood as the resonances arising in the confined phase
of the CFT. In contrast, at momentum jpj≫ μ, IR opacity
implies that the effects from IR-brane-localized degrees of
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freedom (e.g., poles) vanish exponentially from the
UV-to-UV correlators. In fact, the IR brane vanishes from
the correlators, which become effectively the same as in
pure AdS.
On the CFT side, the vanishing of the IR-related effects

in the correlators matches the intuition about bound states
of size ∼1=μ. At momentum above μ, an external probe
sees the CFT constituents and does not know about the
bound states. The low-energy EFT describing the bound
states breaks at a scale somewhat above μ (say 4πμ);
however, these vanish from the amplitudes via the effect of
form factors—which are implemented by the opacity
property of AdS. Such observations were essentially done
in [9] for spacelike four-momentum, and the present work
ensures they apply also for timelike four-momentum.
The above considerations on the low-energy EFT of

“CFT bound states” in the IR involve the absolute four-
momentum p and how it compares to the “CFT breaking
scale” μ. The meaning of pμ is trivial on both CFTand AdS
sides. It is worth pointing out that another set of con-
clusions, with apparently no or little interplay with the
aspect discussed above, is reached when considering the
5D short distance limit of small jΔXMj ∼ 1=Λ. In this limit,
curvature becomes negligible, and the same cutoff as in 5D
flat space is reached. The existence of the 5D cutoff, while
conceptually simple on the AdS side, has nontrivial
implications for the CFT side. A simple example is as
follows. A 5D mass cannot be larger than Λ. On the CFT
side, this implies that the corresponding conformal dimen-
sion cannot be arbitrary large. Hence, validity of the 5D
EFT implies a nontrivial bound on the dimension of the
CFT operator. Such constraint on the CFT side is, to the
best of our understanding, unrelated to the CFT’s IR
behavior discussed above. Here the parameter involved
to delineate the limit of the 5D EFT is the 5D energy, whose
CFT interpretation is not obvious and has to be carefully
determined. An analysis along these lines involves iden-
tifying the AdS Hamiltonian with the CFT dilatation
operator. These aspects have been thoroughly studied in
[18] from both AdS and CFT sides.

VIII. KK CONTINUUM CASCADE DECAY RATE

In the previous sections, we have found that opacity of
Lorentzian AdS is a consequence of bulk interactions and
happens essentially because KK modes can decay into
lighter KK modes. The KK modes can often have a width
larger than μ in which case they tend to form a continuum.
The term “KK modes” is general since it applies to a set of
modes with any width, but in the following we will use
specifically “KK continuum” for a set of dressed KK
modes in internal lines. The AdS KK continuum can
undergo cascade decays, and there are various reasons to
think about them in detail.
First, one may wonder whether the IR brane actually

remains invisible to a bulk field with p ≫ μ in the presence

of cascade decays. Indeed, consider, for instance, a process
where a KK continuum is created on the UV brane,
propagates to the IR brane where it decays into IR localized
states. As we have seen in previous sections, for p > μ, this
process is exponentially suppressed. However, the KK
continuum could also decay in the bulk, splitting its initial
timelike absolute momentum p between the various
daughter continuums produced. Repeating the decay proc-
ess enough times, the absolute momentum keeps fragment-
ing and the final daughter KK modes end up with a
four-momentum pf ∼OðμÞ. Naively this seems to imply
that the probability of the initial continuum to reach the IR
brane is not exponentially suppressed. This observation
seems to somewhat contradict the picture of IR opacity we
have previously obtained, and therefore some investigation
is needed.
Second, the cascade decay of the KK continuum is

certainly interesting in its own right and especially in the
context of the AdS=CFT correspondence. Cascade decays
in the dual theory correspond to the decay of excitations in
the CFT, which are expected to produce soft, spherically
distributed final states with high multiplicity, sometimes
called “soft bombs”; see, e.g., [19]. While qualitative
studies have been done on the CFT side, not so many
studies have been on the AdS side, to the best of our
knowledge. A Monte Carlo study has been done in [20] in
the KK picture, considering the decay of single KK modes,
with a focus on the details of the final state distribution. In
our analytical calculation, we will recover qualitatively
some of these features, but our focus will rather be on the
estimation of the total rate of the cascade decay. It is not
clear if a same calculation has been tried on the CFT side.
For simplicity, we focus on a scalar field decaying

via a cubic self-interaction, which is enough to display
the key features of the calculation. The interaction
Lagrangian is L ⊃ λΦ3. Other interactions like gravity
are assumed to be present such that the exponential
suppression starts around p ∼ 1=z>, which will be used
to truncate the space integrals.
Our main goal is to estimate the rate of a cascade decay.

Importantly, since the KK modes tend to be broad, a 4D
narrow-width approximation cannot be applied. This
means that the rate cannot be factored out as production
rate times many branching ratios, as would be the case for
the cascade decay of narrow particles. Instead the whole
squared matrix element has to be calculated without relying
on a narrow width approximation.
For our purposes it is enough to study the rate of a three-

body cascade decay, made of two successive decays
induced by the cubic vertex. In terms of KK modes, the
integrated square matrix element is given by

X
m;n;p

Z
dΦ3jMmnpj2; ð76Þ

SYLVAIN FICHET PHYS. REV. D 100, 095002 (2019)

095002-12



with

ð77Þ

The exponential falloff of the propagators resulting from
dressing—in particular gravitational dressing—is assumed
to occur around p ∼ 1=z>. The suppression of the propa-
gator amounts to cut the u, v position integrals. Notice that
the EFT of the external KK modes breaks down in the IR
region, for instance, for v ≫ 1=q in Eq. (77), but as
discussed in Sec. VII A this region is censored by the
exponential falloff of the propagators to which the external
KK modes are connected.
Let us write the three-body phase space integral as the

sequence of two two-body decaysZ
dΦ3ðp;p1; p2; p3Þ

¼
Z

dq2

2π

Z
dΦ2ðp; q; p3Þ

Z
dΦ2ðq;p1; p2Þ ð78Þ

and focus on the secondary decay. In Eq. (76), the
expression describing this subdecay is

X
m;n

Z 1
μ

1
k

dv
Z 1

μ

1
k

dv0
Z

dΦ2ðq;p1; p2Þ
λ2

ðkvÞ5ðkv0Þ5

× Δqðu; vÞΔ�qðu0; v0ÞfmðvÞfmðv0ÞfnðvÞfnðv0Þ: ð79Þ

Let us first use the contour integral trick on the KK sums
and evaluate the phase space integral. The expression
becomes

1

64π3

Z 1
μ

1
k

dv
Z 1

μ

1
k

dv0
λ2

ðkvÞ5ðkv0Þ5Δqðu;vÞΔ�qðu0;v0Þ

×
I
C½ ffiffiρp �dρ

I
C½q− ffiffi

ρ
p �

dρ̃Kðq; ffiffiffi
ρ
p

;
ffiffiffĩ
ρ

p
ÞΔ ffiffi

ρ
p ðv;v0ÞΔ ffiffĩ

ρ
p ðv;v0Þ:

ð80Þ

Up to this point these are exact expressions; now let us
make approximations. Since the internal propagators are
exponentially suppressed because of their dressing, the
integration in position-momentum space is restricted to
u; u0; v; v0 ≲ 1=q, i.e. the internal propagators are taken to
be nonvanishing only in region 2. It follows that, because of
the kinematic threshold, the Δ ffiffi

ρ
p ’s appearing in the final

state contour integration are also forced to be in region 2

since
ffiffiffi
ρ
p ≤ q. Apart from the restriction of the integration

region, the other important approximation we take is
to replace the kinematic factor as Kðq; ffiffiffi

ρ
p

;
ffiffiffĩ
ρ
p Þ≈

Θðq − ffiffiffi
ρ
p

=2ÞΘðq −
ffiffiffĩ
ρ
p

=2Þ. This is a convenient but rough
approximation implying extra Oð1Þ uncertainties in the
subsequent results. Such level of precision is sufficient for
our study.
Given the approximations above, the expression

becomes

1

64π3

Z 1
q

1
k

dv
Z 1

q

1
k

dv0
λ2

ðkvÞ5ðkv0Þ5 Δqðu; vÞΔ�qðu0; v0Þ

×
I
C½q=2�

dρ
I
C½q=2�

dρ̃X ffiffi
ρ
p ðv; v0ÞX ffiffĩ

ρ
p ðv; v0Þ; ð81Þ

where we have introduced Xqðz; z0Þ, the nonanalytic part of
Δqðz; z0Þ in region 2. We then integrate over the positions v,
v0. The integration is straightforward but slightly tedious
because, as discussed in Sec. III, Δq in region 2 contains
several terms. It turns out that the nonanalytic term Xq

dominates because it has the largest positive power of v’s.
The result reads

Γ2ð−αÞ
4096π46αð3αþ2Þ2Γ4ðαþ1ÞΓ2ðαþ2Þuu

0ðq2uu0Þα; ð82Þ

while the neglected terms are smaller by at least a factor
ðjqj=kÞ. Contributions from UV brane terms are also
negligible.We then observe that Eq. (82) can be re-expressed
as a function of Xqðu; u0Þ,

i
1

k
ð−1Þ−αΓð−αÞ

2048π45αð3αþ2Þ2Γ3ðαþ1ÞΓ2ðαþ2ÞXqðu;u0Þ: ð83Þ

Having reduced the expression of the secondary decay, let
us return to the full amplitude Eq. (76). Recall we are using
the phase space representation ofEq. (78).We can readily use
the two-body phase space approximation on the primary
decay, just as done on the secondary decay. Then let us
consider the remaining integral on the q2 variable from
Eq. (78). The integrand depends on q2 via Eq. (83). The
integral is along the real axis but is related to the one over

a circle by
R
R
0 dq2Xqðu; u0Þ ¼

R
C½R� dq

2Xqðu; u0Þ ð−1Þ
α

2i sinðπαÞ,
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where R is taken at p=2 since one uses the same approx-
imations as in the secondary decay. As defined in Sec. IV, the
contour is C½R� ¼ ðReiθjθ ∈� − 2π; 0�Þ. With these rewrit-
ings, the q2 integral of Xq has the same form as the contour
integral representing a sum of KK modes in final state. This
means that we have reduced the integrated three-body square
amplitude into an integrated two-body square amplitude.
Putting all the pieces together, the relation found is

ð84Þ

where

a ¼ λ2

k
1

4096π245αð3αþ 2Þ2
Γ2ð−αÞ

Γ2ðαþ 1ÞΓ2ðαþ 2Þ : ð85Þ

The approximate recursion relation Eq. (84) can be
applied to a cascade decay with any number of final states.
It provides therefore a very simple way to estimate the rate
of a cascade decay: a cascade decay with n branchings
carries a weight an. Importantly, a turns out to be much
smaller than 1. Even if one takes λ to a large value such that
the exponential suppression comes only from scalar dress-
ing, using for example the strong coupling point Eq. (47),
the a coefficient still remains suppressed by 2 orders of
magnitude. The calculation done here is only for a scalar
interaction; however, similar qualitative properties can be
expected for gravitons.
Having a way to estimate cascade decay rates, let us

consider qualitatively a typical cascade decay. The propa-
gators in the cascade decay diagram live in region 2 and are
thus proportional to p2α. This implies that large values of
p2 are preferred in the kinematic integrals. This favors large
energy and small three-momenta in the outgoing legs. One
thus recognizes the familiar tendency of the KK modes to
decay into near-threshold states—a result expected from
approximate 5D Lorentz invariance and already studied in
[20]. Since the boost with respect to the daughter particle is
small, spatial correlations between final states are small and
the cascade decays of a bulk field leads to spherical events.
Still because of the p2α factors, a decay a →1þ 2 tends to
prefer equal outgoing pdaughters ≈

p
2
. These features provide

a qualitative picture of the most favored kinematic con-
figuration: each KK continuum splits into two KK con-
tinuum sharing half of the absolute four-momentum.13

We can use this typical kinematic configuration to get an
idea of the rate as a function of the typical final state

momentum. The initial field is assumed to have absolute
timelike momentum p. The decay ends at a typical absolute
momentum pf which could for instance be the typical
momentum for which the KK modes are long lived enough
to escape the detector. Assuming that the absolute momen-
tum is divided by 2 at each branching, we have p=pf ∼ 2n.
Consider that such splittings occur n times, such that the
full cascade decay diagram has 2n − 1 vertices. The square
amplitude is proportional to a2

n−1. As a result, the square
amplitude for this cascade decay diagram is suppressed by

Γ ∼ ap=pf−1: ð86Þ

Since a is much smaller than 1, this continuum decay rate is
exponentially suppressed as a function of the initial
momentum.
This last part of the analysis is of course very qualitative

but it applies to the most likely kinematic configuration;
hence, it is a good hint that bulk cascade decays are
exponentially suppressed as a function of the momentum of
the initial continuum. Numerical evaluations, perhaps using
Monte Carlo integration, could be used to test this claim. It
would also be interesting to evaluate the “soft bomb” rate
directly from the CFT side.

IX. CONCLUSION

In this note, we have shown that propagators in a
truncated Lorentzian AdS5 background are exponentially
suppressed in the IR region of the bulk when the conformal
coordinate z exceeds a threshold of Oð1=jpjÞ, with
p ¼ ffiffiffiffiffiffiffiffiffiffi

pμpμ

p
. While such an “opacity” property is trivial

for spacelike momentum, for timelike momentum we show
that it is a consequence of the dressing of 5D propagators
by bulk interactions. AdS gravity induces a universal
contribution to the dressing, and we find that the leading
effect comes from the scalar component of the 5D graviton.
Exact loop calculations in AdS are notoriously difficult,

and the calculations in this work rely instead on a set of
approximations, the main ones being (i) the limits of the
AdS propagator in different regions of position-momentum
space and (ii) a 5D position-momentum space narrow-
width expansion. Part of the results has been checked
numerically using exact expressions. Our results tend to be
more exact at strong coupling, while for weaker coupling
extra contributions to the dressing from regions 3 to 4 may
also matter, such that the opacity effect obtained here may
be underestimated.
We find that, at least at strong coupling, the exponential

suppression “censors” the region of position-momentum
space where the 5D EFT would become invalid. We argue
that under certain conditions this effect may be valid for any
strength of 5D gravity. The properties of opacity and
censorship discussed in this work are inherent to curved
space and do not occur in flat space.

13This is somehow the continuous version of a KK mode with
mass mn decaying into two modes with mass mdaughters ≈mn=2.
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Building on these results we turn to another feature of
Lorentzian AdS: the cascade decay of bulk fields. These are
known to give soft spherical events with high multiplicity, a
property also expected from large-N strongly interacting
CFT sectors. Focusing on a cubic interaction, using the
techniques previously developed and a rough approxima-
tion on threshold effects, we obtain an approximate
recursion relation between cascade decay rates with n
and nþ 1 final states. Qualitative considerations then
suggest that the rate for bulk cascade decays is exponen-
tially suppressed as a function of the momentum p of the
initial state. It would be interesting to pursue such study
with more accurate calculations or perhaps numerical tools,
both on the AdS and CFT sides.
The set of results obtained in this note can be seen as a

contribution to establishing a solid understanding of
effective field theories in AdS. But one may also find it
inspiring in the scope of physics beyond the Standard
Model, as it makes clear that the truncated AdS background
can be used to describe a strongly interacting dark sector
which somehow vanishes at high energy. This direction will
be pursued in the companion paper [7].
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APPENDIX A: DRESSED PROPAGATOR
IN KK REPRESENTATION

For completeness, we show how the dressed KK
representation of Δqðz; z0Þ follows from the general dressed
equation of motion Eq. (31). This is somewhat standard but
will make clear that the KK modes get generally mixed by
their self-energies.
Let us introduce the matrix notation

fðzÞ ¼ ð fnðzÞ ÞD ¼
�

δnp
q2−m2

n

�
; ðA1Þ

where f is a one-dimensional infinite vector and D is an
infinite diagonal matrix.
The free propagator reads

Δð0Þq ðz; z0Þ ¼ ifðzÞ ·D · fðz0Þ: ðA2Þ

Starting from the geometric series representation of the
solution to Eq. (31),

Δpðz; z0Þ ¼ Δð0Þq ðz; z0Þ

þ
Z

du
Z

dvΔð0Þq ðz; uÞiΠðu;vÞΔð0Þq ðv; z0Þ þ…

ðA3Þ

¼Δð0Þq ðz;z0Þþ
Z

du
Z

dvfðzÞ · iD · fðuÞiΠðu;vÞ

× fðvÞ · iD · fðz0Þþ �� � ; ðA4Þ
we see that the matrix

iΠ ≡
Z

du
Z

dviΠðu; vÞfðuÞ ⊗ fðvÞ

¼
�R

du
R
dviΠðu; vÞfnðuÞfmðvÞ

�
ðA5Þ

appears. This is the self-energy matrix for the entire set of
KK modes and it is in general nondiagonal. Keeping only
the imaginary part of the self-energy and summing the
series gives the dressed KK representation

Δqðz; z0Þ ¼ ifðzÞ · ½D−1 þ iImΠ�−1 · fðz0Þ; ðA6Þ

where ½�−1 is the matrix inverse. This makes clear that the
full nondiagonal self-energy matrix has to be in principle
included in the propagator, which nontrivially mixes the
KK modes.

APPENDIX B: GRAVITON LOOP

Let us introduce the notations

Δh
pðz; z0Þ ¼ Δpðz; z0Þjα¼2;bi¼0; ðB1Þ

ΔB
pðz; z0Þ ¼ Δpðz; z0Þjα¼1;bi¼∞; ðB2Þ

Δϕ
pðz; z0Þ ¼ Δpjα¼0;bi¼0; ðB3Þ

Δ χ
pðz; z0Þ ¼ −Δpjα¼2;bi¼0: ðB4Þ

The propagators of the graviton degrees of freedom in
region 2 and away from the poles are given by

Δhðz;z0Þ¼ i
2k
p2
þ i2γ−1þ2logðp=2kÞ−π tanðp=μþπ=4Þ

2k
;

ðB5Þ

Δχðz;z0Þ¼−i
2k
p2

−i
2γ−1þ2logðp=2kÞ−π tanðp=μþπ=4Þ

2k
;

ðB6Þ

Δϕðz; z0Þ ¼ i
2γþ 2 logðp=2kÞ− π tan ðp=μþ π=4Þ

2k
ðB7Þ
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ΔBðz; z0Þ ¼ i

�
1

2k
−
kz2<
2

�
− i

p2ððkz<Þ2 − 1Þ
8k3

× ð2γ − 1þ 2 log ðp=2kÞ − π tan ðp=μþ π=4ÞÞ:
ðB8Þ

The contour integrals in region 2 over a circle of radius
1=z> are given by

1

−2π

Z
C½z−1> �

dρΔhð ffiffiffi
ρ
p

; z; z0Þ ¼ 1

2kz2>
; ðB9Þ

1

−2π

Z
C½z−1> �

dρΔ χð ffiffiffi
ρ
p

; z; z0Þ ¼ −
1

2kz2>
; ðB10Þ

1

−2π

Z
C½z−1> �

dρΔϕð ffiffiffi
ρ
p

; z; z0Þ ¼ 1

2kz2>
; ðB11Þ

1

−2π

Z
C½z−1> �

dρΔBð ffiffiffi
ρ
p

; z; z0Þ ¼ 1 − ðkz<Þ2
16ðkz>Þ3z>

: ðB12Þ

The integral of the bulk scalar away from the UV brane is
given by

1

−2π

Z
C½z−1> �

dρΔΦð ffiffiffi
ρ
p

;z;z0Þ ¼ 2k3zz0

Γðβþ1ÞΓðβþ2Þ
�
z<
4z>

�
βþ1

:

ðB13Þ
When reducing the diagrams, the following integrals are

needed:

Im

�
1

i

Z
d4q
ð2πÞ2

1

q2ðpþ qÞ2
�
¼ 1

16π
; ðB14Þ

Im

�
1

i

Z
d4q
ð2πÞ2

p:ðpþ qÞ
q2ðpþ qÞ2

�
¼ −

p2

32π
; ðB15Þ

Im

�
1

i

Z
d4q
ð2πÞ2

ðp:ðpþ qÞÞ2
q2ðpþ qÞ2

�
¼ p4

64π
: ðB16Þ

The amplitudes read

ImΠhþχðz;z;0 Þ¼ 1

2M3

1

ðkzÞ3ðkz0Þ3
1

16π

×

�
p2

2

�
2m2

ðkzÞ2þ
2m2

ðkz0Þ2þ2ð∂z
 ∂z
!þ ∂z0
 � ∂z0

�!Þ�

þ
�
2m2

ðkzÞ2þ2∂z
 ∂z
!��

2m2

ðkz0Þ2þ2 ∂z0
 � ∂z0

�!��

×
1

4π2

Z
C
dρΔΦð ffiffiffi

ρ
p

;z;z0Þ
Z
C̃
dρ̃Δχð

ffiffiffĩ
ρ

p
;z;z0Þ

ðB17Þ

ImΠBðz;z;0 Þ ¼ 1

M3

1

ðkzÞ2ðkz0Þ2
1

16π

× ðp2∂z
! ∂z0

�!
−p2ð∂z

 ∂z0
�!þ∂z

! ∂z0
 �Þ=2Þ

×
1

4π2

Z
C
dρΔΦð ffiffiffi

ρ
p

;z;z0Þ
Z
C̃
dρ̃ΔBð

ffiffiffĩ
ρ

p
;z;z0Þ;

ImΠϕðz;z;0 Þ ¼ 4

3M3

1

ðkzÞðkz0Þ
1

16π

�
m2

2ðkzÞ2þ
3

2
∂z
 ∂z
!�

×

�
m2

2ðkz0Þ2þ
3

2
∂z0
 � ∂z0

�!�

×
1

4π2

Z
C
dρΔΦð ffiffiffi

ρ
p

;z;z0Þ
Z
C̃
dρ̃Δϕð

ffiffiffĩ
ρ

p
;z;z0Þ:

ðB18Þ

The ∂⃗ derivatives act on the internal ΔΦð ffiffiffi
ρ
p

; z; z0Þ only.
The ∂⃖ would act on the external Φ propagator only.
However, we can formally integrate by part, replacing thus

the ∂⃖ derivatives by derivatives acting on the whole loop,
namely on the internal ΔΦð ffiffiffi

ρ
p

; z; z0Þ, Δh;B;ϕ; χð ffiffiffi
ρ
p

; z; z0Þ,
and the z-dependent factors from the vertices. This leads to
Eqs. (65)–(67) where boundary terms have been neglected.
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